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1. Introduction
A map between affine spaces is an affine space map iff it is a convex set map.
A convex subset X of an affine space Y has an affine space structure inducing
on X the convex set structure induced on X by Y iff X is an affine subspace
of Y. Such an affine space structure on X is unique, namely equal to that
induced on X by Y. Two affine space structures on a set induce the same
convex set structure on it iff they are equal (Proposition 11; this proposition
becomes false if we replace affine space and affine subspace by convex cone and
convex subcone, or by affine cone and affine subcone, respectively). A map

* The manuscript of this posthumously published paper was sent to Professor Klaus Floret
(Oldenburg) a few days before the death of the author on April 3, 1993. The editors of the
Revista Colombiana de Maternaticas thank Professor Floret for making the manuscript
available to us for publication.
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between affine cones is an affine cone map iff it is a convex cone map. A convex
sub cone X of an affine cone Y has an affine cone structure inducing on X the
convex cone structure induced on X by Y iff X is an affine subcone of Y. Such
an affine cone structure induced on X is unique, namely equal to that induced
on X by Y. Two affine cone structures on a set induce the same convex cone
structure on it iff they are equal (Proposition 15; this proposition becomes
false if we replace convex cone and convex subcone by convex set and convex
subset, or by affine space and affine subspace, respectively). Proposition 11
implies Proposition 15 (Comment 18, (II)). A quasiorder on a convex cone is
compatible with its convex cone structure iff it is compatible with its convex
set structure. Let f be a convex set map from a convex cone X onto a convex
set Y. There is one and only one convex cone structure on Y such that f is a
convex cone map. Such a convex cone structure on Y induces the given convex
set structure on Y (Proposition 19). An equivalence relation on an affine space
is compatible with its affine space structure iff it is compatible with its convex
set structure. Let f be a convex set map from an affine space X onto a convex
set Y. There is one and only one affine space structure on Y such that f is an
affine space map. Such an affine space structure on Y induces the given convex
set structure on Y (Proposition 20; this proposition becomes false if we replace
equivalence relation by quasiorder). An equivalence relation on an affine cone
is compatible with its affine cone structure iff it is compatible with its convex
set structure. Let f be a convex set map from an affine cone X onto a convex
set Y. There is one and only one affine cone structure on Y such that f is an
affine cone map. Such an affine cone structure on Y induces the given convex
set structure on Y (Proposition 22; this proposition becomes false if we replace
equivalence relation by quasiorder. It remains true if we replace convex set by
convex cone or affine space). Proposition 19 and 20 together imply Proposition
22 (Comment 26). If X is an affine cone, X is a convex cone and an affine
space in a compatible way. Conversely, if X is a convex cone and a affine
space in a compatible way, there is one and only one affine cone structure on X
inducing the given convex cone structure on X. This affine cone structure on
X also induces the given affine space structure on X. A convex cone X has an
affine cone structure inducing the given convex cone structure on X iff it has
a compatible affine space structure. Then such an affine cone and affine space
structures on X are unique, and the affine cone structure induces the affine
space structure. An affine space X has an affine cone structure inducing the
given affine space structure on X iff it has a compatible convex cone structure.
Then such an affine cone structure induces the convex cone structure. The
injective map which to an affine cone structure on X associates the induced
convex cone structure on X is bijective between all affine cone structures on X
inducing the given affine space structure on X and all convex cone structures on
X that are compatible with the given affine space structure on X (Proposition
28). A key tool in the proofs of Propositions 11, 15 and 28 is the following
result. Consider an interval I of IR with nonvoid interior 1°, a convex set X,
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and convex set maps fo,h : 1--> X. There are Ao,AI E I, AO -# AI, such that
fO(AO) = h(AO), fO(Ad = fl(AI) iff fO(A) = h(A) for all A E JO U {Ao, Ad
(Proposition 8).

2. Notation and terminology
1. Notation. Consider the following systems: 1"1of all positive integers, 1"1*
of all strictly positive integers, ~ of all real numbers, JR* of all real numbers
different from zero, JR+ of all positive real numbers, JR+ of all strictly positive
real numbers, the closed interval ITof extremities 0 and 1 in JR, and the open
interval JJ of extremities 0 and 1 in JR.

We review here a minimum about convexity. See the bibliography at the
end for further aspects.
2. Definition. A convex set X is a set in which we are given a convex
combination map that to every n E 1"1*, AI, ... , An E JJ, Al + ... + An = 1,
Xl, ... , Xn EX, associates

AIXI + ... + AnXn = L AiXi EX,
l::;i::;n

so that the following axioms hold:

Commutativity. If n E 1"1*, AI,· .. ,An E JJ,AI + ... + An = 1,XI, ... ,Xn EX,
and (J' is a permutation of {I, ... , n}, then

L Aa(i)Xa(i) = L AiXi·
I::;i::;n I<i<n

Associativity. If m, n, mj E N·
1, ... , mj; j = 1, ... ,n),

(j=l, ... ,n), Aij,J.LjEJJ,XijEX (i

L Aij = 1
l::;i::;mj

(j = 1, ... ,n), L J.Lj = 1,
l::;j::;n

then

Distributivity. Ifn E N*,AI, ... ,An E JJ,AI + ... +An = 1,x E X, then AIX+
... + AnX = x.
3. Definition. A convex cone X is a set in which we are given an addition
map and a multiplication map

(XI,X2) E X x X f---+ Xl + X2 E X,
p,X) E ~+x X f---+ AX EX,
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so that the following axioms hold:

X2 + Xl = Xl + X2, (Xl + X2) + X3 = Xl + (X2 + X3),

>'(Xl + X2) = >.xl + >'X2, (>'1 + >'2)X = >'lX + >'2X,

>'1(>'2X) = (>'1>'2)X, Ix = x,

for all >., >'1, >'2 E JR:t, Xl, X2, X3, x EX. A convex cone is a convex set by the
structure inducing map.

4. Definition. An affine space X is a set in which we are given an affine
combination map that to every n E flJ·, >'1, ... ,>'n E JR", >'1 + ... + >'n =
1, Xl, ... ,Xn, associates

>'lXl + ... + >'nxn = L >'iXi EX,
l:":i:":n

so that the following axioms hold: Commutativity, Associativity, Distributivity
for an affine space have the same formulation as in Definition 2 of a convex set
provided we replace .IT by JR". An affine space is a convex set by the structure
inducing map.

5. Definition. An affine cone X is a set in which we are given an addition
map and a multiplication map

(Xl, X2) E X x X ~ Xl + X2 EX,
(>.,x) E JR. x X ~ >.x E X,

so that the following axioms hold: for an affine cone, they have the same
formulations in Definition 3 of a convex cone provided we replace JR:t by JR. ,
with the additional requirement >'1 + A2 E JR. in (>'1 + >'2)X = >'1 X + >'2X besides
>'1, >'2 E JR". An affine cone is a convex cone and an affine space, hence a convex
set, by the structure inducing maps.

6. Definition. The concepts of a convex subset of a convex set, and of a
cartesian product of convex sets are clear. A convex set map f : X -+ Y
between convex sets is defined by requiring its graph {(x, f(x)); x E X} to be
a convex subset of X x Y. Similarly for convex cones, affine spaces, and affine
cones.

7. Definition. A binary relation ReX x Y between convex sets X and Y
is said to be compatible with their convex set structures when R is a convex
su bset of X x Y. Similarly for convex cones, affine space, and affi ne cones.



CONVEX SETS, CONVEX CONES, AFFINE SPACES AND AFFINE CONES 5

3. Good conduct of maps vis-a-vis convexity
8. Proposition. Consider an interval I of~ with non void interior [0, a convex
set X, and convex set maps 10(>..0) = h(>'o), 10P.d = h(>'d iff 10(>') = h(>')
for all >. E [0 u Po, >'l}.

Proof. We firstly prove the proposition in the following particular case. Fix
X,XO,Xl EX. We have

(1 - I/)xo - 1/[(1 - >')x + >'Xl] = (1 - I/)Xl + 1/[(1 - >')x + >.xo]

for >',1/ E [ifwe choose 1/ so that 1-1/ = 1/>.,1/= 1/(1+>.). Hence the identity

>. 1 x 1
--Xo + --[(1 - >')x + >'Xl] = --Xl + --[(1 - >.)x + >.xo]
1+>' 1+>' 1+>' 1+>'

for>' E [,X,XO,Xl E X in any convex set X. Let [= IT,and

lo(x) = (1- >.)x + >.xo,
h(>') = (1 - >.)x + >.xl

for x E L, We have 10(0) = h(O) = X and 10, h : I --+ X are convex set maps.
Then

A = {x E I : 10(>') = h(>')} = P E I : (1 - >.)x + >.xo = (1- >.)x + >.xl)

is a convex subset of I (an interval) containing O. Thus [0, >.] C A iff >. E A,
and A = I iff 1 E A. Assume that>' E A, 0 < >. < 1. Using the above identity,
we have

>. 1 >. 1
--, Xo + --[(1 - >.)x + >.xo] = --Xl + --[(1 - >.)x + >'Xl],
1+" 1+>' 1+>' 1+>'

1 - >. 2>' 1 - >. 2>'
1 + >.X + 1 + >.Xo = 1 + >.x + 1 + >.Xl,

Define inductively

2>' ~ Ao < >. < 1 + >. < 1, 1 + >. E .

to get a strictly increasing subsequence of A. Call J.l E]O,I] its limit, J.l
2p,j(1 + J.l), hence J.l = 1. This proves that [0, 1[ is contained in A and so

(1- >.)x + >.xo = (1 - >')x + >.x,

for all >. E [0,1[ iff this equality is true for some >. E [0,1[. We secondly
prove the proposition in the general case. Let >'0, >'1 E I ,>'0 < >'1,/0(>'0) =
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h(AO),10P.d = h(Ad· By convexity, we have 10(A) = h(>') for all Ao :S
A :S )'1' We claim that this equality is true for all A E JO, A 2: AI' There is
nothing to prove if Aj is the largest extremity of f. Assume then Aj E JO. Fix
J-l E f,J-l > A. Set x = 10(xo) = h(Ao),Xo = 10(J-l),xj = iJ(J-l)· We have

. Aj - Ao
Aj = (1 - 8)Ao + 8J-l with 8 = A E $,t-> 0

(1 - 8)x + 8xo = (1 - 8)x + 8xj because 10(Ad = iJ(>.d,
(1- O")x + O"Xo = (1- O")x + O"Xj for all 0" E [0, 1[ (by the first part),

10[(1- O")Ao + O"J-l]= 1d(1- O")Ao + O"J-l]for all 0" E [0,1[,
10(1I) = iJ(lI) for all 1I E [Ao, J-l[,
10(A) = h(A) for all A E r ,: 2: Aj.

If we use the convex set map A f---+ -A, A Em., we conclude from the preceding
case that also 10(A) = h(A) for all A E I", A :S Ao. !!f
9. Lemma. Consider the following statements:

(I) A map 1:X ---4 Y between affine spaces is an affine space map iff it is
a convex set map.

(1*) If 1:X ---4 Y is a convex set map between affine spaces, then 1(X) is
an affine subspace of Y.

(II) A convex subset X of an affine space Y has an affine space structure
inducing on X the convex set structure induced on X by Y iff X is an
affine subspace of Y. Such an affine space structure on X is unique,
namely equal to that induced on X by Y.

(II*) A convex subset X of an affine space Y has an affine space structure
inducing on X the convex set structure induced on X by Y iff X is an
affine subspace of Y.

(III) Two affine space structures on a set X induce the same convex set
structure on X iff they are equal.

Then (I), (1*), (II), (II*) are equivalent, and they imply (III).

Proof. Clearly (I) ==}(I*) ==} (II*), (I) ==} (II) ==} (II*), (II) ==} (III). Let us
prove that (II*) ==} (I). Necessity in (I) is clear. We see sufficiency as follows.
Assume that 1:X ---4 Y is a convex set map. The graph G of 1 is a convex
subset of X x Y. The bijective convex set map x E X +-+ (x, 1(x)) E G transfers
the affine space structure on X to an affine space structure on G inducing on
G the convex set structure induced on G by X x Y. Apply the necessity part
of (II*) to G and X x Y to conclude that G is an affine subspace of X x Y.
Hence 1:X -+ Y is an affine space map. !!f
10. Comment. (II*) is a tautology when X = Y. Even so, (II*) ==} (III)
may be seen as follows. Only necessity in (III) needs to be proved. Let a set
X have two affine space structures inducing the same convex set structures
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on X. Denote X by Xl and X 2 when endowed with them. X has the same
convex set structure induced by Xl and X 2 (it does not matter). The diagonal
6. is a convex subset of X2, hence of the affine space Xl x X2· The bijective
convex set map x EX ......(x,x) E 6. transfers the affine space structure on
Xi (i = 1,2) to an affine space structure on 6. inducing on 6. the convex set
structure induced on 6. by XIX X 2. It follows from (11*) and a choice i = 1
or i = 2 (it does not matter) that 6. is an affine subspace of Xl x X2· Hence,
if A E JR., Xl,X2 E X, we have

(1- A)(Xl, X2) + A(X2, X2) E 6.(Xl x X2),
((1 - A)Xl + Ax2(Xl), (1 - A)Xl + Ax2(X2)) E 6.,
(1- A)Xl + Ax2(X1) = (1 - A)Xl + Ax2(X2),

where (Xl x X2), (Xd, (X 2) mean affine combinations in the sense of the prod-
uct Xl x X 2, Xl, X 2 respectively. Thus Xl = X 2· Since (II) = (II*) n (III)
and we just saw that (II*) ===> (III), then (11*) ===> (II). We may also prove
(11*) ===> (II) by the reasoning used in showing (11*) ===> (I) in the proof of
Lemma 9, once (I) ===> (II).

11. Proposition.
(I) A map f :X --+ Y between affine spaces is an affine space map iff it is

a convex set map.
(II) A convex subset X of an affine space Y has an affine space structure

inducing on X the convex set structure induced on X by Y iff X is an
affine subspace of Y. Such an affine space structure on X is unique,
namely equal to that induced on X by Y.

(III) Two affine space structures on a set X induce the same convex set
structure on X iff they are equal.

Proof. (I) Necessity is clear. Let us prove sufficiency. Assume f : X --+ Y to
be a convex set map. Introduce

Xo E X, Xl E X, Yo = f(xo) E Y, Yl = f(xd E Y,

x), = (1 - A)XO + AXl EX, Y), = (1 - A)Yo + AYl E Y,

where A E R We want to prove

(1) f(x),) = Y),·

This is true for A E II, because f is a convex set map. Assume A > 1. If
u; v E JR., we have

(1- J.l)xo + J.l[(1 - v)xo + VX1] = (1 - J.lv)xo + J.lVXl
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provided pv ~ 1. It results that we have in X, likewise in Y by a similar
computation

(2) (1 - p)xQ + PXl/ = Xill/,

(3)

provided pv ~ 1. Assume v > 1,0 < 1/v < 1. We have

(4)

provided 0 :::;P :::; 1/v, because 0 :::;pv :::; 1, pv E ITand f is a convex set map.
Thus

(5)

if 0:::; p < 1/v, by (2), (3) and (4), because then pv ~ 1. Besides that,

(6)

for p E IT,because f is a convex set map. So

(7)

for 0 :::; p < Y]», by (5) and (6). Proposition 8 implies that (7) holds for
a :::;p < 1. Hence

(8)

for a :::; p < 1, by (7) because f is a convex set map. Therefore (4) holds
provided 0:::; p < 1, pv ~ 1, because of (2), (3) and (8), where v > 1. Actually
(4) is true also if pv = 1. Fix v E JJ. Given any A > 1, define v = VP. Then
A = pv, pv ~ 1, u > 1 since 0 < P < 1 < A. Therefore (4) shows that (1) holds
for every A > 1, as wanted. Assume A < O. By using the parameter change
A E lR H (1 - A) E lR, we reduce ourselves to the preceding case with XQ and
Xl interchanged. Thus (I) is proved.

(II) follows obviously from (I), and (III) results clearly from (ii). ~

12. Comment. It is easily seen that Proposition 11 becomes false if we
replace affine space and affine subspace by convex cone and convex sub cone, or
by affine cone and affine subcone, respectively.
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13. Lemma. Consider the following statements:
(I) A map f : X --+ Y between affine cones is an affine cone map iff it is a

convex cone map.
(1*) If f : X --+ Y is a convex cone map between affine cones, then f(X) is

an affine subcone ofY.
(II) A convex subcone X of an affine cone Y has an affine cone structure

inducing on X the convex cone structure induced on X by Y iff X is
an affine subcone ofY. Such an affine cone structure on X is unique,
namely equal to that induced on X by Y.

(11*) A convex subcone X of an affine cone Y has an affine cone structure
inducing on X the convex cone structure induced on X by Y iff X is
an affine subcone ofY.

(III) Two affine cone structures on a set X induce the same convex cone
structure on X iff they are equal.

Then (I), (I*) , (II), (II*) are equivalent, and they imply (III).

Proof. Analogous to that of Lemma 9. ~

14. Comment. We have (11*) =? (III). Since (II) =? (11*) n (III), then (11*)
=? (II). We may also prove (11*) => (II) by the reasoning used in showing
(II*) => (i) in the proof of Lemma 13, once (i) => (II). All this is analogous
to Comment 10.

15. Proposition.

(I) A map f : X --+ Y between affine cones is an affine cone map iff it is a
convex cone map.

(II) A convex subcone X of an affine cone Y has an affine cone structure
inducing on X the convex cone structure induced on X by Y iff X is
an affine subcone of Y. Such an affine cone structure on X is unique,
namely equal to that induced on X by Y.

(III) Two affine cone structures on a set X induce the same convex cone
structure on X iff they are equal.

Proof. (I) Necessity is clear. Let us prove sufficiency. Assume f : X --+ Y to
be a convex cone map. All we need to prove is

f(>.x) = >'f(x) for >. E~, >. < 0, x E X.

It is enough to prove it for>' = -1, that is

(1) f( -x) = - f(x).

Now, we have

(2) (1 - J1.)f(x) + /-l[2f( -x)] = 1[(1 - J1.)x] + f( -2/-lx) = 1[(1 - 3J1.)x]



10 LEOPOLDO NACHBIN

for J-LE ~, 0 < J-L< 1, J-Li- 1/3, and

(3) (1 - J-L)f(x) + J-L[-2f(x)] = (1 - 3J-L)f(x)

for J-LE ~, J-Li- 1/3. We then have

(4) (1- J-L)f(x) + J-L[2f(-x)] = (1- J-L)f(x) + J-L[-2f(x)]

for J-LE~, 0 < J-L< 1/3, since 1 - 3J-L > 0 in (1) and (3). Proposition 8 implies
that (4) holds for 0 ::; J-L< 1. Choose J-L= 2/3 in (4) to conclude

(1/3)f(x) + (4/3)f(-x) = (1/3)f(x) + (-4/3)f(x)
J[(1/3)x + (4/3)( -x)] = - f(x),

proving (1), as wanted. Thus (I) is proved.
(II) follows obviously from (I), and (III) results clearly from (II). ~
16. Comment. It is easily seen that Proposition 15 becomes false if we replace
convex cone and convex subcone by convex set and convex subset, or by affine
space and affine subspace, respectively.

17. Lemma.
(I) A map f : X -t Y between affine cones is an affine cone map iff it is a

convex cone map and an affine space map.
(II) A convex subcone and affine subspace X of an affine cone Y has an

affine cone structure inducing on X the convex cone structure and
affine space structure induced on X by Y iff X is an affine subcone of
Y. Such an affine cone structure on X is unique, namely equal to that
induced on X by Y.

(III) Two affine cone structures on a set X induce the same convex cone
structure and the same affine space structure on X iff they are equal.

Proof. (I) Necessity is clear. Let us prove sufficiency. Assume f : X -t Y to
be a convex cone map and an affine space map. All we need to prove is

f(h) = )..j(x) for A E JR., A < 0, x E X.

It is enough to prove it for A = -1, that is

(1) f(-x) = -f(x) for x E X.

Now, choose al,a2 E ~+,J-L E ~,J.l i- 0, 1 so that (l-J-L)al +/-W2 = -1. Notice
that (1 - J-L)al, J-La2, (1 - J-L)al + J-La2 E ~', therefore we have

-1 = (1- J-L)al + J-La2,
-x = (1- J-L)alx + J-La2X,

f( -x) = (1- J-L)f(alx) + J-Lf(a2x)
= (1 - J-L)[ad(x)] + J-L[ad(x)]
= [(1 - J-L)al + J-La2]f(x) = - f(x),
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as wanted in (1). Thus (I) is proved. (II) follows obviously from (I), and (Ill)
results clearly from (II). ~
18. Comment. (I) Lemma 17 is a weakened version of Proposition 15, with
a. simpler proof. (II) Proposition 11 implies Proposition 15 via Lemma 17.
Let us examine sufficiency in the cases (I) of Propositions 11 and 15. Assume
f : X --+ Y to be a convex cone map between affine cones. Then f is a convex
set map. By Proposition 11, (I), f is an affine space map. Lemma 17, (I),
implies that f is an affine cone map, thus proving Proposition 15, (I). Likewise
for (II) and (III) in both propositions.

19. Proposition.
(I) A quasiorder R on a convex cone X is compatible with its convex cone

structure iff it is compatible with its convex set structure.
(II) Let f : X --+ Y be a convex set map from a convex cone X onto a

convex set Y. There is one and only one convex cone structure on Y
such that f is a convex cone map. Such a convex cone structure on Y
induces the given convex set structure on Y.

Proof. (I) Necessity is clear. Let us prove sufficiency. Assume R compatible
with the convex set structure of X. Fix A E ~+,Xo,x] E X,xoRx]. We claim
that

(1) (Axo )R( AXo)

To prove it, define

(2)

Choose any 0:, fJ E IT,0 < fJ - 0: < inf(1, 1/ A). We cannot have 0: = 0, fJ = 1 at
the same time. Define 8 = (fJ - O:)A E Jj. Introduce

(3)
w = (1 - fJ)(Axo) + o:(Ax]) EX,

1- 8

which IS a convex cone combination of Xo and Xl since we cannot have
1 - fJ = 0,0: = 0 at the same time, and 1 - 8 i- 0 Then (2) and (3) give

(4) u(o:) = (1- 8)w + 8xo,

(5)

Therefore, (4) and (5) imply u(o:)Ru(fJ), by xoRx] and compatibility of R
with the convex set structure of X (to visualize, draw a picture in a plane,
by plotting Xo, X], Axo, AX], w, u(o:), u(fJ))· Next, choose nEW, n > sup(L, A).
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Define ,i = i/n E ITfor i = 0, ... ,n. We have 0 < ,i -,i-l = l/n < inf(l, 1/ >..)
for i = 1, ... ,n. Hence U(,i-l)Ru(/i) for i = 1, ... ,n, by the preceding case.
Transitivity of R implies u(,o)RU(-yn), that is u(O)Ru(I), hence (1) as wanted.
Finally, fix to,tl,xO,Xl E X to RXO,tlRxl' We claim that

(6) (to + tl)R(xo + Xl)'

To prove it, notice that

[(to + tl)/2]R(xo + xd/2]

by compatibility of R with the convex set structure of X. Use the preceding
result and multiply both sides by 2 to get (6). Thus (I) is proved. (II) Existence
in the first assertion of (II) is easily seen to be equivalent to sufficiency in (I)
when R is an equivalence relation. Uniqueness is obvious. The second assertion
of (II) is clear. ~

20. Proposition.
(I) An equivalence relation R on an affine space X is compatible with its

affine space structure if it is compatible with its convex set structure.
(II) Let f : X --+ Y be a convex set map from an affine space X onto a

convex set Y. There is one and only one affine space structure on Y
such that f is an affine space map. Such an affine space structure on
Y induces the given convex set structure on Y.

Proof. (I) Necessity is clear. Let us prove sufficiency. Assume R compatible
with the' convex set structure of X. It is enough to prove the following. Fix
>.. E ~, t, Xo, Xl E X, XORXl· We claim that

(1) [(1 - >..)t + >..xo]R[(1 - >..)t + >..xd·

This is true for>" E il, because R is compatible with the convex set structure
of X To prove the claim (1), we turn to the cases A > 1 and A < 0; hence
.\l' 0,1. Define

(2) Uo(.\) = (1- >..)t + >..xo EX,

(3) Ul(.\) = (1- >..)t + .\Xl EX,

so that our claim (1) becomes

(4)

Consider

(5)
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for fJ E ill.. Choose any a,(3 E JR,a i- 1,(3 i- 0, so that 8 = ((3- a)A E]", hence
8 i- 1. Introduce

(6)
w = (1 - A)t + (1 - (3),Xxo + aAx1 X

1- 8 E ,

which is an affine combination of t, Xo and Xl since (1 - A) + (1 - (3)A + aA =
1 - 8 i- O. Then (2), (3), (5) and (6) imply

(7) u(a) = (1 - 8)w + 8xo because A i- 0,1, ai-I,

(8) u((3) = (1- 8)w + 8X1 because A i- 0,1,(3 i- O.

Suppose firstly A > 1. Then 8 E ]" amounts to 0 < (3- a < 1/ A. Therefore, (7)
and (8) imply u(a)Ru((3), by XORX1 and compatibility of R with the convex set
structure of X, if a,(3 E JR,a i- 1,(3 i- 0,0 < (3 - a < l/A (to visualize, draw
a picture in a plane, by plotting t,xo,X1,Uo(A),U1(A),w,u(a),u((3)). Next,
choose n E N',n > A. Define I'i = i/n E ITfor i = 0, ... ,n. We have 0 <
I'i - I'i-1 = l/n < l/A, I'i-1 i- 1, I'i i- 0, for i = 1, ... ,n. Hence u(I'i-dRu(ri)
for i = 1, ... n by the preceding case. Transitivity of R implies u(I'o)Ru(rn),
that is u(O)Ru(l), hence (4) as claim d. Suppose secondly A < O. This case
is treated similarly, except for some changes (it does not result from the case
A> 1 by the usual parameter change A E JR I--> I-A E JR). Then 8 E]" amounts
to 0 < a - (3 < 1/( -A). Therefore, (7) and (8) imply u(a)Ru((3), by XORXI and
compatibility of R with the convex set structure of X, if a,(3 E JR,a i- 1,(3 i-
0,0 < a - (3 < 1/( -A) (to visualize, draw a picture in a plane, by plotting
t,xo,X1,Uo(A),U1(A),w,u(a),u((3)). Let, more generally, a,(3 E JR,a i- 1,(3 i-
0, (3 < a. There are n E N', 1'0 = (3 < 1'1 < ... < l'n-1 < I'n = a such that
I'i i- 1, I'i-1 i- 0,0 < I'i - I'i-1 < 1/( -A) for i = 1, ... , n. Hence u(ri)Ru(ri-1)
for i = 1, ... ,n, by the preceding case. Transitivity of R implies u(I'n)Ru(ro),
hence u(a)Ru((3) if a, (3 E JR, a i- I, (3 i- 0, (3 < a. Fix p, (J" E JR so
that p < 0 < 1 < (J". If we apply the conclusion we just get to the choices
a = 0,(3 = p, and a = (J",(3= p, and a = (J",(3= 1, we have

u(O)Ru(p) smce 0 i- 1, Pi- 0, p < 0,

u((J")Ru(p) smce (J" i- 1, Pi- 0, p < (J",

u((J")Ru(l) smce (J" i- 1, 1 i- 0, p < (J".

By symmetry and transitivity of R, we have u(O)Ru(l), hence (4) as claimed.
Thus (I) is proved. (II) Existence in the first assertion of (II) is easily seen to
be equivalent to sufficiency in (I). Uniqueness is obvious. The second assertion
of (II) is clear. ~
21. Comment. Although Proposition 19, (I) is true for a quasiorder, hence
an equivalence relation, it is easily seen that Proposition 20, (I) is false for a
quasiorder.
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22. Proposition.
(I) An equivalence relation R on an affine cone X is compatible with its

affine cone structure iff it is compatible with its convex set structure.
(II) Let f : X --> Y be a convex set map from an affine cone X onto a

convex set Y. There is one and only one affine cone structure on Y
such that f is an affine cone map. Such an affine cone structure induces
the given convex set structure on Y.

Proof. (I) Necessity is clear. Let us prove sufficiency. Assume R compatible
with the convex set structure of X. By Proposition 19, (I), we see that R is
compatible with the convex cone structure of X. All we need to prove is

It is enough to prove it for A = -1, that is

(1) (-xo)R( -xd for xo, Xl E R, XORX1·

To this goal, define

(2) u(J-l) = (1- J-l)(-xo) + J-l(-XI) for J-l E lR.

Choose any a,{3 E JR,a i- 1,{3 i- 0 so that G = a - (3 E J). We cannot have
a = 0, {3= I at the same time. Introduce

(1 - fJ)( -xo) + a( -Xl)
w = 1- G EX,

which is an affine cone combination of -xo and -Xl since we cannot have
1 - fJ = 0, a = 0 at the same time, and 1 - G i- 0 Then (2) and (3) give

(4) u(a) = (1 - G)w + Gxo because ai-I,

(5) u(fJ) = (1 - G)w + Gxo because fJ i- o.

Therefore, (4) and (5) imply u(a)Ru(fJ), by XORXI and compatibility of R
with the convex set structure of X (to visualize, draw a picture in a plane by
plotting XO,XI,-XO,-XI,w,u(a),u(fJ)). Fix a.o ,« E JR so that p < 0 < o <
1 < r,-p < l,u-p < 1, r-u < 1, hence r-l < 1. If we apply the conclusion
we just got to the choice a = 0, (3 = p, and a = o, fJ = p, and a = r , fJ = a ,
and a = r,fJ = 1, we have

u(O)Ru(p) since 0 i- 1, Pi- 0, 0 < p - 0 < 1,
u(u)Ru(p) since o i- 1, Pi- 0, 0 < o - p < 1,

u(r)Ru(u) since r i- 1, a i- 0, 0 < r - a < 1,

u(r)Ru(l) since r i- 1, 1 i- 0, 0 < r - 1 < 1.
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By symmetry and transitivity of R, we have u(O)Ru(l), hence (1) as claimed.
Thus (I) is proved. (II) Existence in the first assertion of (II) is easily seen to
be equivalent to sufficiency in (I). Uniqueness is obvious. The second assertion
in (II) is clear. ~
23. Comment. Although Proposition 19, (I) is true for a quasiorder, hence
an equivalence relation, it is easily seen that Proposition 22, (I) is false for a
quasiorder.
24. Comment. Proposition 22 clearly remains true if we replace convex set
by convex cone or affine space.

25. Lemma. An equivalence relation R on an affine cone X is compatible
with its affine cone structure iff it is compatible with the convex cone structure
and the affine space structure induced on X by the affine cone structure of X.

Proof. Necessity is clear. Let us prove sufficiency. Assume R compatible with
the convex cone structure and the affine space structure induced on X by the
affine cone structure of X. All we need is to prove

It is enough to prove it for A = -1, that is

(1)

Now, choose aI, a2 E JR+, f-l E JR, f-l # 0,1 so that (1- f-l)a1 + f-la2 = -1. Notice
that (1 - f-l)a1' f-la2, (1 - f-l)a1 + f-la2 E JR', therefore we have

XORX1,

(a1xo)R(a1x1), (a2xo)R(a2x1),

[(1- f-l)(a1xo) + f-l(a2xo)]R[(1- f-l)(a1xd + f-l(a2x1)),

{[(1- f-l)a1 + f-la2]xo}R{[(1 - f-l)a1 + f-la2]xd,

proving (1). ~
26. Comment. (I) We can prove Proposition 22, (1) by using Propositions 19,
(1) and 20, (I) as follows. Necessity is clear. Let us prove sufficiency. Assume
R compatible with the convex set structure of X. By Proposition 19, (I), we
see that R is compatible with the convex cone structure of X. By Proposition
20, (I), we see that R is compatible with the affine space structure of X. Apply
sufficiency in Lemma 25 to conclude that R is compatible with the affine cone
structure of X. (II) We could prove Proposition 22, (II) by using Propositions
19, (II) and 20 (II) as follows. By Proposition 19, (II), there is a convex cone
structure on Y such that f is a convex cone map. By Proposition 20, (II),
there is affine space structure on Y such that f is an affine space map. This
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convex cone structure on Y and this affine space structure on Y induce the
same convex set structure on Y, namely the convex set structure given on Y.
By Proposition 28 below, there is an affine cone structure on Y inducing that
convex cone structure on Y and that affine space structure on Y. Since f is a
convex cone map and an affine space map, as said precedingly, Lemma 17, (I)
shows that f is an affine cone map. At this point, we could also use Proposition
15, (I).

4. Compatible convex cones and affine
spaces are affine cones and viceversa

27. Definition. A convex .cone structure and an affine space structure on a-
set X are said to be compatible when they induce the same convex set structure
on X.

28. Proposition.
(I) An affine cone X is a convex cone and an affine space in a compatible

way. Conversely, if X is a convex Calle and an affine space in a compat-
ible way, there is one and only one affine cone structure on X inducing
the given convex cone structure on X. This affine cone structure also
induces on X the given affine space structure on X.

(II) A convex Calle X has an affine cone structure inducing the given convex
cone structure on X iff it has a compatible affine space structure. Then,
such an affine cone structure and an affine space structure on X are
unique, and the affine cone structure induces the affine space structure.

(III) An affine space X has an affine cone structure inducing the given affine
space structure on X iff it has a compatible convex cone structure.
Then, such an affine cone structure induces that convex cone structure.
The injective map that to an affine cone structure on X associates the
induced convex cone structure on X is bijective between all affine cone
structures on X inducing the given affine space structure on X and all
convex cone structures on X that are compatible with the given affine
space structure on X.

Proof. (I) The first statement of (I) is trivial. Let us prove its remaining parts.
Assume that X is a convex cone and an affine space in a compatible way. We
shall split the proof into eight claims

Claim 1 IfnEN*,Q'l,'" ,Q'n ElR+,Al,'" ,An ElR,Al+"'+An = 1,AIQ'1+
"'+AnQ'n > O,X E X, then

(1)

wher we have an affine combination of convex cone products in the left hand
side! and a convex cone product in the right hand side. It is enough to prove
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(1) for n = 2 (it being a triviality for n = 1), since the cases n = 2 and n ~ 2
together imply the case n + 1. The claim for n = 2 is that, if Xl, 0'2 E JR:+,
A E JR, (1 - A)O'l + A0'2 > 0, x E X, then

(2)

If 0'1 = 0'2, then (2) is trivially true. By compatibility, (2) is true for A E IT.
We shall consider the cases A > 1 and A < 0 separately. Define

(3)

Firstly, assume 1 < A < p, where

Notice that, if A ~ 0, then

Fix J.l E JR, 1 < J.l < p. We have

(1 - O)(O'lX) + Ou(J.l) = (1 - O)(O'lX) + 0[(1 - J.l)(O'lX) + J.l(0'2X)]
= (1- OJ.l)(O'lX) + (0J.l)(0'2X),

for 0 E JR, provided 0"# 1/ J.l (notice J.l "# 0). Therefore

(4)

by compatibility, provided 0 :::;OJ.l :::; 1,0 "# 1/ J.l, hence provided 0 :::;0 < 1/ J.l
since then also 0"# 1/J.l (notice 0 < 1/J.l < 1). Define

0' = (1 - J.l)0'1 + J.l0'2 > 0 (because 0 :::;J.l < p),
v = O'X E X.

We have, for 0 :::;0 :::;1,

(1 - B)(O'lX) + Bv = (1 - B)(O'lX) + B(O'x)
= [(1 - B)O'l + BO']x (by compatibility).

Therefore, for a < B < 1,

(5)
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Hence, in view of (4) and (5),

(6)

provided 0 ::; B < 1/ fJ. By Proposition 8, we see that (6) remains true for
o ::; B < 1. Thus, (4) remains true for 0 ::; B < 1, by comparison between
(5) and (6). Now, given any ,\ E ~,1 < ,\ < p, fix fJ E ~,1 < fJ < p. If
()= ,\/ fJ E Jr, we have

(7)

because

(1 - B)(alx) + BU(fJ) = (1 - B)(alx) + B[(1 - fJ)(alx) + fJ(a2x)] (by (3))

= (1 - BfJ)(alx) + (BfJ)(a2x) (by BfJ =,\:/; 1)

= (1 - ,\)(alx) + '\(a2x) = u(,\) (by (9)).

By the preceding argument and the validity of (4) for 0 ::; B < 1, we see that
(3), (4) and (7) imply (2) because BfJ = '\, as wanted. Secondly, in the case
,\ < 0, by using the parameter change ,\ E ~ f-+ 1 - ,\ E ~, we reduce ourselves
to the preceding case with al and a2 interchanged. Thus Claim 1 is proved.

Corollary to Claim 1. In the notation of Claim 1, if also ,\ E ~+,we have

Claim 2. We have

[(1- '\)(alxl) + ,\(a2xd] + [(1 - '\)(alx2) + '\(a2x2)]
= (1 - '\)[al(xl + X2)] + '\[a2(xl + X2)),

for A E ~,al,a2 E ~+,Xl,X2 EX. Indeed, if fJ E~, we have

(l-fJ)[(1 - ,\)(alxd + '\(a2xl)] + fJ[(1 - '\)(alx2) + '\(a2x2)]
= (1 - fJ)(1- ,\)(alxd + (1 - fJ),\(a2xd + fJ(1 - '\)(alx2) + fJ'\(a2x2)
= (1 - '\)[(1- fJ)(alxl) + fJ(alx2)] + '\[(1 - fJ)(a2xl) + fJ(a2x2)),

by affine space rules. Choose fJ = 1/2. By compatibility, if we multiply by 2
and use Corollary to Claim 1, we get Claim 2.

Claim 3. We have
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for A, 01,02 E JR+, J-l E JR, X EX, provided A + (1 - J-l)01 + J-l02 > O. Indeed, if
II E JR, we have

(1-II)(AX) + 11[(1 - J-l)(OlX) + J-l(02X)]
= (1 - II)(AX) + 11(1 - J-l)(OlX) + 1IJ-l(02X)
= [(1 - II)A + 11[(1 - J-l)01 + 1IJ-l02]X,

by affine space rules and Claim 1,provided (1- II) A + 11(1- J-l)01 + 1IJ-l02 > 0,
which is the case if we choose II = 1/2. By compatibility, if we multiply by 2,
we get Claim 3.
Claim 4. We shall construct and affine cone structure on X enjoying the prop-
erties asserted in the second and third parts of (I). Addition and multiplication

(X1,X2) E X x X f-----' Xl + X2 EX,

(A, x) E JR" x X f-----' Ax EX,

for that affine cone structure have to be addition for the given convex cone struc-
ture, and an extension of multiplication for the given convex cone structure,
respectively. All we need to do is to define AX E X for A E JR", A < 0, X EX, so
as to satisfy the affine cone axioms together with addition and multiplication
for the given convex cone structure, as well as to be in accordance with the
assertions in the second and third parts of (I). By way of motivation, let us
reason as follows. Fix 01, 02 E JR+, J-l E JR, so that

(1)

Then, we have

(2)

for A E JR+, x EX, by (1) and Claim 1. It hints at the idea of defining AX EX,
where A E JR,A < O,x E X, as follows. Fix 01,02 E JR+,J-l E JR, so that

(3)

Then, define

(4)

for A E JR+, x EX. If we do that, as we shall, the first step would be to prove
that the value of (-A)X in (4) depends only on A and X, not on the choice of
01,02 and J-l satisfying 3. We have a proof of that single valuedness of (-A)X
(using Proposition 8); it is less time consuming not to give it, but rather get it
as a byproduct if we proceed as follows. Fix 01,02 and J-l satisfying (3), and
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define (- >')X E X by (4), even at the risk that it might depend on 0'1,0'2 and u,
We then prove that such a definition together with addition and multiplication
for the given convex cone satisfy all affine cone axioms. Finally, we check that
such an affine cone structure on X enjoys the properties asserted in the second
and third parts of (I). Uniqueness in the second part of (I) implies that this
affine cone structure on X does not depend on 0'1,0'2 and u,
Claim 5. The first axiom to check is

for>' E ~+,Xl, X2 EX. By definition and Claim 2, we have

(->')Xl = (1- J.l)(>'O'IXl) + J.l(>.0'2Xl),
(->')X2 = (1- J.l)(>'0'IX2) + J.l(>'0'2X2),
(->')Xl + (->')X2 = (1 - J.l)[>'O'l(XI + X2)] + J.l[>'0'2(XI + X2)] =
(->')(Xl + X2),

as wanted in Claim 5.

Claim 6. The second axiom to check is

for >'1, >'2, >'1 + >'2 E ~., x EX. That is clear if >'1 > 0, >'2 > 0. Let >'1 <
0, >'2 < 0, hence >'1 = -J.ll, >'2 = -J.l2, where J.ll > 0, J.l2 > 0. We have, by
definiti n and Claim 2,

(-J.ll)X = (1 - J.l)[O'l (J.lIX)] + J.l[0'2(J.lIX)],
(-J.l2)X = (1- J.l)[O'l(J.l2X)] + J.l[0'2(J.l2X)],

(-J.ll)X + (-J.l2)X = (1- J.l)[O'l(J.ll + J.l2)X] + J.l[0'2(J.ll + J.l2)X]
[-(J.ll + J.l2)]X = (-J.ll - J.l2)X,

as wanted. Finally, let >'1 > 0, >'2 < ° (the case >'1 < 0, >'2 > ° is identical, by
symmetry), hence >'1 = J.ll,>'2 = -J.l2, where J.ll > 0,J.l2 > O,J.ll i- J.l2 (notice
>'1+ >'2 i- 0). Assume firstly J.ll > J.l2· We have, by definition and Claim 3,

J.lIX + (-J.l2)X = J.lIX + [(1 - J.l) (J.l2 0'1x) + J.l(J.l20'2X)]
= rJ.ll + (1 - J.l)(J.l20'1) + J.l(J.l20'2)]X
= (J.ll - J.l2)X,

as wanted, because J.ll + (1 - J.l)(J.l20'1) + J.l(J.l20'2) = J.ll - J.l2 > 0. Assume
secondly J.l2 > J.ll. Then
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by the first case. If we multiply both sides by -1, use

by Claim 5 and Claim 7 below, respectively, we get

as wanted. Thus Claim 6 was checked.
Claim 7. The third axiom to check is

for Al, A2 E JR*, x EX. That is clear, if Al > 0, A2 > O. Let >'1 > 0, >'2 < 0,
hence >'1 = J.Ll, >'2 = -J.L2, where J.Ll > 0, J.L2 > O. By definition and Corollary
~o Claim 1, we have

(-J.L1J.L2)X = (1 - J.L)(J.L1J.L2CX1X) + J.L(J.L1J.L2CX2X)

= J.Ld(1 - J.L)(J.L2CX2X) + J.L(J.L2CX2X)]

= J.Ld( -J.L2)X],

as wanted. Let >'1 < 0, >'2> 0, hence >'1 = -J.Ll, >'2 = J.L2, where J.Ll > 0, J.L2 > O.
We have, by definition

(-J.L1J.L2)X = (1 - J.L)(J.L1J.L2CX1X) + J.L(J.L1J.L2CX2X)

= (1 - J.L)[J.L1CX1(J.L2X)] + J.L[J.Ll CX2 (J.L2X)]

= (-J.Ll)(J.L2X),

as wanted. Finally, let Al < 0,>'2 < 0, hence >'1 = -J.Ll,>'2 = -J.L2, where
J.Ll > 0, J.L2 > O. By definition, affine space rules, Corollary to Claim 1, and
Claim 1 J we have

(-J.Ld[(-J.L2)X] = (1- J.L){J.Llcxd(-J.L2)X]) + J.L{J.L1CX2[(-J.L2)X]}

= (1 - J.L){J.L1CX1[(1- J.L)(J.L2CX1X)

+ J.L(J.L2CX2X]} + J.L{J.L1CX2[(1 - J.L)(J.L2CX1X) + J.L(J.L2CX2X)]}

= (1 - J.L)2(J.L1J.L2CXix) + 2(1- J.L)J.L(J.L1J.L2CX1CX2X) + J.L2(J.L1J.L2CX~X)

= (J.L1J.L2)X,

as wanted, because

(1 - J.L)2 + 2(1 - J.L)J.L + J.L2 = [(1 - J.L) + J.Lf = 1,

(1 - J.L)2(J.L1J.L2cxi) + 2(1 - J.L)J.L(J.L1J.L2CX1CX2) + J.L2(J.L1J.L2CX~)

= [(1- J.L)CXl + J.LCX2]2J.L1J.L2 = J.L1J.L2 > O.



22 LEOPOLDO NACHBIN

Thus Claim 7 was checked.
Claim 8. The affine cone structure we constructed on X obviously induces on X
the given convex cone structure. By proposition 15, (III), there is at most one
affine cone structure on X inducing the given convex cone structure. Hence,
the affine cone structure on X we constructed is that unique one. As such, it
does not depend on the choice of AI, A2 and J.l satisfying (3) of Claim 4. The
convex cone structure given on X is induced by the affine cone structure we
constructed on X. It follows that the convex set structure induced on X by
that convex cone structure is also induced by that affine cone structure, hence
by the affine space structure induced on X by that affine cone structure. This
convex cone structure is also induced by the affine space structure given on
X. By Proposition 11, (III), these two affine space structures on X coincide.
Hence, the affine cone structure we constructed on X induces on X the affine
space structure given on X. We have completed the proof of (I). We now
turn to (II). Necessity in the first part of (II) is clear. Sufficiency follows from
(I). Uniqueness in the case of an affine cone results from Proposition 15, (III).
Uniqueness in the case of an affine space results from Proposition 11, (III),
because the convex cone structure given on X induces a convex set structure
on X which determines uniquely the compatible affine space structure. The
final statement in (II) follows from (I). We now turn to (III). Necessity is clear
in the first part of (III). Sufficiency in it and the second part of (III) follow from
(I). The map considered in the third part of (III) is injective by Proposition 15,
(III). The fact that it is bijective between the indicated sets is seen as follows.
It is clearly into the set of values that was stated, by using the convex set
structure induced on X by the given affine space structure. It is onto that set
~(D· ~
29. Comment. (I) Consider a diagram formed by the set A,B,C,D, and
maps a: A --+ B,b: B --+ D,c: A --+ c,d: C --+ D, that commute in the sense
Chat ba = de. Then

a(A) C b-1 [d(C)], c(A) C d-1[b(B)].

If x E A, U = a(x) E B, v = c(x) E C, then b(u) = d(v). We say that
the diagram is exact when, conversely, u E B, v E C, b(u) = d(v), then u =
a(x), v = c(x) for some x E A. It follows that

a(A) = b-1[d(C)], c(A) = d-1[b(B)].

Conversely, if
a(A) = b-1[d(C)]

and d is injective, the diagram is exact. (II) Consider next a set X and the
diagram formed by the sets AC(X) of all affine cone structures on X, CC(X)
of all convex cone structures on X, AS(X) of all affine space structures on
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x, CS(X) of all convex set structures on X, and the structure inducing maps
a : AC(X) -. C(X), b : CC(X) -. CS(X), c : AC(X) -. AS(X), d : AS(X) -.
CS(X), that commute in the sense that ba = de. By Propositions 11, (III)
and 15, (III) respectively, d and a are injective. Proposition 28 means that this
diagram is exact. We have

a[AC(X)] = b-1{d[AS(X)]},

c[AC(X)] = d-1{b[CC(X)]}.

The first equality means that the set of all convex cone structures on X that
are induced by affine cone structures on X coincides with the set of all convex
cone structures on X that have compatible affine space structures on X. The
second equality means that the set of all affine space structures on X that are
induced by affine cone structures on X coincides with the set of all affine space
structures on X that have compatible convex cone structures on X.
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