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Abstract

The nonlinear time fractional convection diffusion equation (TFCDE) is obtained from a
standard nonlinear convection diffusion equation by replacing the first-order time derivative
with a fractional derivative (in Caputo sense) of order o € (0,1). Developing numerical
methods for solving fractional partial differential equations is of increasing interest in many
areas of Science and Engineering. In this thesis an explicit conservative finite difference
scheme for TFCDE is introduced. We find its CFL condition and prove encouraging results
regarding stability, namely, monotonicity, the TVD property and several bounds. Illustrative
numerical examples are included in order to evaluate potential uses of the new method.
Finally, we develop a graphical user interface (GUI) based in tool GUIDE of MATLAB for
numerical solution TFCDE.

Keywords: Caputo fractional derivative, finite difference scheme, stability, CFL, TVD,
GUIL



Resumen

La ecuacién de difusién- conveccion en el tiempo fraccional no lineal (TFCDE), es obtenido
desde una ecuacion de difusién - conveccion no lineal estandar reemplazando la derivada
temporal de primer orden, con una derivada fraccional (en el sentido de Caputo) de orden
entre 0 y 1. El desarrollo de métodos numéricos que solucionen ecuaciones de este tipo tiene
gran interés en muchas areas de la ciencia y la ingeniera. En esta tesis nosotros introducimos
un esquema de diferencias finito conservativo para resolver una TFCDE. Nosotros encon-
tramos su condicion CFL y probamos resultados interesantes sobre estabilidad, monotonia,
una propiedad TVD y varias cotas. Se desarrollan ejemplos numéricos para evaluar el poten-
cial uso del nuevo método numérico. Finalmente, desarrollamos una interface grafica (GUI)
basados en la herramienta GUIDE de MATLAB para solucién numérica de TFCDE.

Palabras clave: Derivada fraccional de Caputo, esquema de diferencia finito, estabilidad,
CFL, TVD, GUI
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1 Introduction

In this chapter we start our study of fractional calculus by considering the historical and the-
oretical development of the various concepts of derivative introduced by Grunwald-letnikove,
Riemann-Liouville and Caputo, and then we do a literature review of the analytical and nu-
merical theory of fractional differential equations. We consider a finite difference squeme
approximating the Caputo derivative, with which we complete our numerical model in the
subsequent chapters. Concepts are illustrated in several examples.

The study of integration and derivation of arbitrary order began in 1695, when L’Hospital
inquired Leibnitz about what would happen if one wanted to find a derivative of order 1/2.
In 1819, the French mathematician Lacroix dedicated several pages of his book “Integral
transforms of generalized functions” to study derivatives of arbitrary order, and examined
conditions for obtaining the derivative of order 1/2 of the function f(x) = x%, as an example.
Lacroix’s work is considered the first attempt to generalize the concept of derivative to
arbitrary order. Fourier also explored this field in 1822, but the admissible functions to be
derived by his method were very few.

In 1832, Liouville defined the derivative of arbitrary order of a function as a series, confronting
the problem of establishing conditions for assuring convergence, and covering some other
cases for deriving functions of the type f(x) = z®. Finally, Liouville centered his attention
to integrals of arbitrary order, defining them as the inverse operation to taking derivatives
of arbitrary order. In 1876, Riemann used the results of Liouville for stating his definition
of fractional derivatives, with the problem of requiring an unknown function. Given the
importance of Liouville and Riemann’s theory, the first definition of fractional integral given
by Laurant in 1884 was named after them.

In 1867, Grunwald defined the fractional derivative as the limit of a difference quotient,
and defined definite-integral formulas for the g-th derivative. In 1967, Caputo formulated a
definition for fractional derivative that allowed physical interpretation to initial conditions
of many problems that the Riemann-Liouville derivative does not allow. In 1969, Caputo
published his book “Elasticita e dissipazione” in which he used his definition to formulate
and solve problems of viscoelasticity and seismology.

1.1 Literature review

The theory of fractional calculus is considered as an old but yet novel topic when related
to differential equations, and many authors have studied analytical solutions to fractionary
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differential equations with diverse senses of derivative. Liu et al. [II] worked on a time
fractional advection-dispersion equation using the Fourier-Laplace transform to obtain a so-
lution, while Alibaud [2] studied an equation with fractional derivative on the diffusive term,
and defined an entropy formulation for fractional conservation laws in order to prove existence
and uniqueness of a solution. El-Shaed [9] investigated existence and multiplicity of positive
solution for a nonlinear fractional ordinary differential equation. Mainardi et al. [13] con-
sidered two forms of time-fractional diffusion in the senses of Caputo for the time derivative
and Riemman for the space derivative, obtaining elementary solutions. Regarding systems
of ordinary fractional differential equations, Erturk and Momani [10] used the method of
differential transform for obtaning approximated numerical solutions. Nathael and Boris [I]
complemented their work of 2007 and studied a fractional Burgers equation. Ferreira [12]
established existence of a solution to certain ordinary fractional differential equation. Using
the maximun principle for the generalized time-fractional diffusion equation, Luchko [19]
proved uniqueness of a solution to such problem. Liang and Zhang [I7] established existence
of a unique, positive and strictly increasing solution to a nonlinear ordinary fractional dif-
ferential equation. Zhang and Wei [32] considered a linear systems of degenerate fractional
differential equations and studied existence and uniqueness of solutions.

Various fractional differential equations have been solved using numerical methods. Meer-
schaert and Tadjeran [20] developed an implicit Euler method based on a modified Grunwald
aproximation for approximating numerically solutions to a fractional advention dispersion
flow equation. Yuste and Acedo [31] considered a fractional diffusion equation and used
an explicit finite difference squeme with time going backwards, centered space and the
Grundwald-Letnikov discretization of the Riemann-Liouville derivative. Cui [7] used an
implicit compact finite difference scheme to solve numerically a fractional diffusion equation,
considered in the sense of Riemann-Liouville. Cifani and Jacobsen [6], based on the work in
entropy solutions for fractal conservation laws by Alibaud [2], solved a fractional degenerate
convection-diffusion equation by means of an explicit numerical scheme, and established cov-
ergence to the entropy solution. An implicit scheme to approximate numerically a nonlinear
fractional variable diffusion equation is developed by Zhuang et al. [23], in the sense of
Riemann-Liouville. In the case of a time fractional advention dispersion equation, Ibrahim
and Serife [I5] proposed a Crank-Nicholson difference scheme with fractional derivatives in
the sense of Riemann-Liouville.

In this thesis, we consider fractional derivatives in the sense of Caputo, in which several
authors have worked. Fawang et al [28] proposed an explicit finite difference method for a
time fractional diffusion equation, much of the theory to discretize the Caputo derivative is
used in this thesis. Lin and Xu [I§] considered the time fractional diffusion equation, in which
the fractional derivative is discretized as in [28] but using a Galerkin spectral method for
the spatial derivative. Chen and Sun [29] and Zhuang et al [22] studied the same problem
as in [I8] but using a Kansa method and MLS (Moving Least-Squares) method for the
spatial derivative, respectively. Mohebbi and Abbaszadeh [21] considered the time fractional
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advention dispersion equation and used an implicit compact finite difference scheme which
discretizes the Caputo fractional derivative in the same way as the previous articles. A
variable order in the fractional term is presented by Chen et al. [27], where a finite difference
scheme where the fractional derivative depends on the Coimbra variable order fractional
operator is proposed.

This thesis is about differential equations in the area of fractional derivatives, this has been
motivated by the interesting and novel applications of fractional differential equations to
physics, chemistry and engineering [4]. The study of fractional equation with nonlinear

terms is reduced and very recent.

1.2 Thesis objectives

Primary objective

Develop an effective numerical method based on a finite difference discretisation technique,
for solving convection difusion equations involving fractional derivative in the sense of Ca-

puto.

Specific objectives

1. Develop a numerical method for solving evolutionary problems composed of fractional-
order differential equations with terms of diffusion and convection.

2. Make the stability analysis and convergence of the numerical method.
3. Expose numerical experiments to test the theory used.

4. Compare the efficiency of the numerical method in relation to others.

1.3 Preliminary concepts

In this section we define the most common definitions of fractional derivatives.

Grunwald-Letnikov derivative

The Grunwald-Letnikov derivative is a direct generalization of the following formula of dif-
ference quotient that holds for derivatives of integer order

n

(1-1) D" f(t) = Jim % Y (1) (Z)f(t —kh), neN*.

where (Z) is the usual notation for the binomial coefficients.
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Definition 1.3.1. Let o € R and a < t. The Grunwald-Letnikov derivative of order o of
a function f, in case it exists, is defined as
[*52] o
“LDef(t) =lim b~ (—1)’€< )f(t — kh)

k
k=0

where [-] is the floor function. Let us evaluate the limit

— S (a)(t —a) P 1

(1-2) SLD?f(t) :kzzo D(—p+k+1) ['(—p+m+1

| / (t — 7)™ F D (1)

where I'(+) is the function gamma. The formula (1-2) has been obtained under the assumption
that the derivates f*)(t) are continuous in the closed interval [a,t] and the m is an integer
number satisfying the condition m > p — 1.

Riemann-Liouville derivatives

Before studying fractional derivatives in the sense of Riemann-Liouville, we introduce the
concept of fractional integrals generalizing the Cauchy formula that reduces the calculation
of the n-fold primative of a function f(t¢) to a single integral of convolution type

1
(n+1)!

(1-3) oJUf(t) = /t(t —7)" ' f(r)dr, n €N, wheret > a.

Extend to any positive real value by using the Gamma function, we obtain

Definition 1.3.2. Let [a,b] CR and f € L'(a,b). The Riemann-Liouville integral of order
a € R* is defined as

(1-4) () = = / (t — ) f(r)dr.

[(a)
For the operator D™ (derivative of order n) and the operator J" defined in (1-3|), D" J" = Id
and J"D™ # Id, so D" is a left-inverse but not a right-inverse of J". This fact motivates

the definition of fractional derivative in the Riemann-Liouville sense.

Definition 1.3.3. Let [a,b] C R and f € L'(a,b). The Riemann-Liowville derivative of
order a € Rt of the function [ is defined as

(1-5)  ELDof(t) = ﬁ;—z /t(t — 1) f(r)dr, m—1<a<m, wheret € (a,b).
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Caputo derivative

We define the Caputo derivative operator by “D% = J™=*D™ f(t) where m — 1 < a < m,
and J"™* as in (1-4)).

Definition 1.3.4. Let o« € R" and m = [a] + 1. Then, for f : [a,b] — R such that f is m
times differentiable on (a,b) and D™ f € L'(a,b), the Caputo derivative of order « is defined

by

(m)
(1-6) “Def(t) = F(ml— 2] /: i fT)(EQ_de, m—1<a<m, where t € (a,b).

The following example extracted from [14], gives an exact formula for the Caputo derivative
for a special class of functions.

Example 1.3.1. The Caputo derivative of the power function satisfies
LC(p+1)

(1-7) S§petr =S T(p—a+1)
0, m—1l<a<m,p>m-—1,pelN

P m—-1l<a<m,p>m-—-1,peR

Comparison between Riemann-Liouville and Caputo derivatives

The Riemann-Liouville derivative is in disadvantage with respect to the Caputo derivative.
The latter allows us to work with physical initial conditions expressed in terms of derivatives.
Another difference between the Riemann-Liouville and Caputo definitions is that the Caputo
derivative of a constant is 0, whereas when a is finite, the Riemann-Liouville derivative of a
constant is not equal to 0. More generaly,

REDef(t) = DI f(t) # T D™ f(t) = D f(t).
On the other hand, as o — (m — 1),

BLDRf(t) — D™Jf(t) = D™ f(t)
6Dy f(t) — JD™f(t) = D™ ' f(t) — D™ f(07).

The Laplace transform for the Riemann-Liouville derivatives requires knowing the (bounded)
initial values of the fractional integral J™~* and its integer derivatives of order 1, 2,...,m—1.
For the Caputo derivatives, it requires knowing the (bounded) initial values of the function
and its integer derivatives of order k = 1,2,...,m—1, in analogy with the case when oo = m.
Simplifying notation, let us denote §' D& f by f from now onwards. For further developments
on fractional calculus see [24], [25], [8] and [30].
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1.4 Approximation method for the Caputo fractional
derivative

When 0 < a < 1, the Caputo fractional derivative of order a can be approximated using
the following scheme (see [28]). Let 0 < a < 1, N € N be a positive integer, f : [0,7] — R
be a function, and At = % The grid is composed by the points (z,t") = (x,nAt), where
n=0,1,...N.

) = f e / o) e

“mranh (e

k=0

Approximating the time derivative with a value 7, between t* and ¢**!. This term is ap-
proximated by a forward difference

n—1 B (bt 1) Az
(1_8) fta(x’tn)(xvtn) = 1 f(a:’tk—’—l) t f(x,tk>/k " dr k+1

+7r
At (t - T) Al

Where 75" is the truncation error. We can obtain [rif!| < O (At)2~ (see [I8]). By solving
the integral on the right side, the equation (|1-8)) can be rewritten as

[ (") = o ") = e TR = (k- 1)1

M

taF AteT(2 — ) —
(1-9) O((At)*).

For functions of one variable,

) =g =g S = F R = - 1
(1-10) + O((At)*™),

SO

(1-11) fE(@E") WQ) (f(t")bo - i: FE ) (b1 — be) + f(to)bn—1> ,

where b, = k7 — (k — 1)172. The constants by, satisfy the following properties:
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1l=byg>by>by>---—0

n

Ck = bp—1 — by, ch =1+n'" = (n+1)™
k=1

(1-12) =1 1>2-2""=¢; > >0
K1

These properties where studied in [2§], and they play an essential role for the stability study
developed in [5].

Example 1.4.1. Suppose 0 < a < 1, following the Caputo derivative is given by

r2+1)

(1-13) CD = —————*°
r2-a+1)
45¢ 451
Exact solution Exact solution
ar O Numerical approximation 4r O Numerical approximation
3.5
3l
o, 25
~
S
[a]
o 2+
151
1k
0.5
o .
2 0 0.5 1 1.5 2
t t
a) b)

Figure 1-1: a) Comparison of the numerical approximation 1) and exact solution 1
for f(t) = t* using with At = 1/100 and o = 0.5. b) Comparison of the

numerical approximation (1-10)) and exact solution (1-13) for f(t) = ¢? using
with At =1/100 and o = 0.7.

Example 1.4.2. Using will approach its derivative for the follows functions:
1. We now consider f(t) = sin(t) where t € [0, 1].

2. We now consider f(t) = t* + cos(t) where t € [0, 2].
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+ oa=05 + a=05

eodd 4+
LTSS T IS
***** OO +

¢} + 4

1 *
* 5 o5 +
g 091 §
G F
& e
o 08f CSDC:
(o]
0.7f
0.6
05 . . . . )
0 0.2 0.4 0.6 0.8 1
t
a) b)

Figure 1-2: a) Comparison of the numerical approximation for f(t) = sin(t) using (1-10) with
At =1/50. b) Comparison of the numerical approximation for f(t) = t+ cos(t)

using 1} with At = 1/50

Concluding remarks

Fractional equations is a topic of increasing interest, and many authors have worked inten-
sively on it. It is very important for us to work on numerical methods for time fractional
equations with derivatives in the sense of Caputo. Much of what had been done concerns
proving stability and convergence of numerical approximations to derivatives, but very few
of these numerical models treated nonlinear terms.

Numerical examples about approximations to Caputo derivative show good performance of
the method developed.



2 Finite difference scheme for a TFCDE

In this chapter, we present the work developed in [5] on finite difference scheme for a time
fractional nonlinear convection diffusion equation. Using and finite difference scheme
we develop a numerical scheme for which we present a stability analysis based on a CFL
condition. The proofs develped in this chapter are based on an inductive step, because the
memory scheme requires it. The chapter concludes with several examples, for each of these
examples we compare the exact solution with the numerical solution, finding the converge
order and relative order in co-norm for several non integer values (time derivative) and space
step.

2.1 Mathematical model

We consider the following Cauchy problem of the form

(2-1) uf 4 cuy = A()ee, 0<a<l, (x,t)elly:=Rx(0,T7), T>0
with initial condition given by

u(z,0) = ug(x), z € R.
Here c is a positive constant, the integrated diffusion coefficient A(u) is defined by

(2-2) Au) = /Oua(s)ds, a(u) >0, a€ L™(R)N LYR)

and v denotes Caputo fractional derivative of order v defined by ((1-6)

uf(z,t) =

1 Pou(z,€) 1
/0 dg.

I'(1—a) 98 (t—¢)°

The diffusion function a(s) is allowed to vanish on intervals of positive length and thus, in
principle, (2-1]) might be a strongly degenerate parabolic equation.
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2.2 Numerical scheme

We begin our discussion of a finite difference scheme for equation (2-1)) by defining a grid
of points in the (z,t) strip. Let Az be a positive real number, N be a positive integer and
let us define At = ]Zv The grid will be the points (z;,t") = (jAz,nAt) for all j € Z and
n=20,1,...,N.
Following ([1-9)), the Caputo fractional derivative at time t"*! can be approximated by

uy (a:,t”“) = Mibk [u (ZE, t"_k“) —u (x, t”_k)} + 0 ((At)Q_a) ,

re-a —

forn =0,1,..., N — 1 and weights b, = (k + 1)1_a — Kkt for k=0,1,...,n.
The partial derivatives with respect to x are approximated in a straightforward way by

and

O*A(u(xj,t)) _ A(u(xjir,t)) — 2A(u(zj, 1)) + A(u(zj1,1))
0z (Az)?

(2-4) + O ((Az)?)
Let us denote by v} the numerical approximation of u(z;,"). The numerical method for the
solution of (2-1)) is obtained from the previous approximations and is given by the explicit
finite difference scheme
(At)_a . n—k+1 n—k ’U? B /U;L—l o A (U]n‘f‘l) —24 (U;n) + A (U?—l)
Zbk [Uj — Y } +c - 2 :
T(2—a)~ Az (Az)

Let A =T(2—a) (At)* /Az, p = A/Az and A? = A (v}) . If n = 0, the numerical scheme

can be written

25) D=0 e (o) o) (AL - 2404 AL

Likewise, if n > 1, the numerical scheme becomes

(2:6) WPt =0l — oA (0 — v y) (AT — 247 + AT ) = by [or R —on

j j
k=1
An alternative way to write scheme (2-6) is

U;LH =0} — A (vf —of ) +p (Af — 247 + AT )

n—1

(2-7) — bl + Y df R+ bl

k=1



12 2 Finite difference scheme for a TFCDE

where dy = by — bgyq for k=1,2,--- .n—1.
Sometimes it is appropriate to consider the method in sequence form. Let v™ = (v}"b)jez.
Method ([2-5))-(12-6)) is represented by an expression of the form

(2-8) o =H (V"0 0% )

where the right hand side in (2-8) corresponds to the right hand side in (2-5)) or (2-6),
depending on the value of n.

The first feature of scheme (2-5))-(2-6)) is that it allows a conservative form, which guarantees

that the numerical method does not converge to non-solutions.

Lemma 2.2.1. Scheme (W (-) 1s conservative, that is, it admits a conservation form.
More precisely,

(2—9) /U;"H‘l o™ (wn n )
where ]
wg-):cv?—A (ASH—A?), forn =20

1
¢?::m§"Ax( ¢S §2W¢nk’ forn =1

Proof. The case n = 0 follows from ([2-5 @ Suppose it is possible to achieve the conservation
form (2-9) for k =0,1,--- ;n — 1, that is

k41 k k k
%+:%_M%_14»
For k =n,

N G R

J+1 2147]‘1 +A?—1)

n n n 1 n n n n
=y =3 e ) - 3 (47— ) - (a7 - 4]

]

We end this section by clarifying that convergence issues are not addressed here although
they are important. Since nonlinear equations may have several weak solutions, an entropy
condition is usually required to identify the physically correct solution. These ideas, along
with the notion of nonlinear stability, are treated by many authors. For an initial boundary
value problem of a strongly degenerate parabolic equation in which the time derivative is
not fractional we recommend [26].

Next section deals with conditional stability and other properties of scheme -.
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2.3 Stability analysis

Explicit schemes require certain restrictions on the discretization parameters in order for the
method to be useful. We begin by introducing the CFL condition for scheme (22-5)-(12-6)),
which is

(2-10) A+ 2ulal] <2 -2

The equation ([2-10)) implies the following estimates:

0<1=b—cA—2pulal,
(2-11) 0<1—ch—2ulal

Provided the CFL condition is satisfied, two important properties of the method are derived.

2.3.1 Monotonicity property

Let v} and u} be two discrete functions to which method 1' can be applied. The numerical
method ([2-8)) is called a monotone method in the following sense if

v? < u? for all j = 07 <} forall j and all n

Theorem 2.3.1. If the CFL condition holds, then method (2-§) is monotone.

Proof. Suposse u) < v? for all j € Z. For all n, we denote A7 = A (v}') and A7 = A(u}).

For n = 1 monotonicity is proved as follows:

vy = uy = (v =) = A ((0f =) = (V1 — )
+M(( 1~ Af) —2(A7 = A7) + (Al — A7)
Yj V341 vj—1
= / (1 —cA —2pa(u)) du+ p / a(u)du + p / a(u)du
uj U ui_y
>0

The condition (2-11)) allows nonnegativity of the first of the three integrals. Now, suppose
uf Svf for k=0,1,--- ,n and all j € Z. Thus
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n n n

v Yjt1 j—1
ot — = / (1 —cX—2pa(u))du+ p / a(u)du + p / a(u)du
“;L “?—&-1 “?71
U? n—1
by / du+ 3 i (077 — 0 ) + by (00 — )
o k=1
vy Ui Ui
= / (1 =0y — e —2pa(u)) du+ p / a(u)du + p / a(u)du
u} (O “?—1
n—1
2 (0 =) b (o = )
k=1
>0

Where we have taken into consideration that 1 — b; = 2 — 2'=* and the CFL condition.
O

2.3.2 Stability bounds

The next theorem establishes two stability bounds in the oo—norm and the 1—norm re-
spectively and it includes a total variation diminishing property of importance in case a
convergence analysis is sought.

Theorem 2.3.2. [f the CFL condition 15 satisfied then the following inequalities hold:

0" < HUOHOO n=12--- N
oI, < |||, n=1,2,--- | N

n+1 n+1 n n _
Z|vj+1_vj ’SZ‘UjJrl_Uj yn=12--- N
J J

Proof. First observe that

o = e (o = o) g (AL, — 240+ 2
= (L= o) +exvf_y +p ((AY, — AY) — (A)—AD)))
=(1-c)) U;‘) + C)‘U?A +p (a(gjoﬂm) (U?H - U?) —a( ;)71/2) (U? - U?fl))
= (1 —CcA — MG(CJ(')H/Q) - /W(Cg(‘]—lﬂ)) U;‘)
+ C)‘U;')—l + Ma((;')ﬂ/z)l’?ﬂ + /“La(CjQ—l/2)U?—1
for some values CJO 1/2 between v?il and v? respectively. Taking into account implies
the following stimates
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1—ch— ,UCI(CJQH/Q) - MCL(C]Q_1/2) >1—cA—2pulal >0
Then
0] < (1= e = na(Gya o) — pa(Gay)) |vj| + eX ol |
+Ma<<](']+1/2> |U?+1‘ + “a(cjoflﬂ) ‘U?fll < ||UOHOO
Also,

ZW‘ <Z (1= X = palGy o) — nalGy o) ‘UO|+ZC>\‘UJ 1|
+,uZa 1 |v]+1\+u2a 12) V)]
<Zwmﬂ§:wpmﬂ Z‘ng — (G p2) [0 4 ])
_”’Z i-12) V7] = Al }“j+1‘)
s%}@y

Similarly, we get
D lvj—vial <D =i
J J

To conclude the proof, we proceed by induction. Suppose the following inequalities are
satisfied:

H”kHoo < Hvolloo,k: 1,2,--- ,n—1<N
0", < IO, k=1,2,-- n—1<N

> Juky — o] <Z\u]+1 o k=1,2,--- ,n—1<N
J
Thus for k£ = n, we have

it = v} — cA (v;"b -, )+ (A?

J J+1

QA? + A?_l)
n—1
— bl’l}? + dezl}?—k + an?
k=1
= (1 —by—cA— Ha(glﬂ/z) NG(C 1/2 )) U;L
+ cAviy + ua(Cﬁl/z)U?H + /W( 1/2) Ui

n—1
+ dev;"“k + bnv?.

k=1
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By the CFL condition (2-10)), we obtain

’U;'LH} < (1 —by—cA— Ma(glﬂ/z) - Ma(gl—lm)) ’Uﬂ
+ A ’/U;’lfl‘ + Ma(C;L+1/2) ‘U?+1| + Na(gll/z) |U§11‘

n—1
+ 2k [0+ b [0
k=1

n—1
3 <1 L +zdk+bn) 9] = 1°]...

k=1
n—1

since de = by — b,. Similarly, we obtain the other inequalities. O
k=1

In the next section we present numerical examples. We work a linear time fractional diffusion
equation and two nonlinear time fractional convection diffusion equation.

2.4 Numerical experiments

In this section we present the numerical results of the method (2-5|) on several test problems.
For each example we make a comparison between exact solution and numerical solution for
several values of a.

Example 2.4.1. This experiment is a linear time fractional diffusion equation with constant
diffusion a(u) = a = 0.001 for all u. The right hand side term f(x,t) is chosen in such a
way that the equation has a unique polynomial solution. The problem is the following:

(2-12) uy =0.001uy, + f(z,t), 0 <a<1,z€[0,1],0<t <1,
The exact solution is given by

u(z,t) = 102*(1 — ) (t + 1)?

Table 2-1: Numerical results for example [2.4.1

a=1/2 a=2/3 a=3/4
Az L., —err | Order L. —err | Order L. —err | Order
1/16 | 0.413849 | — 0.40372 — 0.39757 —
1/32 | 0.084805 | 2.2868 0.173122 | 1.22156 | 0.16875 1.2363
1/64 | 0.0062903 | 3.7529 0.029929 | 2.53217 | 0.046724 | 1.8526
1/128 | 0.0003967 | 3.987 0.0038678 | 2.952 0.0076661 | 2.6076
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For this problem the CFL condition (2-10) becomes

(At> <9_ 21704

2T (2 — oé)a(m;)2 <

and indicates that At behaves like O ((A:B)g)
Table shows results for three different values of av and suggests that the order of accuracy
is about 2/« for Ax as the main discretization parameter. This is consistent with the theory,

because monotone numerical methods are at most first order accurate (see [16], Theorem
15.6.)

6 T I
Exact solution
O Numerical approximation

Figure 2-1: Comparison of the exact solution and numerical solution for example with
a=2/3 and dr = 1/128.

Example 2.4.2. This is a nonlinear time fractional convection diffusion equation and, as
before, the right hand side function f(x,t) is chosen so that the equation has a unique poly-
nomaial solution.

(2-13) U + cuy =A(U) g + flo,t), 0<a<l, xe(0,2],0<t<1

1
(2-14) c=1, A(u) = deu? (5 - g) , € =0.001
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Table 2-2: Numerical results for example [2.4.2

a=1/2 a=2/3 a=3/4
Ax Lo —err | Order L. —err | Order L. —err | Order
2/16 | 0.078763 | — 0.098771 | — 0.114912 | —

2/32 | 0.03808 1.0484 0.045521 | 1.1175 0.054143 | 1.0856
2/64 | 0.018676 | 1.0278 0.020768 | 1.1321 0.024813 | 1.1256
2/128 | 0.009246 | 1.0142 0.009582 | 1.1159 0.01127 1.1386

The exact solution is given by
u(z,t) = t*x(2 — )

Table 2-2] summarizes our results for three different values of o and several discretization
parameters. It suggests that the order of accuracy is about 1 for Az as the main discretization
parameter.

1 T T

Exact solution
0.9 O Numerical approximation|_|

0.8 B

0.7 N

0.5 i

u(x,2), v(x,2)

0.4t :

0.3 B

0.2 i

0.1 i

NICS

Figure 2-2: Comparison of the exact solution and numerical solution for example with
a=2/3 and dr = 1/128.



2.4 Numerical experiments 19

Table 2-3: Numerical results for example [2.4.3

a=1/2 a=2/3 a=3/4

Ax L. —err | Order L. —err | Order Lo —err | Order
1/16 | 0.27452 - 0.266241 | — 0.26303 -
1/32 | 0.13907 0.9811 0.135045 | 0.9792 0.133823 | 0.9749
1/64 | 0.070001 | 0.9903 0.067851 | 0.9929 0.067228 | 0.9931
1/128 | 0.035133 | 0.9945 0.03395 0.9989 0.03357 1.0018

Example 2.4.3. Once again, this is a nonlinear time fractional convection diffusion equation
and, as before, the right hand side function f(x,t) is chosen so that the equation has a unique
closed form solution.

(2-15) uy + cuy =AUz + f(z,t), 0<a<l zel0,1,0<t<1
un+1

2-16 =1, A(u) = =0.001, n =2

(2-16) e=1, A == e = 0001 n

The exact solution is
u(z,t) = t*sin(27z)

The numerical results are presented in table which includes experiments for three differ-
ent values of o and several discretization parameters. As in the previous example, the table
suggests that the order of accuracy is about 1 for Ax as the main discretization parameter.
In the tables (2-1)), and the relative order in oo-norm is calculated by the

following formula:

[u(z, T) = vz, T)|
lu(z, T)l

0

(2-17)

Also the convergence order is calculated by the following formula:

(2-18) Convergence order = log as, a
Azo 62

Concluding remarks

The numerical method has important properties of stability, stability bounds for the numer-
ical solution in the co-norm and 1-norm, also a TVD (total variation diminishing) property.
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I
Exact solution

O Numerical approximation

u(x,1), v(x,1)

Figure 2-3: Comparison of the exact solution and numerical solution for example with
a=2/3 and dx = 1/128.

The numerical results were obtained through routines implemented in programming lan-
guage MATLAB. The exact solution in the examples [2.4.2| and [2.4.3] were developed solving
for the source term (term f(w,t) in (2-14) and(2-16)) with respect to the exact solution.

Comparison between numerical solution and exact solution in the examples [2.4.2| and [2.4.3]

(nonlinear models) the convergence order is approximately 1, while for the simplest models
the order the convergence is much is much greater.

The numerical scheme solves several equations, convection and diffusion equations, convection-
diffusion equations and the principal model with nonlinear diffusion, for each of these classes
of equations with time fractional derivative or integer derivative. Obviously each of the
equations has its own CFL condition but for all models this condition restricts the time step
to very small values when a — 0, also for the nonlinear equations this constant is smaller in
compared to others.



3 Graphical user interface

Based on the visualization tool GUIDE of MATLAB [3], we designed a friendly graphical user
interface (GUI) for the numerical solution of the TFCDE, that implements the numerical
method developed in Chapter [2] findind the CFL condition for the problem that is inserted.
The input can be any of the models developed before or any equation with the same structure
as . Then, the objective of this chapter is to explain all the features of the interface,
and develop concrete examples of its use. Our aim was to develop a software application for
solving fractional equations.

3.1 Technical specifications

Our interface is composed by nine push buttons, eleven edit-text boxes, one pop-up menu,
one static-text box and one figure box. Figures and show the interface’s appearance
in spanish and in english, correspondingly.

IDe&cripcién] [ Referencias] [Acerca de... | ‘@__—
@ UNIVERSIDAD
[ calcular | [ Ejemplo1 | bl SEDE MANIZALES
Idioma
[ Cerrar ] [ Ejemplo 2 ]
Espariol -
[ Limpiar ] { Ejemplo 3 ]
Consideramos la siguiente ecuacion
_ de conveccion-difusion no lineal frac-
Orden Tiempo final Al cionaria en el tiempo.
uf +cuy = Alu)ge + f(2,1),0 <t <T a<z <
a b [ Particion eje
u(.c, D) i un(w), Condicion inicial
Schdicionlinicial fixd u(u, l) = y(l), Condicion de [rontera
Condiciones de u(b,1) = k(t), Condicion dc frontera
L1U] h()

Figure 3-1: Complete GUI
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[Descriptionl [ References ] [ About... ]

[ Calculate ] [ Example 1 ]
[ Close ] [ Example 2 ]
[ Clean ] [ Example 3 ]
Order Final time
a b c

Initial condition

Boundary
9t

3.1.1 Edit-text boxes

“& UNIVERSIDAD

¥ NACIONAL
| DE COLOMBIA
SEDE MANIZALES

Language
English >
We consider the following convection-
diffusion equation nonlinear fractional
Afu) in time,
wy +city = A(U)pr + f(7,1),0 <t <T,a<z<h
Partiti_nn x
u(z,0) = ug(z), Initial condition
fiz.1)
= u(a,t) = g(t), Boundary condition
u(b,1) = ki(t), Boundary condition
hg)

Figure 3-2: Complete GUI

The edit-text boxes contain the following data:

1. Order: order of the fractional derivative, that is a real number between 0 and 1.

2. c: value of the constant of convection,that must be a positive real value.

3. Final time: a positive real value.

4. f(z,t): source term, that is a function of x and t¢.

5. A(u): diffusion term, that is a function of .

6. a: lower limit value of the variable z.

7. b: upper limit value of the variable z.

8. Partition z: number of partitions in the spatial axis, that must be a positive integer

value.

9. Initial condition: the function of z to which the solution to the problem is equal at

t=0.
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10. g(t): boundary condition associated to the lower limit value of the variable x (option

a), that is a function of ¢.
11. h(t): boundary condition associated to the upper limit value of the variable  (option
b), that is a function of ¢.

3.1.2 Push buttons and the pop-up menu
The push buttons execute the following tasks:
1. Calculate: computes the numerical solution.
2. Close: closes the guide.
3. Clean: empties the text-edit boxes and display the problem statement.

4. Examples 1: fills out the edit-text boxes with the data of a particular example. Simi-
larly for buttons Example 2 and Example 3.

5. Description: presents the problem description in the figure box.
6. References: displays a list of references.

7. About...: provides information about we, the authors.

There is only one pop-up menu, that allows the user to choose Spanish or English as the
interface language.

3.2 A practical experiment
Let us consider the following equation, based on example [2.4.3]
uy + auy = bA(U) g + f(z,t), O0<a<l, z€l0,1], 0<t<1

n+1
a=1,b=1, A(u):zsu

, €=0.01, n=2,
n+1

where
I'(3)
I'3—a)

(2m)2et® 2 (n cos(27x)? sin(27x)" ! — sin(27x)" ),

t*7%sin(27x) + 27t? cos(2mz) —

f(il?,t) =

boundary conditions

u(0,t) = u(l,t) =0,
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and initial condition
u(z,0) = 0.
The exact solution to this problem is
u(z,t) = t*sin(2nz)

In order to simulate this example with o = 0.7, we would have to fill the blanks of he
interface as illustrated in Figure

[ Description] [ References ] [ About... l
[ Calculate ] [ Example 1 ]
Language
[ Close ] [ Example 2 ] :
English -
[ Clean | | Example3 | i
Order Final time Afu)
0.7 1 0.01*ur3/3
a b C Partition x
0 1 1 32
Initial condition fi=,0
0 gamma(3)/gamma(3-0.7)"
Boundary
9it) hit)
0 ]

Figure 3-3: Text-edit boxes with date for example m

After clicking on the push botton “Calculate”, the figure box shows a graph of the numerical
solution as illustrated in Figure
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[Description] [Referencesl [ About... l

% UNIVERSIDAD

[ Calculate | [ Example1 | e SEDE MANIZALES
Languag
[ Close ] [ Example2 | . 1
English -
[ Clean | [ Example3 | :
Order Final time Alu)
0.7 1 0.01%u”3/3
a b c Partition x
0 1 1 32
Initial condition fix,t)
0 gamma(3)/gamma(3-0.7)"
Boundary
9 h()
0 0

Figure 3-4: Numerical solution

Concluding remark

We developed a GUI that consists on nine push buttons, eleven edit-text boxes, one pop-up
menu, one static-text box and one figure box, which allows to approximate solutions to solve
fractional equations and graph such approximations. There are three examples implemented
the user accesses by clicking on the push bottons “Example 1”7, “Example 2”7 and “Example
3”. The user can choose the language the options are displayed from spanish or english.

In order to use this interface properly, the user must have basic knowledge in programming
in MATLAB, writting functions as inputs appropriately, analyzing graphs and using the
solution in the vectorial form, and finally, he/she must also know the conditions studied in
Chapter [2| under which a problem has a solution.



4 Conclusions

In this thesis a new method for finding the numerical solution of has been presented.
It is an explicit conservative finite difference scheme that under a CFL condition satisfies
standard stability estimates. Based on an induction argument and the CFL condition, we
proved stability bounds (co-norm and 1-norm) and the TVD property.

Numerical examples were developed in the programming language MATLAB. When pro-
gramming the numerical method, we found computational difficulties, since it occupies
much memory. The numerical scheme solves diffusion and convection equations, convection-
diffusion equations, and nonlinear convection-diffusion equations, involving time derivative
of fractional order, including order 1. For the nonlinear models, the CFL condition can gen-
erate small time step when a — 0, while for values near to 1 the CFL condition generates a
reasonable time step. This consequence is meaningful since fractional models with derivative

near to 1 are more interesting. In Examples [2.4.2 and [2.4.3 (nonlinear case) the order of

convergence is approximately 1, which is good for a nonlinear model.

In Chapter [3] the numerical method studied in this thesis is implemented in a GUI that
allows users to interact through edit-text boxes and push buttons. The GUI can be applied
to solve diffusion equations, convection-diffusion equations and combinations of both of them
with time fractional derivative. The GUI has diverse options such as choosing the language
of displying among spanish or english, and show the graph of the solution to the problem
in the figure box. The user needs to have basic knowledge in MATLAB in order to use the
GUI in the correct way. There are three pre-defined examples the GUI has, in which a user
can observe the correct syntax of the program.

With respect to the thesis objectives, we developed an efficient numerical strategy for frac-
tional order differential equation with terms of diffusion (also nonlinear diffusion term) and
convection. We also performed stability analysis for the numerical methods used, and studied
convergence order in some numerical examples. Convergence analysis for a general problem
would be part of a future work. Numerical methods for the nonlinear equations with time
fractional derivative are scarce, making comparing the method to others difficult.

Contributions

Oral Presentation: Pedro Alejandro Amador, Carlos Daniel Acosta. ”Stability and conver-
gence of finite difference schemes for the time-fractional convection and nonlinear diffusion
equations”. International Conference on Applied Mathematics and Informatics 2013 (ICAMI
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2013). From 24 to 29 November.

This thesis contributes to the area of numerical analysis, more specifically Chapter [2| is part
of an article that is in review process [5].

Chapter [3] consists of a graphical user interface in MATLAB, which is the technological
contribution of this work.

Directions for future research

It would be interesting to study generalizations of equation to equations with a non-
linear convection term, and develop a numerical method with similar properties.

If an entropy solution of were defined, studying convergence of the method would be
very important as well.
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