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Archimedes will be remembered when Aeschylus
is forgotten, because languages die and mathe-
matical ideas do not. “Immortality” may be a
silly word, but probably a mathematician has
the best chance of whatever it may mean.
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Abstract

In this thesis we study the multidimensional Lorentz spaces via the two-dimensional decreas-
ing rearrangement. In particular, results of interpolation, quasinormability and completeness
are stablished, and weights that define a norm are characterized.

The boundedness, compactness and closed range of the weighted composition operator de-
fined on those spaces are also characterized.

Finally, we present the Bounded p-variation spaces, and then we characterize the set of mul-
tipliers between them.

Keywords: Decreasing rearrangement, multidimensional rearrangement, multiplica-
tion operator, multipliers, composition operator, compact operator, Lorentz spaces,

Bounded variation spaces.



Resumen

En esta tesis se estudian los espacios de Lorentz multidimensionales via el reordenamiento
decreciente bidimensional. En particular, se establecen resultados de interpolacién, cuasi-
normabilidad y completitud, y se caracterizan los pesos que definen una norma.

La acotaciéon, compacidad y rango cerrado del operador composiciéon con peso definido en
esos espacios también son caracterizados.

Finalmente, se presentan los espacios de p-variacion acotada, y se caracteriza el conjunto de
multiplicadores entre ellos.

Palabras clave: Reordenamiento decreciente, reordenamiento multidimensional, oper-
ador multiplicacién, multiplicadores, operador composicién, operador compacto, es-

pacios de Lorentz, espacios de variacion acotada.



X1

Conventions and notations

R,Z,N stand, respectively, for the field of real numbers, the group of integers and the
semigroup of natural numbers.

If n € N\ {0}, we denote R = {z = (21, 22,...,2,) 12, > 0,i =1,2,...,n} and Ry := R,
For a Lebesgue measurable set E of R"”, xg denotes the characteristic function of the set
and m,(F) denotes the Lebesgue measure of E. The abbreviation a.e. stands for almost
everywhere. In addition, all functions are assumed to be measurable.
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1 Introduction

1.1 Some historical background and basic definitions

Let f be a complex-valued measurable function defined on a o-finite measure space (X, A, u1).
For A > 0, D¢(\), the distribution function of f, is defined as

Df(A) = n({z € X - [f(x)] > A}). (1.1)

Observe that Dy depends only on the absolute value |f| of the function f and D; may take
the value +o0.

The distribution function D; provides information about the size of f, but not about the
behavior of f itself near any given point. For instance, a function on R" and each of its
translates have the same distribution function. It follows from that Dy is a decreasing
function of A (not strictly necessarily) and continuous from the right. For more details on
distribution function see [14], 26], [30].

By f* we mean the non-increasing rearrangement of f given as

fr(t) =inf{\ > 0: Dg(N\) <t}, t>0, (1.2)

where we use the convention that inf () = co. f* is decreasing and right-continuous. Notice
that

SH0) = inf{A>0: Dy(A) <0} = [[f]le,
since

[flloo = nf{a >0 p({z € X : |f(2)| > a}) = 0}.
Also observe that if Dy is strictly decreasing, then

FH(Ds(t)) = inf{\ > 0: Dp(\) < Dy(t)} =t.

This fact demonstrates that f* is the inverse function of the distribution function Dy. Let
F(X,.A) denote the set of all A-measurable functions on X.

Let (X, Ag, ) and (Y, A;,v) be two measure spaces. Two functions f € F(X,.4y) and
g € F(X,A;) are said to be equimeasurable if they have the same distribution function,
that is, if

p{r e X f@)| >\ =v({y €Y :lgly) > A}), forall A>0. (1.3)
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So then there exists only one right-continuous decreasing function f* equimeasurable with
f. Hence the decreasing rearrangement is unique.

Decreasing rearrangements of functions were introduced by Hardy and Littlewood [33]; the
authors attribute their motivation to understanding cricket averages.

One of the most important properties of f* is that

nﬂu:([Qﬂnwfm:(AwuwwWﬁym,

which is obtained from the fact that f and f* are equimeasurable. This allows us to study
L, spaces via decreasing reordering. In this way, the Lorentz spaces A?(w) are the spaces of
all functions f : R™ — C for which

HNMW,:(AwUﬂﬂywwdﬁup

is finite. Here w is a weight in R* and 0 < p < co.

Lorentz spaces were introduced by G. G. Lorentz in [42] [43] as a generalization of classical
Lebesgue spaces L,, and have become a standard tool in mathematical analysis, cf. [4, [14]
16, 191, 20} 25, 23] 241, 30].

The spaces LP? are defined to be AP(w) with w(t) = %tq/pfl.

In [35], Hunt did a general treatment of the LP? spaces. Elementary properties, topological
properties, interpolation theorems and some applications were studied there. The LP? spaces
play a central role in the study of Banach function spaces. Oftentimes, the methods used
to investigate the LP¢ spaces are useful for obtaining results for more generalized Banach
function spaces. And results for the LP? spaces often have natural analogues in the more
generalized settings.

1.2 Multiplication, Composition and Weighted
Composition Operators

1.2.1 Multiplication Operator

If we denote (€2, 2, u) for a o-finite and complete measure space and Ly(£2) is the linear space
of all classes of ¥-measurable functions on €2, then every function u : 2 — R measurable on
Q) allows us to define a linear transformation which assigns to every f € Ly(2), the function
M,(f) € Lo(R2) defined by

M,(f)(8) = u(t) - f(£),t € Q. f € Lo(). (L4)

In the case in which normed and complete subspaces of Ly(£2) are considered as the domain
of M,, this operator will be called multiplication operator induced by the symbol u. These
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operators have received considerable attention in the last years, specially in the L, spaces
and play an important role in the study of operators in Hilbert spaces.

Multiplication operators generalize the notion of operator given by a diagonal matrix. More
precisely, one of the results of operator theory is a spectral theorem, which states that every
self-adjoint operator on a Hilbert space is unitarily equivalent to a multiplication operator
on an Lo space (see [31]).

The basic properties of the multiplication operator on spaces of measurable functions have
been studied by many mathematicians. Among them we can name Abrahamese [I] (1978),
Halmos [32] (1961), Axler [§] (1982), Takagi [50] (1993), Takagi and Yokouchi [51] (1999),
Komal and Gupta [39] (2001), Arora, Datt and Verma [5] (2006), Castillo, Le6n and Trous-
selot [25] (2009), Douglas [28] (2012), among others. Notably, Castillo, Ramos and Salas in
[23] (2014), studied the properties of the multiplication operator M, in Kéthe spaces. The
problems studied about the multiplication operator on those spaces are the following:
What are the properties required on the symbol u for the multiplication operator M, : X —
Y, with X and Y Banach subspaces of Lg(2) to be continuous, compact, Fredholm, and
have finite or closed range?

It is also of some interest to try to give a formula of the essential norm of M, in terms of
the symbol w.

1.2.2 Composition Operators

Let (X, A, p) be a o-finite complete measure space and let 7' : X — X be a measurable
transformation, that is, T7'(A) € A for any A € A.

If u(T7'(A)) = 0 for all A € A with u(A) = 0, then T is said to be nonsingular. This
condition means that the measure o T~ defined by po T 1(A) = pu(T7(A)) for A € A
is absolutely continuous with respect to u (this is usually denoted po 77! < u). Then the
Radon-Nikodym theorem ensures the existence of a non-negative locally integrable function
fr on X such that

,uoT_l(A):/de,u for A € A.
A

Any measurable nonsingular transformation 7" induces a linear operator (composition oper-

ator) Cp from §(X, A, ) into itself defined by

CT(f)($) = f(T([E)),$ € va € S(X7A>ﬂ)7

where §(X, A, 1) denotes the linear space of all equivalence classes of .A-measurable functions
on X, where we identify any two functions that are equal p-almost everywhere on X.

Here the nonsingularty of 7" guarantees that the operator C'r is well defined as a mapping of
equivalence classes of functions into itself since f = g p-a.e. implies Cp(f) = Cr(g) p-a.e.
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The first appearance of a composition transformation was in 1871 in a paper of Schrljeder,
where it is asked to find a function f and a number « such that

(foT)(2) =af(z),

for every z, in a suitable domain, if the function 7T is given. A solution was given by Koenigs in
1884. In 1925, this operators were employed in the Littlewood subordination theory. In early
1931 Koopman used the composition operators to study problems of mathematical physics,
specially classical mechanics. In those days, these operators were known as substitutes
operators. The systematic study of composition operators was initiated by Nordgren in 1968.
After that, the study of composition operators has been extended in several directions by
many mathematicians. For more details about composition operators in spaces of measurable
functions, see Singh and Kumar [48] (1977), Kumar [40] (1980), Komal and Pathania [3§]
(1991), Takagi and Yokouchi [51] (1999), Cui, Hudzik, Kumar and Maligranda [27] (2004),
Arora, Datt and Verma [6] (2007), among others.

In recent years, R.E. Castillo and other authors have done studies on spaces of functions
and operator theory, as is shown in [21] 22, 23], in which they have studied some properties
of multiplication and composition operator on Bloch spaces and Kéthe spaces. In [24], R.E.
Castillo, F. Vallejo and J.C. Ramos-Fernandez did a remarkable study of the multiplication
and composition operators in Weak L, spaces. In [19] we studied the composition operator
in Orlicz-Lorentz spaces. In [20] we studied the multiplication operator in Orlicz-Lorentz
spaces.

1.2.3 Weighted Composition Operator

Now we talk about a more general operator which encapsulates the classical multiplication
and composition operators.

Let (X, A, u) be a o-finite measure space, T': X — X be a measurable transformation (i.e.
T71(A) € A for each A € A) and non-singular (i.e. pu(T7'(A)) =0 for all A € A with
u(A) = 0, which means that y7~! is absolutely continuous with respect to u (uT~1 < )
and ¢ : X — C be a measurable function. The linear transformation W, r is defined as
follows:

Wyr: F(X,A) » F(X,A)
[ Wur(f)=uoT-fol,

where
Wu,T X —=C
x = (Wor(f)) (z) =w(T(z)) - f(T'(2)).

If the operator W, r is bounded and has range in AS(w), then it is called the weighted
composition operator on AL (w).
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The reader may note that this operator generalize the multiplication and composition oper-
ators defined previously, as is shown below:

1. If w =1, then Wyp = Wip = Cp : f — foT is called the composition operator
induced by T'.

2. f T = Iy, identity on X, then Wy,r = Wy, = M, : f — u - f is called the
multiplication operator induced by wu.

We will discuss more about this operator in Chapter [3|

1.3 Multidimensional Lorentz Spaces

Since many operations with functions defined on function spaces are iterative, C. J. Neuge-
bauer suggested that it should be possible to obtain multivariate rearrangements by such
a process. For simplicity, we are going to reduce the definitions to the two-dimensional
case (the definitions for higher dimensions are analogous). Basically, the multidimensional
rearrangement can be obtained as an iterative process. More precisely, if f : R? — R is a
function and we take f.(y) = f(x,y), then the two-dimensional rearrangement of f may be
obtained in the following way

fs,t) = (f2(,1),, (5).
That is, we first rearrange with respect to y (keeping z fixed) to obtain a function which
depends on z and t. Then, this new function is rearranged with respect to x (keeping ¢
fixed) to finally obtain the function f. The order in which the reordering takes place is
very important, because, in general, we do not get the same function if we first rearrange
with respect to z and then with respect to y, we show this in Example This is a
huge difference with respect to the classical one-variable decreasing rearrangement defined
in (1.2)), which is unique. See [15] for some related work.
In [I2] there is another way to obtain the multidimensional rearrangement. There, the
authors define the decreasing rearrangement E* of a set F and use this and the layer cake
formula to define the multidimensional rearrangement of a function f as

f3(s,1) —/ X{1f1>xp (8, 8) dA.
0
Although, at first, those definitions look different, it is impressive that they lead to the same

result, i.e., f3 = f.

The two-dimensional Lorentz space AL(w) is the space of all functions f for which the norm

1/p
Wi = ([ G567 i)
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is finite. Here w is a nonnegative, locally integrable function on R%, not identically 0.

One of the reasons to study the space AS(w) is that it is the standard space to consider
multidimensional analogs of classical inequalities: Hardy’s inequality, Chebyshev’s inequality,
embeddings for weighted Lorentz spaces, etc. (see [4], [9], [11],[13], [17], [47], [49].)

The aim of this thesis is to study the compactness, boundedness and closed range of the
weighted composition operator defined on the space A5 (w).

This thesis is organized as follows. In Chapter 2 we state the basic theory of the Multidimen-
sional Lorentz Spaces. In Chapter 3 we study properties (boundedness, compactness, closed
range) of the Weighted Composition Operator defined on the Multidimensional Lorentz
Space. Chapter 4 is devoted to the boundedness of the Multiplication Operator defined on
Bounded p-variation Spaces.

This thesis is written as a monograph, based on the following papers:

(a) R.E. Castillo and H. C. Chaparro, Weighted Composition Operator on Two-Dimensional
Lorentz Spaces, Math. Inequal. Appl. 20 (2017), no 3, 773-799.

(b) H. C. Chaparro, On Multipliers between Bounded Variation Spaces, Ann. Funct. Anal.,
to appear.



2 Multidimensional Lorentz spaces

Since one the objectives of this thesis is to study the behavior of certain type of operators
acting on multidimensional Lorentz spaces, it is fair enough to devote the present chapter to
the study of important properties about those spaces. The theory about multidimensional
Lorentz spaces was developed in [9, chapter 5] and also in [I2]. However, for the sake of
completeness and convenience of the reader, we give here some definitions and results that
may be found in the above references. We present here the calculations with great detail, and
we also give some new results. Besides, we include some examples and graphics to illustrate
some of the concepts.

2.1 Two-dimensional decreasing rearrangement

Definition 2.1.1. We say that a set D C Ri is decreasing (and denote that with D € Ay)
if the function xp is decreasing on each variable.

Example 2.1.2. If f is decreasing on (0,b], then the set

D ={(z,y):y < f(z)}
is a decreasing set (see Figure[2-1) Fiz yo and take x1, 22 € [0,b) with x1 < x5. We have
to show that
xXp(%1,%0) > Xp(T2,Y0)-
Indeed,
17 Zf ($27y0) Sy 1a nyo S f(._'lfz)
XD (T2, Y0) = , = .
07 Zf (452790) ¢ D 07 Zf Yo > f(xQ)

Figure 2-1: The graph of a decreasing set.
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o M i %
| |
| | | )

Figure 2-2: The graphs of some non-decreasing sets.

e Case 1: If xp(xse,yo) = 0, there’s nothing to prove.

o Case 2: If xp(xa,y0) = 1, then (x9,y9) € D, it means that yo < f(xs). Since f is
decreasing, f(xa) < f(x1). In this way (z1,v0) € D and then xp(z1,y0) = 1. So

XD('ZQ? yO) S XD<x17 yO)

We have shown that x p is decreasing in the first variable. A similar argument (interchanging
x and y) shows that f is decreasing in the second variable.

Example 2.1.3. The sets shown in Figure[2-2 are not decreasing sets. In all cases x1 < x4

but xa(x1,y0) =0 < 1= xa(z2,%), S0 xa is not decreasing in the first variable.

Definition 2.1.4. Let £ C R? and ¢g(z) = my (E,) = m; {y € R: (x,y) € E}), z € R.
Let the function ¢}, defined by

ep(s) =inf{A :m; ({x e R: pp(x) > A\}) < s}
=inf{\: D,,(A) <s} ((s>0)).

% is the usual decreasing rearrangement of g (see [I4] p. 39]). Then, the two dimensional
decreasing rearrangement of the set E' is

E*={(s,t) ER2 : 0 <t < i(s)}.
Example 2.1.5. Let E = [a,b] X [¢,d]. We are going to calculate E*. We have that

pp(r) =m (E;)
=mi ({y €eR: (2,y) € B})
=m; ({y €R: (z,y) € [a,b] x [c,d]})



2.1 Two-dimensional decreasing rearrangement

a b b_a

Figure 2-3: The graphs of E and E* in Example [2.1.5

= (d = ¢)X[an) ().

Then

So

E*={(s,t) eR2: 0 <t < ¢i(s)}
={(s,t) € Ri 0<t<(d— C)X[O,bﬂz)(‘g)}
=[0,b—a) x (0,d —¢).

Example 2.1.6. Tuake
E={(z,y) e R*: 2?2 + 1?2 <r?} = {(2,y) e R?: =12 — 22 < y < Vr2 — 22}
Then
pp(e) =m ({y €R: —Vi7 =22 <y < Vi? =27}
\/(\/r2—$2+\/r2—:£2)2, if —r<ax<r

0, otherwise
)2Vt —a? dif-r<z<r
0, otherwise.

After some routine calculation, we see that

and
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—r 2!’

Figure 2-4: The graphs of E and E* in Example [2.1.6]

This way

{(s,t) eRL: 0 <t < (s)}
{(s,) ERL:0 <t < Vdr2 —s2,0 <s<2r}.

The following definition is inspired by the so-called Layer Cake Formula (see [41], p. 26]),
which states that one can recover the value of a function f by integrating the characteristic
function of the level sets of f.

Definition 2.1.7 (Layer Cake Formula). The two dimensional decreasing rearrangement f;
for a function f on R? is given by

fs () =/ X{fi>t-(z)dt, z € R
0
Example 2.1.8. Let’s calculate f5 for f(z,y) = kX[a,b](iU)X[c,d](y), L cR. In this case

E={(z,y) e R*: |f(z,y)| >t}
= {(z,y) € [a,0] x [e,d] : [EX{ap)(T)X[ca)(y)] >t}

Also,
ep(z) =mi ({y €R: (z,y) € E})
=my ({y € R: [kxan(@)Xeq ()| > t})
=mi ({y € e, d] : [kxpap(2)] > t})
=m1 ({y € [e,d] : |k[ > 1}) X{ap)(2)
= (d — )xo,k) () X[a0) ().
Thus,

©p(s) = (d — )X,k (1) X0.-a) (5)-
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11

Figure 2-5: The graphs of f and fJ in Example .

k.
g
I

Then

o0

fa(s,u) = | xqpsee(s,u)dt

X{(s:u)€R2 :0<u< iy ()} (8, 1) dt

X{(5,u)€RZ :0<u< (d—e)x(0,k]) (t)X[0,6—a) (5)} (s,u) dt

||
:/ X[0,d—c) (u)X[O,b—a)(S) dt
= |k X[0,d—c) (1) X[0,0—a) ()
So,
f5(s,t) = |k|X[0,b7a)(S)X[0,dfc) (u).

Example 2.1.9. Now, we calculate f5 for f(x,y) = xXj01(%)X[011(y). In this case

E={(z,y) €R*: |f(z,y)| >t}
= {(z,9) € R*: laxpou(x)xp, )| >t}
={(z,y) € [0,1] x [0,1] : x > t}.

Thus,
pr(r) =m ({y eR: (z,y) € £})
=my ({y €[0,1] : x > t})
= (1 =t)xpo,1().
Then

©r(s) = (L =1t)x0,1)(5)-



12

2 Multidimensional Lorentz spaces

So,

o

fo(s,u) =

e}

Il
\ﬁc\

Now,

X{(s,u)€R? :0<u<(1~t)x(0,1)(s)} (s,u)

Since

Xaxp(z,y)
Returning to we obtain

X[0,1)x (0,1—#) (S, )

Replacing in ,

fa(u,s) =

Since

—_

)

X(o,l—t)(u) =

=

9

1,

=

1

=

L,
0,

{
{
{
{

X{(s,u) JERZ :0<u<(1—t)xp, 1)(3)}(8 u) dt.

= xa(z)xs(y)

k\\k\\

X01( )/ X(0,1-1) (w) dt.

X(0,00) (W)X (0,1-u) (1)

X{\f|>t}* S U) dt

X{(s,w) ER2 0<u<<pE(s)}(S ’LL) dt

(2.1)

= X[0,1) x{u€R:0<u<1—t} (57 U)

= X[O,I)X(O,lft)(sa U)

= xB(Y)xa(z) = xBxa(y, v).

= X(O,l—t)x[O,l)(uu 3)'

X(0,1-#)x[0,1) (U, 5) dt

X(0,1—- t) X[01)( )dt

0

f0<u<1—t
otherwise

ift<u+t<l1

otherwise

ift<u+t {

otherwise

1, ifutt<l

0, otherwise

if 0 <u 1, ift<l—u
otherwise |0, otherwise

(2.4)
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Figure 2-6: The graphs of f and f; in Example|2.1.9

From and , we deduce that
F30:5) = xon®) | X0 (Wxi0a-(0)dt
0

— o8 X000 (1) / o (t) dt
= X[O,l)(S)X(O,oo) (U’)m[(O? OO) N (07 1- u)]
= X[0.1) (8)X(0,00) (W) (1 — )X (0.1) (1)

This means that
fy(u,8) = (1 —u)x0,1)(w)X0,1)(8)-

Just to keep the notation, we write
f5(s:t) = (1 = s)x(0,1)(8)X[0,1)(D)-

Remark 2.1.10. The examples above show that, in general, it is not easy to calcule f;.
However, in Theorem [2.1.25|we will show a better way to find it as an iterative rearrangement.

We give now some elementary properties for this new rearrangement definition.
Proposition 2.1.11. Let £, F C R%. Then,

a) my (E) =my (E*) and E* C F* if EC F.

b) E = E* if and only if E is a decreasing set of R3.

c) f*=xp if and only if f = xg and E* = F*. In particular, (xg)s = X&*-
d) If ENF = then my ((EUF)*\ E*) =my (F).

Proof. a) If E C R? we know that the z-section of F is B, = {y € R: (z,y) € E}. A result
from measure theory (see [29, Theorem 2.36]) ensures that

ms (B) = /_ Z mi (E,) do = / " on(x) da. (2.5)

—00
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Besides,

| ertain= " eiyan

If we look at the distribution of ¢}, we have that

/000 ep(t)dt = /000 Dy (N) dX = /0°° my ({s € (0,00) : px(s) > A}) dA

Remembering that
E*={(s,\) €RZ: 0 <\ < ¢i(s)}.

We see that
(EN={s€eR, :0< A< px(s)}
={seR;:px(s) > A}, with A>0.
Returning to (2.7)),

/OOO ©p(t) dt = oom1 ({5 € (0,00) : ¢(s) > A}) dA

0

:/ m1 E*

= mgy (E") , the same result used in .
Which allows us to conclude that
mo (E) = ms (E7).
Let’s see that E C F implies E* C F*. Indeed,

FCF=FE,CF,
=my (Ey) <my (F)
= ¢p(r) < ()
= p(s) < p(s).

Then, if (s,t) € E*, 0 <t < ¢h(s) < ¢h(s), that is 0 <t < pi(s), so (s,t) € F™.

If F is a decreasing set, then there exists » > 0 such that
E={(r,y) eR2:0<a<r0<y<pp()}

Besides, if F is a decreasing set, then ¢ is decreasing too. Let’s see that.

If E is a decreasing set, then g is decreasing on each variable. So,

1 < 29 = XE(r1,Y) > XE(T2,Y)
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E,={yeR:(z,y) € E}

x r

Figure 2-7: The function ¢g(x) = m;(E,) used in the proof of Proposition [2.1.11|b).

= X&., () = X5, (Y)
=L, DF,
= my (Efcl) > my (Em)

= op(x1) > pp(T2).
Now, since ¢ is decreasing, then ¢ = ¢}, thus
E={(z,y) eRZ:0<z<r0<y<o¢p@)}={(ry) eRL:0<y<yp(x)}=E"

In the another direction, if £ = E*, since E* is a decreasing set, so is F/. Let’s show that
E* is indeed a decreasing set.

Fix s € (0,00) and let ¢1,5 € (0,00) with ; <. We want to show that
XE* (57t1) > XE* (S,tg).

e Case 1: If (s,t1) € E*, then xpg«(s,t1) = 1, and there’s nothing to prove.

o Case 2: If (s, 1) ¢ E*, remembering that E* = {(s,t) € R2 : 0 < ¢ < @p-(s)}, then
it holds that t; > g« (s). Since t; < tg, then ty > pg«(s). In this way (s,t2) ¢ E*.
So

XE+(8,t1) = 0> 0= xp«(s,t2).

We have shown that xg« is decreasing in the second variable. In a similar way one
can prove that yg- is decreasing in the second variable. So y g+ is decreasing in each
variable, which means that E* is decreasing.

c¢) For f = xg, we have

(xE)y (z) = X{zeR%|xp ()|t} () dt
1

X{zeR?:xp(x)>t)" (T) dt
1

Xp+(x) dt

I
— — —
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= Xxg=(7).

Reciprocally, suppose that f3 = xp«:
o If x ¢ F™, .
fa(x) = /0 X (@) >ty (%) db = xp-(x) = 0.
Then X (u(f(z)>1+(x) =0, s0 z ¢ {|f| > t}*. Hence {|f| > t}* C F*, forall t > 0.
o If x € I, .
fa(x) = /0 X{a (o) >ty (2) dE = xp- (2) = L.

Then,

o0

o) 1
/0 X{ai|f(a)|>ty (7) di = /0 X{z|f(@)|>ty (2) dt + /1 X{awilf@)>ty- (x) dt = 1.

Which holds only if z € {|f| > t}* for 0 <t <1 and = ¢ {|f| > t}* for t > 1.

From the above we conclude that {|f| > t}* = F*if 0 <t < 1, and {|f| > ¢}* = 0 if
t > 1. Hence t < f(x) <1 (if f #0) for all 0 < ¢ < 1. This implies that f(z) = 1 for all
t € (0,1). This way we found a set E (E = (0,1)) such that f = xg and E* = F™*.

d) Since E C EU F, from a) we have that £* C (FE U F)*. In addition, from the definition
of E* one concludes that my (E*) < 00. So,

mo (EUEF)*NE*)=my ((EUF)") —my(E")
=mo(EUF)—my(E)=mg(E)+my(F)—mge(E)=my(F). O

Example 2.1.12. Let’s see an application of part c) of Proposition |2.1.11 In Ezamples
12.1.5 and |2.1.6| we saw that if E = [a,b] X [c,d] and F = {(z,y) € R*: 22 + y> < r?}, then

E*=1[0,b—a) x (0,d—c) and F* = {(s,t) €R2 : 0 < t < Vdr2 — 52,0 < 5 < 2r}.
Then, for the functions xg and xr, we have
(xe)a(s,t) = xe=(s,1),  (xr)a(s,t) = Xr=(s,1).
See Figure [2-8,

Remark 2.1.13. Looking at Definition and Proposition [2.1.11] the following questions
naturally came up.

1. If E, F C R? are decreasing sets,

a) is F' U F decreasing too?
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Figure 2-8: (xg), 1S Xg-.

b) is E N F decreasing too?

2. If E, F are any subsets of R?,
a) It is true that (FU F)* = E* U F*?
b) It is true that (E N F)* = E* O F*?

We are going to show that the answer to the first question is affirmative, and the answer to
the second question is negative.

Proof of 1. a). Suppose that E and F are decreasing sets. Fix yo and take xi,zo with
1 < x9. We want to see that

Xeur(T1,%0) > Xeur(T2, Yo)-
e Case 1: If xpur(z2,v0) = 0, there’s nothing to prove.
e Case 2: If xpur(z2,v0) = 1, then
1 = xrur(T2, Yo) = XE(T2, Yo) + Xr(T2,Y0) — XEnF(T2; Yo)

< xe(2,90) + Xr(T2, Y0)
< xe(z1,Y0) + xF(z1,y0),since E and F' are decreasing sets.

So, xe(r1,9%0) = 1 or xp(w1,90) = 1. ie. (z1,%) € E or (x1,y0) € F, thus (z1,y0) €
EUF which implies that x gur (21, yo) = 1, so the condition x pur (21, y0) > Xeur (T2, Yo)
is fulfilled.

We showed that xpgyup is decreasing in the first variable. In a total analogous way one can
prove that xygur is decreasing in the second variable. O

Proof of 1. b). Suppose that E and F' are decreasing sets. Fix yo and take x1,zs with
1 < x9. We want to see that

Xenr(T1,Y%0) > Xenr(T2, Yo)-
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e Case 1: If xprr(22,v0) = 0, there’s nothing to prove.

e Case 2: If xgnr(z2,y0) = 1, then

1 = xgnr(72,%0) = X&(T2,%0) - Xr (T2, Y0)
< xe(r1,y0) - xr(z1,Y0),since E and F' are decreasing sets.

= XEmF(ZUb Yo)-
From this we conclude that xgnr(z1,%0) = 1, thus xgnr(z1, %0) > XEnr(T2, Y0)-
Again, we omit the proof for the second variable. n

Now we provide some counterexamples for the second question. Take F = [—1,1] x [—1,1]
and F' = [—1,1] x [1,3]. From Example we know that E* = [0,2) x (0,2) and F* =
[0,2) x (0,2), then

E*UF* =10,2) x (0,2).

On the other hand, FU F = [—-1,1] x [—1, 3], then
(EUF)*=[0,2) x (0,4).

So,
(EUF)" + E*UF".

Now we show that (E N F)* # E*N F*. For this, take £ = [-1,1] x [-1,1] and F =
[—1,1] x [0,2]. Then E* =[0,2) x (0,2) and F* = [0,2) x (0,2), so

E*NF*=][0,2) x (0,2).
But ENF =[-1,1] x [0,1], thus
(ENF)"=10,2) x (0,1).

We conclude that (E N F)* # E*N F*.
Remark 2.1.14. Although we showed in Remark [2.1.13| that, in general

(AN B)" # A*N B*.
There exists an inclusion relationship between those sets. Actually, the following is true
(ANB)* C A*n B".

We proceed to prove it.
Let = (s,t) € (AN B)*. Then z € {(s,t) € R : 0 <t < ¢Yp(s)}, where panp(z) =
my (AN B),). Since ANB C Aand AN B C B, we have

(ANB), C A, and (ANB), C B,
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= m ((ANB),) <my(A4,;) and my; ((ANB),) <m(B,)
= panp(r) < palz)  and pans(r) < wp(x)
= Yanp(s) < @i(s)  and ¥ans(s) < @p(s)

So, if x = (s,t) € (AN B)*,

0 <t <@hnp(s) <¢uls) and 0 <t <@inp(s) < ¢p(s)
= 0<t<yi(s) and 0 <t < pg(s)
= (s,t) € A" and (s,t) € B
Hence z = (s,t) € A*N B*.
Remark 2.1.15. In a similar way one can prove that A* N B* C (AU B)".

The following results give more information about the level sets of f and f;.

Lemma 2.1.16. If f is a measurable function on R* and t > 0, then

{f;>t c{lfI >t} c{fi =t}
Proof. By definition,

folx) >t < /0 X{lf|>s) (@) ds > 1, (x = (21,22)).

For x = (w1, 32) € {f; > t}, let’s see that x € {|f]| > t}".
Note that
L, ifxe{|f]>s}

Taking E = {|f| > s} = {(a,b) : |f(a,b)| > s}, it holds that

(2.8)

notation 5( )

ep(a) =my (E) =
So ¢(r) = ¢3(r). This way
{lfl > 3" ={(r,t) : 0 <t < ((r)}. (2.9)
Then o = (z1,22) € {|f] > s}* © 0 <z < @i(21). Getting back to (2.8)),

1, if go;‘(xl) > T9
0, if pi(z1) < a9

X{|f|>s}*(l‘) = {

= X{<Pi§(x1)>w2}(s)'

Hence,

fQ* >t & / X{|f|>s}* ($) ds >t
0
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& /0 X{@;($1)>x2}(s) ds >t

e m({s:pi(r)) > x2}) > t. (2.10)
Note that

s'<s={|fl > st C{lf| >}
= {lfl > st c{lfl > s}
= {(z1,22) 1 0 <29 < @i(x1)} C{(z1,22) : 0 < 29 < @h(x1)}
= ¢, (71) < ().

This tell us that the set
{s:¢5(x1) > 2o},
is an interval, and it has the form

(0,s) or (0, s]. (2.11)
Let’s check this. Take s’ € (0, s), then

s <
= Iy < p(11) < py(r1)
= Ty < (1)
= s € {s:pi(x1) > a9}
= (0,5) C {s:i(x1) > x2}.

Now, take s € {s: ¢(x1) > x2}. We have that

Ps(r1) > 2
= pi(x1) > @i(x) > 29,V &' < s
= s €(0,s).

Returning to (2.10)),

folz) >t m({s:¢i(x) >x2}) >t
= my ((0,5)) >t
= s5>1
= 1y < pi(r1) < @y (1)
= ¢ (1) > 29
=z = (21,22) € {(z1,22) : 0 < 29 < (1)}
=z e {|f| >t}"
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Reciprocally,

z = (1,72) € {[f[ > t}" = ¢} (1) > z2, by using (2.9)
= my ({s: ¢i(x1) > x2}) > t, by the same reason given in (2.11)
S f3(x) > t, using (E10)

=z e {f5 >t} O
Lemma 2.1.17. Let f and g be two measurable functions on R? and t > 0. Then
X{is+e>1 (2 Y) < Xqi 1512y () + Xjgl/2 (),
for @ = (21,22),y = (y1,92) € R%.

Proof. Let

pri(a) =mi ({b € R:[f(a,b)| >1}),
wgi(a) =my ({beR:|g(a,b)| >1t}),
Prigt(a) =mi({beR:[(f+g)(a,b)| > t}).

Let’s see that
Prrga(a) < @r2(a) + @gi(a). (2.12)
Indeed, it’s enough to show that

{beR:|(f+9g)(a,b)| >t} C{beR:|f(a,b)] >t/2} U{be R :|g(a,b)| >t/2}. (2.13)
Let b € R such that b ¢ {b € R: |f(a,b)| > t/2} U{b e R: |g(a,b)| > t/2}. Then |f(a,b)| <
t/2 and |g(a,b)| < t/2. So

(f +9)(a,0)] < [f(a,b)] + [g(a, )| < t/2+1/2 = 1.

Hence b ¢ {b € R : |(f + g)(a,b)| > t}. This justifies ([2.13).
Besides, if © ¢ {|f| >/2}", then ¢}, (1) < xp. Similarly, if y ¢ {|g| >¢/2}", then

@5 12(y1) < yo. So

Prigi(a) < (Spf,t/2 + SOg,t/z) (a), using
= Prrga(T1+y1) < (SOf,t/z + <Pg,t/2)* (x1+y1), * is monotone
< (p},t/2<xl) + ‘P;,t/z(yl), a property of *
< 22 + Y.

ie. x+yé¢{|f+gl >t}
We have shown that if = ¢ {|f| >t/2}" and y ¢ {|g| > t/2}", then z +y ¢ {|f + g| > t}".

This is equivalent to

{fe+y:|(f+9)x+y)| >t} C{z:|f(z)] >t/2} U{y:|g(y)| > t/2}".
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Taking characteristic functions, we have that

Xty (f+9) @l >0 (W) S Xailp@)|>t/21 Ulyelg () [>¢/2)* (W)
< X{alf@l>t/2) (W) + X{ylg(y)>t/2 (W).
This is
X{wi(F+o)@)>t1* (T +¥) < Xquwip)>t/25* () + Xwilgw)i>t/23* (U)- O

In the next Proposition we show that the two-dimensional rearrangement has similar prop-
erties to the classic one. Compare with [I4, Proposition 1.7], [20, Theorem 4.5] and [30
Proposition 1.4.5.].

Proposition 2.1.18. Suppose that f, g and f, (n=1,2,...), are measurable functions on
R? and let c € C. Then the decreasing two-dimensional rearrangement f3 is a non-negative
function on R%, decreasing in each variable. Moreover,

a) |g| < |f] ae= g5 < f3;
b) (cf)s = lclfs;

¢) If f is decreasing in each variable, then fi = f;

d) (f+9)3(z+y) <2(f3(z) + g5(y));

e) |fl <lminf, oo |ful = f5 <liminf, o (fn)y- In particular, if | fo] T f then (fo)s T fo;
f) (f5(@))F = (f7(x)),, (0 <p < o0);

g) If f is a symmetric function (i.e. f(xq1,x2) = f(x2,21)), then f5 is symmetric.

Proof. The fact that f5 is a non-negative function follows from Definition The fact
that fJ is decreasing in each variable follows from the fact that if £ is a decreasing set, then
XE is decreasing in each variable. Let’s see it.

We already know that {|f| > t}* is a decreasing set (see b) in the proof of Proposition
2.1.11).

Fix 21 € (0,00) and let y1,y2 € (0,00) with y; < yo. We want to see that

X{\f|>t}*($17y1) > X{|f\>t}*($17y2)‘
o If (z1,y2) ¢ {|f] > t}* : There’s nothing to prove.

o If (x1,y2) € {|f| > t}*: Then xqfj>n+(21,y2) = 1. Since {|f| > t}* is a decreasing set,
and y; < ¥, it holds that

{If|>t}* ($1, yl)

Xq1f1>0+ (21, 12) < Xq
X{If|>t}* (xla yl)
1.

)
= 1
)

IAIA

= xqs>0 (T, 0) =
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In any case, xy|f>13+ (Z1,¥1) = X{|f|>t3 (21, y2). This proves that xy s>+ is decreasing in the
second variable. Then, for a fixed x; and y; < y9, we have

X{\f|>t}*(9517y2) < X{|f\>t}*(I17 yl)
= / X{If1>t3+ (21, y2) dt S/ X{If1>t3+ (21, y1) dt
0 0

= fa(x1,y2) < fo (@1, ).
So f5 is decreasing in the second variable. The proofs for the first variable are similar.
a)
{lgl >t} S {[f| >t} ae.
{lg| > t}" € {|f| > t}", by Proposition [2.1.11] a)
X{lgl>13* (2) < Xq 50 (@)
/ X{jgl>ty* (z) dt < / X{ >0y () dt
0 0
= 93(z) < f3 ().

b) If ¢ = 0, the result is trivial. If ¢ # 0, then

lg] < [f] ae.

R

o0

(cf)i(z) = /000 X{jef>t* () dt:/o X{If\>rﬁ|}*(x) dt.

Taking u = ﬁ, we have du = ﬁdt, i.e. |c|du = dt. Hence

(@5@) = [ Xy @leldu = el [ o) du = el @)
c) If f is decreasing in each variable, the set {|f| > ¢} is a decreasing set. Note that

Ul >t =1 > ULf < 1) = (F > b U{-F > 1},
Let’s see that those sets are both decreasing sets. Indeed, fix x; € (0,00) and take
y1,y2 € (0,00) with y; < yo. We want to show that
X(r>6 (21, 91) = X(p>01(T1, 92).
e Case 1: If (x1,y2) ¢ {f > t}, there’s nothing to prove.
o Case 2: If (z1,52) € {f > t}, then x{s>yy(@1,42) = 1. Besides,

(21,92) € {f >t} = f(21,90) > 1.
Since f is decreasing in each variable,

flxy,) > f(o,92) >t = (21,1) € {f >t}
Hence,
Xir>t (@1, 01) =12 1 = xps0 (1, 42).
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The proof for the first variable is similar. This shows that {f > t} is a decreasing set.
Now, fix 1 € (0,00) and take y1,y2 € (0,00) with y; < yo. Let’s see that
Xi-rs6(T1,91) = X(— sy (71, Y2)-
e Case 1: If (x1,y9) ¢ {—f > t}, there’s nothing to prove.
o Case 2: If (z1,y2) € {—f > t}, then x{_ s>y (21,92) = 1. Besides,
(21,92) €E{=f >t} = —f(z1,92) > 1.

Since f is decreasing in each variable,

flxi,) > flz,y2) = —f(z1,92) < —f(21,11)
= t<—f(21,42) < —f(71, 1)
= t < —f(x1,21)
= (@1, ) e{-f>1}
= X{-f>i(T1,41) = 1.

Hence,
X{—f>t}(3?1a3/1) =1>1= X{—f>t}(331>y2)-

The proof for the first variable is similar. This shows that {—f > t} is a decreasing set.

It follows from Remark [2.1.13| that the set {|f| > t} is a decreasing set. Then, it follows
from Proposition [2.1.11| b) that

{If1 >t =A{lf1 >t}

= X750 () = Xq 750+ (2)
= / X{ >ty (2) dt = / X{lf1>ty* () dt
0 0
= f(z) = f5(x).
(f+g)s(z+y) = / X{|f+gl>t1* (T + ) dt
0
S/ [X{If\>t/2}*(x) +X{|g|>t/2}*(y)] dt, using Lemma [2.1.17]

0

o

= X{|f1>/2)7 (@) db + / X{jgl>t/2y~ (y) di
0 0

/ X{|f1>u (@) dU+2/0 X{Jg>uy* (¥) du
0

2[f5(x) + g5(y)] -

\)
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e) Let
B = {(ny): [f@yl >t} and ELi={(5,9) : |falmp)] >t}

Take f.(y) = f(z,y) and
ere(x) =mi ({y : [f(z,9)] > t}) =mi ({y : |fo(y)] > t}) = Dy, (1),

where Dy, is the distribution function of f,. Then

|f] < liminf |f,| = |fz| < liminf|(f,),| a.e.
n—oo n—oo
< Tim
= Dy, < liminf Dy,
et <liminfyy,  ae V>0
n—oo
s < liﬂg}f ¢y, ae. Vt>0

n—o0

R A

X < Hminf s, -

- / X{'f'”}*(x)dtg/ liminf x g7, 5 (2) di
0 0

n—oo

S lim inf/ X{Ifn|>t}* (.CE) dt
0

n—oo

= liminf (f,),.

n—oo

Where we used Fatou’s lemma in the last inequality. Hence, f; < liminf, . (fn)s-

The second part is an immediate consequence of the first.

f) We have
@ = [ oo
- / X} (@)t u =17 =P =t = pu'~ldu = dt,
0
- /o X{if15u)* (2)pu? " du
- p/ X (@)t dt.
0

In view of Lemma [2.1.16| we have

{Ifl > 2{f; >t}
= XU 2 X gt}
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So
()5 (2) = p / T - (@) d
> p/ooo X{ s>t} (x)t?~ 1 dt
. /fz*(fv) 1 g
= (f5(x))"
Then
(fs (@) < (f7); (2). (2.14)

In the other hand, if we take 0 <7 < 1 and ¢t > 0,

rt<t={f; 2t} C{fs >t}

Using Lemma [2.1.16]
{If1>t" c{fs =t <{fs = rt}
= A=t {5 =t}
= XU S X{ gy}
Therefore,

(/") () Zp/ Xqisisn ()87 dt
0
< b ()Pt
f3(@)/r
=p / Pl dt
0
(@Y
. :
Since the last inequality is valid for all 0 < r < 1, we obtain
() (@) < (f5 ()" (2.15)
From (12.14) and (2.15)) we conclude that
(7)) (x) = (f5 ()"
g) Let’s call © = (21, x2), u = (22, 21). Since f is symmetric, f(z) = f(u). Then

{z:[f(@)] >t} ={u:[f(w)] > 1}
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= {z:|f@)] >t} ={u: [fu)] >t}
= X{x:|f(m)|>t}*(x) = X{uzlf(u)\>t}*(“)
= /O X{ailf () >} (T) dt = /0 X{usl f(w)| >t} () dt
= f3(x) = f3(u)
= fo (@1, 22) = f5 (22, 21).
i.e. f5 is symmetric. O]

The next proposition will be very useful in order to prove our main results, since it allows
to consider the special and easy case of simple functions. The result is similar to [29]
Theorem 2.10].

Proposition 2.1.19. If f is a measurable function on R?, then there exists a sequence (s,)n
of measurable functions such that

a) 0 < (s1)y -+ < (sn)y < S5,
b) (sn)y — fo whenn — oo a.e.

Proof. The existence of the sequence is standard. Also,

Otsl sl <o <lsnl <UL = 0= (1 S () <S5y < 5

And

= oA fr
5l T gy (5003 13

An observation. If s(z) = " a;xg, with a; > as > --- > a, > 0 and E; N E; = (), then

j=1
sy(x) = ZanF;\F]tl(x)a (2.16)
j=1

where F; = j: Ey and Fy = ). Observe that from Proposition [2.1.11|d) we have
J k=1
j—1 * j—1 *
my (Ff N Fi_y) =my ((EJUUEk> N (U Ek) ) =my (E;). O
k=1 k=1

In the next corollary, we show some properties relating the two-dimensional rearrangement
with the classical one. We show that this new rearrangement is finer and gives more infor-
mation than the other.

Corollary 2.1.20. Let f and g be two measurable functions on R2.

a) If f5 = g5, then f* = g*, and, in general, the reciprocal isn’t true.
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b) (f3)" =f
Proof. a) Note that if f5 = g5, then

A XWNVWWFZA X{lg>ty* () dt.

Therefore {|f] > t}" = {|g| > t}*. Using Proposition [2.1.11] a), we obtain | {|f] > ¢} | =
| {lg| >t} |. Then

Dy =my ({z € R?: [f(z)] > t}) =my ({z € R*: |g(x)] > t}) = Dy(t).

Hence
fr(s)=inf{t >0: Ds(t) < s}=1inf{t > 0: Dy(t) < s} = g*(s).
ie. f*=g".
To see that the reciprocal is not true, consider the decreasing sets A = (0,1) x (0,2),

B =(0,2) x (0,1) and the functions f = x4 and g = x5. We have

Di(\) =m({z € R*: [f(z)] > A\})

0, ifx>1
=msy ({z € R?: ) > M) =< -
(e B vamont =) = {7 100
Therefore,
0, ift>2
(t)y=inf{A>0:D;\) <t} =< " - = t).
fr(@) { s <t} {1’ 09 X(02)(t)
Similarly,

Dy(A) =ms ({z € R? : |g(z)| > A})
0, ifA>1

— R? : Ay) =
my ({z € X0.2)x(0,1) () > A}) {2’ if0<\<l1.

Then g*(t) = Xx(0,2)(t). Hence f* = g*. However,

f3(x) = (Xox02) () X[(0,1)x(02)]* () 1x(0.2)(T)-

Proposition2.1.11f) Proposition2.1.11p) (

In a similar way,

g;(l') - (X(0’2)X(0’1)) (:U) PrOpositz) X[(OQ)X(O’I)]*(:E) Proposz‘t;) X(OQ)X(OJ) <x>

So,

*

5 (1) = X(o,l)x(0,2)(90) # X(o,z)x(o,l)(x) = g5().
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ay 1
| |
| |
az | | —
| | | |
| | | |
as 1 | | |
[ | | 1
| | | |
E; E E,

Figure 2-9: The simple function f in the proof of Corollary |2.1.20}

Remark 2.1.21. The above counterexample can be generalized by taking A = (0,a)x (0, b),
B =1(0,b) x (0,a), f = x4, g = xB With a #b.

b) Remember that a simple function can be written as

n

s(x) =Y agxe, (@),

j=1

where the E; are mutually disjoint sets, with finite measure, and a; > as > --- > a,, > 0.
Another way to write s is

s(@) = 3 b (@),

where the b, are positive and each Fj have finite measure, and they form an increasing
sequence [} C F, C --- C F,,.

Comparing the two expressions, we see that

k
bk:ak—ak_l, Fk‘:UEj (k’:l,,n)

J=1

In this case (see [14, p. 40]), the rearrangement of s is given by

Fo=) " bXioma(m)
k=1

We proceed to prove that f5 = f*.

e Case f is simple: In this case
flz) = ZkaFk((L’), with by =ar —ap_1, Fp= U E; (k=1,...,n).
k=1

(See Figure [2-9)). Then
f3 (@) = /0 X1y (@) dt
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al a Qn
- / o (@) df + / oy (£) i+ -+ / ooy (2) dt

az as 0

= X (2)[ar — ag] + X(p,um)* (T)]az — az] + - + X(B0-0E,) (T)[an]
= bixr (2).
k=1

Obviously by > 0 and F}' is an increasing sequence of sets. Hence

(f3)" = (Z brxF; (96))
k=1
= Zbkx[o,mz(F,:)w see [14] p. 40]
k=1

= Z biX[0,ms(F,), by Proposition [2.1.11] a)
k=1
= f*, again, by [14], p. 40].

We can also calculate (f5)" using the canonical representation of f as follows.
Taking f = 37, ajxg,, Where a; > o >an > 0and BN E; = () if 4 # j, we have
fs = 3251 ajXrr ;. where Iy = | J;_, B} and Fy = (). Note that f; is a simple
function given in canonical form since {(F JEN ijil) }71
j

_, Is a sequence of mutually
disjoint sets. Therefore, setting

k k
My = ng (Fy N F)

i=1

= Z ma (Ej),
Proposztw) 1

we have

(f3)" = <Z anF;\F;1>

J=1

= Zajx[mj*hmj]’ see [14] page 38
j=1

= f*.

e Case f is a measurable function: From Proposition [2.1.19| we know that there exists
a sequence (s,), of simple functions such that

= ((s2)3)" T (f3)" (A property of *)
S St
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Since also s, T f = s 1 f* by the uniqueness of the limit we conclude that
(f3)" = f

Observe that using b) one can give an alternative proof of a). ]

2.1.1 Hardy-Littlewood inequality for the two-dimensional decreasing
rearrangement

For measurable functions f, g defined on R?, the Hardy-Littlewood inequality (see [14, The-
orem 2.2]) states that

/R f@)g()|de < /0 ™ fr(5)g°(s) ds.

We will show that the two-dimensional rearrangement allows us to obtain a better estimate.
In order to prove it, we state the following lemma.

Lemma 2.1.22. Let g a simple non-negative function on R? and let E an arbitrary set of

R2. Then
/g(as) dxg/ g5 (z) dz.
E *

n

g(x) = Z anEj(l"),

J=1

Proof. Let

where a; > -+ >a, >0, ap41 =0, and E; C R? are of finite measure such that E; N E;=0
if ©+ # j. Another representation of g is

g(z) = ijXFj(ﬂf)>
j=1
where b; > 0, b; = a; —aj_1, and F; = ngl E;. Then

g5 () = /0 X{lg|>t)* () dt

N /0 M x>t} () dt
al a an
- / s (@) df + / Ny (2) dE+ -+ / Xy (2) dt
a as 0

= (a1 — a2) Xpr (v) + (a2 — a3) X(p,um)* () + - + @ X(B0-0E)" (T)
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Since (F; N E)* C F N E* (see Remark [2.1.14)), we have

n

/Eg(m)dx:/Eijij(x)dx

j=1

j=1

=> b ( / dx)
j=1 (F;NE)”*
= FrnE*

= ij (/ Xr: (2) dx)
i=1 ’

/ Z by (

- [ st =

Theorem 2.1.23. If f and g are measurable functions on R?, then

|f |dx</ fo(x)gs(x dm</ fr(t

Proof. Since f5 = |f|5 and f* = |f]*, it’s enough to prove the theorem only for non-negative
f and g.

In view of Proposition e), and the monotone convergence theorem, there’s no loss of
generality in assuming that f and g are simple functions. Let

T) = Z bjxr,;(x)

where F; C F, C -+ C F, C --- C R? are sets of finite measure, and b; > 0. Then, by

Lemma [2.1.22] we have

[ @tz = | (Zw ) 7) do
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< ij/ g5(x)dz, by Lemma [2.1.22

-y ( [ by @i dx)

+

f2(@)g3(x) da.
For the second inequality, take
Fl@) = f;(@) and G(z)=gi() (veR),

By the Hardy-Littlewood inequality,

J

And from Corollary [2.1.20| b)

Fr=(f;)"=f" and G"=(g)" =g"

F(2)G(x) dz < /0 T PG dt.

2
+

Therefore,

[ f@e < [T oo 0

Corollary 2.1.24. If f is a non-negative measurable function on R?, and D is a decreasing
set, then

sup /E f(@) d < /D f3 (@) dz < / " e at,

E*=D

both inequalities may be strict for some f and some D.

Proof. From Theorem [2.1.23| we know that
[ r@g@lar< [ p@e@d< [ oo
R2 R2 0
Taking g = xp, we obtain

[ oho@d < [ f@i@e < [ oo

2
R+
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= /D f@)de < / s < / £ (8)X 0o (1) d
2(D)

S AU [ pwe < [T rea

Since D is decreasing, D* = D. Hence

/D|f(:z:)|dx§/Df§(a:)dx§ /Omz(D) f(t)dt.

Note that [ p fo 1s an upper bound for the set

{/ |f(x)|dz: D is decreasing} :
D

sup /\f(x)\da: < / fo(x) du.
{B:E*=D} JE D
Let’s see that the inequality

Then

sup /E flz)dx < /D f3 (@) da,

may be strict. For this, consider the sets A = (3,4) x (0,1), B = (4,6) x (0,2), D =
(0,1) x (0,2), and the function f(z) = 2xa(z) + xp(x). On the one hand, if E is any set
with £* = D,

[ #@de= [ Cxato) + xata) do

=2 [ @) da+ [ xola)ds
=2m(ANE)+m(BNE).

e Case 1: If ANE =0,

/Ef(x)d:v:mg(BﬁE) <my (E) =my (E") =my (D) = 2.

e Case 2: If BNE = (),

/f(:l:)d:v =2my (AN E) < 2my (A) = 2.

e Case 3: If ANE # (), since E* =D = (0,1) x (0,2), we have E = (a,b) x (¢, d) with
3<a<4,0<c<l(or0<d<l),b—a=1landd—c=2.
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s BN :

[o 1 2 3 4 5 6 0 1 2 3

Figure 2-10: The graphs of the sets AU B and (AU B)* in the proof of Corollary [2.1.24]

Note that AN E = (a,4) x (¢,1), my(ANE) = (4 —a)(1 —¢). Taking F' = (a,4) X
(1,2—¢), we have (ANE)NF =0 and my (F) = (4—a)(1 —c¢) =mo (AN E). Hence,

(ANE)UF C(a,4) x (¢,d)
= my (ANE)UF) <(4—a)(d-c)
= my(ANE)+my(F)<(4—a){d—c
= 2me (ANE) < (4—a)(d—c)

In a similar way,
BNEC(4,b) x(c,d) =mo(BNE)<(b—4)(d-c).
Therefore,

2ms (AN E) +my (BAE) < (4 —a)(d—c¢)+ (b—4)(d - ¢)

In any case, [, f(z)dx < 2. In the other hand, we calculate [, f5(z)dx

Since f(z) = 2xa(x)+ xp(z), using the observation given in the proof of Proposition [2.1.19]
we have that f5 = 2x 4+ () + x(aup)=~a=(x), where A = (3,4) x (0,1) and B = (4,6) x (0,2).
We know that A* = (0,1) x (0,1). Let’s calculate (AU B)*.

paup(r) =m1 (AU B)) = X@3.49(2) + 2X 6 (2),

then
©aus(T) = 2x02) () + X@23) (),

SO

(AUB)" = {(s,t) €RZ : 0 < t < @y p(s)}
{(s,t) € Ri (0 <t <2x02)(s) + X(2,3)(3)}
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%/

0 1 2 3 0 1 2 3

Figure 2-11: T'wo sets which are equal a.e.

=(0,2) x (0,2) U (2,3) x (0,1) (See Figure [2-10)).
From the above, we conclude that

f5 = 2xa+(x) + X(auB)*-a+(x)
= 2X(0,1)x(0,1) (T) + X[(0,2)x (0,2)U(2,3) x (0,1)]~(0,1) x(0,1) (T ).

Hence,

L= ([ swni) e

2
:/ {/ (2x(0,1)x(0,1) (%, ¥) + X[(0.2)x (02)u(2,3)x (0,1~ 0,1)x(0,1) (%, ) ) dy| da.
0 0
Note that

[(0,2) % (0,2) U (2,3) x (0,1)] ~ (0,1) x (0,1) = (0,2) x (1,2) U(L,3) x (0,1) ae.

J

~
disjoint

(See Figure [2-11)). Then

-]

1
(2X(0,1)><(0,1) (ﬂ%y) + X[(0,2)><(0,2)U(2,3)><(0,1)]\(0,1)><(0,1)(xay)) dy} dx
1

(2x0.1)x(0,1)(Z, ¥) + X(02)x(1.2u(1,3)x(0.1) (T, ¥)) dy} dx

(2X(0,1)><(0,1) (z,y) + X(o,z)x(l,z)(l'> y) + X(1,3)x(0,1)(95, y)) dy] dx

I
S— — —

(2X(0,1) (x)X(O,l)(y) + X(0,2) (fL’)X(l,z) (3/) + X(1,3)($)X(0,1) (y)) dy} dx
1
[QX(O,l)(37) + X(0,2) (%) + x1,3) (95)} dx

I
w
. o
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So, we conclude that
/ flz)dr <2<3= / f5(x) de.
E D

For the second inequality, consider D. = (0,¢) x (0,1/¢), and the same function f. We have
f=2va+xp with A = (3,4) x (0,1), my (A) = 1; B = (4,6) x (0,2), my (B) = 4. Then

J* = 2X(0,ma(4)) + Xma(4)ma(A)+ma(B))
= 2X[0,1) + X[1,5)-

Since my (D) =€ - % = 1, we have

mZ(Ds) 1
/ f* (t) dt = / (2X[0’1)(t) + X[175) (t)) dt = 2, Ve>D0.
0 0

But

lim/ fo(x)dx
e—0 D.

1/e
= lim [/ (2x(0,0) (@) x(01) () + X(02)(@)X1.2)(¥) + X1.3) (T)x01)(¥)) dy| dz
0

= lim 2m, ((0,1) N1 (0,)) - ma ((0,1) N (0,1/¢))

+my ((0,2) N (0,¢)) -mq ((1,2) N (0,1/e)) +mq ((1,3) N (0,¢)) - my ((0,1) N (0,1/¢))
= 0. [l

2.1.2 Two-dimensional decreasing rearrangement as an iterated
rearrangement

The definition of the two-dimensional rearrangement is based in a geometrical approach: we
obtain the rearrangement of the function by summing the rearrangement of its level sets
(layer-cake formula). The following theorem shows that this is equivalent to an iterative
process, in which one rearranges separately with respect to each variable (see [15] for some
related work).

The notation used in the proof is as follows: given a function f(z,y) defined on R?, we write
Ri(z) = (f.)™ (t), where f.(y) = f(x,y) and ¢ > 0 (i.e. R; is the usual rearrangement of the
function f, with respect to the variable ). In a similar way, we write f(s,t) = (R;)™ (s),
s,t > 0. It’s easy to show that, in general, we don’t get the same function if we first rearrange
with respect to z and the respect to y, as is shown in Example [2.1.28|

Theorem 2.1.25. If f is a measurable function on R?, then

fi(s,t) = f(s,t), Vs,t>0.
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Proof. Using Proposition [2.1.19, it’s enough to consider the case in which f is a simple
function. So, let f(x,y) = > 7 ajxp,(v,y) with ay > ag > -+ > a, > 0, E; N By, = 0 if
j # k. Take F}, = U;?:l E;, Fy =0, then

F3(s:t) =Y agxmerr, (s,1).
j=1

Remember that pg(z) = my (E;) =m; {y € R: (z,y) € E}) and E* = {(s,t) : 0 <t < ¢}(s)}.
Hence,

X (5, 8) = Xocicpp} (5 1) = X(0030) O oy o - X(000p0) ()
So,
XFJ,*\thl(s,t) = pr(s,t) — Xp;ll(s,t), since F;' | C F}
g S) — S
Mo, (t))( ) X(O,ijl(t))( )
= s).
Moo, 0005, ) (5)
So we get
f2 (57 t) = Jz_; anFf\F;A (57 t) = ]z_; an |:D‘PF]~,1 (t),D¢Fj (t)) (S) (218>

On the other hand, since (xg(z,y)), = X, (y), then

flay) = apxe(r,y) = f(y) = (Z a;xm, (t, y)) = a;x,), ()

j=1 7j=1 j=1

Thus
Ry(x) = (f)" (t)
- z_; a;X [ma((Fj-1), )ma((F)),)) (t)

= ax [or; @0, @) (1)
j=1

= Z a;Xm;(t) (),
j=1

where H;(t) = {y : vr,_,(y) <t < ¢p,(y)}. Hence,

n

Fls,0) = (R)™ () = D @i X (01 (1)ma (60 (2.19)

=1
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where G;(t) = J_, Hr(t), Go = 0. Thus, looking at (2.18) and (2.19), it’s enough to show
that

But, indeed

|
3
=
—~
——
<
S
T
S
S~—
IA
~
AN
S
&
—~
s
—
~—

and this completes the proof. O]

As an immediate consequence of the previous theorem, we show how to obtain the two-
dimensional rearrangement of a special type of functions.

Corollary 2.1.26. If g and h are two measurable functions on R, and f(x,y) = g(x)h(y),
then f5(s,t) = g*(s)h* ().

Proof. Let’s calculate f(s,t). We know that

fe(y) = f(z,y) = g(x)h(y) For a fixed z.
Then
Ry(x) = (fa)" (t) = (g- h)™(t) = [g(x)|n" (1)
Here we used the following property: (cf)* = |c|f*. Hence,

f(s,t) = (R)™ (s) = (Ig1h7)™ (s) = [P"(@)] (l9])™ (s) = h*(£)(9)™"(s) = W™ (t) - g7 ()-

Where we used the property appointed above, and also |f|* = f*. In conclusion,

f(s,t) = h*(t)g™(s) = f5 (s, ). .
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Figure 2-12: The graph of the simple function f used in Example |2.1.28|

Example 2.1.27. [t is shown in [30, Example 1.4.4] that, for the function g(z) =1 — el
one has g*(s) =1 for all s > 0. As a consequence of Corollary we infer that, for the
function

flr,y) =1+ el =lyl® _ —lel* _ —lyl* — (1 _ 6_\x|2> (1 B e_‘y|2> .
Its two-dimensional decreasing rearrangement is

fo(s,t) = 1.

Example 2.1.28. The following example shows us that the order in which the rearrangement
takes place is fundamental. That is to say, in general we get different functions if the order
to calculate the rearrangement is changed.

Consider the function f(z,y) = Z?f C(i,7)XB6 (%, y), where E(i,j) = [i—1,1) x [j —1,7)
and C(1,1) =1, C(1,2) =4, C(1,3) =3, C(2,1) =5, C(2,2) =2 and C(2,3) = 6. That

18,

(@, 9) = Xjo.0yx0.0) (T, ¥) + 4X(0.0)x(1.2) (%, ¥) + 3X[0.1)x[2,3) (T, Y)
+ 5X(1.2)x10,1) (T, ¥) + 2X(1.2)x(0,1) (T, ¥) + 6X(1,2)x(2,3) (T, V).
Let’s calculate f3(s,t) = f(s,t). For that purpose, we are going to write f in the following

way

f(z,y) = X1 (®) [4X[1,2)<y) + 3xp2.3)(¥) + X[O,l)(y)]
+ xp.2) (@) [6x12.3) (¥) + 5xp0,0) (¥) + 2x11.2)(¥)] -

We have
4 t 3 t t ] 0,1
Ri(r) = (1) 1) = 4 oot Il Fxan(t, v €]
6X70,1)(t) + 5x[1,2) () + 2xp3)(t), if z € [1,2).
So
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Figure 2-13: The graph of f; in Example [2.1.28

Ry(x) = [4x10.1)(t) + 3xp.2) () + X128 (1)] x0.1) (%)
+ [6x10.1)(£) + 5x71.2) () + 2x123) ()] X(1.2) (%)
And then
6x[1.2) () + 4x0,1)(2), ifte(0,1)
Ri(z) = 5xp,2)(®) + 3xp,1)(x), ift€[l,2)
2X11,2)(T) + xp,) (), ift €[2,3).
Now, f(s,t) = (R)™ (s), therefore

)(
) (

6xp0,1)(s) +4xp2(s), ifte€0,1) )
(Re)™ (8) = { Bxo.0)(8) +3xp2)(s), ifte(1,2) = f(s,t) = f5(s,1).
2Xp) (8) + X2 (s),  ift €[2,3).

Now, we calculate the iterated rearrangement but in the reverse order. We will use the
following notation

fi(@) = flay), Gily) = ()" (1) and f(s.t) = (G)" (s).

We write f as

Fy) = x0®) [Pxn (@) + x00®)] + X2 @) [4xn () + 2xp.2) (2)]
+ X2.3) () [6x71.2) (@) 4 3xp0.1) (2)] -
So
Sxjo,0(t) + xp2)(t), ifyel0,1)
Gi(y) = (fy)™ (1) = dxpn(t) +2xp2)(t), ifyell,2)
6x[0,1)(t) +3xp.2) (), ify€[2,3).

We express Gy as
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Figure 2-14: The graph of f in Example [2.1.28

Gi(y) = [Bx01)(®) + X2 ()] X () + [4X01) (1) + 2x0.2 (D] Xp.2) ()
+ [6x10.1) (1) + 3x11.2) (D)] X12.3)(%)-

Thus
Cily) = {GX[273)(?J) +5x0,0)(¥) +4xp2(y), iftel0,1)

t - .
3X2:3)(Y) + 2x,2)(¥) + xo)(y), ift€lL,2

Since f(s,t) = (G)™ (s), we have

~—

6x[0,1)(S) + 5X[1,2)(8) + 4xpa(s), iftel0,1)
3X[0,1)(5) +2x11,2)(8) + Xp,3)(s),  ift €[1,2)

Looking at f5 and f, we see that

(G)™ (s) = { = f(s,1).

f3(s,t) # f(s,1).

Another application of Theorem [2.1.25|is that the inequality proved in Proposition [2.1.18/d),
can be improved to obtain the classical subadditivity condition (f+¢)5(x+y) < fi(z)+95(y).

Corollary 2.1.29. If f and g are measurable functions on R?, then

(f +9)3(z +y) < f3(x) + g2 (y).
Proof. With the notation of Proposition we know that f; = f . In this way, we have
that
f3(s,t) = (Ri)™ (s) where Ry(x) = (fo)"(t
g5(s,t) = (U1)™ (s)  where Up(z) = (g2)™ (
(f +9)3(s,t) = (Vi)™ (s)  where Vi(z) =([f+yg
We know that [f + gl = fz + gs, then
Visreo (2) = ([f + 9l2)™ (1 + t2)
= (fo+92)" (ti + t2)
(f)™ (t1) + (92)™ (t2)
= Ry, (z) + Uy, ().

~
+
8
N~—
*
<
—
S+~
N~——

(2.20)
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The above inequality is valid since
(z 4 w)*(t1 + t2) < 2"(t1) + w*(ta).
From ([2.20) we have that V; 4, < Ry, + Uy,. Since * is monotone, we have

(Rtl + UtQ)*m (81 + 52)

(‘/tl‘f’tQ)*x (51 + 82) <
< (Re,)™ (s1) + (Ue,)™ (s2).-

That is
(F+70) (51 + 80,11 + 1) < Fls1,01) + 352, 12).

Taking © = (s1,t1) and y = (s2, t2), we obtain

(f+9)s(x+y) < f3(x) + g5(y). O

2.2 The multidimensional Lorentz spaces A)(w)

Now we’ll use the two-dimensional decreasing rearrangement to define a Lorentz-type space.
Remember the definition of the classical Lorentz space: If v is a weight on R™ and 0 < p < oo,

00 1/p
() = {f B il = ([ @rv0a) < oo}.

Definition 2.2.1. We say that a measurable function f on R? belongs to the (multidimen-

sional) Lorentz space Ab(w), if the norm || f|| AZ(w)> 8iven by

w)?

1/p
17 gy = ( [, @y dx) , (221)

is finite. Here w is a non-negative function, locally integrable over R%, not identically 0.

The next result gives an alternative description of the norm Lg, in terms of the two dimen-
sional decreasing rearrangement, i.e., the spaces defined above are a natural generalization
of the Lebesgue spaces.

Theorem 2.2.2. If0 < p < oo, then A5(1) = LE,.

/R2 |f(2)]P dz = /R (/Olfunp dt) N
- /R ( /OOO Xos@ie) () dt) da

Proof.
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( X{a:|f(x |p>t}( )d:l:) dt
RQ
(/ dx) dt
{z:|f(z)|P>t}

my ({z: |f(2)|" > t}) di
ma ({z : |f(z)] > t}7) dt

(/ d:);) dt
{z:|f(z)|P>t}"

\/0 X{x:|f(ac)|1’>t}* (.ZE) dt) dx

(f7); () dx

8

8

YR

2
+

Il Il
ﬁ\%\%\ﬁc\ﬁf:\\

+ N

(f5)" (z) da

Note the use of Fubini’s theorem in the third and eighth equality, and the use of Proposition
2.1.18/f) in the last equality. O

2.2.1 The spaces AL(w) and the rearrangement invariant spaces

It is worth to compare the spaces AL (w) with the classical rearrangement invariant spaces (see
[14]). The following results show that this two types of spaces only agree in very particular
cases.

Proposition 2.2.3. If ||-||Ap(w) s a rearrangement invariant norm, then w is constant, and
2

so Ab(w) = Li,.
Proof. Fix (z,y) € R%, 0 < & < min {z,y}, and define the sets
R=(0,2) x (0,y),P. = (x —e,2) X (y — €,9),Q: = (z,x +¢) x (0,6), A = (R~ P-) UQ-..
(See Figure [2-15]) Note that
ma (A:) =ma (RN P)UQ:) =ma (RN P.) +ma (Q:)
= my (R) — my (P.) +my (Q) = my (R) — &° + & = my (R) .

This implies that x4, and yxgr are equimeasurable. Let’s see the distribution functions of
each one.

ma(A), if0<A<1

Dy () = mz ({z € B [xa (@) > A}) = {0 IS
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y+e

(z,9)

Figure 2-15: The sets P. and (). in the proof of Proposition m

me (R), if0<A<1

Dy, (A) =my ({x € R?: |xg(z)| > )\}) = {0 P

Then D, = D,,. Since [ AZ(w) 18 & Tearrangement invariant norm and x4, and xg are
equimeasurable, it holds that

HXR”Ag(w) = HXAsHAg(w).

But
el = ( / , (s @ (o) daz) N
_ ( /R , b (@ () d:p) Up, by Proposition E111] ¢)
()"
= ([w@ar) ", sinee = p
And also
g = ( / , ()i @ wio dx) N
_ ( /R : [as (2)]7 w(z) da:) 1/,,’ by Proposition B-1.11] c)
(fos)”
= ([ werar) " s 2= .
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Then

= /w(m) dx = /Asw(x) dx (2.22)

= /Rw(x)d:n:/Rw(:v)dx—/Ew(x)da:+/€w(:v)dx
= /Pw(x)dm:/sw(m)dx.

Now, since my (P.) = €2 = my (Q.), we have

)

P " = i

Noting that P. — (x,y) and Q. — (x,0), we invoke the Lebesgue’s differentiation
E— E—

theorem. Hence

lim

. 1 ) 1
Loy /PE w(z)de = ll_t}é 2 (01 /5 w(z) dx
= w(z,y) = w(zx,0). (2.23)

Using a symmetric argument, interchanging x and vy, it follows that
w(z,y) =w(0,y). (2.24)

From (2.23) and (2.24),

w(z,0) = w(z,y) = w(0,y).
Since w(z,y) = w(x,0), in particular for x = 0 it holds that w(0,y) = w(0,0). Then
w(z,y) = w(0,0),
i.e. w is constant. O
In a similar way, one can prove the following.

Proposition 2.2.4. There exists a weight v on R? such that AS(w) = Lb,(v) if and only if
Ag(w) - L%Q .



2.2 The multidimensional Lorentz spaces A5 (w) 47

Proof. We will use the same notation as in Proposition [2.2.3]

(=) Suppose that there exists a weight v on R? such that Aj(w) = Lg,(v). We will show that
v is constant. In order to do that, let’s consider the functions xz and xa.. In Proposition
2.2.3 we saw that

1/p
||XR||A§(w) = (/ w(z) dm) < oo Since w is locally integrable.
R

1/p
||XAE||Az2>(w) = (/ w(z) dx) < oo Since w is locally integrable.
Ae

Then xg,xa. € Aj(w). Since we are under the hypothesis of that Af(w) = Lg,(v), then
XR> XA. € Aj(w) = Lg,(v). Also, my (R) = my (A.) implies the equimeasurability of yz and
Xa.- Since || - || 17, (v) IS Tearrangement invariant, we have

HXRH?%Q(U) = ||XAEHI£§2(U)

> [ a@P o o= | @) o) da

= /Rv(x)dx:/Aav(x)dx

= /v(m)da::/ v(z)dz, see (2.22).

Using the same argument as in the proof of Proposition [2.2.3] it follows that v is constant,
hence Ly, = Ly, (v) = Aj(w).
(<) Take v = 1. O

2.2.2 AY(w): embeddings, quasinormability and completeness
Embeddings

One can show in an easy way that the embedding results for the spaces A} (w) are equivalent
to the embeddings for the cone of decreasing functions on L%i . Those results have been
completely characterized in all cases (see [II] and [I3]). So, we state without proof the
following proposition.

Proposition 2.2.5. Let 0 < p1,ps < 00 and wy, ws be two weights on R

a) If pr < pa, then AS (wy) C AB?(wsq), if and only if

W9 D)l/pQ
sup

—_— < .
ber, wi (DY =
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b) If p1 > pa, then AL (wy) C A5 (we), if and only if
sup/ w1(Dh,t)7T/p1d (—w2<Dh,t)r/p2) < o0,
0<hl} Jo

where Dyy = {x € R% : h(z) > t}, and 1/r = 1/ps — 1/p:.

Quasinormability and completeness

In the case of classical Lorentz spaces, it was proved in [I7] that the quasinormability of the
space is equivalent to a doubling condition on the weight (the A, condition).

We will show that a similar result is valid for the two dimensional rearrangement.

First, note that the spaces AL(w), 0 < p < oo, have the following (quasi)norm properties.

Proposition 2.2.6. If f € Ab(w), then

a)

b)
e gy = lel 1 gy - (2.26)

Proof. a)

(<)f=0 ae = f.(y) = f(z,y) =0 ae.
= Ry(x) = (f)™(t) =0
= f(s,t) = (R)™ (s) = 0
= f5 =0.

1/p
(=) 1flap ) = 0= (4 [fa ()] w(z) dx) —0

= [ (@) w()de =0

= [f5 ()] w(x) =0
= [f;(@)]" =0
= fo(z) =0

jA X{|fj>t} dt =0

= X =0 ae.

= m({fl > ) =0
=m{|f]|>t})) =0 Wt
= f(z) =0 ae.
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b)
1/p
el = ( [ ens@r ute) dx)
RZ
1/p
= (/ [e| fo(2)]P w(z) dx) , see Proposition [2.1.18 b)
RZ
1/p
~ i ( [, @y e dx)
RZ
T

]

Due to Proposition m, if we check that the triangular inequality (quasi-triangular) is valid,
then we conclude that ||| AZ(w) 18 @ nOTm (quasi-norm). The following theorem gives us an
equivalent condition for the quasinormability of AS(w). Compare with [17, Corollary 2.2].

Theorem 2.2.7. Let 0 < p < co. Then, H'”Ag(w) is a quasinorm if and only if there exists

a constant C' > 0 such that

/Dw(QI) dr < C’/Dw(x) dz,

(2.27)

for all the decreasing subsets D C ]R%r. Besides, with this quasinorm, A5(w) is a complete

quasinormed space.

Proof. (<) We will use Proposition 2.1.18/d), and also [11, Theorem 2.2 d)] with p = q.

I+ 9y = [, [ + 3@ wlz) ds

R

< C/ [fa(x/2) + g5(x/2)]" w(z) dz, by Proposition d)
R2

+

<c| [ eare@da |

R2
<C /
R}

<o [, @y [

R
= C (I 18500 + lgllrgy) -

(@) w(2e) do + /

2
R+

2
+

95 (x/2)) w(x) dw)
95 ()] w(2) dx)

95 (x)]" w(x) dfﬂ)

Where we used [11, Theorem 2.2 d)] in the last inequality. It follows that ||f + g ||A§’(w) <

C (1 gy + 190agan )
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(=) Let D and D; be two subsets of R? with D N Dy = () and D* = D5, and such that if
D* has the representation

D* = {(x1,22) : 0 <z <71,0 <29 < P(x1);7 > 0},
(with ¢ |), then
(DU D))" = {(z1,22) : 0 <21 < 21,0 < 22 < $(21/2);7 > 0},

(this is easily achieved by taking D; as a translation of the form Dy = D + (N, 0), where N
is big enough). If [|||z(, is & quasinorm, then

1+ gllagiuy < € (Ifllagy + 19 agian ) - (2.28)

and taking f = xp and g = xp,, we obtain

17+ 90 = / (f + 3@ w(z) da
- / (o + X0.)} (@) w(x) de
:/R (Xpup, )y (2)]F w(z) dz
— /R2 Xoupy: (2)]” w(z)dz, by Proposition c)
:
oo
In a similar way, Hf”ig(w [ w(z)de = HgH , then from ([2.28)) it follows that

/(DUDl)* wie)de < C / . w(z) dz (2.29)

Let’s denote E := (D U D;)", and
Ey ={(x1,22) : 0 < 21 < 2r,¢(221) < w3 < 2¢(21/2);7 > 0} .

Obviously £ U E; = 2D*. Since Ef = E = E*, we can use equation ([2.29)) with D = E and
D, = F4, and then we obtain

/2D*w(x) do = /EUElw(x) da

= / w(x)dz, since By UE =2D" is decreasing
(EUEl)
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§C/*w(x)dx

:c/ w(z)dz, since E* = (DU Dy)’)" = (DU Dy)"
(DUl)l))k

< C | w(x)dz, by using (2.29).

D*

So, we proved that

L*m@mgc/ﬂmm%

which is equivalent to (2.27)).

In order to show that A%(w) is complete, we have to show that if (f;), is a Cauchy sequence,
then there exists a function f € Aj(w) such that ||f; — fHAg(w) — 0 when j — oo. Since
H'Hig(w) is a quasinorm and (fy), is a Cauchy sequence, there exists a constant C' > 0 such
that ||fj||ig(w) < (C < o forall j €N.
Besides, since (f; — fk); is decreasing in each variable, for a fixed z € ]Ri, if we take ), =
{y G]R%r 0<yr < ap, k= 1,2}, then

min [(f; = fis]" < [(fi = fi); @)]" YyeQu
= [(fi = f @] <[5 = f)y W)]" Vyes
= (W) < [(fi = fi)s )] w(y)

[(f5 = fr)s ()] w
= / [(f5 = fu)s ()] w(y) dy < /Qz [(f5 = fr)s ()] w(y) dy

T

= (-] [ wtdr< [0 50 0] wl) dy

This way,
(5= 55 @) [ wl)dy <15 - Sl
Qz

Then

(fi = fr)y— 0 ae.
= D(fj_fk); — 0 a.e.

= D(fj*fk) — 0 a.e.

i.e. (fx), is Cauchy in measure. Then there exists a subsequence ( fkj) which converges
pointwise, let’s say to a function f which is measurable. By using Proposition [2.1.18 ¢) and
Fatou’s lemma, we conclude that f € Ab(w). Let‘s see

f=lim fy,
J—00
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- fy= jli)rgo (fky); (Proposition [2.1.18]e))

= /R? [fo(2)]P w(z)dx < lim inf/]R [(fkj); (x)}pw(:c) dr (Fatou’s lemma)

Jj—o0 2+
<(C< o>
= f e A(w).

Besides,

tim [fi, () = fi@)] = (@) - fiw)] xR

Using Fatou’s lemma and the fact that (fi), is a Cauchy sequence, we finally obtain

1f — fiHAg(w) = Hf = Ja; + fr; — fiHAg(w)
<O (1 = i lgauy + 155 = £llagiar)

= C (Il = Fillugguy + i = fislagy) == 0

1,]—00
Note that inequality above holds since ||-|| AZ(w) 18 & quasinorm. O

In order to AS(w) be a Banach space, we show in the next theorem a necessary condition on
the index p.

Theorem 2.2.8. If Ab(w) is a Banach space, then p > 1.

Proof. Since AS(w) is a Banach space, there exists a norm || - || on Ab(w) such that

191l A2y = Nlgll-
b (w)

So, there exists a constant C' > 1 such that

1

tol 191z < llgll < Cllgllag ) -
Then

19llazcwy < Cllall < C* gl gy -
Taking g = Zﬁzl fx, we obtain

N

> f

k=1

N
<y 1 fell Az ) -
=1

A5 (w) - k=1 llAgw)

For all N € N. Suppose that 0 < p < 1 and take a decreasing sequence of domains

Ak+1CAkC"'C]R2,
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such that [,. w(x)de =27 If f = 2y, , then
k

1/p
il = ([, (05 @ 0t dx)

2
RY

/Ra [(2kXAk); (x)r w(z) d:c)

1/p
_ kp P " .
= (/R 20X w(x) dx) , Proposition [2.1.11] ¢) and Proposition [2.1.18|b)

1/p
okp / w(x) d$>
1.

But for a fixed N, we have

1/p

N

>

k=1

C < oo. (2.30)

IN

1
N
Af(w)

In the other hand, since (Z]kvz1 QkXAk> = Z]kvz1 2"xar (by (2.17)), and Ay, C A C - C
2
R?, we have (taking Ayy1 = 0)

1 || 1|
_ k
122 =+ |[2_ 2" xa,
=1 llagw) k=1 AZ(w)
1 N * P 1/p
== (/R? [(Z 2kXAk> (93)] w(x) da:)
+ k=1 2

:% /R2 [szXAZ(m)] w(x) dz (2.31)

®

The expression () is equivalent to S n_ [(Zle 2j> XAz A } (x), let’s see this.

k+1

2kXA;(l’) = 21XA»{(:L') + 22)(,4;(:1:') + 23XA§(5’7) +---+ QNXA}«V(Q:).

1=

Besides
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i [(Ek: 2‘7) XA;;\AZH] (z)

k=1 j=1
= (2) xapaas (@) + (21 +27) xagns (@) + (20 427+ 2°) wagas (2)
ok (2N 22420 4 2Y) xag ey (1), (2.32)

Since A, C A,, we have A}, C Ay, and then

XAn NAL = XAL L, — XAy

Going back to (2.32)),

Z [(Z 2j> XA;\A;+1] (z) = (2") (xas(x) = xa3(@)) + (2" +2%) (xa3(2z) — xa3(2))

=1
+ (2" 4+ 22 4+ 2°) (xa3 (@) — xaz(2))

+...+(21+22+23+"‘+2N) XAR,(x>_XA7v+1(:C)
~——
An41=0
= 2"y ar () — 2"\ a5 (2) 4+ 2" x5 (%) — 2'xa () + 22X a5 (2) — 2°x a5 ()
+ 20 () = 2 xay () + 22x0a5 () — 2%xa5 (o) + 20X a5 () — 2% x5 (@)

+ oo 2y () + 22xag (2) + -+ 2V g, (@)
N

= 2"y () + 2y () + -+ 2Vxay () = ) 2¥xas (2).
k=1

Returning to (2.31)),

] N [/ k& ! P e

N

k=1

N P 1/p
_ % ; ;Qj > /R 2+ Vagai, (@) () dx)

N [k P 1/p
= % kz:; ;Qj > /R2+ [XA;(@ - XA;+1($)] w(x) dx)

N T - 1/p
:% Z Xk:Zj > (Azw(x)dx—/zﬂw(:r)dl’))
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95

==

_Zkzzj_ > e ))1/13

k 1/p
Zzﬂ )2 (o 1—21’)
[Z

Mz iMz

VR
?r

zlQ ==

=1

Note that

5|

k=1

2L +22 423 .. 42NN
2]\/
=1+(1+2 )+ (1+27"+27%) +. -+
(1+271+272+'__+217N)p

(A\VARLVS

(
(1=27)"+ (1 =27

N
k=

d (-2

1

Now,

2k >2 Vik>1
271> 9k
1>2F497!
1—27F>271
(1—27M"> (2" =2m

R

Therefore
N

d (1-27%)"> ZN: 277,

k=1 k=1
So, going back to ([2.33)), we obtain

Z?—12j p_ 91\ P 91 4 92\ P 91 1 92 1 93\ P
| =g) ) )

1+2) +(1+2?) 4+ (1427
ot (1—27N)F

p\ 1/p
] ) . taking C' = (1—277)"". (2.33)

(2.34)

(2.35)
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1/p
c (L
zﬁ(;zp) by @)

N1/p
=C — 00 when N — oc.
N
Which is a contradiction in view of (2.30). Then, must be p > 1. H

Finally, we present an important result: the characterization of the weights w for which
H’HAg(w) is a norm.

Theorem 2.2.9. Let 1 < p < oo and w a weight on R3. Then, the following assertions are
equivalent:

a) ||-||A;27(w) is a norm.
b) For all A, B C R?,

w((ANB) ) +w((AUB)") <w(A*) +w (B*).

c) There ezists a decreasing weight v on Ry such that

w(s,t) =v(t), s,t>0.

Proof. a) = b): If ||-||A§(w) is a norm, take A, B C R? ¢ > 0 and let’s define the functions

1+9, ifzeA 1+9, ifzeB
flz) =141, ifr e (AUB)NA; g(z) =<1, ifre (AUB)\ B
0, otherwise. 0, otherwise.

Observe that
f(@) = (1 +6)xalx) + xaup)a(x); g(x) = (1+)xa(®) + xaup)yB(T).
Then, according to in Proposition
fo(x) = (1 + 8)xa- () + Xjaus~ayar-a- () = (1 + 8)xa- () + X(aup)y~a-(2).

And a].SO g;(l‘) = (1 + 5)XB* (.T) + X(AUB)*\B* (Z‘)
In a similar way, since (AUB) N A= B~ Aand (AU B)~\ B = A~ B, we have

(f+9)(z) = f(z) +g(x) = (1 +0)xa(®) + Xx(aup)~a(z) + (1 +6)xB(7) + X(auB)-B(T)
= (1+90) (xa(z) + xB()) + (X(AUB)\A@) + X(AUB)\B(x))
= (1+6) (xa(z) + x8(2)) + (xBa(®) + Xa.8(7))
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= (140) (xalz) + x5(x) = xanB(@) + xan(x)) + (XBa(2)
+ xa-5(7))
= (14 9) (xaus(r) + xanB(7)) + X(A - B) U(B~ A)@)

= (1+6) (xauB(®) + xanB(7)) + X(auB)~(anB) (T)
= (1 +9) (xauB(x) + xanB(®)) + xau(z) — XanB(T)
= (2+d)xauB(x) + dxanp(x)
= (2+90) [xaB(®) + Xxanp(®) + xB-a(?)] + dxanB(T)
= (2+6) [xap(2) + x5 a(®)] + (2 + 20) xan5(7)
= 2+ )X puB-a(T) + (24 20)xans(z)

(

= (24 20)xanB(7) + (24 0)X(aBU(B~)(T).
Once again, using (2.16)) in Proposition [2.1.19]

(f +9)5(7) = (2+20)x(anB)- (%) + (2 + )X {(AnB)UIA~BUB~A)}*~ (AnB)= (T)
)+ (2+

= (24 20)X(anB)- (z d)X(AuB)*~(anB)* ().

Thus
1/p
1+ gl = ( [, 1+ da:)
R2
1/p
= (/ 2+2(5 X(anB)y+ () + (2 + )X (auB)- \(AQB)*(x)}pw(x) d$>
R2
1/p
= ( 2+25 Pw(x dx+/ (2+5)pw(x)dm)
(AN (AUB)*~ (ANB)*
=((2+ 25 Pw((ANB)) 4+ (2+0)Pw ((AUB)" N (AN B)*))l/p. (2.36)
Besides

1 sz ) + 19l Ay =

1/p
[(1 +0)xp-(z) + X (AUB)*~ B* (x)}p w(x) d:):)

_ ( /A (4 oPule) do + /(AUB)*\A* w(z) dx) "
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1/p
([ aroru@ans [ wwa)
= [(1 48w (A7) + w (AU B)" ~\ A"

+[(1+6)Pw (B*) +w ((AUB)* ~ BY)]'? |
From the triangular inequality we have
1f + 9llazw) < 1 Flazy T 9l azw) »

ie.

(2420w ((ANB)")+ 2+ 0) w((AUB)"~ (AN B)*))l/p

< [(1+0)Pw (A) +w (AU B)* ~ AN+ [(1+ 8)"w (B*) +w (AU B)* ~ BY)]'7.
Using the inequality
a7 + [b]/? < 2177 ([a] + [B)'P a,bEeR,p > 1. (2.37)

(Which is proved in the appendix, see Proposition , we have

(14 0)Pw (A*) +w ((AUB)" \ A*)]l/p +[(1+0)Pw (B*) +w ((AUB)" B*)]l/p

<214+ 0)Pw (A7) +w (AU B)' N A%) + (1+0)"w (B*) +w (AU B)* ~ B
(2.38)

Raising ([2.36]) and ([2.38)) to the p-th power, we obtain

(2420)"w((ANB))+ 2+ 6 w((AUB)" N~ (AN B)")
<271+ 6)Pw (A*) +w ((AU B)" N A*) + (14 6)Pw (B*) + w ((AU B)" \ B*)]

Note that if C' C D, then

w(D\C):/D\Cw:/Dw—/Cw:w(D)—w(C).

With this, we may write the last inequality as

(2+ 20w (AN B)*) + (24 6) [w (AU B)) —w (AN B))]
< 277 [(1 4 8)Pw (A") + w (AU B)) — w (A*) + (1 + 8)Pw (B*) + w (AU B)*) — w (B*)] .

So

[(24+20)P — (2+0)]w(ANB)*) + (24 6)Pw (AU B))
<207 (1 +6)P — 1] [w (A*) +w (B*)] + 2w (AU B)*).
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~
N\
I

~

A

B V//

Figure 2-16: The sets A and B in the proof of b) = ¢) in Theorem

Then

(24 20)7 — (2+6))w (AN BY*) + [(2+ 6)” — 27| w (AU B)*)
< V(14 6) — 1] [w (A%) + w (BY)] .

Dividing both sides by 277! [(1 4 §)? — 1], we obtain

(24 26)P — (24 )"
201 [(1+6)r — 1]

(24 6P —2p
2r=1[(1 4 0)p — 1]

w((ANB)*) +

w((AU B)")
<w(A*) +w(B*). (2.39)

Now let’s see what happens with the terms containing 6 on the left side of (2.39)) when § — 0,

. (2420 — (24 0)P _ p(2+20)771 -2 —p(2 4 0)P!
lim = lim
5-0 2°=1[(1 +6)P — 1] L'Hopital 60 2r=1p(1 + §)p~1
_prt2op2tt pe2i2-1)
- p- 201 o p-2r1 T
(2+6)P —2v o p2+opt 2t

550 2p=1[(1 + 6)P — 1] L'Hopital 550 2r=1p(1 4+ g)p=1  op-1 =L
So, taking the limit when § — 0, (2.39)) becomes
w(ANB)" ) +w((AUB)") <w(A") +w(BY),

which is b). So a) implies b).
b) = ¢): Suppose now that b) holds. Fix s,t > 0 and consider, for ¢ > 0, the sets

A= (0,e) x (0,t)U (e,8) x (0,t —¢); B=1(0,¢) x (0,t—¢)U(e,s)x(0,t).
(See Figure 2-16]). Then, we have that A* = A (since A is decreasing). Let’s calculate B*.

t—e, f0<ax<e
pp(x) =mi(B) =mi({y €R: (z,y) € B}) = _
t, ife<z<s
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= (t = €)X, () + tX(e,8) () = tX(e,0)(7) + (£ = €)X (0,0) ().

Then
¥5(2) = tX(0,5-0)(2) + (t = €)X[s—,9)(2)-
So
B*={(z,t): 0 <t <¢p(2)} =(0,s —¢) x (0,t) U (s —¢,s) x (0,t —¢) a.e.

Also, we have

ANB=(0,e) x (0,t—e)U(e,s) x (0,t—¢e) (ANB€EA,).

Then
(ANB)" = (0,¢) x (0,t —e)U (g,8) x (0,t —e) = (0,8) x (0,t —¢) a.e.
And
AUB = (0,¢) x (0,t) U (g, s) x (0,1) = (0,5) x (0,t) € Ay.
So

(AUB)* = (0,s) x (0,1).

To summarize, for the sets

A=1(0,e) x (0,t)U(e,s) x (0,t —¢); B=(0,¢) x (0,t —¢e)U(g,s) x (0,1).

We have
A" = A,
B*=(0,s—¢) x (0,t) U(s—e¢,s) x (0,t—¢),
(ANB)*=(0,s) x (0,t —¢)
(AUB)* = (0,s) x (0,t)
Note that
(AUB)"~B*=(0,s) x (0,t) ~[(0,s —¢) x (0,t) U (s —&,5) x (0, — &)
=(s—g,8) x (t—¢g,t).
Then
w((s—e,s)x(t—g,t)) =w((AUB)*\ B")
—w((AUB)) — w(B")
<w(AY) —w((ANB)*) (Using b))
=w (A"~ (AN B)")
=w ((0,¢) x (t —e,t)).
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i.e.

/ w(z)dr < / w(x) dz.
(s—e,8)x(t—e,t) (0,e)x (t—¢,t)

Dividing by &2,

1 1
— w(z)dr < — w(x) de.
€% J(s—e,8)x(t—e,t) €7 J(0,6)x (t—e,t)

Letting € — 0 and using the Lebesgue’s Differentiation Theorem, we obtain
w(s,t) < w(0,t). (2.40)

Now, consider the sets

A=(0,s)x(0,t); B=1(0,e)x(e,t+¢e)U(e,s—¢)x (0,t)U(s—¢e,s)x (0,t—¢).

We have
A=A
B*=(0,s—¢) x (0,t) U(s—e¢,s) x (0,t—¢),
(ANB)" = (0,5 —2¢) x (0,t) U (s —2¢,s) x (0,t —¢),
(AUB)" = (0,e) x (0,t+¢) U (e,s) x (0,1).
Note that
(AUB)* N A" =1[(0,¢) x (0,t +¢) U (e,5) x (0,£)] ~[(0,s) x (0,1)]
= (0,e) x (t,t +¢).
Then
w((0,€) X (1, +2)) = w ((AUB) ~ %)
—w((AUB)) - w (4"
<w(B ) w((ANB)*) (Using b))
=w(B*~ (AN B)")
=w((s—2e,8s—¢) X (t—¢g,1)).

/ w(x)dr < / w(z) dx.
(0,e) X (t,t+¢) (s—2e,5—¢) x (t—e,t)
Dividing by &2,

1 1
—2/ w(z)dr < —2/ w(z) dx.
€7 J(0,€)x (t,t+¢) €% J(s—2e,5—)x (t—e,t)
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Letting ¢ — 0 and using the Lebesgue’s Differentiation Theorem, we obtain
w(0,t) < w(s,t). (2.41)
From and it follows that
w(s,t) =w(0,t) = v(t).
Finally, we will show that v is decreasing, i.e.
v(b) = w(0,b) < w(0,a) =v(a) if0<a<b.

For € > 0 small, take
A=(0,¢) x (0,a); B=(0,¢) x (g,b).
We have
A=A,
B* = (0,¢) x (0,b—¢),
(AN B)" =(0,¢e) x (0,a — ),
(AUB)* = (0,e) x (0,b).

Thanks to b) we obtain

w ((0,e) x (b—¢,b))

(AU B)"\ B")
(A) —w ((AN B)Y)
(A"~ (AN B)")
((0,e) x (a —¢€,a)) .

A
g€ & & €

1.e.

/ w(z)dr < / w(x) dx.
(0,e)x(b—e,b) (0,e)x(a—e,a)

Dividing by €2, letting ¢ — 0 and using the Lebesgue’s Differentiation Theorem, we obtain
w(0,b) < w(0,a),

So
v(b) < v(a).

¢) = a): From Theorem [2.1.25( we know that

f3(s,t) = (f7(£)™ (s).
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From the fact that ||-|| \» AB(w) I8 & norm if v is decreasi ng (see [43]) and the Minkowski inequality,
we obtai

||f+g||Ag<w):(/Ri (F+ 0 b ds dt)/
(/w(/ (o4 @O ) ds)orat)

(/OOO(/R[(Hm Ok d) o(t)d ) , Since/OOOf*z/Rf

([([ s 08) )", s

From [43) we know that || + gelty ) < (1 fellagiu + l92llag ) then

<(/ [( [T o) " ([ 1o @reoa) l/p] p dx)

1/p
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i (/OOO (/ooo (L) (O ()] o (1) ds> dt) :

(] e or @) a) " e (Y = (1

_ ( [ st ote)as dt) " (/

, by using Theorem [2.1.25

_ ( [ sor s ds dt) " (/

, by hypothesis

1/p
[g3(s, )P v(t) ds dt)

2 2
+ +

1/p
(g5 (s, )P w(s, t)ds dt)

2 2
= +

= 1z + 191l az(w) -

Thus, in view of (2.25) and (2.26), we see that Il AZ(w) 18 & norm, and this completes the
proof. ]

Remark 2.2.10. Observe that the equivalences proved in Theorem [2.2.9|in particular say that
A(w) = LP (AP (v, dy), dx) ,

which is a mixed norm space.



3 Weighted Composition Operator on
A5 (w)

In this chapter the boundedness, compactness and closed range of the Weighted Composition
Operator on the space Ab(w) are characterized.

Definition 3.0.11. Let (X, A, 1) be a o-finite measure space, T': X — X be a measurable
transformation (i.e. T71(A) € A for each A € A) and non-singular (i.e. u(T'(A)) =0 for
all A € A with p(A) = 0, which means that g7 ! is absolutely continuous with respect to
p (uT—' < p)) and p: X — C be a measurable function. The linear transformation W,
is defined as follows:

War : F(X, A) = F(X, A)
frorWyr(f)=uoT - foT,

where
Wu7T X —=C
z = (Wyr(f)) (z) = u(T'(z)) - f(T'(z)).

If the operator W, r is bounded and has range in A5(w), then it is called the Weighted
Composition Operator on AL(w).

Remark 3.0.12. 1. Ifu=1, then Wy =Wy =Crp: f— foT is called the composition
operator induced by T

2. f T = Iy, identity on X, then Wy,r = Wy, = M, : f — u - f is called the
multiplication operator induced by wu.

3. Let (X, A, u) be a o-finite measure space, 7' : X — X be a measurable and non-
singular transformation and v : X — C be a measurable function, then 7" and u
induce a Weighted Composition Operator that is well defined on F(X, A).

Indeed, remember that F (X, A) is a set of functions classes where two functions belong
to a same class if they are equal almost everywhere with respect to p. That is to say,

f=geu{ee X : fx) #gla)}) = 0.
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Let f,g € F(X,A) such that f = g. Then

pl{z € X : f(2) # g(2)}) =0
= p({zr e X (uf)(z) # (ug)(2)}) =0

(We are assuming that u # 0, otherwise M, = My = 0, which is not of interest). Now,

xo € {x € X 1 u(T(2)) f(T'(x)) # u(T(x))g(T(x))}
u(T'(0)) f(T(x0)) # w(T'(20))g(T (20))

u(yo) f(yo) # u(y0)9(Yo), yo = T'(x0)

Yo =T, € {7 € X 1 u(z) f(z) # u(z)g(z)}

zo € T ({z € X : (uf)(x) # (ug)(x)}).

Tt o0

Therefore

p{r e X u(T(2)f(T(x) # u(T(2))g(T(x))})

because of the non-singularity of T'. So,
(W f) (x) = u(T () f(T(x))
= u(T(x) )
= (Wurg) (z) p—ae.
i.e., W, r is well defined on the classes of F(X,.A).

From now on, (X, A, 1) = (R?, B, my), which is a o-finite measure space.

3.1 Boundedness

The boundedness of W, 1 is characterized in the following result.

Theorem 3.1.1. Let u : R? — C be a measurable function. Suppose that T : R? — R? is
a non-singular measurable transformation. Also, suppose that there exists a constant b > 1

such that my (T;Y(E)) < bmy (E,) for all E C R%. Then

Wu,T:fHWu,Tf:Wu,T(f):uOT'fOT

is bounded on A5(w) if u € Lo (R?). Moreover,

Wzl < 677l

Besides, if T; ' (F) D F, for all F C R?, then

Wzl = b/7]ullo.



3.1 Boundedness 67

Proof. We are going to use iterated rearrangement, since Theorem [2.1.25(ensures that h} = h,
where h = ((h,)™)™ and h,(y) = h(x,y) (sometimes h, is called the x-section of h).
For (z,y) € R?, we know that

(Wu,Tf)

I

g
/\/‘\
H

So,

Dryepy M) =i (fy € R: [(wo T f o T)aly)] > A}

=mi ({y € R: [u(Te(y)) - f(Te(y))] > A})
=my ({(z,y) € R*: (T, (y)) - F(Tuly))| > A},) -
In the other hand, since
yo € {(,y) € R?: [u(Tu(y)) - f(Te(y))] > A},
S{yeR:|u(Tu(y) - f(Ta(y)] > A}
< |u(Te(yo)) f (Tu(yo))| > A
< |u(z0) f(20)] > A, 20 = T2 (yo)
& 20 =To(yo) € {(z,9) € R : |u(z,y) f(z,y)] > A}
SyeT, ' ({(zy) e R fu(z,y)f(z,y)] > A})
Sy e (T ({(zy) e R fulz,y)f(z,y)] > A})), -

Then
{yeR:|u(T(y) - f(Ty)| > 2} =T, ({(z,y) € R?: |u(z,y) f(x,y)| > A})
= (T ({(z,y) € R*: |u(z,y) f(z,y)| > A})). -
Hence
D, ), =mi ({y € R:ul(Tely)) - f(Ta(y)] > A})

=my (T, ({(l‘ y) € Rt fu(z,y) f(z,y)| > A}))
=my ((T7" ({(z,y) € R*: |u(z,y) f(z,y)] > )\}))x) (3.1)

Next, since |u(z,y)| < ||lullw V (z,y) € R?, it holds that, in particular,

(20,%0) € {(2,9) € R : [[ullool £, )| > A}
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= ||ullso| f (0, y0)| < A
= |u(zo, yo)|| f (w0, o) < A

= (z0,%0) € {(2.9) € B : Juz, y)||f (. 9)] > A},
Therefore
{(2,9) € R ulz, I f(@,9)] > A} € {(2,9) € B : Jlullocl f(2,9)] > A},
then
T ({(wy) € R : Julw, )l f(,9)] > A}) € T ({(0y) € B2 : [lullocl £, )] > A}) |

and so

mi (T ({(2,y) € R? < fu(z, y)|| f (2, )] > A}))
<mi (T, ({(z,y) € R?: Julloo| f(z, )] > A})).
Thus,
Diw, rp) N <mu (T ({(2,9) € R - lullool (2, 9)] > A})) - (3.2)

x

Let £ = {(z,y) € R?: |Jul]||f(x,y)| > A} C R% By hypothesis we know that
my (T, '(E)) < bmy (E,).
Going back to (3.2,

Dy, py V) < (T ({(2,9) € R?: Jullool f (2, 9)] > A}))

<bmi ({y € R: lulloo| f(z,y)] > A})
= 0Dy 1. (N).

Now, for any t > 0,

Dw,rp) (A) < 0Djuc.(A)
t
& {)\ >0: DHUHoofz()\) < I_)} C {)\ > 0: D(Wu,Tf)z(A) < t}.
Which implies that
(Worf)" (t) = inf {/\ >0: Dy, 0y () < t}
t
< inf {/\ >0: D”ulloofac()\) < l_)}

= inf

N> 05 ({ € R Jullal 0] > D < 5}
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:inf{/\>0:m1({y€R:|f$ |>—}) },r: A
[[wlloo [[ufloo
<

:mf{rnunwo mi ({y € R: 1)) > r})

| /\

o~ S

}
- “““ooinf{r >0:mi({y €R:|fuly)] > 1)) < }
:ﬂmum%r>mpmmg }

— Jullo (£2)° (2) |

Now, using Theorem [2.1.25] we rearrange with respect to x to obtain

S| s+

(W (oo0) <l (7).

then
IWarr fllapy < 0P lelloo 11 £l a2y

from where

IWarfl < 0Y7)ulso. (3.3)

Now, let us see under what conditions ||[W,rf| = bY?|u s
Let B. = {z € R?: [u(T(z))| > b"/?|ju||x — €} (note that my (B.) > 0). Then,

(T (2, y)x.(T(x,9)| = (07 ||ullee — &) x5.(T(2,y)) (3.4)
On the other hand, for a fixed z,

1, ifyeT; ' (B.)
0, ify¢T, " (B:)

= XTgl(BE)(?D‘

o (T, ) = x5 (Toly)) = {1, if T,(y) € B- {

0, if T.(y) ¢ B-

And

_ _ 1, if(:c,y)EBe:
xs. (2, y) = (x8.), () {0, if (x,y) ¢ B. {

0. ity¢(B),
By hypothesis, 7! (B.) D (B.),, then

xB. (T(2,9)) = X715, (¥) = X(B.),(Y) = XB.(T, )
Going back to , we have

(T (2, 9))x. (T, 9))| > (077 |ulloo — €) xp. (2, )
= Jul(Te@)xs (Te@)] = (07 lulle <) (x5.), ()
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= |(Warxe.), W)| = (077 |lull< —€) (x5.), ()

Next we use Theorem [2.1.25] in order to calculate the two-dimensional rearrangement in an
iterated way, so

(Warxs.);” () 2 (0" |lulle =€) (x5.)7" (1)
= (Wuaxs.)s (5,) > (077 ull —€) (x5.); (5,1)
>

= W, TXBEHAP (bl/pHUHoo - ) HXBsHAg(w)
Wz xs. | gz
= Af (w) > bl/pHuHoo .
||XBE||Ag(w)
= Warll = Y |lulloo —

Since the above inequality is valid for all € > 0, then

(Warll = 62| ul| - (3.5)
Combining (3.3) and ({3.5)), it follows that
Worll = 0Y7]ul|o- O

Theorem 3.1.2. Let u : R? — C be a measurable function and let T : R? — R? be a
non-singular measurable transformation such that T(A.) C A. for all ¢ > 0, where A, =
{(z,y) € R? : |u(z,y)| > e}. If Wyr is bounded on Ab(w), then u € Lo (R?).

Proof. Suppose that W, r is bounded on Aj(w) and u ¢ L, (R?). Let
Ap={(z,y) € R*: Ju(z,y)| > n}.

Since u ¢ Lo (R?), we have that my(A,) >0V n € N.
Besides, T(A,) C A, implies A, C T '(4,), then (4,), C (T"'(A,)), and therefore
X(An)e () < X140y, (y) for all y € R. Let A > 0 and y € (A,),. We have

X0 )] > A= X140, )] > A,
Also,
ye(A,), = (r,y) € Ay = T(z,y) € A, = [u(T(z,y))| >n = |u(T,(y))| > n,

then we have
[u (To(y)) Xr-1(a0y), ()| > 1A,

i.e.

{y eR: |xan).W)| > A} € {y e R: |[u(To(y) X@-1(any), (W)| > nA}
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=my ({y eR: |X(An)m(y)‘ > A}) <my ({y eR: ‘u(Tz(y)) X(T—I(An))l<y)‘ > n)\}) (3.6)
Since

L ifye (T (A), 1, ifyeT, ' (A,) |1, ifTu(y) € A,
0, ifyé¢ (T'(4,)), 0, ifyeg T (A 0, if T.(y) € A,

= X, (T2(y)) = (Xa, 0 T2) ().
Returning to (3.6)),

m1 ({y € R [x(a,). )] > A}) <mu({y € R u(Toy)) xa, (Te(®))] > nA}),

(W eR: Py, )] > AY) <y ({y € R [(Wara,) ()] > nA})

Therefore,

= {)\ >0:Diyy o, (V) < t} c {)\ >0:Dy,, (V)< t}
bt {A>0:D1y L 0) <t

= [X(An)x]*(t) < EWU,TIXA,L] (t)
= n X, ] () < Wurxa,]™ (b). (3.7)
Note that
L, ifye (A, 1, if(zy) €A o) —
X(An), (Y) = {07 £y (A, {0’ it (2.0) ¢ A, = X4, (2, y) = (Xa,), ().
Also

Returning to (3.7]), we obtain

n[(xan),]" (8) < [(Warxa,),]” ).

By Theorem [2.1.25, we rearrange with respect to x to obtain

n(Xa,)z (8:8) < (Wurxa,)s (5,1),
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which implies
n HXAnHAg(w) < ||Wu,TXAn||A12’(w)'
We conclude that given n € N, there exists x4, € A5(w) such that

HW%TXAnHAg(w) > n HXAnHAg(w) .

Hence W, 7 is not bounded, which contradicts the hypothesis of the theorem, so u € L, (R?).
O

The next result follows as a consequence from the last two theorems.

Theorem 3.1.3. Let u : R? — C be a measurable function. Suppose that T : R? — R? is a
non-singular measurable transformation that satisfies the following conditions:

1. There exists a constant b > 1 such that

my (T, (E)) < bmy (E,), for all E C R*.

T

2. T(A.) C A. for all e > 0, with A, = {(z,y) € R* : |u(z,y)| > €}

Then W, 7 is bounded on A5(w) if and only if u € Lo (R?).

3.2 Compactness

In this section compactness of the Weighted Composition Operator on the space Ab(w) is
characterized.

Theorem 3.2.1. Let T : R? — R? be a non-singular measurable transformation for which
there exist constants b > 1 and § > 0 such that dmy (E,) < my (T, (E)) < bmy (E,) for all
E CR% If f € A5(w), then

a | Mufllagwy < IWaurfllagw) < B1Muf g
with a = 67, B =07V f € Aj(w).

Proof. Let E = {(z,y) € R*: |(uf)(z,y)| > A} and let t > 0. By equation (3.1)) and the
inequality (3.3]), we have

(W f),] (6 = inf (A > 0y ({y € R [u(Ta(y)) f (T(w))] > D) < 2}
=inf {A>0:my (T7" ({(z,y) € R*: |(uf)(z,y)| > )\}))x) <t}, by
=inf {A>0:my ((T_l(E))z) <t}
<inf{A>0:bm; (E,) <t}, by (3.3)
=inf {A > 0:bm; ({(z,y) € R? : |(uf)(z,y)| > )\}x) <t}
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3

= inf

A>0:my ({(z,y) € R*: |(uf)(z,y)| > )\}x) <

= inf

—N— —

t
A>0: D(uf)z()\) < E}

~ 10000 (3).

Rearranging with respect to z, we obtain

t

W30 < 0003 (5.7 ).

Hence, if 1 < p < oo, it holds that

||Wu,Tf||Ag(w) < b/ ||Muf||Ag(w) =p ||Muf||Ag(w) : (3.8)
On the other hand, we know that

D), ) = mn (T ({(z.) € B2 [h)(w.9)] > AP),)
and
[(Wurf),] () =inf {X>0:my ((T7" ({(z,y) € R*: |(uf)(z,y)| > A).) <t}
Let S = {(z,y) € R? : u(z,y) # 0}. From the hypothesis we know that for all F € B, F C S
ma (T, (1)) = dma ().
Now, let G = {(x,y) € R?*: |(uf)(z,y)] > A} (note that G C S), then
{A>0:m (T,(G)) <t} C{A>0:0my (G,) <t}

and it holds that

[(Wurf),]” @) =inf {X > 0:my (T, ({(z,y) € R? : |(uf)(z,y)] > A})) <t}
:inf{)\>0:m1 (T*1 G)) St}
> inf {A > 0:0m (
=inf {A > 0:dmy ({(z,y) € R*: |(uf)(z,y)| > )\}x) <t}

= inf{)\ >0:my ({(z,y) €R* - [(uf)(z,y)] > A},) < 5}

~

= 1nf{)\ >0: D(uf),; < %}
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ie.,
t

(o))" 0 = (0107 (5).

Now, we invoke Theorem [2.1.25 and rearrange with respect to x, then

(W (ou0) 2 M5 (5.5,

from where

||Wu7Tf||Ag(w) 2 61/17 ||Muf||/\12’(w) : (39)
Looking at inequalities (3.8) and (3.9)), it follows that for any f € AL(w),
o 1M, ll gy < W Fll gy < BIAMS gy @10

Lemma 3.2.2. Let M, be a compact operator. For € > 0, we define

Ac(u) = {z € R*: Ju(z,y)| > e} and LY = {fxa.w: feN(w)}.

Then LY ) is an invariant closed subspace of AS(w) under M,. Moreover, M|, is a
Ag(u)

compact operator.

Proof. Suppose that h, k € LY then h = fxa.() and k = gxa.) with f,g € Aj(w).
For scalars «, 3, it holds that

ah+ Bk = o (fxa.w) + B (9xa.w) = (@f)Xacw + (B9 Xa.w) = (@f + B9)xa. )

where (af 4+ B8g) € Aj(w). Hence ah + Sk € LY ) and then LY ., is a vector subspace of
A (w).
Besides, if h € LY ) with h = fxa. @), f € Aj(w), then

Mh=uh=u(fXa.@) = W)X (),

where uf € Aj(w). Therefore M,h € LY
subspace of Ab(w) under the operator M,.

which implies that Ll(u) is an invariant

u)?

Then, by Theorem [5.1.1}, Mu|LX w is a compact operator. O

Theorem 3.2.3. Let T : R? — R? be a non-singular measurable transformation for which
there exist constants b > 1 and § > 0 such that dmy (E,) < my (T, Y(E)) < bmy (E,) for all
E C R% Suppose that u : R?* — C is a measurable function such that W, is bounded on
AS(w). The following assertions are equivalent:
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i) War is compact.
ii) M, is compact.

i) LYy () has finite dimension for e > 0.

Proof. 1) < i) This follows from inequalities (3.10]) of Theorem and Theorem [5.1.3|
i1) = 4ii) Let € > 0, then

lefxa.w(@,y)] (z,y) € R

(UfXAE(u)) ( t) = (MufXa.w), (5,1).

u(z,y)| >e = |ufxa.w(@,y)]
= e (fxaw), (s,1)

Hence, for 1 < p < o0,

>
<

1Mo fx e | pp ) = € X0 gy -

Which implies that M,| LX is bounded below, therefore is invertible. Hence, since M,|;

£ Ag (u)
is compact, by Theorem , 2| the dimension of LY () is finite.
ii1) = i) Suppose that Lfga(u) has finite dimension for each ¢ > 0, in particular, for all
neN, LY (w) has finite dimension.

Define, for each n € N , Uy, : R? — C as follows

(£.y) = {g(ﬂf,y) %f (z,y) € A

Then, for each f € AL(w), it holds that
1 . 1.,
[t = ) f = [ = ul|F] < ~f = ((un = u)f); (5,) < —f3(s,1)
1

Therefore

My, — My|| = sup |[M,,f— Muf”Ag(w)
feAG(w)
Hf||Al‘2’(w):1

= sup ||Mun—uf||A12’(w)
feAS(w)
17y =1

= sup ||(un - u).fHAg(w)
feAS(w)
17y =1

§—|]f\|Ag(w)—>Oasn—>oo.

Hence M,, converges to M, uniformly. Next, since L'} ) has finite dimension, we have that
M,, is a finite range operator. By Theorem M,, is a compact operator, so Theorem
5.1.5| implies that M, is a compact operator. O
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3.3 Closed Range

In this section we study conditions under which the Weighted Composition Operator on the
space A5 (w) has closed range.

Definition 3.3.1. Let 7' : X — Y be a linear operator between normed spaces. T it is said
to be bounded below if

3 m > 0 such that m||z|| < ||Tz|,V¥ z € X.

Let us see when the operator W, r is 1-1.

Theorem 3.3.2. Let T : R? — R? be a non-singular measurable transformation and u :
R? — C be a measurable function. Then W, : AS(w) — Ab(w) is 1-1 if and only if
uolT # 0 and T 1is surjective.

Proof. (=)

a) Suppose that T is not surjective. Then there exist F© C R?\ T (R?) such that my(F) < oo
and therefore 0 # xp € AS(w). Now,

War(xr) (@) = w(T(2)) - xr(T(2));
since xp(T'(x)) = 0 (because T'(x) ¢ F'), we obtain

Wyr(xr)(z) =0, Vuze R?
= VVu,T(XF) = O,With XF 7& 0.

So ker(W,r) # {0} and then W, 7 is not 1-1. In conclusion T is surjective.
b) Suppose that uoT = 0. Let
E={zeR*: (uoT)(z) =0}, with my(E) > 0.

Then there exists A C R? such that T7'(A) € E and 0 < my(A) < oo (since 0 <
mo(T~1(A)) < ma(F), by being my non-atomic, and my(A) > 0, by being T non-
singular), so ya € Ab(w).

Consider

War (xa) () = (wo T) (z) - (xaoT) (2)
U( (7)) - xa (T(x))

(T'(x)) - x4 ().
o If T'(x) ¢ A, then x4 (T(x)) = 0, therefore

Wayr (xa) (z) =0.
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o If T(z) € A, then x € T"'(A) C E, so (uoT)(z) =0, therefore
Waur (xa) (z) = 0.
Thus,

Wor (xa) () =0, VazeR?

Hence 0 # xa € ker (W, r) # {0} and so W, r is not 1 — 1. In conclusion, uoT = 0
mo-a.c.

(<) Let y € R?, since T is onto, there exists # € R? such that Tz = y. So,
Worf =Warg,with f,g € Aj(w) = (Wyrf) (z) = (Warg) (2), 2 € R
= (uoT)(z)f(Tz) = (uoT)(x)g(Tx)
= f(Tz) = g(Tz),since uoT # 0= (uoT)(x) #0

= fly) =9(y),V y e R?
= f=g.

Thus, Wy, ris 1 — 1. O

In the following results, we will denote S = supp(u) = {x € R? : u(x) # 0}, the support of
u.

Corollary 3.3.3. Let T : R? — R? be a non-singular measurable transformation and
u : R? = C be a measurable function. Then W,r : L% — L% is 1-1, where LY =

{fxs:f€Aj(w)}
Proof. Consider W, (f) =0, where f = fxs € LY. Then

0= Wu,T(f) =

R

Ff=0. O

Corollary 3.3.4. Let T : R? — R? be a non-singular measurable transformation and u :
R? — C be a measurable function. Then W, : LY — LY is bounded below if and only if
W has closed range.

Proof. 1t follows from Theorem since W, ris 1 —1 on LY. O



78 3 Weighted Composition Operator on Ab(w)

Theorem 3.3.5. Let T : R? — R? be a non-singular measurable transformation for which
there exist constants b > 1 and § > 0 such that dmy (E,) < my (T, Y(E)) < bmy (E,) for all
E C R% Suppose that u : R* — C is a measurable function. If W, 7 is bounded on L%, then

W is bounded below on Lg(w) if and only if there exist r > 0 such that |u(x)| > r a.e. in
S.

Proof. (=) Suppose that W, is bounded below. There exists m > 0 such that

||Wu,Tf||Ag(w) > m [ fllapwy» f € L§- (3.11)

Let r > 0 such that r <m. Let R ={z € S : Ju(x)| < r} and suppose that 0 < my(FE) < oc.
Then, xg € LY. Now,
luxe(@)| < Irxs(@)], ¥ o € R?
= (UXE); (Sa t) S (rXE); (87 t)

= HuxEHAg(w) < ||7"XEHAg(w) =r ||XEHA’2’(w)'

So,

IWairXelgy < IMuXelgy by EI0
= ||UXE||Ag(w)
< 7 Ixell sz

<m|Ixell sz

which contradicts (3.11). Hence mo(E) = 0, that is to say, there exists r > 0 such that
lu(z)| > r ae. in S.
(<) Let r > 0 such that |u(z) > r| a.e. in S, then

|(wfxs) (@) = [(rfxs) (@)], V [ € Aj(w).

From where
et Xsllazy = I sz = 71X lazay -

Thus, by inequality (3.10]) in Theorem we obtain

HWu,TfXSHAg(w) > gt HMquSHAg(w)
= 07 uf xsl Az
> 677 [| sl az

which means that W, ¢ is bounded below. []



4 Multipliers Between BV, spaces

We saw in Section that the multiplication operator M, is a special and important case of
the weighted composition operator W, 7. This chapter is devoted to study the boundedness
of the operator

M, : BV, — BV,

where BV, stands for the bounded p-variation space, also known as Wiener type variation
space (see Definition for the cases 1 < g<pand 1 <p<gq.

Although BV -spaces (1 < p < oo) are complete normed linear spaces, they are not Kéthe
spaces. As a consequence of this, BV,-spaces behave differently compared with Lebesgue
spaces, Lorentz spaces (classic and multidimensional), etc. For example, for functions belong-
ing to BV, equality almost everywhere does not imply equality in norm. Also, BV -spaces
lack of lattice property. This makes the study of the boundedness of M, interesting because
we have to develop new techniques in order to attack the problem.

4.1 Introduction

Let E and F' be spaces of real (or complex) valued functions defined on a set X. A real (or
complex) valued function g defined on X is called a multiplier from E to F' if the pointwise
multiplication fg belongs to F' for every f € E. The set of all multipliers from E to F' is
denoted as M(E — F). When E and F' are normed spaces, then it is natural to consider
the operator M, : ' — F' defined as

Mg(f ) = fy.

The operator M, is called a multiplication operator induced by g, and the function g is
usually called the symbol of the multiplication operator.

It is then of interest to characterize the set M (E — F') as well as some properties of M, (such
as boundedness, compactness, closed range, etc.) in terms of conditions on the symbol g. For
example, Takagi and Yokouchi [51] characterized the set M(L, — L,), where L, stands for
the usual Lebesgue space. Nakai [45] studied the set of multipliers between Lorentz spaces,
Castillo and Chaparro studied the multiplication operator defined on Orlicz-Lorentz spaces
[20] and also on multidimensional Lorentz spaces [18]. The reader may find more information
about this topics in [46].
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In order to introduce the bounded variation spaces, we recall that a partition P of [0,1] is a
finite set P = {to,t1,...,tn} such that

O=to<ti<ta<---<t,=1.

Definition 4.1.1. For a function f : [0,1] — R, we say that f has bounded p-variation if

m 1/p
Var,(f) = sup (Z |f(t5) — f(tj-l)!”> < o0,

where the supremum is taken over all partitions P of [0,1]. The set of all functions f :
0, 1] — R with bounded p-variation will be denoted as BV, ([0, 1]).

Bounded variation spaces were introduced by Camille Jordan [36] in 1881. Since then, the
concept of bounded variation has been generalized in many ways. The one we discuss here
was introduced by Wiener [52] in 1924.

There are some special features that distinguish the BV,([0,1]) spaces from other spaces
such as Lebesgue spaces L, (and its generalizations: Lorentz spaces, Orlicz spaces, etc.).
For example, for functions f and g in L,, if f = g almost everywhere, then their L,-norms
are the same. This is not true for functions in BV,([0,1]). Even if f,g € BV,(]0,1]) differ
only on one single point, their norms can be very different. So, in the context of BV, ([0, 1]),
f =g means f(t) = g(t) for all t € [0, 1].

Another important difference between BV ([0, 1]) and L, spaces, is the lack of the so called
lattice property: for f,g in L,, if |f| < |g| almost everywhere, then HfHLp < HgHLP. This
property does not hold in BV, ([0, 1]), as is easily shown by defining on [0, 1] the functions

_foo ez B
f(t)_{L if t=1/2 and g(t) =1

For more details about bounded variation spaces and different types of variations, see [3].
There has been relatively little study of multipliers and multiplication operators on bounded
variation spaces. One of the few examples we can cite is [7], where the authors obtained
results about the multiplication operator M, : BV,([0, 1]) — BV(]0, 1]).

In this chapter, we characterize completely the set

M(BV,([0,1]) = BV,([0,1])).
In order to describe our answer, it is convenient to divide an argument into two cases:
CASEL1<¢g<p, CASEIl1<p<qg.

In Section [.2] we give some auxiliary results and definitions. In Section [4.3] we state some
theorems regarding the characterization described above.
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4.2 Auxiliary Results

We state here some auxiliary results that will be useful later.
Let us denote by B(][0,1]) the set of all bounded functions f : [0,1] — R with the norm

[ flloo := sup [f(t)].
0<t<1

It is a well-known fact that BV,([0,1]) is a subspace of B([0,1]) (see [3, p. 85]). Moreover,
if we set

1/ llv, = Ifllee + Vary(f).

Then (BVP([O, 1)), H-||va> becomes a Banach space. With this norm, BV, ([0, 1]) is a nor-
malized Banach algebra, i.e.

HfQHBv,, < HfHva HgHBVp : (4.1)
(See [37] for a proof of the above inequality). Besides, since the inequality
Var,(f)Y? < Var,(f)V, 1<q<p< oo, (4.2)
holds, one concludes that
BV,([0,1)) € BV,(0,1]), 1<q<p< oo
In the next lemma we show that the above inclusion is strict. This fact will be useful later.

Lemma 4.2.1. Given any strictly increasing sequence {t; }jeN C [0,1], there exists a function

f such that
1. f € BV,([0,1]) but f ¢ BV,(]0,1]), if 1 < g < p.
2. SUP¢te(t5,t541) @) = f(t;)-

3. infte(tj7tj+1) f(t) =0

Proof. (1) For some 6 > 0, consider the zigzag function Zy, defined on [0, 1] as

0 ift<t0Ol"t:(tj+tj+1)/2,j:0,l,2,...
1 . .
linear otherwise.

It follows that -
Var,(Zy)? Z —9 (1<p< o).

This means that Zp belongs to BV,([0, 1]) only if p > 1/6. In particular, for 1 < ¢ < p,
Z14(t) € BV,([0,1]) and Zy,4(t) ¢ BV,4([0,1]) (see [3, p. 89] for a similar discussion).
It is clear that Z,,, also satisfies conditions (2) and (3). O
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For any function f : [0,1] — R and any set E C [0, 1], we call
oscp(f) = jggf(t) — Inf f(2).

the oscillation of f on E. For 1 < p < oo, we define

m 1/p
op(f) = sup <Z oscfk<f>p> ,

k=1
where the supremum is taken over all collections {/;} of disjoint intervals contained in [0, 1].
For the proof of the Theorem [£.3.1] which is the main result of this chapter, it will be
convenient to use v,(f) instead of Var,(f). We show that they are the same in the following
lemma.

Lemma 4.2.2. For any function f € BV,([0,1]),
Var,(f) = vp(f).

Proof. Given any partition P = {0 = to,t1,...,t, = 1} of [0, 1], we construct a sequence of
disjoint intervals

I = (to, t1), Lo = (t1,t2), . .., Ly = (ti—1, tn)-
It is clear that

|f(t;) — f(tj—1)| <sup f(1) _tiélff. f(t)=osc(f), j=12,...,m.

tel;

Then
D) = ft)l <D oser, (1)

From which one concludes that
Var, (f) < vy(f). (4.4)

Now we will obtain the reverse inequality. Fix a sequence X7, X, ..., X,, of disjoint subin-
tervals of [0,1]. Then, for any € > 0, there exist z; € X; and ;1 € X, (j =1,...,m) such
that

f(z;) > sup f(z) —e and f(z;_1) < 1€n)£f(x) +e.

xEXj J
Therefore

|f(zj) = f(@j-1)| = fz;) = f(zj-1) > sup f(z) — inf f(z) — 2e.

z€X; reX;

And then . .
Var,(f)P > ) | f(a;) = flam) P > (osex, (f) — 2¢)".
Jj=1 j=1

From the above inequality, a standard argument shows that

vp(f) < Var,(f). (4.5)
Combining (4.4) and (4.5) we obtain the desired result. H
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4.3 Multipliers from BV, ([0,1]) to BV,([0,1])

In order to do the study about multipliers between BV, ([0, 1]) and BV,([0, 1]) spaces, we
separate it in cases.

CASEIL:1<qg<p.
Lemma [4.2.1] and the inequality

Var,(f) < Var,(f) (1 <q<p),

shows us that, for 1 < ¢ < p, BV,([0,1]) is a proper subset of BV,([0,1]). If we take a
function u belonging to BV, ([0,1]) \ BV,([0, 1]), then we cannot induce a multiplier from
BV, ([0, 1]) into BV,([0,1]). For the constant function f(¢) =1 € BV,([0, 1)),

Mu(f) =u-f=u-1=u¢BVy([0,1]).

Because of this, it is natural to restrict ourselves only to symbols u such that v € BV, ([0, 1]).
For any subset A C [0, 1], we denote by #(A) the counting measure on A, i.e.

number of elements in A, if A is a finite set
#(A) =

00, if A is an infinite set.

Moreover, for a function « : [0, 1] — R, we define

pu(r) = # ({t € [0,1] : [u(®)] = 7}).

In the next theorem, we shall see that the function ¢, allows us to characterize the set

M(BV,([0,1]) = BV,([0,1])).

Theorem 4.3.1. Suppose 1 < q < p, and let u be a function in BV,([0,1]). Then u €
M(BV,([0,1]) = BV,(]0,1])) if and only if v,(r) < oo for all r > 0.

Proof. Fix w € BV,([0,1]). Assume that ¢,(r) < oo for all = > 0 and take arbitrary
f € BV,([0,1]). We shall prove that uf € BV,([0,1]).
There is no loss of generality in assuming that both w and f are positive. Otherwise, we
decompose u and f as
u=u"—u, f=f"-f,
where the superscripts T and ~ stand for the positive and negative parts of the functions,
ie.
fr(t) =max {f(¢),0}, f(t) = max{—f(t),0}.
Note that
uf =t fr -t fT -t
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and
Varp(uf)l/p < Varp(u+f+)1/p + Varp(u+f_)1/p + Varp(u_f+)1/p + Varp(u+f_)1/p,

Then, it is sufficient to estimate each term separately.
We prove first the converse. If p(r) < oo for all > 0, then for any interval I} C [0, 1] there
exists ¢y € I such that u(t;) = 0. Since u and f are positive functions, it follows that

tlélj{(uf)( )=0 and tlenlil‘; u(t) = 0. (4.6)
We know also that
sup(uf)(t) < || flloo sup u(t). (4.7)
tely tely

From (4.6) and (4.7) we conclude that
oscr, (uf) < || fllo 08y, (u).

And then, adding over disjoint intervals I,

m

ZOSC] () <|fI% Zosolk

k=1 k=1

Therefore
Varg(uf) < || flle Varg(u) < Var,(f) Var, (u).

In order to prove the direct implication, by means of a contradiction assume that there
exists a number ry > 0 such that ¢(rg) = oco. Then we can find an increasing sequence
{tn}en C [0,1] such that u(t,) > ro. Recall the function Z,, defined in the proof of
Lemma [.2.1] We know that v,(Z1/,) < 00 and v4(Z1/4) = oo. For this function, it is true
that

inf Zy/4(t) =0, andalso  inf wu(t)-Zi,(t) =0,

(tjtj+1) (t5.t5+1)
then
O8C(t;,t541) (u : Zl/q) = sup (u : Zl/q) (t) — inf (u-Zy/g)(t)

(tj,tj+1) (tj7tj+1)

= sup (u-Ziy,) (1)

(tj,tj+1)
> u(t;) - Zy4(t; )
> 7o - Zl/q( j)
=79 sup Zy(t)

(t5ti+1)

=17 (( sup  Zyq(t) — inf Zy(t ))

ti,tit1) (tj:ti+1)
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=To- OSC(tjﬂtjﬂ)(Zl/q)-

From this one concludes that

CASEIl: 1<p<gq

The study of M (BV,([0,1]) — BV,([0,1])) for the case 1 < p < ¢ is quite easy. For the sake
of completeness, we will do it here.

The following result relies on the fact that BV, ([0, 1]) is a normalized Banach algebra, and
also on the fact that, for 1 < p < ¢, we have the continuous embedding BV ,([0, 1]) —
BV,([0,1]).

Theorem 4.3.2. Suppose 1 < p < q. Then u € M(BV,([0,1]) — BV,([0,1])) if and only
if ue BV,([0,1]). In this case, M,, the multiplication operator induced by u, is a bounded
linear operator from BV,([0,1]) into BV,([0,1]), and its norm is given by |[My|| = |[ullpy, -

Proof. If u € BV,([0,1]), then from (4.1)) and (4.2)) we get

[ufllgy, < sy, [ fllsv, < lullsy, 1flsy, < oo (4.8)

Then uf € BV,([0,1]).
Conversely, if u € M(BV,([0,1]) — BV,([0, 1])), then, since the constant function h(t) =1
belongs to BV, ([0, 1]), we have

M,h(z) = u(z) - h(z) = u(z) - 1 = u(x), (4.9)
so u € BV,([0,1]).
Finally, from (4.8) and (4.9) we conclude that || M, = ||ul|gy,. O

Remark 4.3.3. The results we have obtained in this chapter can be performed, with some
modifications, for functions of several variables. For some information about bounded vari-
ation in this setting, the reader is refer to [3, p. 91], [10] and [44] .
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5.1 Some results from functional analysis

Below are listed some theorems from functional analysis that we used often in Chapter [3]
The interested reader is invited to check [2] [34].

Theorem 5.1.1. The restriction of a compact operator to an invariant closed subspace s
compact.

Theorem 5.1.2. Let T be a compact and invertible operator. If T~ is bounded on a normed
space X, then dim(X) < oo.

Theorem 5.1.3. Let X and Y be Banach spaces, S and T bounded linear operators form
X to Y. If there exists o > 0 such that ||S|| < o||T|| and T is compact for all x € X, then

S is compact.

Theorem 5.1.4. Let X and Y be normed spaces, T : X — Y be a linear operator. If T is
bounded and has finite range, then T is a compact operator.

Theorem 5.1.5. Let {T,,} be a sequence of linear compact operators from a normed space
X into a Banach space Y. If {T,,} converges uniformly, i.e., if || T, — T'|| — 0, then the limit

operator T is compact.

Theorem 5.1.6. Let T : X — X be a linear bounded operator between Banach spaces. The
following assertions are equivalent.

a) T is bounded below.
b) T is 1-1 and T(X), the range of T, is closed in'Y .

c¢) There exists the bounded inverse of T, i.e., there erists T™' : T(X) — X and it is
bounded.

Observe that a) and b) are equivalent in any normed spaces without being T' bounded.
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5.2 A result about sections

While I was doing some calculations for Chapter [3| a question about z-sections and multi-
plication by an scalar came up. I didn’t use this result in this thesis but I want to include
it anyway.

Remember that if £ C R?, then £, = {y : (z,y) € E}.

Proposition 5.2.1. If X\ is an scalar, then
AE, C (ME), .
Proof. Note that

MNE, ={\y:ye E,}={\y:(z,y) € E}, and (A\E), ={y: (x,y) € \E}.

Let ze AE, = z=M\y,y€E,

= z=My,(r,y) €F

= 2=y, \(x,y) € \E

= z=Xy,(Ax,\y) EEs e =T, \y =17
= z=19,(T,9) € \E
= z€e€(\E),. O

Remark 5.2.2. Inclusion in Proposition may be strict. Consider the following example.
Take E = B(0,1) = {(z,y) € R? : 22 + y?> < 1} C R?, and take A = 2, z = 1/2. After some
calculations, we see that

%

25 = B(0,2) = (2E), ), = |-V, V7|, and 2B, =2 [_ \/51 = [-v3.v3].

"2

5.3 A useful inequality

In the following proposition, we will prove the inequality (2.37) that was used in Theorem
2.2.9

Proposition 5.3.1. Let a,b € R with a # 0. If p > 1, then

jaf'/7 + [b] 7 < 2'7VP (Ja] + B])
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Proof. Consider the function

2 b (1+8)r — 1 —tr,¢ > 0.

-

~~
~

~—
I

We know that

1% 1
R tli]
ot s — (1 4+4)
(141¢) 5t ] '

"=, "B~ "B

A critical point is ¢ = 0. Another critical point is

- 2t = (1+1)
]__
= 21_% = ﬁ)
t
1+t
= g 11
t
1
= 2=1+-
t
= t=1

Derivating one more time,

Then

f//(l) —

—_
|
=
N———
/T\
N———
V
ja=)
=.
=
Q
¢]
S
V
=
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Since f(0) = 2'"Y/? —1 > 0 and f(1) = 0, we see that f has a global minimum at ¢ = 1.
Therefore
ft) = f(1) vi € [0,00)
= 217Vr(1 + t)l/p —1—tY? >y
= 2P(1 4 )P > 1 /P,

1/p 1/p
21~ 1/p <1 + M) > 1+ (M>
|al |al

1
g (lal BN JalP 4 (b
a T a7
21*1/p(|a| + |b|)1/p N |a|1/p+ |b|1/p
|la|V/P - |la|V/P

= 27 (o] + )P = a7 4 o7 O

By taking t = %,

5.4 Chebyshev’s type inequality

A Chebyshev’s type inequality holds in the spaces A5(w). The result reads as follows.

Proposition 5.4.1 (Chebyshev’s type inequality). Let f € Ab(w). Then, for any real
number t > 0, we have
118 )
o
where E = {x € R?*: |f(x)] >t} and w : R* — R is a weight such that w (E*) = [,. w(x)dx.

w(E*) <

Proof. For any z € R? we have

txe(z) < |f(2)]

(txe)y < 1f15
txe-(r) < f5(x)
t*xe(z) < [f3(2)]"

v [ xe@u@ds [ P

G

= tr /E w(z)dr < /Ri [f5 ()] w(z) da
- tPw (E*) < ||f||f\g(w)
R w (&) < Mg

tp
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