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Niels Bohr: “What are you working on Mr. Dirac?”
Paul Dirac: “I'm trying to take the square root of something”

A mi familia
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Resumen

El presente proyecto tiene como objetivo utilizar una extension U(1) x no universal al modelo
estandar que permita explicar el problema de jerarquia de masas. Posteriormente, aplican-
do una simetria global axial tipo Peccei-Quinn U(1)pg se pretende obtener un modelo que
permita ademas interpretar el problema C P-fuerte. El esquema propuesto permite distin-
guir entre familias fermionicas sin introducir simetrias discretas adicionales, generando los
ansatz de matrices de masa correctos para obtener el espectro de masas fermiénico obser-
vado experimentalmente en el modelo estandar. El rompimiento espontaneo de las simetrias
del modelo es producido por dos dobletes escalares de Higgs y dos singletes, donde uno de
estos ultimos tiene la excitacion asociada con el axion, el cual posee una rica fenomenolo-
gia estudiada en la literatura. El sector exotico esta compuesto de un axion invisible a, un
quark pesado T tipo up y dos quarks pesados J'2 tipo down, dos leptones pesados cargados

E,& y un neutrino derecho vz’

adicional por familia. Ademas, la gran escala de energia
asociada con el rompimiento espontaneo de la simetria de PQ permite generar masas para
los neutrinos derechos. Asi, a través de un mecanismo see-saw tipo I, los neutrinos activos

adquieren masas del orden de los eV.

Palabras clave: Extensiones no universales, Simetria de Peccei-Quinn, Anomalias qui-

rales, instantones, teorias efectivas, axién.
Abstract

We present a non-universal U(1) x extension and an additional global anomala Peccei-Quinn
(PQ) symmetry to the standard model (SM). The scheme proposed allow us to distinguish
among fermion families without introducing additional discrete symmetries and generating
the correct ansatz of mass matrix to obtain the fermionic mass spectrum in SM. The sym-
metry breakdown is performed by two scalar Higgs doublets and two scalar singlets, where
one of these has the excitation associated with the axion-particle which turns out to be a can-
didate for dark matter. The exotic sector is composed of an invisible axion a, one up-type T’
and two down-type J1? heavy quarks, two heavy charged leptons E, £ and one right-handed

€1, T
Vg

spontaneously breaking (SSB) of the PQ-symmetry provides a solution to the strong CP-

additional neutrino per family. In addition, the large energy scale associated with the

problem, also giving masses to the right neutrinos in such manner that the active neutrinos
acquire eV -mass values due to the see-saw mechanism implementation.
Non-universal extensions, Peccei-Quinn symmetry, chiral anomalies, instantons, effec-

tive theories, axion.
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1 Introduction

One of the most successful current physical models in the agreement between experimental
results and theoretical predictions is the standard model of particle physics (SM) proposed
by Glashow, Weinberg and Salam [I}, 2, 3] in the decade of the 60s. SM predicts with a high
degree of precision the interaction between the different particles, explaining a wide variety
of experimental results and predicting a large number of phenomena, such as the discovery
of the W and Z gauge bosons and the prediction of the Higgs boson [4]. Despite all the
successes in different fields, SM has some problems that can not be explained within the
context of the theory:

= Within the framework of the SM, neutrinos appear as massless particles, contradicting
the observed experimental results [5]. The introduction of right- -handed heavy neu-
trinos in order of(10'? — 10')GeV (See-Saw mechanism) [6] is a possible explanation.
Adding Majorana neutrinos it is possible to introduce smaller masses [7, [§]

» The mass hierarchy of the fermions together with the concept of flavor and the existence
of three different families of particles (table are known as the flavor problem
[9]. The SM requires particles without mass because due to the presence of chiral
interactions, the Lagrangian can not include them directly. The masses (table are
generated via spontaneous symmetry breaking SU(2);, x U(1)y — U(1)q through the
Higgs mechanism [10], ensuring a mass value for each of fermions on the same scale
(v = 246GeV). But experimentally it is observed there are three different hierarchies:

» Mass hierarchy among fermionic families i.e. m, > m, > me,mp > mg > my
and m; > m. > m,,.

e The second kind of hierarchy is within the families i.e. mg > m,, m. > m, and
my > my.

e The third hierarchy is associated with the values of the quark-mixing angles i.e.
sin 912 > sin 023 > sin 913,

which requires a numerical adjustment of the coupling constants of Yukawa to obtain
a correspondence between the predicted values and the experimental values. This pro-
blem is known as the Fermionic mass hierarchy problem and is closely related to the
mechanism for generating masses. Within the theoretical structure of the SM it is not
possible to find a proccess to produce the observed fermionic mass spectrum .
Therefore, it becomes neccesary to use theories beyond the standard model. One of



the first attepts to understand the three mass scales in the mass fermionic spectrum
by means of mass matrices with suited textures was proposed by H. Fritzsch [111, 12].
C. Froggatt and H. Nielsen presented a model in which the heaviest fermions acqui-
re mass through the vacuum expectation value (VEV) of the Higgs fields, while the
lighter ones obtain mass through radiative corrections using degrees of freedom hea-
vier than SM particles [13]. Another possibility to understand this problem is based
on assuming that the light neutrinos are the particles which acquires masses through
these radiative corrections [14, [15]. Similar methods involve analyzing the quarks mass
spectrum and the mixing angles of the CKM matrix [16], extra dimensions [17] and
anti-de Sitter space approaches in brane theories [18]. It is also possible to obtain the
mass spectrum by introducing discrete symmetry and an anarchic mass texture [19)].
Finally, the detection of the Higgs boson has allowed new schemes involving exten-
ded scalar sectors (2HDM) [20] and some extensions through additional scalar fields
(N2HDM) [21], N3HDM |[22]), which generate the additional VEVs required to produce
the correct masss matrices textures in order to generate the desired hierarchies in the
fermonic sector.

Another problem that does not allow a direct solution through SM is the existing
asymmetry between particles and antiparticles (baryonic asymmetry) in the universe.
In 1967 Sakharov [23] discovered that in addition to requiring a violation in a discrete
type C symmetry (symmetry of particle-antiparticle exchange), a violation of the C'P
symmetry is required (C' transformation plus a spatial reflection). Electromagnetism
and strong interactions are symmetric under C' and P, while weak interactions are not
symmetric under C, in addition to presenting a small violation of C'P [24]. But this
violation is not enough to explain the phenomenon of baryonic asymmetry, so it is
necessary to find sources C'P - violation in other sectors.

There is an associated theoretical problem and it is the apparent absence of C'P viola-
tion in the strong interaction. Quantum chromodynamics (QCD), which is the theory
that explains the processes of strong interaction, is a theory that is symmetric un-
der the group of transformations SU(3), which is a non-abelian Lie group. QCD is
in principle non-symmetric under C'P, due to the presence of a term associated with
non-conservation of chirality, that is, QCD is not symmetric under U(1) 4. The physical
parameter that involves the breaking of the C'P symmetry comes from two contribu-
tions that differ in their origin, so it is necessary to explain how the combination of
these two anomalous terms that generate a particularly small (but not null) result can
be compatible with the experimental fact that no such violation is observed. This is
the so-called Strong C P-problem. Some of the most studied solutions in the literature
for this problem are:

o Non-conventional dynamics: Establish the fact that the #-parameter is only a
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result of exotic vacuum periodicity conditions [25] or state that the #-contribution
is due to the impossibility of selecting appropriate boundary conditions for the
vacuum [26],

e Spontaneous C' P-braking: If C'P-symmetry is spontanously broken, 6 = 0 at tree-
level [27], 28 29]. However, in this kind of process  is re-induced to 1-loop level.
Then, to obtain the necessary limit # ~ 10~ in order to solve the C'P-problem,
it is required to ensure that 6 is vanished at 1-loop. This situation requires com-
plex VEV for the Higgs fiels, which leads to situations (Flavor changing neutral
currents (FCNC) and domain wall problems [30]) that requires physical concepts
more complicated than the problem to solve |31}, [32], 33} 34],

e Introduction of an additional chiral symmetry: Adding an additional symmetry,
it is possible to induce a spontaneous rupture process, generating an effective
theory in which the static angle 6 is replaced with a C'P-conserving dynamical
filed. This can be done at the limit where the mass of the lightest quark in the
model is exactly zero [35] or expanding the SM symmetry group [30, 37]. The first
option is ruled out mainly by an analisis of current algebra [38] and experimental
limits [39]. Then, the best option is introduce an additional global chiral U(1)
symmetry known as the PQ-symmetry, resulting in a mechanism to solve the
C'P-problem known as the PQ-mechanism [37, 139, 140, [41]

= The standard cosmological model requires the existence of dark matter and dark energy
([42], [43] )but the standard model of particles in its current form does not provide
a good candidate. Structure formation depends on wheter dark matter is hot (par-
ticles whose momentum is much larger then their masses) or cold (slow-moving par-
ticles). A successful dark matter candidate should be electrically neutral with small
self-interactions. It also should have a very long life-time. In order to quantify the
amount of the components of the universe, the density parameter is defined as [44]:
Oy = 2%, (1-1)
Pe
where px is the density of the X-component (Dark matter, Dark energy, ordinary
baryonic matter), and p, is the critical density

_ 3H?
pC - 87TG’
with H = a/a is the Hubble parameter [45] and G is the gravitational constant. Using

the reduced Hubble parameter h defined by Hy = 100h(km/s)/Mpc, (where Hy is the
current value of the Hubble parameter), it is possible to write a density parameter

(1-2)

based in the anisotropies of the Cosmical Microwave Background [46] for the baryonic
(b) and total amount of matter (m):

Q,h? = 0,0226, Q..h* =0,133 (1-3)



Therefore, the density parameter of non-baryonic dark matter (dm) is:

Qumh® = 0,112 (1-4)

In SM, neutrinos are the only particle that meets these requirements, but, their density
is not enough to satisfy the expected results (1-4)) [47]:

Q,h* < 0,066 (1-5)
1t Family 274 Family 37¢ Family
1 1 3
1 u 1 u 3 u
qr, = ( 1 ) qr, = ( 1 ) qr, = ( 3 )
d J,  /, @/,
Up U U
dpy djy diy
e m T
i), w= (), 5-(7)
©“/r “Jr © /L
e, e eRrT

Tab. 1-1: Flavor fermionic families in SM

Family Particle Mass

u 2,270 MeV
1 d 4,770 MeV

e 0,511MeV

c 1,27 + 0,03 GeV
2 S 96 8MeV

L 105,7MeV

t 173,21 £ 0,71GeV
3 b 4,181005GeV

T 1,776GeV

Tab. 1-2: Fermionic masses in the SM

The common feature of any scenario that allows a solution to the aforementioned problems
is the need to propose models beyond SM. The flavor problem addresses different situations
such as the number of families, the mass hierarchy for fermions among others. Although
these observations should be obtained naturally from the theoretical background model, SM
does not provide them, then the implementation of models beyond SM is necessary. The
simplest extension and one of the most studied is done through the addition of U(1)" gauge
symmetries. There are many motivations to consider this type of models [48]. For example,
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supersymmetric extensions that provide mechanisms of effective mass generation through the
addition of scalar singlets [49], non-supersymmetric extensions associated to models with dy-
namic symmetry breaking, extra dimensions, etc. [50, 51], which includes flavor physics [52],
neutrino physics [53], 54], dark matter [55, [56] among others.

The present project proposes to use the non-universal extension U(1)’ to solve the problem
of mass hierarchy, to subsequently apply a Peccei-Quinn U(1)pg symmetry to explain the
strong - C'P problem. In addition, associated with the new energy scale introduced by the
PQ mechanism, it will be possible to implement a see-saw mechanism to give mass to the
active neutrinos. Chapter |2 reviews the concept of anomalies in Abelian theories, trying
to address the perturbative approach from the Adler-Bell-Jackiw anomaly (ABJ Anomaly)
and Fujikawa’s non-perturbative approach. Then, in chapter 3| the presentation of the ne-
cessary concepts to address the anomaly in non-Abelian theories is made and consists of
three parts. In the first part, an introduction to the basic concepts of quantum chromody-
namics is made. After that, the problem known as the “missing-meson” or U(1) -problem
is addressed. A possible solution to this problem is shown by introducing the concept of
instanton, which will allow for a new analysis of the vacuum of quantum chromodynamics,
to continue with an analysis of the origin of anomalies in non-Abelian gauge theories. In the
last part, the formulation of the CP-strong problem is presented and the solution associated
with the Peccei-Quinn mechanism is shown. Chapter 4 presents the construction of an abe-
lian extenion of the Standard model in order to study two problems: the hierarchy fermion
spectrum and the strong CP-problem. The mass eigenvalues for the scalar and fermionic
sector are obtained and the process to calculate the charges associated with the introduction
to the Peccei-Quinn anomala symmetry. Finally, some conclusions are discussed related to
the obtained results.



2 QFT anomalies

In common terms, an anomaly is a symmetry that becomes manifest through a process of
conservation at a classical level, but, after performing the quantization process, it no longer
exists. It is of crucial importance the study of anomalies in physics, since the consistency of
a model depends exclusively on the appearance of some types of anomaly: global anomalies
allow to explain physical phenomena as the decay of 7, but the existence of local anomalies
can damage the gauge invariance and therefore the renormalizability of the theory, making it
totally inconsistent from the physical point of view. To build extensions beyond the standard
model to solve problems that have no solution within the original framework, it is necessary to
find conditions that require the total cancellation of anomalies of local type. We are interested
in studying the origin of such anomalies in order to build extensions to the standard model
that allows us to solve two specific problems: the strong C'P problem and the mass hierarchy
in the fermionic sector. For this, we need to analyze the emergence of the so-called chiral
anomaly and understand from this the approach of conditions for anomalies of local type.

2.1. The chiral anomaly in 2 dimensions

Maybe a good strategy to build the anomaly into 3 4+ 1 dimensions is to approximate into
the 1 4+ 1 anomaly. Our problem is related to study the behaviour of the ground state of a
single-flavor theory with massless fermion in the presence of an electric field. This field is a
fixed background field, not a fluctuating one, so the action of switch on this field has to be
done adiabatically. The action related to the massless fermion if the background fixed field
A, is not turned on is:

S = / dzip, (2-1)

where the two-dimensional massless spinors are:

V(1) = \/% / d exp [—ika] @i (1),

it = = [ dkexplikal (0 2-2)

1
V2
(with 4 = 1,2) and the a’s satisfies the anticommutation relations:

{ain(®), aju()} le=er = 6(k — 1)d; (2-3)
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For study this problem we construct a Clifford algebra with the following commutation rule:
(" =" wr=0,1, (2-4)

and we choose the 2-d Dirac matrices in the following way:
V=0 A =io, =" =0y, (2-5)

where o; denote the familiar Pauli matrices. Thus, at classical level, we found that the
lagrangian structure satisfies the expected conservation laws. Under the U(1) symmetry
1) — e*1) the vector current and the associated electric charge have the form:

Ju= O, 9, =0, Q(t) = / djolt. ) = Q = 0, (2:6)

and under the U(1)-axial symmetry ¢ — €©7"1) the conservation of the axial current and
the associated axial charge can be written as:

=, =0, Q) = / dajS(t, ) — OF = 0. 27)

The selected basis ([2-5)) allows to write the massless Dirac Fermions into independent chiral

components:
_ (" (0
u=(9) = (7). 29)

where the ¢ component is a left-moving fermion and the vy is a right-handed moving
fermion. Written in terms of this chiral components, the action (2-1) becomes:

5= / ity + i, v, (2-9)

with 01 = 0; + 0,. Then, the chiral fermions 1); satisfies the equation of motion 0_1; = 0
which has the solution 1y = 91 (t + x) (or, in other words, v, is a left-handed fermion) and
1o satisfies 0,109 = 0, corresponding to a right-handed fermion vy = 15(t — ). The chiral
components have a chirality £1:

Y r = 1 R (2-10)

The chiral charges have the form:

QrLr = /dmZL,R%l/)L,R = /dx¢£,R¢L,R7 (2-11)
therefore, the vector and axial current can be written as:

Q=0Qr+Qr Q° = QL — Qr. (2-12)
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The axial charge for a left- or right-handed fermion corresponds to:

Q= / dad m g = £ / dr, b = +Qup. (2-13)

Thus, the number of left-moving fermions and the right-moving fermions are separately con-
served. This fact is known as a chiral symmetry.

Naively, we could expect these conservation laws to be maintained when the background
field is turned on. Deforming our theory to include A,, the action has to be written as
(considering A, as a not fluctuacting field):

S = / d>ziy D, (2-14)

with D,, = 0, —iA,,. In this context is really useful to choose our vacuum states in the Dirac
sea language: the vaccuum configuration consists of filling all negative energy states, and the
corresponding states with £ < 0 are unfilled. It is possible to propose a compactification
over all the configuration space onto a 2—dimensional cylinder related to an x—space turning
around a S! circle in order to provide a better analysis. The boundary conditions are [57]:

(e ) (i)
(P ) 19

The antiperiodic condition in the wave function is only a matter of convenience in order
to reproduce the correct structure of the vacuum associated with the Dirac sea [5§]. The
gauge field is chosen such that Ay = 0 and the electric field A; = A;(¢) can be turned on
adiabatically. This means that the field configuration is periodic inside the S' circle with
length 27/L. The associated Dirac equation is:

(i - A) v =0, (2-16)
Under the Ay = 0 and boundary conditions, we can rewrite:
(10900 + ioy (10 — Ay)) b = 0. (2-17)

Multiplying by os:

Expressing the fermion wave function (2-2)) into the Fourier series:

Ot z) % S ullk) exp (—iBit) exp (ikz), (2-19)
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(where the u(k)’s have the expansion coefficients plus the contribution of the a’s, and E, k
are the corresponding energy and momentum of the fermions satisfying a dispersion relation)
and applying the boundary conditions (2-15|), we have:

27 1

Wt z) = % > " u(k) exp (—iEyt) exp [if (k + 5) x} . (2-20)

k

Using
Oop(t, ) = —iEpi), (2-21)
2 1
ot a) =i~ (k+=)| v, (2-22)
L 2
we obtain the energy solutions for the left- and right-handed fermions:
2 1
EE =" (g4 2 A 2-23
=T (ke )+ (223)
2m 1
Ef =" (k+=-)-A 2-24
- (ke 3) - (2-21)
with &k = 0,41,42,---. The energy spectrum are discrete because of the compactification

(the conditions generate this specific structure). Then, we can see that when the
A; = 0, the ground states are degenerated (this state represent the ground state). If we
turn on the field, the levels split: the left levels increase and the right levels decrease in the
same amount of the background field. When A; = 27 /L, the structure arise to an equivalent
state to the initial configuration (as we expected for a gauge equivalence), but we produce
a left-handed particle and an right- handed hole. The electric charge of the left particle and
the right hole are opposite, then there is no change in the total electric charge and the vector
current is conserved:

"j, =0, Q=0. (2-25)
On the other hand, the axial charge (Q° = Q1 — Qr) is identical for both the left particle
(Qr = 1,Qr = 0) and the right hole (@ = 0,Qr = —1). Therefore, the total axial charge
changes:

AQP=1+1=2. (2-26)

Taking into account that we increase the background field A; from 0 to 27 /L (gauge equi-
valence), it is possible to write:
2w LAAl

AAl = T — 2= P (2—27)

Thus: LAA
AQ° =2 = L (2-28)

™
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Fig. 2-1: Energy levels associated with the A; # 0 fixed background field

E,

Empty levels

L — particle

Filled levels

where we have used the change associated with the background field. The rate of change per
time unit is:

AQ® LAA,
= ) 2-29
At T At ( )
Considering the local change in this rate, we have:
o [ 19 [*
— [ dajo(t,x) === [ dzA(1). 2-30
5 | dridn) = 5 [ arai) (2:30)
Thus, for the axial current we have:
1
dojo = =0 A, (2-31)
T
or written in a Lorentz invariant way, we arrive to the anomaly in 2-d [59]:
1
gt = =g, 0" A”. (2-32)
T

Therefore, the axial classical symmetry does not arise a conserved quantity under the new
background field assumption. These extra fermions come from the infinite associated with
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the structure of the Dirac sea. The only solution would be to truncate the structure of the
vacuum in some specific place, in order to compensate for the excess of effective fermionic
states with the exhaustion of right - moving states. The Dirac sea is a infinite structure itself,
so the origin of the anomaly expression is related with the infinite number of states.

2.2. Classical conservation laws

In the previous section, we have seen that the origin of the anomaly term is related to
the non-conservation of the axial charges in the presence of background electromagnetic
fields. This affirmation seems to contradict the Noether’s theorem, which affirms that the
axial charge is a conserved quantity [60]. In this section we will remember the Noether’s
theorem, to later try to deduce the origin of the unconserved terms. For this, we will start
with a general theory for scalar fields and then generalize to fermionic fields by finding the
corresponding axial symmetry. Considering an infinitesimal transformation of the scalar field
o:

6¢ = aX(9), (2-33)

where « is a infinitesimal small parameter. We consider this trnsformation as a symmetry if:
oL = 0. (2-34)

L is the lagrangian density as usual. If the parameter « is an space-time dependent function
a = a(x), the lagrangian changes as:

oL oL
0L = W@»(QX(@) + a—¢aX(¢) (2-35)
~ (0,0) 5755 X(0) + | 515550 X(9) + 5a(0) (2-36)

When « is constant, 6L = 0, therefore the square brackets must vanish. The remaining
expression is:

oL
oL = (0,a)J" with JH = X(9). 2-37
Therefore, the action changes as:
§S = / dxoL = / d®z(9,a)J" = — / d*rad, J", (2-38)

which holds for any field configuration. Then, if the parameter a(z) decays asymptotically
it is possible to ignore surface contributions. In addition, if the field ¢ satisfies the classical
equations of motion, §S = 0 for any variation d¢ including with @ = a(z), resulting
in the conservation law:

8" = 0. (2-39)
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Considering the QED lagrangian
- 1
L =@ —m) — ZF,WFW. (2-40)

Then, it is possible to build the currents

Vectorial Ju = VY0, (2-41)
Axial ) = y,75, (2-42)
Pseudoescalar P = rys1), (2-43)

from the equations of motion associated with Lagrangian (2-40)) (Dirac’s equations)

(i) —m)y =0, (2-44)
@(ig +m) =0, (2-45)

It is possible to write the following conservation laws:

auj,u = 1;&1/1 + WZM
= ipmy) + ih(—m)y
=0, (2-46)

0"y = ivmysy — iys(—m)y
= 2imP, (2-47)

where the definition of currents and the property of anticonmutativity of Dirac matrices have
been used:

{57} =0.

Then, it can be observed that the vector current is conserved. The axial current is preserved
for massless fermions:
3"]’2:0 for m =0.

2.3. Ward ldentities

The laws of conservation in QFT are generated by explicit relationships between Green’s
functions. These relations, which also include the functional generator, are known as Ward
tdentities and allow an internal consistency of the theory. It is possible to study the origin
of the conservation laws in QFT through the Euclidean path integral, where the euclidean
time is defined as:

T =it. (2-48)
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This transformation is known as a Wick rotation. Then, the path integral can be written as:

Z[K] = / D¢ exp (—S[qb] + / ddeqzﬁ) , (2-49)

where K (z) is a background source for the fields ¢ [60]. Under the transformation (2-33])
written as:

¢ — ¢ =¢+a(x)X(9), (2-50)
the partition function transforms as:
Z|K] = /ng’ exp (—S[gb'] + /ddeqb') . (2-51)

Then, as the field is a dummy variable, the transformation leaves the same partition function.

Using and (2-50), we can rewrite:
Z|K] = / D¢ exp (—S[gb] + / ddeng) exp (— / d*wa(x)(0,J" — KX))
~ / D¢ exp (—S[gb] + / ddegb) {1 — / d*zo(z)(9,J" — KX)} : (2-52)

where we assume that the symmetry is conserved in the measure i.e. Dy = D¢ (but the
reality is completely different (2.6))). The first term in the squared brackets are the original
partition function, therefore we obtain:

/ D¢ exp (—S[¢] + / dd:vK¢> { / d*zva(x)(0,J" — KX)] =0. (2-53)

Since «(z) is an arbitrary parameter, we can lose the integral and obtain an expression for
each spacetime point:

/D(bexp (—S[qb] + /d%qu) (0" — KX) =0. (2-54)
Setting K = 0, we get:
(0uJ") =0 (2-55)

We can derive correlation functions between d,J* and ¢ differentiating with respect to K (2')
before setting K = 0:

O (J*(2)(2)) = d(x — 2') (X(¢)) (2-56)
If we differentiate more times, we get:
O (J*M(z)p(z") ... ¢(a™)) =0 for z#2a’ (2-57)

Then, if x matches one of the insertion points x’, the expression (2-56)) pick up a term pro-
portional to d¢ on the righr-hand side. these expressions are known as Ward identities. These
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identities remark the fact that 9,J" = 0 inside any correlation function when its position
does not coincide with the insertion point of the other fields.

Then, in general, for any set of arbitrary operators O the correlation function has the form:
(0T T*(2)O" (y1) - - - O (ya)10) - (2-58)
Differentiating this expression is obtained
I, <0!TJ”( )0 (y1) -+~ O"(yn)[0) = (0|73 ()0 (y1) - - O"(yn)|0)

+ Z (0| [1°(), O'(1)] 8(x0 — y0)O" - - - O 1O .. O"|0) (2-59)

where the commutator and the Dirac delta come from the derivatives associated with the
step function © in the temporal ordering (then g,y corresponds to the temporal coor-
diantes) and the super-index x in the partial derivative corresponds to the insertion point.
Inserting the conservation laws for the vector current , we obtain the Ward identity
for general operators . These relations associated with the Green’s functions must be
satisfied in order to guarantee the renormalizability of the theory [57],[61].

To see more clearly the result in a particular process that will be of vital importance in
the analysis of the anomaly, we will study a certain type of one-loop Feynman diagrams
known as “triangle diagrams”. These kind of diagrams are special because they involve both
U(1)y current j# = ¢py*1) and the axial U(1)4 current j* = ¥y#9°t. The anomaly arise in
the fact that even in the free theory these diagrams need to be regulated, but any process
of regularization implies the violation either the U(1)y symmetry or the U(1)4 symmetry:
there is no way to preserve at the same time both symmetries. In order to build the necessary
background to study these diagrams, let us study the 3—point correlation function:

(2, y,2) = (017" (=) (2)¥(y)|0) . (2-60)

where j* corresponds to (2-41). Therefore, to obtain the Ward identities we require the
commutator to equal times:

[7°(2), ()] 8(20 — 20) = [ (2)1(2), % ()] 6(20 — o)
= —{¥(2),v"(2) } ¥(2)(z0 — z0)
= —(2)6*(z — 2). (2-61)
Further [j°(2),¥(y)] 6(z0 — yo) = ¥(2)d*(z — y). Now, imposing the current conservation
condition ([2-46f), we get using :
Ot (z,y,2) = 0, <0|TJ 2)P(2)¢(y)]0)
= <0!T #(2)¢(@)P(y)]0) + (01T [1°(2), ¥(@)] 0(20 — 20)1()]0)
+ (0T (x) [°(2), ©(y)] 6(20 — %0)0) - (2-62)

~ =
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Using the commutators , we get:
Opm(w,y, 2) = = (0T ()Y (y)[0) 8* (2 — z) + (0|T¥(x)¥(2)[0) 6% (= — y)
= —iSp(z — y)6*(z — ) +iSp(x — 2)0*(z — y), (2-63)

where Sp is the usual fermion propagator [60]. The Ward identity for the conserved vector
current takes a particularly simple form in the moment space:

(P — P (p,p") = Sr(p) — Sk(p). (2-64)

Taking only the contributions of the amputated diagrams (that is, keeping only the vertices):

™(p,p') L / ~
- SF(p>SF<p,) =T (p7p>‘ (2 65)

which allows us to finally express the principle of conservation as the Takahashi’s identity
[57]:
(pu — 2,)T"(p,0) = Si' (p) — S5 (). (2-66)

Then, taking the limit when p — p':

I (p,p) = (2-67)

I(p,p) = =—S5" (p), (2-68)

we get Ward’s identity.

2.4. Triangle diagrams

We are interested in the 3—point correlator function involving two vector currents (2-41))

and one axial Curreniﬂ (2-42):
[0 (@, g, w3) = (O|T (5" (1) (22) 4 (23)[0) (2-69)

where T' denotes again time-ordering. It is much easier to work in the space of the moment
as we saw before. The Fourier transformation is:

/ xy o d’ w3 TP (11, g, mg) P o1 TP2E2HALS — DUy 1y q)6° (pr +p2 +q)  (2-70)

where the delta function on the right-hand side indicate the fact that our theory is transla-
tional invariant. According to (2-69)), the momenta p; and ps are related to the vector current

!The relevance of this function is that in the end, the anomaly equation includes an axial current j4 and
two gauge fields, which couple to the vector currents j*
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while ¢ refers to the axial current. We naively expect from the classical behavior that the
currents are conserved. Consider:

o . ) )
kv L0 (s kos q) = —i/d3$1d3$2d3$?,rwp<$1, 5152,$3)W€lkwlﬂkw2ﬂws (2-71)
Ty
NG , 4 4
— +i/d3$1d3$2d3333 (;1;L‘T27 x3>ezk1.x1+zkg.12+zq.x3' (2_72>
Ty

The Ward identity ([2-56)) tell us that 9,j# = 0. Then, using the fact that j* and j’; does not
transform under the symmetry (2-50]), we obtain a really simple form for the Ward identity
in the momentum space:

klyrﬂyp(plvp% Q) - 07 (2_73>

and
kQuFMVp(plap% Q) = 0. (2_74)

Using the same strategy for the conservation of the axial current (2-47) we find:
qu’“’p(kl, kg, Q) =0« _(klp + k2p>F'qu<k1, kQ, q> = Qmej, (2—75)

where the equivalence of these expression arise form the 4-momentum conservation ki + ko +
q¢ = 0 and the expresion I'* is:

I (@1, @9, 3) = (0|7 (5" (21) 5" (2) P(23)[0) , (2-76)

with P corresponding to the pseudoscalar current (2-43|). The leading order contribution
comes from one-loop triangle diagrams showed in Fig. (2.4]). Following the usual Feynman

A —

kl k?
ptk + } Ptk
kQ k‘l
Fig. 2-2: Triangle Diagrams
rules, we can write the amplitudes associated with the diagrams as in [57]:
d'p i i l ky < ko
—i [P = — Tr PP v H 4 , 2-77
/(27r)4 p—mfyﬁyp—g—mﬁyp—l—%—m’y ( [ v (2:77)
d*p 1 7 1 ki < ko
—i'" = — Tr g v B4 : 2-78
/(27r)4 ,;/)—mfy}zﬁ—g—mfyp—l—k/l—mfy ( 4> v (2-78)
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where has been taken again k; + ko + ¢ = 0. In order to establish the Axial Ward Identity
(2-75)) , we use the relation:

4 =P —qd—m)+ (p—m)y° +2m7y°. (2-79)
Replacing in (2-78) and (2-77)) we obtain:
d4p 1 1 1 k‘l < ]{32
—iq.THve — T 5 v H
g, (k1, k2, q) 2/(27T)4 r{p_mQVP_g_m7p+kl_m7]+( PPy )
[ dp K 1. .1 ) 1
=i [ —Tr|| —° + v p
/(27r)4 p—m7 7}/)—g—m 7pjtkl—m7

+<L5+5 !
p—m’ T p—g-m

We gather the terms before like:

) Vuzé + %1 - mﬂ i (250

QP Tn = 2mI*™ + AR + ALY, (2-81)
where:
d*p [ 1 1 1 1
A =i / Tr 7y AP " 7”}
! (2m)4 p—m Ptk —m p—g—m' p+k,—m
d*p 1 1 1 1
— T 5. v wo_ 5 v o 2.89
l/(277)4 r[p_m77p+k1_m7 p+k2_m77}b_ﬁ_m7} (%2)
and

d*p 1 1 1 1
AL =i / tr {75 o 7+ 7y 7”}
2 (2m)4 p—g—m' p+k —m p—m Ptk —m
d*p { 1 1 1 1
= tr |- 7y 7+ tile 7|, (2-83)
/(27r)4 prk—m’ " p—g-m'  p-m ptl-m
where we have used the ciclicity of the trace and the commutator of the 4’s matrices (2-61J).
Apparently, under a shift of the integration variables (e.g. k — p + ks in the first term of

A p— p+k; in ALY and using the momentum conservation) we see that the two terms
in each A-term cancel. But, looking more closely at the expressions, we see that they are
linearly divergent, so it is not possible to make such a shift. That is to say, Ward’s identities
receive a net contribution from these rest-terms. It is possible to see that these differences
between divergent integrals have the general form:

- ) d4p
A=i / G )~ F+ ). (2:84)

where each integral is linearly divergent. Using a Taylor expansion for small a, we get:

~ d*p 1
A=—i / W [a#apuf + §a“ayapu8puf +...], (2—85)
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but, each term in the expansion is less and less divergent. Then, we need to keep only the
first of these terms because our integral is linearly divergent:

~ dﬁ
A=— Ea*|p|? 2-86
I (2:86)
where we consider that, in fact, each term in the integral is a boundary term so the integral
is taken over the boundary S* at |p| — oo. To see what is the contribution of this new
surface term associated with divergent integrals, we have to modify the triangular diagrams
as shown in Figure (2.4]). Then, the final answer with the surface contributions depends on

[

ky

D+ ki +

y

—_—

ks

Fig. 2-3: Modified Triangle Diagrams

this new arbitrary parameter § that will allow us to solve the apparent ambiguity. Then, the
Axial Ward identity take the form:

— g, (k1 ko, q) = 2mD* + AP 4 ALY (2-87)

where

N d*p . 1 5 b 1 v 1 5 1 )
M /(ZW)4T [p—m77p+kl—m7 ¢+ﬁ+%2—myvi)+ﬁ—¢—m7}

(2-88)
and
~u1/:i ir . 1 5.0 1 v 1 510 1 v
A2 /<2w>4t [ prk-m T p—g-m’ Wwwwwkzm”(t%)

where each of these contributions has the form 1) For A‘f Y, we have the difference of
two divergent integrals with integrand:

ny _ 1 5 v 1
f (p)—Trb_mvv Py —

_ Te[(p—m)*y(p + b —m)y"]
(p—m)2(p+ k1 —m)? '

m

(2-90)
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Using the gamma matrix identity [61]:

Tr (1/7°7"9°7°) = —4ie"??, (2-:91)
to write: ( L )p 1
. p+ k1)Pp° . o
w(p) = —djerere LTV L pjevepe B 92-92
@) p*(p + k1)? p*(p+ k1)? (2-92)

where the anti-symmetry of the epsilon tensor was used in order to cancel the p’p” term.
For A}” the off-set is given by a = 8 + ks, then:

AW = —4 / dLAe’W’(ﬁ + k) AklppUL. (2-93)
sz (2m)* P?(p+ k1)?

3
oo

Using the integration formula:

1
/ dpp” = Z(SA"VOI(Si)’), Vol(8%) = 272, (2-94)
S3

we find: .
Al = —@e”””"klp(ﬁ + k2)o (2-95)
We can go over the same steps to evaluate A’Q“’ in ([2-89|) with the off-set a = k; — 5. Then

we obtain: .
Agy = +@€Vp‘wk2p(lﬁ — ﬁ)g (2—96)

Therefore, the Axial Ward identity has the form:
1

= g T (ks Ky ) = 2T = e Phighoy + (ko)) (29)

Under the inclusion of § and making the same procedure as with the Axial Ward identity,
we realize that the Vector Ward identities (2-73 [2-74]) have the form:

1
—ik‘ml—w”’) — @evmwklu(ﬁ _ kz)a,

1
kg THP = P (B4 k). (2-98)

812
Therefore, all the three Ward identities depend on the arbitrary 4-momentum (. Then, it is
possible to fix the -value insisting that the vector current survives quantization. Our choice
of 8 must be such that the two vector Ward identities are non-anomalous. For this, we must

have:
ﬁ — ko ~ —k; and 5 + k1 ~ ks = ﬁ = ko — ky. (2-99)
With this choice
— ik, TP = —iky, I = 0 (2-100)
and the Axial Ward identity (2-97) becomes:
N v, 14 1 v ag
— quI'W P =2mI' — ﬁE P klkaJ, (2—101)

turns out to be the anomaly.
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2.5. Pauli-Villars Regularization

It is possible to understand the emergence of the anomaly through the regularization of the
triangular diagrams analyzed in the previous section. In this case we will use Pauli-Villars
(PV) regularization process. We closely follow the development of [57] The amplitude of
regularized PV is the difference between the amplitude generated by the diagrams and the
amplitude evaluated at a regulator mass M:

Dt = DR (m) — T (M), (2-102)

reg

The physical amplitude follows from take M — oo in the regularized amplitude:

A = lfm e (2-103)
M—o0

phys reg °
In the case of I, amplitude (2-78)), we have:

Thiys = Jim A = lim [T (m) — T*(M)] = T"(m), (2-104)
—00

phys reg ]\/11%00

since '™ ~ - in the replacement m — M in (2-78). Then, I is convergent and does
not require regularization. The vectorial Ward identities (2-98|) are automatically fulfilled
because there are not an explicit dependence of the mass term, thus:

F’“’A(m) — F/,LV)\(M) N Treg =0

o — Y
o =0,
then:
— ik, I = —iky, I = 0. (2-105)
For the Axial Ward identity we have:
Qs = ]\/llgnoo gLl = 2mI™ (m) — A}linoo 2MTH (M). (2-106)

It is possible to prove that the anomaly is generated in the limit:

lfm 2MT™ (M) = —A,,. (2-107)

M—o0

For develop this, we rewrite here the amplitude I'* (2-78)):

Pk > . (2-108)

d*p i i i
T = — T 5 v "
' /(27r)4 rp—m’yp—¢—m7p+%—m’y +< IR=YY,

For the denominator we introduce the Feynman integral [57]:

1 1 1—x1 1
= 2/ dl’l / dl'Q 39 (2—109)
a1a20a3 0 0 [alxg + CL2<1 — X1 — %2) + CL3.§L’1]
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thus:

4
FNV:—/ d / dl’l/ dIQX
X

W?-m%ﬂ+ﬂp—® —mml—%—$ﬁ+Kp+hV—Wﬂ%P By
(2-110)

Recalling that axial traces (involving ~°) with 1, 2, 3, or 5 matrices v are canceled and
replacing the identity:
P peph =0, (2-111)

only remains the term:

. Bua ki< k

mTry gy fyyt = dime™ ok + ( ; o VQ > . (2-112)

Therefore: 5

2 4P g5k o
NG / / dxl/ mae sk (2-113)
— 2pk — m2]*’
with:

k=q(1—z1—x3)+ ki1, (2-114)
m?* =m? — ¢*(1 — x1 — 29). (2-115)

In this expression are already included the terms associated with the exchange k; <> ko and
i <> v. Taking the 't Hooft-Veltmann integration formula:

dnp 1—2a,_n 2F(Oé B n/2) 1 _
/ e ST / ) e = (2-116)

In our case a« = 3 y n =4, so we obtain:

P ! (2-117)
0= 21 m2 + f(l'hl‘z)’
where f(x1,25) does not depend of m. In the large masses limit:
, 2 1
im0 = 57 lim 3 218
Replacing we get:
1 71 ! mn
, v _ 1 a
A}linoo 2MTH (M) ]\}lﬁoo (21 21 02 —2M2M4ie apkik 2/0 dxl/o dxs
1
:_26,1111045]{/,1&]{:26 - _Aum (2_]‘19>

2
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which coincides with (2-101f) in te limit m — 0. In the coordinate space the anomalous
divergence of the axial current is expressed as:

(010117t (1)]0) = 2im (0] P()[0) + A(x)

= Oplbreg () = 2imP(x) + A(z), (2-120)
with )
Az) = 1667T2 OB () Fas(z). (2-121)

2.6. Non-perturbative approximation to the anomaly

Another way to understand the chiral anomaly comes from analyzing the law of conservation
of the axial current from the functional integral for the fermionic field. Starting from the
functional generator:

= / DyYD1) exp [z / d%&(i@)w} . (2-122)
Performing the chiral transformation:
U(@) = U (@) =(1 + a(z)y”)d(z), (2-123)
() = P (x) =p(x)(1 + a(z)7°). (2-124)
Then:
[y = [ d[56De - dale)in'y0] = [ de [B6D) + al@)dGv ")
(2-125)

(where part integration has been applied to obtain the last equality). Then, varying the
Lagrangian with respect to a(z) we derive the classical conservation law for the axial current:

45 = [ alz)ou(511°0) =0 (2-126)
s B (697) = O, (2-127)

since «v is an arbitrary parameter of the transformation. It is clear that to obtain this result,
we assume that the measure is conservative under the change ¢ — ¢, but it is possible
to verify that the measure is not invariant under axial transformations. To test this, let’s
expand the fermion fields in an eigenstate base of I):

Y(x) = anpn(x ):Z n (xn) (2-128)
=> ¢lbm Z (m|z) b (2-129)

m
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The coefficients a,, by, are independent Grassmann variables. In addition, the Dirac operator
I) accomplish the eigenvalue equation:

Don(x) = Agn(z) Ay €R (2-130)

Since the eigenfunctions are orthonormal, it is possible to show that:
) Z a,on(z) = Z P () + @m () (i ()75 Z U P (T (2-131)
Integrating we get:

o=t [ i @ateppn e (2-132)

Then, it is possible to express the mdependent Grassmann variables as:

a, = Z Crimm, (2-133)

where:
Com = b + 1 [ deB ()¢} ()10 o), (2-134)
and analogously for the rotated spinor 1.

= Combn. (2-135)

Now, taking into account the transformation of the Grassmann variables, we obtain for the
axial transformation:

Hda = (det C)~ Hdan, (2-136)
Hdb’ (detC)~ Hdbm, (2-137)

it is possible to express the transformatlon of the functlonal measure in the path integral as:
A/ dy) = (det C) > dipdip = J[o]dipdi, (2-138)

where J[a] represents the Jacobian of the transformation. It is possible to rewrite this Jaco-
bian as:

Jla] = (det C) > = exp [-2TrIn (], (2-139)

where det C' = exp TrIn C has been used. Replacing the value of C,,,, and using the first-order
approximation for the logarithm Inx ~ x we have:

Jla] —exp |—2TrIn (5mn—|—i / dm(x)w;(mm@m(x))]

—exp |21 [ dra(0)pn(e) 156

= exp /dxa Z(pn x)Y5on(T ] : (2-140)
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Although at this point it would seem that the problem of the transformation had been solved,
the sum within the exponential is not well defined, since it would give something similar to:

> @h(@)ysen(r) & Tras - 6(0), (2-141)

thus, it is necessary to regularize it. Fujikawa [62] proposed a regularization based on a
Gaussian cut-off that allows reducing the large eigenvalues contributions. This cut-off has
the form:

2

> eh@)sen(x) = lim Y ol (x) exp [— D ] Y5pn ()

m2
¢ A
= lim > o (x) exp [—ﬁ] Yston (), (2-142)

(2-143)
where the limit over M allow us to regularize the sum. Introducing the Fourier components:

on(r) = / éTx)Qeikxcﬁn(k;). (2-144)

Using again the completeness of the eigenfunctions:

> @I @n(k) = TrTo(1 — k), (2-145)

and integrating over the momentum [, we have

) A% ~— ¢ o /3 .
> el (@)50a(x) = lim > PhDe s exp | | €@ (k)

M—oco (271')4

Ak . 21
= J\/llgnoo W Tre * g exp | — = | . (2-146)

The trace is taken over the Dirac matrices and the group generators T*. Now, we decompose
the Dirac operator:

s 1 3} 1 )
D= 3 {4}y D,.D, + 3 v, ~"]1 D, D,
— D, D" — % V4] Fa, (2-147)

moving e~*** through the differential operator:

e M £(9,)e* = £(0, + ik,), (2-148)
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and rescaling the momentum like K, — M#E,, we have:

E d'z (D, +ik,)(D* +ik*)  igy*y"F,
T Y B ’ »
e (pn(‘r)75()0n<x> = J\/llgnoo W Tr v5 exp |:— e i e
d'z 2ik — /LD“ D, D# 19'7“’YVF
_ 7 4 kPky, _ B " B "
= A/ljgr(l)oM / (271_)46 Tr 5 exp { i 12 e . (2-149)

Under the trace properties of the Dirac matrices:

Trs = Trysy'y” =0, (2-150)
Tr 574"y = —4etvob, (2-151)

Then, expanding the exponential function, the only contribution different from zero is the

F,, term on the second order. So:

. (ig)* M* d*z o
Z@L(@%@n(%) = A}gnoo STRVIE (2@46 Rk Ty ysytyV NP F o Flog, (2-152)

where k,k* = —k,k, under the usual euclidean conventions. Thus, replacing the Gaussian
integral, we have:

1 g2
T _ vaf
En Pn(@)V59n(2) = g7 (46) Tr[Flu Fog]
e

= 3573 Tr[e" P F, Flp). (2-153)
s

Finally, the jacobian for the chiral transformation is:

2
J = exp [—22’/d4xa($)3g 5 Tr[€“m’8FWFa,B]] : (2-154)
T

The axial ward identity could be written as (without sources):

e
3272

O (V' y50) = <2¢mzh5¢ + 24 Tr[awﬁFWFag]> : (2-155)
The concepts addressed in this section should be sufficient to be able to study some of the
problems present in the QF T, associated with the impossibility of canceling anomalous terms
within the theory, both in its abelian and non-abelian form. This will allow us to recognize
the strong C'P-problem and its possible solutions. Then, the final answer with the surface
contributions depends on this new arbitrary parameter § that will allow us to solve the
apparent ambiguity



3 Strong CP-problem + U(1)4
«symmetry» and missing meson
problem

3.1. QCD introduction

Quantum chromodynamics (QQCD) is a gauge theory that is invariant under the SU(3) group
of symmetry. In this theory every quark field comes in three different colors (red, green and
blue). The lagrangian density for such a theory with different fermions can be written as:

) ()
Laiobal = ¢ (i7" 0 — m) 1), VY= va(z) |. (3-1)

V()
In this particular case, the unitary transformation has to be a 3 x 3 matrix. This lagrangian
is invariant under global transformation, but it is not the situation under a local one. To
build the correct form of the lagrangian we must take into account the structure of the
transformation: SU(3) is non - Abelian group defined by 3 x 3 matrices with determinant
1. The vector of the 3 quark colors transforms under the fundamental representation of
the group conformed by this matrices. This representation can be parameterized by 8 real

numbers, (,,a = 1,--- ,8. The local transformation can be specified by 8 real fields:
)\a
v U@ Ul —ew (16 ). (32)

where T% = \*/2 are the generators of the group. This generators satisfied the algebra:

>\a )\b . abc)\c
[773} =if 3, (3‘3)

where fu. are the structure constants of SU(3). But the global lagrangian (3-1) is not
symmetric under local SU(3) transformations:

Laioar = ¥ (17" —m)yp = L' =9 ("0, —m) Y + WU (x) (19, U (2)) ¢ (3-4)

The problem is the derivative does not transform in the same way as the field vector. We
can construct a covariant derivative:

D, =0, —igT" A}, = 0, — igA (3-5)

o
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where we define the 3 x 3 matrix as:

@@Mﬁ=(§)wAz (36)

The construction of a covariant derivative implies that under the U(x) transformation:

Do — (D) = U(w) D, (3-7)

Then, using the properties of U(z), we have:

Dy — (D) = Dl = U(x) D, (3-8)
DLUY = UD, (3-9)
— DU = UD,. (3-10)

Therefore, the transformation rule for a covariant derivative is:
D, — (D,) =UD,U! (3-11)

Replacing the expression for the covariant derivative we can see easily the transformation
law for the gauge field A,:

a a / a a Z
AT = A, — A, =U(x) (A”T + 55#) Ul(z). (3-12)

Thus, the covariant derivative transforms as:

o (U(2)0) = igU (2) Ayt + U (2) (9,U(2)) U(x)tp
U@) (0 — igAn) ¥ + [0,U () + U(2)(9,U" (2))U ()] v
U(z) (0 — igAu) v, (3-13)

where in the last line we use the unitarity of U(z):

0u(U(2)U'(2)) = (9,U(2)) Ul(w) + U(x) (9,U"(x)) = 0
— 9,U(z) = —U(z) (0,U'(2)) U(x),

that coincides with the way that the field vector transforms. Replacing the covariant deriva-
tive in the global lagrangian we obtain an invariant lagrangian under SU(3) transformation.
But, we can add more terms to the new lagrangian. If we maintain the renormalization
criteria (not involving terms of order higher than four) and the Lorentz invariance, we can
add combinations of the covariant derivative and fermion fields that also be invariant under
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SU(3). Our first attempt to mix terms might be taking the commutator of the covariant
derivative. We define the 3 x 3 matrix F*” as:

Fo = _é (D, D) = T"F%,. (3-14)

Then, the structure of the F},, matrix is:

F,uu¢ = _5 [au - ZgA“, 0y — ZgAl,] (0
)

== [0~ i94,) (0, = igA) ¥ = (0, — igA.) (9, — igAu) ¥l

i .
= _5 {aﬂa'/w - g2A#AV¢ — 19 [all« (Al/w) + A;ﬁzﬂ/’] - al/a,u,w + ngyAuw‘i‘

+ig [0, (AF)) + Aua;ﬂ?b]}
={0,A, —0,A, —ig(AA, — AA )} . (3-15)

Thus, we can write F),, as:
F,., =0,A, —0,A, —ig[A,, A (3-16)

From (3-14f), we easily see the way in which way F),, transforms. Taking the transformation
of the covariant derivative (3-11|):

i
Fuy = _E[D:“ D]

- —Z—][UDMUT, UD, U]

=UF,U" (3-17)

Therefore we have two options to build our Lorentz invariant quantity contracting the indices.
One way is to take the trace of the product of two strength matrices:

Te(F*™F,,) — Te(F™F, ) = Tr (UF* F,, U UF,,U")

= Tr (F™F,), (3-18)

which turns out to be a scalar. The other option is built taking the trace over contraction with
a Levi-Civita tensor resulting in a pseudoscalar term Tr (e#**? F,, F),, ). This pseudoscalar can
be written as a full derivative:

Ot = Tr (""" FluFpo) , (3-19)
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where Kf.g = 2e#77 Tr[A,0,A, — QLfA,,ApAU] is known as the Chern-Simons term. Therefore,

we can write down in the euclidean space, using the Gauss theorem in 4—d:

/ d*z Tr[e"? F,, F,.) = / d'z0,Klg = /S 3 dA, Kk, (3-20)

where 52 is the 3—sphere in the euclidean space. Therefore, if K#(x) — 0 fast enough as
x — oo the integral vanish and the contribution associated to this term could be left out of
the lagrangian. Under this structure, seems very reasonable to assume that the A, potentials
vanish at infinity. In that way, every infinite integral related to gauge field configurations
does not contribute to the path integral e.g. the term F),, F'** in the two-point-two function
contributes like:

T
lfim )exp {—z/ d4;1:Tr[FWF“”]] (3-21)

T—oo(1—ie _T

After Wick rotation, the domain of integration belong to the euclidean space. It is possible
to write this term in the form:

exp {— / d*x Tr[FWF“”]} . (3-22)

Then, the contribution of divergent terms to the path integral is zero, so, we are only in-
terested in field configurations that result in finite contributions to the path integral. Thus,
under the naive assumption that field configurations on the form do not generate any
finite contribution to the path integral (but as we will see later, this condition is not true),
the most general lagrangian that we could write under the analyzed conditions has the form:

L=(il) —m)p — iTr[F‘“’FW]. (3-23)

3.1.1. QCD symmetries
The QCD lagrangian density for N quark flavors can be written in a very compact form like:

L —iFﬁyF“”“ w3 (i) — M), (3-24)

where, in the most general case, the mass matrix M is flavour-diagonal with complex entries:

My, e 0
M = ( ‘ @) . (3-25)

mge’

Y; are the quark fields and F}, is the gluon field-strength tensor. The term D = D,
represents the covariant derivative and transform in the same way as the field vector itself:

D, = 8, — igA°T".
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We can define new conserved currents in function of left- and right - handed quark fields:

Yr = Pri, Y = Pry, (3-26)
with 1 1
PL:§(1—’Y5), PR:§(1+’V5) (3—27)
The lagrangian density can be rewritten in the massless approximation as:
7 1 a va I g 1 a va
L = Gilbp — L = pildn + by, — P, PP (3-28)

Restricting our analysis only to two flavors N = 2, we see that the QCD lagrangian is
invariant under the global unitary transformation U(2);, ® U(2)g, where U (V) is the unitary
group associated to the N x N unitary squared matrices. Each Dirac spinor with different
chirality transform in a different way:

Urai = ULt Lok (3-29)
G U g (330

where «’s are spinor indices and i, 7 are flavor indices. Another set of symmetries in the
massless approximation are:

VYR = (Z}Z) SUQR)r: g — g =e kT (Z;) : (3-31)
L = (Zi) SUQ)L: =y =e 0L (Zi) . (3-32)

This SU(2), x SU(2)g symmetry group is generated because the right- and left-handed
component on the massless lagrangian does not mixﬂ

Using the Noether’s theorem (12.2)), we can define six currents that are conserved:

b = vV Tatou, (3-33)
where H = L, R. The linear combinations define the vector currents:
4 = Il t ke = VYT, (3-34)
and the axial currents:
Jba = JLa = Ja = VYV Tutb. (3-35)

This vector and axial currents transform under parity as their name indicate. The vector
transformations are given by:

SUQ)y = =4 = e " eg), (3-36)

IThis symmetry is also known as chiral symmetry.
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We also can define U(1) flavor transformations for each specific flavor (e.g u-quark):
Ul)y: u—u =e®u, (3-37)
and an equal U(1) transformation on every flavour is defined as a U(1)y:
Uy : ¢ — ' =e @I (3-38)
where Z, corresponds to the 2 x 2 identity matrix. Also, it is possible to define a U(1)4

transformation (1):

ULl a: o= =€ ®Tnp. (3-39)
Therefore, our QCD lagrangian is invariant under certain mix of symmetries depending on
how the quark masses appears (3-1f). In order to obtain quantum amplitudes related with

Condition Symmetry
mu, mg (Arbitrary) U1),®U(1)4
m, = my (Degenerate) SU2)y @ U(1)y
my, ~ mg ~ 0 (Massless approximation) | SU(2);, ® SU2)g @ U(1)y @ U(1)4

Tab. 3-1: Symmetries QCD Lagrangian

this lagrangian, we use path integral formalism, but the process is only approximate (It is
necessary to take perturbative approximations). An approximate method is taking pertur-
bations on the minimal energy point and expand over the coupling constant g5, under the
assumption that higher order terms in the expansion contributes less and less.

We are interested in hadronic physics, so we can manage a energetic limit under A < 1GeV.
Since the confinement limit of QCD is Agep < 0,2GeV [63], it is possible to begin our
study with the approximation Agcp > m, ~ mg ~ 0. In this case, the QCD lagrangian is
symmetric under the general unitary groupﬂ:

U2) @ U(2) ~ SU2), @ SU©2)r 0 U1)y ® U(1)4, (3-40)

where the 2 in the unitary group comes from the number of flavors studied in the theory.
If the quarks have masses, the mass term )Mz breaks chiral symmetry explicitly. Writing
the mass matrix as:

m, 0O
M_(O md)
= Smatmg) (o )4 Sm—ma (o
R VI A A A VI |
1 1
= §<m“ +mq) Ly + §(mu — My)T3. (3-41)

2This separation are related with the structure of the generators more than with the formal irreducible
decomposition [60]
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The vectorial subgroup represents a manifestly symmetry of the QCD Lagrangian when
m,, ~ mg. This is equivalent to make 0 = 6, in (3-32)):

SU2); ® SU(2)p 222 SU(2)y. (3-42)
In fact, we can write:
SU@)y © ULy = SUN); & U(1)s, (3-43)

where [ is for isospin symmetry and is related with the hadronical spectrum: For N = 2
1
the lightest spin—§ hadrons form a doublet (proton-neutron) while te lightest spin-0 hadrons

form a triplet (7=, 7°). The U(1)3 is associated with the conservation of the baryon number.

On the other hand, the axial subgroup:

0%, =0y,

SU2), ® SU(2) g =2 SU(2) 4, (3-44)

does not seem to produce a multiplet classification different from the SU(2)y sector. Thus,
the only possibility is that the axial generators are spontaneously broken for an unknown
operator. We are looking for some operator that acquire VEV under this transformation,
but we have to avoid the breaking of Lorentz symmetry and SU(3)-gauge color symmetry.
Our best chance is to build a scalar color-singlet operator. Since we have not singlet scalar
states with VEV | the best option is generate a composite field. The simplest combination is
[61]:

(0]t10it?™7]0) # 0. (3-45)

This “quark-condensate”formation can be explained in a similar way than cooper pairs for-
mation. In superconductivity theory, the electron-fonon interaction allows that two electrons
are attracted one to each other in a interaction mediated by a positive ion. In QCD, quarks
and anti-quarks have strong attractive interactions. In the massless quark limit, it is possible
to create quark-antiquark pairs with a relatively small energy cost, with zero total linear and
angular momentum. It is possible to see that this chiral condensate vaccum configuration
changes under U(2), ® U(2)g group as:

(0] (Yrait?™?)' 0) = ~ULUR, (Oltorars™™|0) (3-46)
= —0’UL U, 01, (3-47)

3 is a constant with mass dimensions related with the

where 1, 7, k,m are flavor indices. v
renormalization scheme. It is easy to see that the chiral condensate breaks the axial sector
(UF, = Uy) but is invariant under the vector transformation (Uf, = U% ). Then, it is
needed to consider the axial sector as a spontaneously breaking sector in order to reproduce

the last analysis.
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According to the Goldstone theorem, every spontaneously broken symmetry must have asso-
ciated massless Goldstone bosons. However, the mass term explicitly breaks axial symmetry
and the Goldstone bosons acquire masses (they are pseudo-goldstone bosons). The number
of broken axial generators for N = 2 is 4 (3 for SU(2)4 and 1 for U(1)4) so the mass spec-
trum should have 4 particles. But, even when the (7%, 7°) pions are really light, there are no
signs of more light particles in the same spectrum, because m,, > m,. The fact that there
is no goldstone boson associated with the U(1)4 breaking is known as the problem of the
missing meson or U(1)4 problem [64].

3.2. Effective Chiral symmetry

As mentioned in the previous section, the quark condensates breaks chiral SU(2), ® SU(2)r
symmetry as just as U(1) 4 symmetry. s is possible to construct a low-energy effective theory.
When the quark condensate break the axial generators at low energies, the quark- gluon
interaction behave in a non-perturbative way, so the relevant degrees of freedom are the
pions (pseudo-Goldstone bosons) and not the quarks or gluons. The trick [65] is make the
VEV associated to the quark condensate a function of spacetime:

(Ol rardp™™™|0) = —0*U(z), (3-48)
where U(x) is a spacetime dependent unitary matrix:

U(z) = exp {"% + ”;"a } | (3-49)

fo, fr are parameters with dimension of mass. In principle there are no differences between

this two constants, so we take fy = f, = f. The ¢% with a = 1,2,3 are the generators of
SU(2) 4 symmetry and the 7 are related with the pseudo-Goldstone bosons to be identified
with the pions. The 7° field is proportional to the identity and would be correspond to the
pseudo-Goldstone boson associated with the U(1)4 group. We require det U(x) = 1 and
U'U =1 in order to ensure U(z) is a unitary transformation. Due to the above conditions,
the lagrangian related with this new U(z)-field only have derivatives. We can write down all
the terms in the form:

L= —i f2TrorUto,U. (3-50)

(All the other terms result equivalents after integration by parts). Upon expanding U in
terms of the pion field, the kinetic and quartic - interaction terms for pions are:

1 1
L= —58“7Ta8“7ra + éf;Q (om0t n’0,m" — nmtOpun’,m) + - - - (3-51)

We can realize that the interaction term generate vertices that contain factors of the form
p/f, which can be thought as an expansion parameter. This f-parameter is known as the
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pion decay constant and has an approximate experimental value f ~ 92 4MeV [66]. If we
compare this value with the informed value for the mass of the pions seem low. However,
the real cutoff for each loop momentum diagram is imposed in the value 47 f ~ 1GeV due
to the fact that tree and loop diagrams contribute to any process in this particular scale.
What happens with the mass term in this new regime? This term transforms under U(z),
providing a potential for the pseudo-Goldstone bosons. We can write:

Lonass = OM — (@ d) UTMU (Z) . (3-52)

The mass matrix M is a complex matrix. Under a SU(2), ® SU(2)g chiral transformation,
is possible to bring M to the form:

M _ (mu 0 ) e—i@/?j (3_53)

0 mq

but, we cannot remove the phase 6, because this would require a type U(1)4 transformation
that is prohibited. For this particular basis we will set # = 0 (This is valid under this first
approach since there is no explicit dependence on 6 in the Lagrangian). On the other hand,
the expansion of the L£,,.ss-term do not require all our expertise: due to the fact that the
quark condensate is flavor-diagonal (is only dependent to color indices and we are working
in the flavor basis, therefore the only non-zero components are in the diagonal) we can see
that:

(ud) = (du) = 0. (3-54)
Then, taking
My My,
Y=UMU= < ) : 3-55
My Moy (3-55)

the only terms that contribute are in the diagonal of the M matrix. It is possible to write:

Linass = (dd) My + (wu) Moy
= (uu) Tr¥
=03 Tr (UTMU)
= —v* Tr (MU?), (3-56)

where we use the fact that (dd) ~ (@u). Then, any shift under the pseudo-Goldstone bosons
costs energy. In fact, this £,,.ss corresponds to a potential term, because does not appear
derivatives. In this potential it is necessary to take into account the contribution of the right
quarks ((7q) = (qrgr)+{(drqr)) so we must write the h.c part. The charged sector is obtained
making mp = m3 = 0 and

(71 £ ima). (3-57)

T, Ty —> T+ =

1
V2
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In this approximation, we see that all the odd-exponent terms vanish when we sum up the
terms of the h.c part. The product in the U(x)-matrix it is written as:

it imto® 7
U(:L'):exp{——l— }—>exp{—(7ﬁa1+ﬂ202)}

Jo fx f
= exp {z (0(1 00_) } = expiO, (3-58)
with 01 = WTi It is easy to see that the O(2) in the exponential expansion generate a
diagonal matrix:
0(0?) ~ (909+ 9_09) : (3-59)

The remaining terms in the exponential addition (3-58)) can be written as:

o, -0 _ (i9)"
¢ e =) o

-

=2 @
_\/@ 2n

Ly %

n

_ cos /0.0 0 (3-60)
0 cos~\/0.0_)"
and the mass potential is:

(M + mg)v?

V = —(my +mg)v® cos \/0_0, = (m, +mg)v® + 272 T_Tp + - (3-61)
Taking the quadratic term, we can set the charged pion mass:
(M, + mg)v?
mfri = — (3-62)

The neutral sector mass spectrum is calculated doing 7+ = 0. We write 6y = %, 03 = %

Due to o3 is diagonal, the cosine argument is a sum with different sign in each component:
Vog = —myv® cos (By + 03) — mqv® cos (6 — 63). (3-63)
In order to generate the mass spectrum we expand the potential over the minimum:

2 _ 9*Vis . 71_3 (mu +mg My — md) . (3-64)

OmgOrs  f2 \my —mg My +my
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Diagonalizing, we obtain:

2(my, + mg)v®

Tr M? = mi, +m2, = (3-65)

12
Then, comparing (3-62|) with (3-65)), we obtain:
2m2, =m., +m2 . (3-66)
But, taking the experimental values| [66]
My = 957,78 £ 0,06 MeV, (3-67)
My, = 134,9770 £ 0,0005MeV, (3-68)
My, — My, = 4,5936 £ 0,0005M eV, (3-69)

it is impossible for this equality to be satisfied. Even if we take fy # f., 8 = fc—g, the relation
obtained:

(3-70)

2 2 2 2
mn’ _'_mm) - (1 +B )mﬂ'i7

could adjust the mass difference, but seems very unnatural think that 8 > 1 because f;
and f, have the same origin. So the only natural explanation is to think that exists another
source of U(1)4-violation that contributes to the mfi,—term. the theoretical way to understand
the origin of the n-meson is introducing to our model the contribution of the strange quark:

. 8 8 m + % Vot V2Kt
G Tlo . - 8
U=exp{ — TN 4 Tgy5—— with 7\ = | V2r 704+ L /2K
p{fﬂ (Z 3*%)} 2 . IEC
a= V2K V2K° 21
(3-71)
where \*-matrices are the Gell-Mann matrices related with the SU(3) group. There are

a=1

no relevant contributions associated to the 7" state (because the new mixing terms are
proportional to the factor (m, —mg)). The physical states n and 7’ has the form (associated
to the rotation of the previous ones):

7), _ CT)S 0, —sinb,,\ [(ns 7 (3-72)
n sinf,, cosb,, o
with 6,, ~ 17° [67]. Even with a effective contribution of kaons for the ' mass, the real value

is even larger. So there is no possible to identify even in this situation the 7" meson with the
Goldstone boson of the U(1)4 symmetry.

3The electromagnetic interaction explain raise up the masses of the charged pions
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3.3. QCD vacuum

The missing messon problem does not have a true solution between the context of the classic
theory. t” Hooft realized that this problem has a clear solution in the axial anomaly. In the
last section we calculate the pion mass associated with the term that break explicitly axial
symmetry but in the classical regime. We obtain that the 7’-meson does not have the correct
value of mass, so we are looking for a new source for the correct value. As we mention in
the contribution of the e***? Tr[F),, F,,| term can not be ignored. We are going to study
why it is necessary to take this term into account

3.3.1. Homotopy classes

There are one mathematical notion that could be allow us to analyze the behavior of the
gauge fields corresponding to the different configurations in the ground state. Under the
gauge transformations, we saw that the strength tensor to obtain a finite-euclidean action
is:

F.=0 as r — 00. (3-73)
Thus, this imply that our most general conjecture over the A, = AjT* is that this corres-
ponds to a gauge transformation of zero. Fixing our temporal gauge to the condition Ay = 0,
we are restricting our attention to the gauge transformation independent of time U = U(x).
Therefore, the condition

A, =0, (3-74)

is too general. It is possible to impose the same boundary condition under the strength field
only making the U(x) matrix approaches to a constant matrix as |z| — oo. This condition is
equivalent to adding a spatial “point at infinity”. Therefore, the space has the same topology
than S3-sphere (because U has a definite value regardless the direction).
But, can we establish an equivalence between the different configurations associated by the
selection of different values for U? To study this possible equivalences, we parameterize the
different kind of functions through classes. Thus, a class of functions is defined by the set
of functions that can be deformed in other by a smoothly continuous transformation, e.g. it
is possible to identify all the points under the unity circle S via a map that identify each
point with a complex number of module 1. Each possible function can be expressed as:

f(0) =expli(vl+ ). (3-75)
Every function with the same value of a belong to the same homotopic class:
H(0,t) =expli(v0+ (1 —t)oy + tas)], (3-76)

such that, changing the value of t we obtain equivalent homotopic classes e.g. fort = 0,¢ = 1:

fo(0) = exp [i(vh + aq)], (3-77)
f1(0) = exp [i(v0 + a2)]. (3-78)
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Thus, the transformation is equal to map a circle into another [68]. But the situation is
different for different values of v: we can think on a map associating n points of the first circle
with 1 point of the second circle. Then, the v-number characterize the number of winding of
one function around another and each homotopic class has its own winding number. From
(3-76|) it is possible to obtain the value of v as:

v — /0 %2_—; {d@( f(@))‘ldfd—(?} | (3-79)

For our analysis we require transformations from S to representations in SU(3). In general,
maps V' that provide this kind of transformations are labeled by one integer v, that could
be expressed as [69]:

v = —2417T2 / d* 0= Tr[(V(0)0;,V (0)1)(V(0)9;V (0))(V (0)9V (0)1)], (3-80)

which is invariant under smooth deformations and change of coordinates [63]. It is possible
to compound individual maps under product to obtain a new map

‘/1(61792703)‘/2(91792793) = V<01762793)7 (3_81>

which has a winding number resulting of sum the individual winding numbers of the initial
maps v; + v = v. S0, if we going back to the euclidean action

1 o
Sk = 92 /d4xE Tr(F, F") = / drr3/dQ Tr[Fpu (r, Q) F* (r, Q)] (3-82)
0

where we divide the radial (r) and angular (€2). Therefore, in order to maintain only finite
contributions, we require that G, go to zero faster than 1/r?, so G, ~ O(1/r?) for r — cc.
Then, the A, = a;; T must remain fixed under gauge transformation conserving the wanted
boundary conditions. t” Hooft realized that A, must be a pure gauge field [70] (a pure gauge
transformation of zero) is the most general boundary to produce zero strength fields:

1 -1 1
Au= VOV () +0 (—) , (3-83)

r2

where V(2) is a continuous and differentiable map which is only function on the angular

variables:
V(Q): S — SU(3). (3-84)

Applying a gauge transformation under the boundary condition for A, (3-12), we have that
the euclidean potential transforms as:

V(Q) = UQV(Q)+ O(1/r?). (3-85)

Then, the only way to reestablish the boundary condition is assuming that U(Q) = V(Q)™!
A, ~ O(1/r*) at r — oo. But the problem is that the nature of each transformation are
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really different: U(£2) is a truly gauge transformation, so has to be continuous and well
defined in every point. This mean that has to be independent of the angular variables in the
origin to be continuous and should be constant in the point. So it is possible to establish
a continuous deformation from r = 0 to r — oo. This is equivalent to say that every map
belongs to the trivial homotopic class v = 0. Then, the only way to put the equivalence
between U and V is that they has the same winding number, or, in other words, that they
belong to the same trivial homotopic class. But, V(€2) can be of any homotopic class because
is a explicit function of the angular variables. Therefore, it is not possible to accomplish the
needed condition, so we can not vanish the contributions related to the Tr[G,, G*]-term. The
presence of this non-trivial potentials that cannot be obtained from gauge transformation
to trivial field configurations i.e. O(1/r?) does not generate any problem in abelian theory.
because there is only one trivial map S® — U(1), but affect extremely the structure of
the non-abelian theories. These non-trivial potentials are characterized by non-zero winding
numbers. It is possible to write explicitly the winding number as a integral of V(€2). To see
how, we write the Chern-Simmons current in a different way:
oS 2ig A, ig

K7 =2¢ep,p0 Tt {A,,@IDAU — ?A,,APAU} = 2€p0 1T {7 (0,A, — 0,A,) — EAV [A,, A,]
2ig

= Eupo {AVFPU + 5

T oo 2 — - -
A,,A,,AU} =, 5gher Tr [(Vo,V Y (Vo,V 1 (Vo,V 1],
(3-86)

where we have used the asymptotic limit for F,,, A,. Replacing the last result into the
winding number definition (3-80|), we can rewrite the winding number in the euclidean space

as:
1

 24x2

UV =

/ 0S5, 2pupe Tt [(VOV ) (VE,V ) (VE,V )] . (3-87)

Making the definition of the dual-strength field F w through:

- 1 .
Tr |:FH,V-F7U,Vi| = 55,uupa Tr |:FNVFpG] ) (3_88>
it is possible to write:
1672y

/d4:pE Tr [FWFW} = — e

Therefore, our boundary conditions are only valid for v = 0. But, what happen with the A,
potentials if v # 07

. (3-89)

3.3.2. Non-trivial vacuum configurations

We are concerned about the possibility of different gauge transformations of the potential
fields could be transformed smoothly or not into another non-trivial configurations. As we



3.3 QCD vacuum 41

have seen, in general there is no possible to define such trivial transformations. For example,
considering two different gauge transformations of zero [63]:

A, = éU@uUT, A, = éﬁaﬂlﬂ (3-90)

The consequence related with the impossibility of develop trivial transformations between
different homotopic classes are intrinsically related with the behavior of the vacuum states.
If we try to deform A, into flu, the transformation involves pass through vector potentials
that belong to different homotopic classes (so they are not gauge transformations of zero).
Therefore, the associated strength tensors do not vanish and there will be different energy
eigenstates associated with each configuration. so, each vector potential represent two dif-
ferent vacuum states in the quantum field theory separated by energy barriers (each A, is
associated with a different minima of the hamiltonian). It is possible to see a similar behavior
in the semi-classical theory for a scalar potential of the form:

V(g) = Ao {1 ~ cos (2”790)} |

where the transition probability amplitude has the form [68]:
(n'|V|n) ~ e 55, (3-91)

S is the euclidean action related to the classical solution of the field equations. This action
mediates the configurations from n at t — oo to n’ at t — +o00. In this classical situation,
the action increases at the infinite limit volume, so the probability amplitude vanishes at the
infinity. Therefore the minima of V' remain degenerate. But the situation is really different
in QCD: the presence of classical solutions that can mediate between two vacuum states of
different winding numbers generate a transition probability that is not zero. This non-trivial
configuration allow tunnelling between states even in the limit of large volume space. To see
how to arise this kind of configurations, we can start analyzing the object:

1 e )
ST {d“:pE <FW + FW> ] - / d'zp (Tr[FWFW + Tr[FWFWD > 0, (3-92)

(where we have used €,,,06 w08 = 2 (6padss — 0,305a), therefore FWFW = F,,F,,. The left-
hand side of (3-92)) is non negative, so:

— / d*zp Tr[F,, F] > ’ / d*ry Te[EF,,FLl - (3-93)

The left-hand term corresponds to the euclidean action times 2. The right hand part can be
rewritten in function of the winding number using (3-89)), so we can write:

82|y
SE 2 92 Y

(3-94)
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where v = n’ — n implies the action stays fixed and finite in the infinite volume space. For
v = 1, the solution is the instanton. For v = —1 the solution is known as the anti-instanton.
For |v| > 1 the solution is a dilute gas of |v| instantons or anti-instantons if v < 0. For v = 1,
the vector potential has the form [71]:

x? 1
A, = (—1:2 " a2) U(z)0,U" " (), (3-95)
where a is the size of instanton. Far away from the center of the instanton, the potential
behave as:

Au(x) = U(z)0,U (z). (3-96)

Thus, the contribution to the action is equal to 89%2 (in the case when |v| > 1, it is possible
to build solutions putting instantons together, whose centers are separated by their sizes).
Calculating the instanton solution in the temporal gauge Ay(x) = 0, we have [68]:

Au(z) = V(2)A(2)VH(2) + V(2)9,V (2). (3-97)

Then, the condition Ag(x) = 0 implies:

O 1y 10
3_xov (x) = —Ap(x)V " (x) =

—r -0

-V la), 3-98
x3 + 12 + a? (z) ( )
xo-‘i-i['cv
determine the explicit form of V' satisfying the boundary conditions as:

where we have used the identity map in the boundary like U(z) = . It is possible to

T -0

V(g = —00) = exp 17T ——=n| , V(zg = +00) = exp | n+1)|.

(20> —o0) = oxp [im 2| Vi o0) = exp |im Sk )
(3-99)

Then, the instanton solution v = 1 connects vacua which differ by one unit of winding

number.

3.3.3. 0-vacua

If we replace the saturation condition of (3-94) in (3-91), we see that transition amplitu-

de depend exclusively of the field instantons. Moreover, there is a explicit dependence on
the g coupling constant. We can see easily that the tunnelling process is relevant for the
non-perturbative regime, so (g > 1). In order to construct an invariable vacuum structu-
re under gauge transformation , we are interested in take some general state labeled by
time-independent quantity, with states labeled in such a way that they do not overlap. For
a non-trivial G, gauge transformation (non-trivial in the toplogical sense, its mean that
connects states which differ by a winding number m) on the vacuum state |n >,we have a
change in the vacua winding number:

Gmn) =|n+m). (3-100)
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It is possible to build a good vacuum state as a sum over winding-number vacua:

10) =) " |n). (3-101)

n

The states are labeled by a real parameter 6 as we desired. So, it is easy to see that this kind
of state is invariant under gauge transformation

G 0) =D e n+m)=eY "l =), (3-102)

up to a change of phase. Also, the different vacua states do not overlap:
<6/out|em> - Z e—imﬁ/ ez’n@ <mout|nin>

= 2030 (1] 0i) = 56" — ) D € (Vout 0in) (3-103)
v,k v

Using the definition for winding number, we can write the integration over all euclidean field
configurations in the vacuum to vacuum transition as:

) o6 30 € nal0) = 3 [d,], 0l #257

= ; /[dAu]ueXp [/ d'z (ﬁE - ;Z—f; Tr[auanguang])} . (3-104)

We have been working in the euclidean space, so we need back away to the Minkowski
space. To do this we need to do an anti- Wick rotation taking into account that we will
get an extra i factor from the four space measure, an extra —i factor associated with the
time-like derivative term in Tr[F, uaF ko] and a minus sign related with the Levi-Civita term,
because €423 = —1 but €"1?® = 1. So, under this new ideas, the presence of instantons make

mandatory to take account the contributions of the Tr (¢**? F),, F,,) term in the lagrangian:

2

Og o
Lepr =L+ 39,2 Tr[Fo F77]. (3-105)

Therefore, the only way to avoid the instanton contributions is related to use a simple vacuum
(v = 0) in order to avoid non-trivial topological transitions. But if we sum over all possible
vacuum configurations, € is a new parameter related to a topological property of the vacuum.

3.4. Chirality issues

As we have seen in the Chapter 2, the fact that there is a manifest symmetry in the La-
grangian does not necessarily imply that it remains at quantum level. The conservation laws
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implies some modifications in the Ward-Takahashi identities (??, ??7) and the linear diver-
gent integrals related to the triangular diagrams do not allow axial and vector currents to
be conserved at the same time. To study that bad behavior in the non-perturbative level, it
is impossible to study the problem from perturbative methods. To make this generalization,
we have to study the generating functional Z[J] that results to be the fundamental object
instead of lagrangian. For a theory with one fermion, the lagrangian density has the form
(3-23)

- 1
L =YD, —m) — 1 Tr[F,, F*]. (3-106)
The chiral transformation (|3-39)
b e (3-107)
O () 1 = e, (3-108)

leaves invariant the classical lagrangian:

£ = G(iyuDy — m)h — iTr[FWF’“’], (3-109)

when m = 0. If the chiral transformation is local i.e. & = «(z), the lagrangian density with
m = ( transforms in the following way:

/d4x£ — /d%[ﬁ + ()0, (VD). (3-110)
Since the Lagrangian must be stationary under «(z) variations, we obtain
Oy ) = 0. (3-111)
The last expression represents the conservation of the chiral current:
3" = Py (3-112)
This chiral current can be written as . The zero-component has the form:
3% = Yhvr — vlvr, (3-113)

which represents the difference between the number density of handed particles. The asso-
ciated conserved charge is:

Q= / d>xj®, (3-114)

is the difference of right handed particles minus left handed particles. According to the
previously studied topics, it is easy to guess that the behavior for the QFT will be different
The conservation laws can be derived of the generating functional:

2= [ldwlada,)e (3-115)
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As we saw in ([2-154]), the measure change under the local chiral transformation. Then, the
aditional contribution spoil the classical symmetry transforming as:

i)~ exp i [ atsato) Ao favliad] (3116
where A is the anomaly function:
A(x) = —%;e“mﬂTr[FwFag]. (3-117)

Therefore, the chiral transformation over Z is determined adding the contribution of the
transformation law for the action plus the effect on the functional integral:

7 /[dw] [di;] [dAH] eXpifd4x£+a(x)8uj“5+a(x)A(x) . (3—118)

Again, the functional Z has to be stationary under arbitrary variations of «. This condition
generates a expectation value for the divergence of the chiral current:

07 = ) 7 T - 115 eifd4a:£ _ B
o] = A A + 0,5 0 (3-119)
(0u0") = = (A) = - (P Tr [ Fugl) (3-120)

The expression allow us to see that, even in absence of mass terms, the divergence of
the chiral current does not correspond to a exact symmetry of the theory and the expected
value turns out to be equal to the anomaly ABJ studied previously. Perhaps we could think
that the result is canceled at higher orders in the perturbative contributions associated with
the triangular diagrams, but in this case, we use a different treatment that does not involve
lower order corrections. Considering now the charge associated with the axial current:

2
. g rvo,
/d4x305 = QE} — Q? = /d4x@5“ A Tr[FWFag]. (3—121)
Comparing with (3-89), we have:
Q- Qi =, (3122)

where = Q% — Q7 represents the change of chirality in function of the final and initial
difference in right and left handed particles respectively. So, the presence of instantons make
that particles change their chirality converting right handed particles into left handed. The
expectation value is the divergence of the chiral current vanish only when we take into
account trivial gauge field configurations. It is worth noting that the contribution associated
with the chiral transformation has the same form as the term added to the Lagrangian
because of the non-trivial structure of the QCD vacuum. This fact will be important for
later analyzes.
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3.5. Non-Abelian generalization

Considering the action of a non-abelian group symmetry over non-abelian gauge fields, it is
possible to generalize the previous results. For example, making a non-abelian transformation

like (3-32)) over Weyl spinors:
b = €1y, g — €OF g, (3-123)

(1% are the generators of some arbitrary group), the transformation associated to non-abelian
gauge fields generates an extra term on the anomaly contribution:

g2

@5’“’0"3 FS,Ge s Te[r*TT). (3-124)
The object that allows us to really know if a transformation represented by the generators

7% coupling with spinor fields presents or not quantum corrections is then the factor:
d** = Te[r* {T°, T"}], (3-125)

where we use:
1
ghvoB Ty[roTbT] = ig/wﬁ Te[r* {T*, T°}). (3-126)

We use the anticommutator expression because the presence of fermions induce different
signs. In general, if d** = 0, there are no anomalies and the classical symmetry associated
with 7% can be extended to the quantum level. But if d%¢ # 0, the current is not conserved at
quantum level. It is possible to see that the SM is an anomaly free theory, and this criterion
will be used to construct our U(1)x extended model.

3.6. Solution to the U(1), problem: more problems

Then, it is possible to analyze under the behavior of d*¢ if the axial group SU(2)4 ®
U(1)a takes or not quantum correction when interact with gluon fields. For SU(2),4, the
corresponding generators 7 = ¢*/2 and for the gluonic fields the generators are the Gell-
Mann matrices T = \°. therefore, the behavior of this isospin axial current is:

2
"™ = 12 2 F Fo Te[r* XA, (3-127)
™

where FJ, is a gluon strength field, 7% is an isospin matrix and A° is a color matrix. The
trace is taken over colors and flavors:

Tr[r* A\ = Tr[7%] Tr[A°AY] = 0. (3-128)
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Then, as we have seen, the axial current associated to SU(2)4 is only broken explicitly for
quark mass terms and does not have quantum correction. For the U(1)4 subgroup, the 7*
generator corresponds to the identity on flavors (3-39)), then the axial singlet current :

5 92”f 8
a,uju (1’) = W&_W/a F/f’/ 55. (3—129)
Therefore, the singlet axial current has quantum corrections and is not conserved. The quan-
tum correction is directly associated with the tricky structure of QCD vacuum (after all
Tr[F), Fop] is nothing but the instanton topological term). So, the solution for the U(1)4
problem has to be related with the anomaly term itself. Indeed, the anomalous triangle
diagram which couples to j#° will directly provide mass to the golsdtone-boson 7'. To see
how, we have to analyze one more thing. If we raise again the mass terms into the QCD
lagrangian, the divergence of the singlet axial current read as:
_ Ol ~
Duj"° = —2myivsu — 2madivysd + 48—F§VF;‘ , (3-130)
™
where we replace the definition of the dual strength field and define o, = % for our ny = 2
theory. The first two terms remain us that the mass terms violate the symmetry too. Thus,
the most general QCD lagrangian can be written as:
Q@

“F E"0ocp, (3-131)

1 a v . = = %
L=—"F%F" +iqlDq — (Ggmqe® qr + h.c.) o Lt

4 ma
where 6y = 0 in (3-53). We expect that the FF term that violates the U (1)4 symmetry
generate mass for the my-field as m, generates mass for the 6y + 03 combination. Under a
U(1) 4 transformation,

. — e’ qr— g, (3-132)
leading to an anomaly contribution of
Qs a Touv
L Anom = NQBE Tr[F, FI. (3-133)

If B = 6y we can shift the phase 0y to 0gcp through an axial transformation. So, the
combination

Ospr = QQCD + 20y, (3—134)

appears now multiplying the GG term for N, = 2. As we have mention, this term violates
P and T parities, as:

gwebp @ DL wep @ 3-135
7 B M B

This implies that QCD theory is invariant under P—,T— and C'P— iff § = —0, i.e. # mod
7 = 0. But we do not have any restriction on 6, therefore QCD does not naturally conserve
CP . Thus, every CP violation observable has to depend on the physical fs,,. So, this term
impose a CP-violation in QCD (we talk more about this fact later).
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As a last ingredient, we need to remember that when we defined the transformations (3-32)),
we are effectively making a local U(1)4 shift. Thus, we have another contribution to the
lagrangian that can be read as:

8

Under this new ideas, we can write new contributions for the meson potential (3-63|) as
V'~ —myv® cos(by + 03) — mqv® cos(y — 03) — Apep cos(200 — Osar), (3-137)

where the new contribution relies the fact that has a minimum in the additional factor that
accompanies the anomalous structure, it has to give a large mass to 7’ so must have a non-

zero second derivative at the minimum and has to be periodic. Thus, the meson mass matrix

has the form [72]:
3
wtFmg my, —my 00
mr=2 (" ny . 1
f? (mu —mg My + md) +28qep <O 1) (3-138)

Thus, 7’ takes its mass from the new term and pions from the chiral symmetry breaking by
quark masses and the quark condensate:

My + mg)v>
mﬁo:—( uf2 ) ;

Then, we were able to solve the problem associated with the meson 7’ mass, but we introduced

m2, ~ 4hGep + O(mgv®). (3-139)

another problem: Our QCD theory is now CP violating because we add a new CP-violating
term.
Another method to isolate anomalous contributions in a single term is rotating the fermions
with a phase —fgcp/N,, to be able to cancel the 6- term leaving a complex mass quark
matrix. Then, there are two phases with independent origins, which, when mixed, generate
an explicit violation of the CP symmetry in strong interactions. This is the origin of the
so-called strong CP-problem: From the experimental point of view QCD preserves CP, that
is, all bound states must be eigenestates of the parity operator. This leads to the fact that
if parity is conserved, Neutron Electric Dipole Momentum (NEDM) must be equal to zero.
Therefore, the presence of the # - term contributes to NEDM. From chirality techniques [73],
we have:

d, = 2,4 x 10 3fefm, (3-140)

where e is the charge of the electron. Compared with the experimental boundary |d,| <
3,0 x 10~ Befm [39], we have an upper bound of:

0] < 1,3 x 10717 (3-141)

This is a tiny value. 8 can carry inside the [0, 27] interval. Therefore, the CP-problem could
be enunciated as: Why is it possible to think that this small value, which comes from two
totally different phases, is compatible with zero?
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3.7. Vafa-Witten Theorem

The proposition associated to make the §-term related to the spontaneously breaking of the
U(1)4 group a dynamical field is related with the C P-conservation in vector-like theories.
Following the Vafa - Witten theorem [74], in parity-conserving vector like theories such as
QCD, parity conservation is not spontaneously broken. We are allowed to use the same way
to proof the necessity of use a dynamical field instead of a static parameter.

The effective euclidean action in the QCD 6#-vacuum has the form:

1 0>
e VaBO) — Z [dAu],, exp {— /d4I (Z Tr [FMVFW] + %Ewm Tr [F#VFPU]>:| : (3'142)

v

It is possible to see that there are a specific order in the values for the energies in this
integral:

» For 6 = 0 the (3-142) is real

= For 6 # 0 the 6 factor is only a phase that reduce the value of the integral

so we can write in general:

E®) > E(0) V. (3-143)

But, f6-term is a explicit CP violation term, so we can not use the Vafa-Witten theorem
in order to generate the later affirmation, because # is only a fixed parameter. But, if we
change the nature of theta to be now a dynamical field, this could relax itself until reach the
minimum state of energy, corresponding to § = 0. That is the basis of a good mechanism to
avoid the CP violation in QCD

3.8. Peccei-Quinn Mechanism

An elegant way to avoid the CP problem was proposed by Robert Peccei and Helen Quinn in
1977 [40]. The propose is based in the assumption of a new U(1) global anomalous symmetry.
The symmetry has to be anomalous in order to cancel the #-term using the color anomaly
produced by the rotation of the fields. The spontaneously broken of this new symmetry
at certain energy scale produce an extra degree of freedom associated with a new goldstone
boson. But, because this U(1) is anomalous at quantum level our boson obtain mass through
topological effects associated with the interaction with instanton fields and couple with
gluons. This additional particle is called azion, and its detection depends on the energy scale
of the particular model. So, in the same way as we do for the pion fields, we can write an
effective lagrangian below the energy breaking scale for the axion field a(z):

1 ~
Lo = 50ua0"a+ (GQCD + fﬁ) & pa puv, (3-144)

8r M
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Then, we can suppose that the U(1)pg acts in the same way as the usual axial symmetry
making 0, = ;- as in . So, the new symmetry adds a new contribution to the meson
scalar potential

V ~ —myv® cos(fy + 03) — mgv® cos(fy — 03) — Aé?CD cos(20y — Osnr + 0,). (3-145)

Thus, in the minimum, we can avoid any possible value of 05y, making 6, = 63 = 0 and
6, = Osp. But, the spontaneously breaking of the U(1) pg symmetry can destroy our model,
because it can induce again CP violating terms. However, considering that a(z) is a dyna-
mical field, the Vafa-Witten theorem ensures that the axion field evolves towards (a) = 0, so
there is no new CP violating phases. Even in the presence of external sources of CP violation
(as complex phases in CKM matrix), observables associated to 6- term imposes constrictions
over the maximum possible value > 6] < 1,3 x 10719,

3.9. Extensions to SM

It is easy to see that is impossible to implement this model into the SM. Writing the anomala
PQ symmetry as
O — €Y up — %y, dp — €Ty, (3-146)

We assume that the left-handed quarks does not transform under PQ (this assumption
maintain the condition of the anomala nature for the PQ) symmetry).Writing down the SM
yukawa lagrangian:

Ly = —YuGrdur — YaGrdUur, (3-147)

where we use the usual definition for the fields (g, corresponding to the left quarks and
to the higgs field are SU(2) doublets and gg are right-handed fields that are singlets to the
isospin symmetry. In this way, under the definition 1& = 1091, we see that the PQ symmetry
is accomplished by all the terms under the condition:

— 2+ 2, =0, x45+x4=0. (3-148)
Therefore, the anomalous term transforms as:

OéseQCD ~ Qg [QQCD — Oé(ZL’u + l’d/2] ~
— = F% T Fe EHY. 3-149
s pr—a T prsa ( )

Thus, there is no possibility to absorb the #- term. through the PQ mechanism, Also, there
is no enough degrees of freedom to put the axion field. Therefore, is necessary to extend the
usual SM with extra fields.

The first attempt to implement the PQ mechanism in a extended SM was proposed by
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Peccei, Quinn, Weinberg and Wilzeck (PQWW). They added an extra Higgs doublet to the
original content of SM fields. Thus, the yukawa term has the form:

Ly = —yuqrd2dr — Yaqror1ur. (3-150)

The VEV developed by the two higgs fields must fulfill the relationship \/v? +v2 = v =
246GeV in order to reproduce the electroweak scale. Two higgs doublets correspond to 8
degrees of freedom, then it is possible to introduce a non-trivial PQQ charges assignment as:

b — € up — e g, dp — e %dp. (3-151)

Then z; = z, and x93 = —x4. Three degrees of freedom are eaten by the gauge bosons
and the axion corresponds to the pseudoscalar state among the added higgs, then the axion
decay constant f, in the PQWW model is proportional to the electroweak scale v . Axion
interactions are proportional to the factor 1/f,, which implies that a lighter axion interacts
more weakly than a heavier one. Experimentally, the value f, ~ v turns out to be to small,
generating an axion that interacts too strongly with matter, which is completely ruled out
by experimental results such as the branching ratio [75]:

B(K* — 7t + nothing) < 7,3 x 107! (3-152)

but, the so-called visible azion predicts a significant larger value ~ 1078, then, the PQWW
axion is excluded.

Additional constraints can be obtained from astrophysical considerations. The energy loss
in process associated to axion emission by hot dense plasma is inversely proportional to f2.
Axions have to interact weakly enough in order not to affect the stellar evolution. Therefore,
the lower bound on the axion decay constant has the value [70]:

fa < 107GeV, (3-153)

which, for proper PQ axions can be translated to an upper bound on its mass m, < 0,1eV.
On the other hand, cosmology places an upper bound of f,. Even if the axions are not the
main component of dark matter, their density can not exceed the observed dark matter
density (1-4] The axion density parameter takes the form [77]:

f 7/6
Qh? =k, | —2— . 154
" (1012Ge\/> (3-154)
Imposing that Q, < Qg,, we get:
fa < 10" GeV, (3-155)

or, in terms of the mass m, > 107%eV. Then, a window for dark matter axions could be:

107GeV < f, < 101GeV, 1075V < m, < 0,1eV (3-156)
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But these limits should not be taken too strict, since they are model dependent [76]. This
scale is larger than v preventing a strong coupling of the axions with ordinary matter. This
kind of axions are so-called invisible azions.

One of those invisible axion models was proposed by Kim, Schifman, Vainshtein and Zak-
harov (KSVZ) [78], [79]. In this model the exotic added fields are a complex scalar singlet
coupling to a new heavy additional quark. the only fields charged through the PQ transfor-
mation are the exotic ones and the scalar acquires VEV through a “Mexican-hat”potential.
Another type of extension proposed by Dine, Fischler, Srednicki and Zhitnitsky (DFSZ) [80],
[81]. This model increase the PQWW model with a scalar singlet, requiring that all fields in
the theory have a PQ charge (except the gauge bosons). This extension is the one used in
this work to solve the CP-problem.
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In order to solve some of the problems of the SM (mass hierarchy, massive neutrinos, strong
CP - problem, etc), study scenarios beyond the standard model. As mentioned in chapter
(1), one of the most preferred extensions to the SM the enlargement of the scalar sector
by adding new Higgs doublets (and also Higgs singlets) in order to understand some facts
such as the top/bottom mass ratio or to provide the spontaneously breaking of new sym-
metries. A new model is built assuming the existence of a new abelian interaction U(1)x.
In addition, as was explained in , the solution of the strong C'P - problem requires the
introduction of an anomalous U(1)pg symmetry that allows canceling the term associated
with the C'P - violation by means of the color anomaly. Then, the scalar sector is extended
in order to break the new symmetries and, under the premise of the existence of invisible
axions, a DFSZ-type extension will be used which involves an additional Higgs doublet .

As mentioned in , in order to the pseudo-Goldstone boson associated with the axion
would be invisible, the PQ-symmetry has to be broken at an scale energy much greater than
the electroweak scale and in fact much larger than the U(1)x scale. The introduction of the
PQ symmetry guarantees, after spontaneously symmetry breaking (SSB), the existence of a
remanent Z, symmetry [82] that will be used in order to distinguish between doublets with
the same X charge, where the mass matrices fermionic textures are produced in a suitable
way, producing the necessary zeros in order to obtain the observed mass fermionic hierarchy.

4.1. Scalar sector

The model consists on a DFSZ type axion on which the additional symmetry U(1)pq is
structured. Some properties of the scalar sector are:

» The scalar singlet that allows the SSB of the U(1)x is x with VEV in order ~ TeV
and the the singlet that generates the SSB of U(1)pg-symmetry is S ~ f, as was
mentioned in ((3.9).

= The need for two additional Higgs doublets ¢1, ¢ is shared by the DFSZ model and
the search of suitable fermionic mass matrices texture. The VEV are vy, vy respectively
in such a way that are related to the VEV electroweak scale by v = y/v§ + v3.
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Scalar bosons X  U@)pg
Higgs Doublets
2
Cbl = h1+01+i771 2/3 T
V2
2
o= | ho+vo+in 1/3 T
V2
Higgs Singlets
_ & + vy + 16y

NG —1/3 Ty
o -1/3 Ty
S:fs-irUS‘HCS _9/3 s

V2

Tab. 4-1: Non-universal X quantum number and U(1)pq for Higgs fields.

= An additional scalar singlet o is introduced. It will useful later to produce masses
through radiative corrections.

= In order to give suitable texture in the fermionic mass matrices, we will use the argu-
ment of [I3] related to the imposition of restrictions in the mass structures through
the assignation of X and P@Q charges. Following the model proposed in ref [20], it is
possible to create hierarchical mass structures identifying zero-type mass matrices that
allow production of hierarchycal mass eigenvalues related to the vacuum expectation
values of the scalar field involved in spontaneously symmetry breaking. Our model is
based in the same yukawa lagrangians, but we impose restrictions over the yukawa
couplings through P() charges instead of a Z, discrete symmetry with the same values
of the X-charges in order to differentiate among different families.

The table (4-1)) shows the scalar content of the model, including the two doublets ¢; v ¢
and the three singlets x, 0, S in addition to the U(1)pg labels.

4.1.1. Gauge boson masses (W}, B,, 7))

We can write the associated kinetic lagrangian as:

Lin =Y (D) (D"W)), (+1)

%
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where ¥; = ¢1 2, x, S The covariant derivatives are:

i Y .
Dy = 0ui — igWiTugi — ZQ/EBMQ‘ +igx X 7,

Dux = O,y — Z%Z;Xi, D,S=0,S, Do =0,0. (4-2)

After the symmetry breaking, the Wf = (W}} F WE) /V/2 acquires masses My = % . The
neutral gauge bosons (Wi, By, Z],) masses are obtained for the following matrix:

) g*v® —gg'v? —299x0*(1 + ¢3)
M2 = i x g2 2¢'gxv* (1 +c3) :
2
S AL

The Mg has null determinant as is expected because the existence of the photon A,, which
is a massless gauge boson So, the neutral masses are given by:

gv gxUy
My~ —— My ~ 4-3
2™ 9 cos Oy 7 3 (4-3)
The matrix that diagonalized M, is given in [20] and has the form:
Sw Cw 0
Ro == CwcCyz —SwcCz Sz s (4—4)

—CwSz SwsSz Cz

where tan 6y, = %’ is the Weinberg angle and sy is the mixing angle between Z and Z’ gauge
bosons:

29xcw ((myz ?
-~ 2

In order to define the mass eigenstates associated with the Goldstone bosons of the Z and
7' gauge fields , it is necessary to use the bilinear terms Z,0"G ; that coming from the
kinetic term of the scalar fields. These contributions are expected to be canceled out with
the bilinear terms originated in the gauge fixing. The gauge fixing condition has the form:

1 1 / 2
Low = =5 (0u2" + MzG2)' = 5 (auz 2 MZ,GZ,) . (4-6)
But, we are only interested in the mixed terms:
- MzG20,Z" — Mz G 20,Z™. (4-7)

Integrating by part we have the relevant components as:

M, 2"8,G 7 + Mz Z"8,G 4. (4-8)
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These terms are expected to be canceled with a contribution from covariant derivative. In
order to get the Goldstone boson mass eigenstates it is necessary to rotate the expression
(4-2)) in function of the mass eigenstates as:

D,=0,—1g (SWAu +cewezgZ, — CWSZZ,Q) Tsp,
8 Y
—ig2¥ (cwAy — swezZy+ swszZ,) =
Cw 2

- igX (Szzu + CZZl/i) s

Y
= 6# - ’LgSW (TgL + —) AH

2
) Y .
— (—ch (C%VT?,L — s%,v—) +ZngZX) Z,
Cw 2
) Y )
+ (—gsz (C%,VTgL — S%V—) - ZgXCZX) Z,Z-
Cw 2

where we take into account the relation ¢’/g = tan W = tyy. Ignoring the associated photon-
term and taking ¢, T3, — s¥, = Tz1, — s3,Q, we have:

{
DM == 8“ - (éCZ (TgL - S‘Q/VQ) + g?XCWszX) ZH

. S
—1igx (_i_Z (T3L — SIQ/VQ) + CzX> ZL (4—9)
gx Cw

Taking the scalar ¢, field, the contribution of the covariant derivative applied to the neutral
components of the scalar fields (since the charged components contribute nothing to the
neutral Goldstone) is:

10, 1gc
Dy = ;771+(_ 9z

\/5 cw (TgL — S%VQ) — ingSZ> Zﬂgﬁl

1gs .
+ ( Z Z (TgL - 812/1/'@) - lngCZ) Z;Lgbl
w

In order to obtain the mass contributions, we can avoid the radial components, leaving
only the contributions related to the VEV of the fields. Thus, taking into account that the
action of the ) operator over the neutral components is equal to zero and replacing the
corresponding values of the T3, and hypercharge quantum numbers, it is possible to write:

_ O (g (LN, (2 v
i (e (D) (2)) 55

ig 1\ = /2 , 0y
sy (-2 - = 7 —L.
(o ()= (5) ) 235
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In the same way we have:
i0,m ig 1 . 2 (5]
D,y = —— ez | —= = Z,—
( #¢1) \/5 + (CWCZ ( 2) +’ng (3 Sz m 5

19 1 . 2 !
—— —= = 7z —.
(e (03) o (5) ) 2

In the kinetic term (Dugb1)2, we are only interested in the mixing products:

2
(Du1)(D"61)" = = v1 Z,0,m <_LCZ + ﬂSZ)

QCw 3
2
Similarly:
= 02Z,0,m> (%82 + g?XcZ> ; (4-11)
w
and, for the singlet y
0uCy 1\ v ‘ N
DuX =~ \;ix —10x (—§> 527’%2# —0x <—§) Cz\/—%Zl/L (4—12)
uX) ~ /2 gx 3 Z\/§ w T igx 3 Z\/§ !
1 1
(Dpx)(D*x)! = = 0, Z,0,(x gx <_§> 57 — 0 Z,0,0xgx (_5) cz. (4-14)

Thus, matching the contributions of the covariant derivatives with the bilinear terms from

the gauge fixing and replacing M, = 29—1}, My, = gv?x, we obtain for Z,, and Z:
w
2ewer [ g 2ewsz [ gx
WGz, = e [E (v10,m +U2au772)} + o [—3 (2010,m +U2au772)]
2ew gx
+ o ’UXGMCX?SZ, (4-15)
3 g Gy Cz " Vs
0,Gz = ——5z7 (—v10,m — 120 X —2—0,m — —
il IxUx [QCW 52 (010, = vadye) 3 < Ux v Ux Mm)}
9x
+ (v 0 Cx—cz> . (4-16)
gX,UX XK 3
Under the approximation sz ~ 0,cz ~ 1, it is possible to write:
My
GZ;L = 85771 —+ Cﬁ’f]z + M—ZSZCX, (4—17)
z
v v
Gz = Go—2—m — —=ns. (4-18)
Ux Ux
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The definition of Goldstone bosons allows us to impose new conditions for PQ-charges in
order to decouple the axion.

4.1.2. PQ coupling to gauge bosons

The only PQ charged objects in the present model are the fermions and the higgs fields. There
are no direct PQ coupling with the gauge bosons, so this implies that the phases eaten by
these bosons are PQ neutral.Under the U(1)pg symmetry, the scalar fields transforms as:

D1 = €%, Py — €72y, x — XYy, S = €505 g — e, (4-19)

and the current associated with the PQ-transformation is given by:

oL oL oL oL
PQ _
T = Saue, T Song, T sony song T
= $SUSZ'aMCS + LUXUXia“CX + 172’028#772 -+ 2511)18“7]1, (4—20)

which must be orthogonal with neutral currents at low energy

PQ mz,
<Ju ‘GZ> = T1V158 <au|771> + T2v203 <au772’772> + m_SZxZUx <aqu‘Cx> =0, (4-21)
PO 2u1 ()
<Ju |GZ’> = _U_$1vl <au?71’771> - U—ﬂ?zvz <3u772\772> + T\ Uy <8qu’Cx> =0. (4'22)
X X

We can simplify the last expression using sy using (4-5)):

, 2 2 2
mz <_+) v (4-23)

my V2 Uy

Therefore, we can write the following restrictions:

0= vfxl + U%l‘g + (21}% + vg)xx,

0 = 2071 + vy — Vi, (4-24)

In addition, the Ay4 term in the scalar potential (4-28|) generates the following equation:

Ty —xg — X1+ 22 =0, (4-25)
So using eqgs. (4-24)), (4-25) and choosing the normalization condition
rg — Ty = 1, (4-26)
it is possible to write:
v3(20% + v3 + v? 22
2 = — 2( 1 2 x) oy = — )

(207 +v3)? + v202’ (207 + v3)? + v2?’

To =1+ a1, rs =1+ x,. (4-27)
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4.1.3. Higgs potential

The most general potential that could be written with the particle content showed in (4-1))
and the scalar PQ-restrictions (4-27)) is:

V = i6{n + idohés + Cx + %o + psS*S + M (1n)
20 (8102) "+ 2 (X0 + M (0°0)* + 25 (810n) (01n)
+ X5 (6102) (6101 ) + (6161) Do (020 + X (0]
+ (9562) e (030 + X (070)] 4+ A (x') (070) + Ao(S”S)?
+(5°8) [Auo (6101) + At (6hz) + Az (XX + A (00|
+ A (xS0 n + hec.) (4-28)

where the term proportional to A4 is necessary to avoid trivial PQ charges for the scalar
sector. At this point it is worth mentioning that the VEV of S singlet is the one that generates
the mass of the right-handed neutrinos.

4.1.4. Potential minimization

Replacing the definition of the scalar fields in (4-28)), we obtain the following minimization
conditions:

1 /- VU, U
—Iu% = )\12}% + 5 ()\5’05 + )\G'Ui + )\101)% + A4 ZUX S) ,
1

1 /- V10, Vg
— 13 = Movl + 5 ()\50% + M2 + A1vg + Aug Ix ) ,

(%)
1 V1 VoV
—,ui = )\3’U>2< =+ 5 ()\6?}% + )\71)% + )\121)2' + )\14 1'1]2 S) 3
X
1 VUV
—M% - )\gv?g + 3 <)\10vf + )\va + )\12U>2< + Aig 11;2 X> ) (4-29)
S

with A\s = A5 + )\'5. The scalar mass spectrum is obtained expanding the scalar potential to
second order terms around the VEV given by the above conditions.

4.1.5. Charged scalar sector

The mass matrix for the charged scalar bosons expressed in the (qf)iﬁ, (béc) basis is

Vol Vg

/ 2 ’
1 )\51}2 — /\14 )\51]11)2 + >\141}XU5

M2 = - U1 4-30
cC= 7y . )\,50% B )\141)111)(1)5 ) ( )

V2
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which is a Rank 1 matrix, so there are two Goldstone bosons which provides mass to the
Wj gauge bosons and two physical massive states corresponding to charged higgs bosons:

mé% =0, (4-31)

1/, 20,0 v?
m?;[j: = 5 (/\5’212 — )\14 X S) ~ 5)\5 + mio, (4—32)
S28

that corresponds to two physical charged Higgs.

4.1.6. CP-even scalars (hy, ho, &, &s)

The CP-even sector has the mass matrix:

A14 V2V, Vg 5\5 A4 A6 A4 A4 A10
M2 — ==X ug 4+ S0 Us 01Uy + ——UgUs —— Uy + —— Vs
Loy oy 2 4 X 2 Xy 4 X9
A4 V10, Vs A7 14 A4 11
* v — == —X2 lu + — 05 —— 01Uy + ——UaUs
M2 _ 4 V2 2 4 4 2
R N N A2 A14 V1V2Vg >\14U - )\1221 v
30y, — —— — U1V T —/— S
X 4 Uy 4 2 X
)\14 V102V
* * x Agud — 1 P20
4 Vs

(4-33)
This matrix has Rank M2 = 4 and we define \s = \; —I—)\%. In order to obtain the eigenvalues,
we use the VEV hierarchy vg > v, > v to calculate them perturbatively. Through the
scaling of couplings in the scalar potential in eq. , it is possible to made our model
technically natural generating an explicit decoupling between SM and the neutral singlet on
the PQ-scale. So, requiring the relations:

02 2 2 02
— 1 — 2 — 1 — 2
A6 = a6 A7 = ar—5, Ao = a0y, A =an—g,
vy vy vg vg
2 2
v
— X —
A2 = a12—, Ay = auy )
vg Uy Ug

is possible to build a natural hierarchy between the PQ and electroweak scale, without
unpleasant fine tuning [83]. Thus, the leading contribution to the MA-matrix can be appro-
ximated by the contributions related to the terms > 0%

a14 V"2 X5 14
M2 — =22 2 220 0
jv 1 o 5 vlv; + 1 v
>\5 14 a14 V"V
2 = —_— —_— 2 —_—— A 2 O O -
M2 5 Ui+ 1o, T : (4-34)
0 0 /\3?})2< 0

0 0 0 vl
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Then, at LO, the heavier eigenvalues can be written as )\31}3( and AgvZ. In order to obtain the
largest eigenvalue of O ~ v? it is possible to neglect non-dominant terms from the condition
Uy Vg > v?,v3, v1vy in the 2 X 2 superior matrix:

5 fcotB  —1
M0~v2lvxvs>>vf,v§,v1v2 = —Q14v ( 1 tanﬁ . (4—35)
The largest eigenvalue can be written as:
2 v’
my ~Tr [M0~v2|vxvs>>v%,v§,vwz} ~ 0w s5C5’ (4-36)
and the lightest eigenvalue correspond to:
Det |[Mo..
[ @ v2] _ )\102’ (4_37)
Ir [MONU2 |vxvs>>v%,vg,vlvg}
where (4-37)) can be identified as the SM Higgs, t3 = v1/v2, A1, A3, Ag > 0 and a4 < 0.
4.1.7. Cp-odd scalars (11,72, (y, Cs)
The neutral pseudo-scalar in the basis (11,72, (y, (s) has the mass matrix:
VaUy Vs
—o, TUxUs —uals  Ualy
! V1V, Vg
Ay | TOVs T s V1Uy
M12 =1 vz V1V2Vg ) (4-38)
4 —UUg  V1Ug —V1V3
Ux
VU2V,
VoUy —U1Uy —UV1U3g
Us

where Rank M? = 1, so there are three zero modes, which implies the existence of th-
ree would-be Goldstone bosons associated with the bosons “eaten”by the vector bosons Z,
and Z], and the other corresponding to the axion related with the breaking of the U(1)pq
which obtains mass by non-perturbative QCD effects. The massive state is related with the
pseudoscalar boson A° with mass:

(4-39)

~

2 Au (QUXUS UQ(Ui +U%)32B) Ny ayv*
Mae = * -

28 20, Vg Sop
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4.2. Fermionic sector

The fermionic sector is build taking into account the cancellation of the local anomalies
associated with the interaction term arising from the non-universal U(1)x and suppressed
by the remanent symmetry after the breaking of the U(1)pg. The best method to implement
the breaking U(1)pg — Zs is to break the PQ symmetry by the VEV of the S - singlet. The
singlet associated with the spontaneous breaking contain the axion field:

S = —=(fa+ p)e™@/fe, (4-40)

1
V2

where, under the same effective mechanism described in (3-50) and adding the mass term in
(3-144) it is possible to obtain the axion mass value:

2 r2
e
u d a

102GeV

7 (4-41)

This is the reason for take f, ~ wvg . The SSB of the U(1)pg through the VEV of the
S-singlets generates a condition of periodicity of the effective potential in the variable a/ f,

as
2ug

under a proportionality relation ~ sin (N DW ) The effective potential is minimized for a

collection of vacua:

as\ _o 7 mNow=1) _
<2US> - 07 NDW’ NDW € [077T]7 (4 42)

with Npy associated with the remain Z, symmetry. The hierarchical groups present in the
fermionic sector induce us to think that the methods for mass acquisition for every group
has to be the same, so our extension promotes the formation of mass textures that restrict
the lagrangian terms to achieve this structure using the quantum numbers X, Xpg, and Z,.
The constraints over the X - quantum number for the fermion sector have the origin in the
behaviour of the scalar sector plus the cancellation of the chiral anomalies. Therefore, the
non - universal X charges must vanish under the interaction with the other group generators
presents in the theory. The restrictions coming from the triangular diagrams analyzed in
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chapter taking into account the U(1)yx and the exotic particles contribution reads as:

SUB) Uy = Ac= Y Xo,— ) Xaw (4-43)
Q Q
SU@) UL x = Ar= > Xo +3) Xq,, (4-44)
4 Q
UMy PUD)x = Ay = Y [V2Xy, +3Y5,Xq, ] — Y [V X0, +3Y5, Xq,[4-45)
2,Q 4,Q
Uy UL = Ay = ) [Ye, X7, +3Y0, X5,] — Y [Yiu X7, + 3V, X5, J(4-46)
4,Q 4,Q
U = Ax= D [XP +3X7,] =) [XP +3X3,], (4-47)
£,Q £4,Q
Grav? U(l)y = Ac = Y [X¢ +3Xg,] =Y [Xo, +3Xq,) (4-48)
£,Q 4,Q

The last set of equations is accomplished by the fermionic spectrum showed in table ,
where the X pg charge are showed. The values of this quantum number are restricted by the
Xpg charges obtained by the scalar sector and the normalization condition for the S - singlet.
The basis of our model is to restrict the values of the PQ-charges necessary to produce a
Lagrangian that allows obtaining mass matrices with the appropriate texture according to
what is studied in [20] to generate the SM fermionic mass hierarchy.

4.2.1. Quark sector lagrangian

According to the SU(2), @ U(1)y @ U(1)x x U(1) pg symmetry, the most general lagrangian
for the quark sector that produces suitable fermionic mass textures in order to produce the
SM fermionic hierarchy is [20]:

—Lg = E (52%(]) o U + E <$2h§)1 Tg+ E@lh[{)m[ﬁz + E(glh{bTR

+ @ (1) Uk + ¢ (01h])ssUp + T, (xhY), Ui+ Ty (Uhg)l,S Uy’

+ T2 () T+ ap (Ouhd ) Tf + aF (9213),, T+ 47 (6213) 3 Dy
Tn * 1,2 n * n

+JE(0hT) gy PR+ T (X),,,, T + hecey (4-49)
with n = 1,2 and gz~§1’2 = 10997, are conjugate fields. The table shows the fermionic
content of the model and the notation used for the U(1)pq charges.

In the last lagrangian we do not have take account terms like ¢? ((ﬁghf )33 Dg,z) because the
charge for the DEQ quarks is generated by another mechanism will be explained later (related
to the term J_’Lla*Dll%’Q). The quark lagrangian (4-49) plus the scalar potential 1) restrict
the values of the PQ charges. Then, in order to calculate the most general set of PQ-charges
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Quarks X

PQ-label

|

Leptons X PQ-label

SM Fermionic Isospin Doublets

Ul
L

xqi

l’q%

xq:z

€ I/e
€L = < o >L 0 Jizi

yH
Elz = ( o )L 0 :L“gz

v
= - 1 Tyt
eT L L

SM Fermionic Isospin Singlets

Uy*? +2/3  Tpies e —4/3 Teer
Dg** ~1/3  apa el ~1/3 Ten
Non-SM Quarks Non-SM Leptons

& 1T 1 3 e, T
TL +1/3 Xry Vg /1 x;Rl
T, 2/3 g . b
& +2/ Tr Ep —2/3  ap,
Jéa 0 $Ji,2 Er —2/3 Ter
JII{’Q —1/3 x‘]}f Er -1 Teg

Tab. 4-2: Non-universal X quantum number and PQ-labels for SM and non-SM fermions.
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that allow the lagrangian (4-49)), it is necessary to calculate the PQ-charges that restrict the
model. Taking into account the restrictions imposed by (4-49), (4-28) and the values of the
scalar PQ-charges (4-27)), it is possible to write for the up sector:

—Tg — Ta+ T2 =0, —Tg — T2+ 21, =0, (4-50a-b)
—Tp2 — T1+ Tz, =0, —Tp2 — 21+ 27, =0, (4-50c-d)
—Typ — 21+ T, =0, —Tgp —T1+ Ty, =0, (4-50e-f)
—or, + Ty + 3,2 =0, —x7, + 2y + 27, =0, (4-50g-h)
o1, + T + 2y, = 0. (4-501)

From eqs (4-50a), (4-50b), (4-50c) and (4-50d) it is possible to infer that z,2 = z7, and from

(4-50e),(4-50f) we have z,1 = z,3. Leaving the terms z, and x; free and without loss of
R R L L

q
generality we can use Tyt = Tgs . Replacing this conditions in the system we have:

Tyo = —Ty + T2 = —T1 + Ty, (4-51)
T = —T1 + T2, (4-52)
Try, = Ty + T2 = To + TyL. (4-53)

Solving in function of the free parameters adding the last restrictions and the equation
(4-50f), we can write:

xq% =—x1t+2x2+ xqia xu}% - xqi + X1, (4_54)
Tz = Tq + T, Tys = Ty + 21, (4-55)
T, = Ty + 'Tqi + X9, T = .’L’qi + X9, (4—56)

To =Ty + T2 — 21 = Tg. (4-57)

Therefore, we get the set of PQ-charges related to the up-sector. The values of the PQ-
charges allow the T oUp-vertex which is used to induce radiative corrections to 1-loop and
generate the up quark mass.

In the same way (4-49) and (4-28) enforce the following restrictions for the down-sector:

—xqi + 21 + Tjg = 0, —l’q% + 22 + Tjg = O, (4—58a—b)
—Tg + Ty +xps =0, —xg — Tyt ap =0, (4-58c-d)
—Tje — Ty + 2p1 =0, —Tjp — Ty + Tp2 = 0. (4-58e-f)

where a,b = 1,2. The J,oDpg couplings are necessary to find the masses of the down and
strange quarks at 1-loop level. From eqs. (4-58a),(4-58¢), (4-58d) and (4-58e-f) we obtain,
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respectively:

T, =T =Ty — T, (4-59)
Tpy = To — T3, (4-60)
Tjp =g =Ty — Ty =Ty — Ty — Ty, (4-61)
Tpy =Tpz = =201 + Ty + 2Ty — Ty, (4-62)

where we use the value of the x, charge given in (4-57)).

Using the fact that the PQ-current is axial, we can put Ty = xp = 0 without loss of
generality. Therefore, we can obtain the whole set of the values of the PQ-charges in the
fermionic sector as is shown in table (4-3]).

PQ-label PQ-charge | PQ-label PQ-charge
SM Fermionic Isospin Doublets
0 oS
iL’qi $46L —? — X9
5
T2 1 T —— — 9
L L 2
Ts
T3 0 Ty —T1 + > +x,
SM Fermionic Isospin Singlets
Tyr1,3
Up xy g
Ty Ty Teey T T Ty Tyt
R R xs
.CCD}%Q 1 — I $elv]; —7 —21'2
: —x
l'D}i% 2
Non-SM Quarks Non-SM Leptons
_zg
mye,,u,‘r 2
x
T Ty + To R S _*s
L X T, T1 — To + Ty
TTg ) xs
LER IR
Ts
$J£,2 —T1 — Ty Xey —2l’2 + 7
Ts
T 12 —x Teg —2x9 + 1y + >

Tab. 4-3: Fermionic PQ)-charge assignement according to the proposed lagrangian densities
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4.2.2. Leptonic sector lagrangian

The most general lagrangian for the charged plus neutral leptonic sector that produces
suitable zero textures for the mass matrices following the structure of ref. [20] is:
—Ly,p = gopls dacly + g, ety + G207 ey + 9250, doely + gp L5 01 B
+ gEM LgblER +hyELo*es + h “E_Lcre’f% hy Epo*ey, + WP EpxEg
+ WEELN ER + W5LE Gav/ly + WL 0 Govy + WEWEC SV, (4-63)

with i, 7 = e, i, 7. The main difference with the cited reference is that we do not introduce the
Majorana fields Ng*" and v"" get masses through the VEV of the S scalar field at PQ) scale.

For the charged leptonic sector, the restrictions followed from the Yukawa lagrangians asso-
ciated with the PQ-charges are:

—Tgs + Ty + T =0, —Tgr + Ty + Teg, = 0, —Zpe + 21+ Tp, =0, (4-64a-c)
—xp + T2+ T =0, —Zg; + T2 + Ty, = 0, —xp + 11+ 2p, =0, (4-64d-f)
—Tp, — Ty + Tee, =0, —Tg, + To +xen =0,  —xp, +2y+xH, =0, (4-64g-1)
—Tp, — Ty + Tep, = 0, —Tg, — Xy + xg, = 0. (4-64j-k)

In this case we take Ton, T S free parameters. Thus, the other additional charges will
be expressed in function of these ones. From eqs. (4-64a) and (4-64d) it is possible to see
that xp = x; and from eqs (4-64b) and (4-64e) we obtain z. = z.;. In table (4-3), we
summarize the PQ charges for charged leptons.

In order to give masses to neutrinos, the restrictions over the PQ-charges are:

—l’geL — I9 + IVE = 0, _xé‘i — X9+ xug = 07 (4—65&— )
—Zge — T2+ a8 =0, —Tpp — g+ 28 =0, (4-65¢-d)
—Tye — Ty + Ty, = 0, —Tp — Ty + Ty, =0, (4-65e-f)

Zyy + s+, =0, (4-65g)

From egs. (4-65a), (4-65¢) and (4-65d) we conclude easily that z,e = x,» = x,7. The egs.
(4-65b), (4-65d) and (4-65f) are equivalents because xs = zp. Therefore:

x;jﬁ = T2 + xﬂz; 1= €N, T, (4_66>
Ts
oy =2, (4-67)
xg;g — xei fd xV}{ — $2 — —% — f[,'2. (4‘68)

Finally, a set of PQ-charges that reproduce the same Lagrangian densities given in [20] due
to the Zy-symmetry are obtained as shown in Table [4-3]
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4.3. Mass matrices

4.3.1. Quark mass matrices

The restrictions imposed by the scalar potential (4-28)) the X-charges and the U(1) pg-charges,
allow us to build after the symmetry breaking the following mass matrices with zero struc-

tures:
1 0 (73 )1202 0 L[z
My = — 0 (RY) 990, 0 ; Myr = — [ (hT)avy |,
2 2
V2 (h)s101 0 (hY)s3v1 V2
) v
Mpy = =2 (0 (hY), 0), My = =X (h1),. 4-69
=5 (0 (rY) 0) T \/5( 1 (4-69)
and the down sector is structured like:
00 0 1 (h{)%lvl (hl)bvl
MD = O O O s MDJ = —2 (hé])%lvg (hg)%ﬂ)g N (4—70)
0 0 (h2D)33U2 0 0
v (hJ)X (hJ)X
M; =X ( XL A2 Mpy = 0. (4-71)
V2 \(h))5 (h))3,
Then, we obtain the following extended matrices
0 (h§ )12v2 0 | (h])1v2
0 (hY)22v1 0 | (h)av
([ My Myr\ 1 I U
MU = (MTU MT ) = 5 (h’l )_311)1 E (hl 133?)1 l E (4—72)
0 (hY)2uy 0 N

(h{)vr  (h{)12mn
(h)a1v2  (h9)2202

|
|
My = (MD MDJ) — 1 (h3) 332 l 8 0 . (4-73)
|
|

o O O
o O O

Mjyp M, V2 l- -

o
o o |

4.3.2. Up sector

Considering the extended matrix structure My, we can calculate the symmetrical quadratic

form as M% = My(My)T:

A B
vt = (g o) (@14
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where

avsd bvyvy 0

1
A== x @} 0 ], (4-75)
2 2
* x  dvj
1 [ ev2vx 1
B = 5 muivy | , C = 7’L§’U>2< (4—76)
0

Thus, as each block have the order A ~ vf,, B ~ v1 50, and C' ~ v? it is possible to use a
see-saw mechanism to obtain the block diagonalized matrix:

2
2 T A r2 my, 0
=V MiVy = 4-77
my v My Vo ( 0 m2 ) , ( )
with m¥ ~ A — BC7'BT and m?% =~ D. Because C' is only a number, we obtain the first
mass eigenvalue from the exotic heavy T quark:

nv?. (4-78)

2N
my = X

DO | —

In order to obtain the other eigenvalues, we see that the m?, is a matrix with the form:

h% 'U% hl h2U1 (%) 0
mi; = 5| * h3v? 0 |. (4-79)
2
* * dvy

The (m? )33 component is decoupled, so we can assume that corresponds to the mass of the

top quark:
1
m; = idvf, (4-80)
leaving a 2 x 2 matrix
1 (h?v2 hihoviv
2 1Y9 17620102
== 4-81
mUC 2 ( * h%fU% ) ? ( 8 )

which has null determinant, associated to the fact that in this model m, = 0. The only
eigenvalue correspond to the mass of the charm quark is proportional to the trace of the
m# . matrix:

1
mg ~ §h§’U%a (4‘82)

where we choose v; > vy to generate the correct hierarchy:.

In order to generate mass for the lightest quark is necessary to consider radiative 1-loop
correction as indicate the first diagram in the fig. (4-1J).



70 4 Gepy @ U(1)x x U(1)pg model

(a) <\<7> /<¢2> (b) (o) {o1), ((92))
“w > A rd
~ ~ o
s N s N 61, (92)
g / \ ¢2 g / \
[ \ [ \
o S l > | o l
> x > > . >
Up Ty Y Tr U Dzl-z’@) Y/ B Dy

0 00

Fig. 4-1: Radiative corrections for generate mass to the (a) up and (b) down sector

The 1- loop contribution obey the analytical expression given by:

Z(u) — —1 )\; <U> U2 (hg)l (hg)l C M2 MU (4—83)
17 1672 V2 My "\ My My )
where:
Co (x1,22) = ! ziryIn 7y rilna? + 25 1n 1) (4-84)
’ (I —af) (1 —a3) (2} — 23) 5 ’

adding new entries to the (m%,)11713731 components. The 1 — 3 and its symmetrical partner
component only add corrections to the top-mass quark, but the correction is really small
compared with the obtained value, so we neglect the correction. This leave us only with
corrections in the 11 component, leading to a net contribution from for the mass of
the up quark. Going back to the original Lagrangian variables and summarizing:

m2 ) 2L (hY)2hy — (h3)1(hY)2
u 11 » c D) 1 ((hg)2)2 + (hzg)z )
1 1
mi x sod () + (W), 2 [((B)a)? + (D)) (4-85)

4.3.3. Down sector

Under the same approach for the up- sector, we obtain a quadratic extended matrix M D]\ﬂ7
with similar structure to the matrix obtained in the up-sector:

A B
3= ¢). (4-50)
Then, after block diagonalization making

m3 ~ A— BC'B”. (4-87)
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We can write M3, as:
20
Mg = ("P . 4-88
b= (0 i) )

Thus, there are two uncoupled components that corresponds to the mass of the two heavy
exotic quarks Jb2:

1 2 1 2
m?p = E’Ui [(hi)n} s m?p == 57,7)2( [(hi)gg} . (4—89)
The matrix m% only has one eigenvalue corresponding to the bottom quark:

mZ = = [(h)ss)” 02, (4-90)

1
2
Then, there are two massless particles corresponding to the lightest d and s quarks. In order
to assign finite values to this masses, we again use a radiative 1-loop correction as the shown
in the diagram (b) of the figure . This diagram generates non-null entries for the m3,
matrix through the interaction with the o-singlet. The self-energies generated at one-loop
for down and strange quarks have the form:

@ 1 = Al o (B, (B)) ., (M M, _
S 1672 n;2 V2M o Mjn” Myn )’ (491)
@ 1 Mo (M), (WD), ., (My M, _
e 2 e ane ) (4-92)

with a = 1, 2. Thus, we can summarize the down quark masses as:

mg ~ 5\, my ~ S5 (4-93)
1 4
my = —(hQD)ggvg, mf, = —(hJ)Z'Z"UX. (4—94)

V2

4.3.4. Charged leptonic sector

After the spontaneous symmetry breaking, the lagrangian (4-63|) allow to build the following
extended mass matrix:

0 g2 0 | gg O
0 g 0 | gp, O
2e 0 2e O 0
Mpe= |9 7 9 l R (4-95)
0 0 0 | mE 0
0 0 0 | 0 e
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The squared mass matrix calculated as M LC./\/ITLC generates a £ term decoupled. Then we
can separate the terms in the flavor basis E = (e° et e, ) as

HZ/UX
V2

The see saw mechanism produces one massless lepton. Thus, it is necessary again use radia-

— ‘CY,E == E_LMEER + g_L(.c:R + h.c. (4—96)

tive 1-loop correction taking in account the interactions with the o-singlet as showed in the
figure (4-2)) which add a contribution:

S0 B3 |0

by | T2 0 T |0
AMg=—1| 0 0 0 0 4-97
e=gl 0 00 l 0 (4-97)

0 0 0 | 0

After the corresponding rotations, it is possible to diagonalize the squared mass matrix
M EME to obtain the following eigenvalues:

() 2 e 1/2
me /2 X1, my, = \/§ [(geu) + (gi#) } )
Vg [ 2¢\ 2 2 2}1/2 By Y
m; = — |(g:5) + (g5 , mp = (W) —, 4-98
U [(62)" + () b= 00%) 2 (199
me = (hxs)%.
where the self-energy is given by:
1 X (o) vi(gh) (hE) M, M,
B = — 6 bell7E ¢ . 4-99
L 16m2 Mg "\ Mg Mg (499)

4.3.5. Neutrino sector

Due to the energy scale of the energy break of the U(1)pg, the mass of the right neutrinos
is in the order of vg, so it is possible to find the mass of the active neutrinos through a
typical see-saw mechanism. The mass lagrangian for the neutral leptonic sector in the basis

e e C T
N = (I/L“’ (vt ) has the form:
— L = 505 dovly + sl 05 dovly + W05 Svk, (4-100)
where i, 7 = e, u, 7. After the SSB, the mass lagrangian has the structure:

—ﬁmass:h;;jgv% s, vauR + 1 j_ o (4-101)
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N
AN x
g , N
/ \
[ \
> \ ? I >
€ Ey Y Eg ep

Fig. 4-2: Radiative 1-loop correction for charged leptons

Without loss of generality, we consider hisj a diagonal matrix, where:

]

V2

= M5/, (4-102)

is the right-handed neutrino mass. Thus, in the (VL, Vg) basis the mass matrix can be written
down as:

0 mZL
M, = AN 4-103
(mD MM) (4-103)

where

ve vy vT
h2e h2e h?e

mp = —= | hye ByE hyn |, (4-104)
V210" 0 o
o {00
MM:7S§ 0 hy O]. (4-105)
0 0 hs

Then, under the see-saw mechanism, the light masses are of the form m, = M MsMp ~
@) (%) The diagonal of M, determine the mass eigenvalues where the light states has
eigenvalue 0 and the squared mass differences Am?,, Am2, depend on the Yukawa couplings.
By diagonalizing M,,, the mixing #-angles that allows diagonalize the PMNS matrix are
obtained. Using experimental data is possible to find a parameter region consistent with the
neutrino oscillations. Performing the see-saw mechanism, the active neutrino mass matrix is
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given by:

~ Tar—1
Miight ~ —mDMM mp

PSSy . ,
~ —\/ihl’vs hychay + hyih,p (h2522 + (h58)2p 2 . 2 2
BECHET + gihiip Bl BsTp (W) ()% + ()%

(4-106)

In the reference [20], light neutrinos obtained mass through inverse see-saw mechanism and
in this case through see-saw type I mechanism. It is possible to identify the parameters of
the two models (inverse with type I) in the following way:

2 2 2
HNUy v My

— ~ .
thlvi V2hivg M

(4-107)

Assuming that vy, = m, and vg ~ 10'°GeV, then light neutrinos will have a mass of the
order of eV and the squared mass differences will be fixed by the hgi(#) Yukawa couplings.

We define the p-parameter as:
My Iy

=
where we assume the hierarchycal behaviour M; < My < Mjs, so the light-neutrino masses
does not depend on the M; component. Taking into account this labelling, the neutrino

p (4-108)

oscillation treatment is reduced to that already studied in [?]. Thus, in order to make the
model consistent with the neutrino oscillation data, the values of the Yukawa parameters
are restricted to the same region. In particular for NO, we have:

p=0,5, (4-109)

and, for 10:
p = 0,625. (4-110)

The tables (4) and (5) in [20] show the NO and IO respectively, where is obtained assuming
that |hs| ~ 0,1 and the right-handed neutrinos obey the mass hierarchy:

M, ~ 10"°GeV = 0,5Ms. (4-111)



5 Conclusions

The standard particle model presents some problems (fermion hierarchy, strong C' P-problem,
massless neutrino, etc.) that require the use of extended scenarios. During the develop of
this work we have reviewed the concepts associated with the origin of the chiral anomaly, its
emergence and subsequent development in the frames of abelian and non-abelian theories in
order to explain the origin of the strong C'P-problem and the origin of the axion. The need
to use BSM theories was evident due to the impossibility of implementing an additional PQ
type symmetry in the SM. We present a model BSM with an additional U(1)x ® U(1)pg
symmetry in order to solve the three mentioned problems.

The U(1)x was built in such a way that the chiral anomalies was cancelled, guaranteeing the
renormalizability of the theory. This model contains an extended scalar sector including 2
Higgs doublets ¢; » with VEV on electroweak scale and 3 singlets x, .S, o with VEV in order
TeV,10°GeV, 0 respectively. The singlet x allows the SSB of the additional U(1)y symmetry
giving mass to the new Z/-boson. The S-singlet breaks the U (1)pg symmetry generating
a pseudo-Goldstone boson that is identified with the axion that obtain mass under non-
perturbative methods . In order to forbid the interaction of the axion with the gauge bosons,
a ortogonalization condition is imposed to guarantee that the phases eaten by this sector
are neutral PQ charged . The scalar potential that is restricted by the judicious assignment
of PQ loads allows us to find the mass spectrum analytically.

The fermionic sector was constructed as the usual SM adding exotic species that generate
the complete cancellation of the chiral anomalies. The exotic set get heavy because the
interactions with the y-singlet generating the correct mass matrix textures for obtain three
different energy scales: First, after SSB of the U(1)x symmetry, we obtain heavy masses to
the exotic quarks J" and T, with M ~ My ~ v,. At tree level,the masses of the ¢, t and
b quarks was obtained, with M., , ~ v; 2. And using radiative corrections, we obtain masses
for the u, d and s quarks, with M, 45 ~ U%Z /vy For the leptonic sector, we also obtain the
same hierarchical structure, where the extra leptons mg, me ~ vy, m,, m, ~ v and the m,
was obtained through loop corrections suppressed as viQ /vy, . The neutrino interact with the
heavy S, so was possible to use a see-saw mechanism, generating masses on the order vy /vg.
Thus, adding this two new symmetries to the SM lagrangian and a set of exotic particles, it
was possible to solve three of the most important problems of fine tuning of the SM. In the
case of active neutrinos, we changed the original inverse see-saw mechanism of the model
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by a see-saw type I mechanism, eliminating the Majorana fields Ng*". The neutrino vgz""
acquires mass through VEV of the scalar field S at the PQ scale i.e. (S) ~ 10'°GeV. The

mass structure of active neutrinos is the same as the presented in [20] if we identify:

KN 1
— .
hNlei \/§h105

(5-1)

Therefore, the regions allowed for the Yukawa couplings hl/, hg; in the NO and IO orderings
is the same as that obtained in Tables (4) and (5) of ref. [20], respectively.

As possible extended scenarios to continue developing this type of models, this work did not
analyze the problem of the formation of domain walls. As we mention, the Zy symmetry
is related to the formation of a collection of vacua, that could generate an interpolation
between two different regions associated with different Npyy. This kind of field configuration
is called a domain wall. Thus, it is necessary to implement several restrictions in order to
solve this kind of non-trivial domains. There are possible solutions to this problem [77], that
could contribute to the necessary restrictions to be able to generate masses at tree level
in the complete model, besides being in complete agreement with cosmological restrictions,
allowing a greater predictive power of the model.
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