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In this work, the gravitational radiation emitted from a compact binary system is analyzed in
the context of general relativity and f(R) gravity based on linearized theory. Besides the two
standard polarizations of gravitational waves, an additional massive scalar mode is present in
f(R). At the Newtonian limit, it implies a Yukawa-like addition to the Newtonian potential.
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potential is determined. The back-reaction effect due to the emission of gravitational waves
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alternative theories of gravity such as f(R).
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Chapter 1

Introduction

Einstein special theory of relativity has revolutionized the understanding of space and time. As
inseparable concepts, events takes place in a four dimensional entity: the spacetime. General
relativity states that it becomes participant in the dynamics when including gravity as a
geometrical structure with curvature. The Einstein field equations shows how matter and
energy distribution characterize the spacetime properties that can be noticed by the motion
of particles. In order to be compatible with the special theory, general relativity (GR) must
be causal: the information about the changes in a gravitational source must propagate no
faster than the speed of light, c [1]. This leads to the idea of gravitational radiation. The first
theoretical intention to follow this idea was proposed by Einstein in 1916 and the strategy
was based on the framework of linearized theory [2] . He considered that the gravitational
field has the form of a slightly perturbed flat spacetime, gµν = ηµν + εhµν with ε � 1. This
assumption enables Einstein to derive a wave equation for the perturbation hµν by inserting
gµν in the field equations and retaining only the linear terms in ε. Since in vacuum the solution
are plane waves traveling at the speed of light, Einstein called this features of the spacetime
gravitational waves (GWs). He also showed that these waves carry energy and are radiated
by accelerated matter sources in a similar way as electromagnetic waves are produced due to
the accelerate motion of charges. However, a fundamental problem posed initially by himself
and later by others, was to proof their existence in the full theory of GR. After all, the theory
is essentially nonlinear and must describe physical phenomena without any approximations.
This issue bothered Einstein all his life and in fact he ended up believing against the real
existence of GWs. Actually, the first attempt to define a plane GW in the full theory was due
to Einstein and Rosen. They believed that they had found an exact solution of the vacuum
field equations representing a plane GW. They argued that their solution had some unphysical
singularities and so plane waves in linearized theory are merely a mathematical trick that does
not represent the physical reality [3]. The Einstein-Rosen paper was refereed by Howard P.
Robertson, who realized that the solution indeed was not coordinate independent. Only until
the subsequent developments of Bondi, Pirani and Roberston a well defined GW in the full
theory was in the right direction to be discovered. Their works gave an important advance
mainly in the concept of a plane wave in the whole theory, its solution to the field equations
and also their energy [4]. In spite of this progress, other questions remained unsolved, e.g.
the extension to nonplanar front waves and the existence of radiative solutions from bounded
sources. Andrzej Trautman was the person who deal with these subjects and established
the definition of a GW in the full Einstein theory. Its general idea was to impose boundary
conditions at infinity as a generalization of Sommerfled’s radiation conditions [5]. Along with
I. Robinson, they found a large class of exact solutions satisfying Trautman’s conditions which
can be interpreted as coming from bounded sources [6]. Additionally, further contributions
began to emerge over time to give a robust theoretical approach to GWs1.

One might think that if radiative metric solutions of the full Einstein field equations exist,
linearized theory should be valid in the weak field regime at very large distances from the

1A very detailed and documented review about the history of gravitational waves can be found in [7].
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sources [8]. Then, the approximate and the complete solution of the Einstein equations must
coincide in this limit [4]. For instance, the quadrupole formula first derived by Einstein within
the linearized gravity, trigger a very long discussion on its validity in this sense (among other
issues). It states that the leading contribution of the energy loss due to the emission of
GWs from a system, depends on the third time derivative of the quadrupole moment of the
source. Furthermore, it tells that this waves are very difficult to produce and high masses
moving at relativistic speeds are needed [1]. This means that the best candidates to generate
them are compact binary systems, where the time variation of the quadrupole moment is
a non-vanishing quantity. Unfortunately, linearized theory no longer stands for self-gravity
systems such as binaries and that was first pointed out by Eddington2. However, with the
advent of Landau & Lifshitz reformulation of the full Einstein equations in the 1980s, some
close similarities with linearized theory began to arise. At the weak field limit and at spatial
infinity, both theories agree in their equations. For self-gravity systems, this reformulation
allows to extend the applicability of linearized theory. On the other hand, although the
Landau & Lifshitz equations do not require any approximation method, so far there is no
closed and exact analytical solution of the two-body problem in GR. Other approximation
methods to face this problem like the post-Minkowskian and post-Newtonian formalisms are
founded in the basis of the better well-posed arguments of the Landau & Lifshitz scheme [9].
Indeed, the quadrupole formula is deduced more formally by iterating two times the relaxed
Einstein field equations in the post-Newtonian approach. From the practical point of view,
only if there is such a well theoretical support on GWs is worthwhile to expend effort, time
and money to detect them. If not, linearized theory by itself may be thought as a misleading
approach to GWs even though it has its similarities with the full theory at the weak field
limit. Notwithstanding, the first measurement of energy loss due to GWs emission in the
1980s, showed an indirect proof of the quadrupole formula by detecting the orbit decay of the
binary pulsar of Hulse-Taylor PSR B1913+16 [10]. This was a great triumph of linearized
theory because it was observed a rate of change in the orbital period which matches with the
theoretical predictions done by Peters and Mathews in 1963, based on linear approximations
and Keplerian orbits [11]. An interesting feature of the period formula is that it may be derived
also with the post-Newtonian formalism [8]. Perhaps, this is the reason why linearized theory
is still being used as a first description of GWs, because it behaves in agreement with many
theoretical aspects at the weak field limit but also with experiments. Nowadays, the recent
waves detected by LIGO (Laser Interferometer Gravitational-Wave Observatory) were so weak
that they were treated as GWs in linearized theory [4]3.

The theory of GR is not the only theory of gravity. Just a few years after Einstein equations
were published, new modifications to this theory started to be considered by including higher-
order invariant quantities in the Einstein-Hilbert action [17]. Although at that epoch, such
alternative theories have been studied for scientific curiosity or to understand the incoming
vision of gravity as geometry, the motivation on these ideas rapidly began to emerge. In the
1960s, the first attempts to construct a quantized theory of gravity suggested that additional
high-order terms corrections would allow the action to be renormalizable. More recently,
the breakthrough of observational cosmology over the years has increased the incentive of
modified theories of gravity. Various applications to recent problems such as inflation, dark
matter, dark energy, cosmological perturbations, and also GWs, indicate that this models are
worth alternatives that may be tested with experiments. Even if modifying GR is the way
to go, this it is not an easy challenge. In particular, f(R) gravity consists in not assume
the lagrangian density of the action to be R as in GR but rather a function f(R). For each
particular function f(R) a different model of gravity is obtained. Naturally, when f(R) = R,

2This will be explained in Chapter 6 with more detail.
3For more information about the recent detections of GWs see [12–16] .
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then GR is recovered. For this family of theories and for others like scalar-tensor, scalar-tensor
vector, Brans-Dicke, a natural Yukawa-like correction to the Newtonian potential arises at the
Newtonian limit. Following this direction, some authors have been working on this Yukawa
gravitational potential in other scenarios. Namely, the precession of bodies in the Solar System,
the orbit of the S2 around Sgr A* at the Galactic Center, anomalistic period of celestial bodies,
satellite dynamics, periastron shift, fifth force, GWs and so on [18–27].

This dissertation is based on the Yukawa-like potential applied to the gravitational radia-
tion of a binary system in linearized f(R) gravity [27]. The first part of the work is dedicated
to the fundamentals of GWs in GR linearized theory. As was mentioned previously, this is
a natural framework to study GWs in agreement with not only some aspects of the weak
field limit of GR, but also with the experiments. The mathematical formality of linearized
theory befall over the more deep understanding of perturbation theory in GR, which a brief
introduction is given at the beginning of Chapter 2. Then, in order to study GWs at the
weak field limit, perturbation theory is applied to flat Minkowski spacetime. The result is
a linear wave equation for a perturbed quantity hµν . The rest of this chapter deals with a
discussion about gauge constraints and physical radiative degrees of freedom. In Chapter 3,
the interaction of GWs with test masses is reviewed in order to see the effects of the two
independent GW polarizations. This would be a preamble to define the energy-momentum
tensor of GWs in Chapter 4. The generation of GWs in linearized theory is cover in Chapter
5, where some subtleties and assumptions about the sources and multipolar expansion tech-
niques are explained. The extension of this developments to bound systems as is the case for
a Newtonian compact binary is considered in Chapter 6. In Chapter 7, a discussion about
GWs in linearized f(R) gravity is presented in analogy to linearized GR. At the Newtonian
limit, the Yukawa potential is obtained to be included in the interaction of a binary system
at Chapter 8. Finally, some conclusions are exhibited in Chapter 9.
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Chapter 2

Gravitational Waves in Linearized
Theory

General relativity is the actual theory of gravity and is described essentially by the Einstein’s
Field Equations (EFE). These can be obtained from a variational principle with a suitable
action S[g] [28]. The stationary condition δS = 0, where the variation is taken with respect
to the metric gµν gives rise to,

Rµν −
1

2
Rgµν =

8πG

c4
Tµν . (2.1)

To solve the EFE equations is a very hard task. Mathematically, is an impressive feat that
people have found a lot of solutions [29]. Physically, just a few of them are useful such as
the Schwarzschild, Kerr, FLRW, Vaidya, Weyl, etc. However, when natural phenomena is
very hard to described based on these idealized solutions, a different approach is required.
Perturbation theory is a useful technique to investigate realistic systems that are similar to
the exact solutions. This section provides a very brief introduction to the general relativistic
perturbation theory that will be of great significance for further developments.

2.1 Perturbation theory

Suppose one wish to know a slightly different solution of the Einstein’s Field Equations (EFE)
from a known one. This could be the case, for example, if one considers a system in which a
small gravitational radiation is incident on a Schwarzschild black hole or a tiny deformation
of it. In these cases, the effects could be viewed as perturbations of the original Schwarzschild
spacetime. Then, it makes sense to find an approximate solution by postulating that the
metric could be decomposed as

gµν(λ, x) = ḡµν(0, x) + λh̃(1)
µν (x) +

1

2
λ2h̃(2)

µν (x) + · · · (2.2)

where
h̃(n)
µν =

∂ngµν(λ, x)

∂λn

∣∣∣∣
λ=0

(2.3)

and ḡµν(0, x) is the known solution called the background metric. The expansion parameter
λ takes values from [0, ε] where ε� 1. The equation (2.2) defines a one-parameter family of
metrics [30]. Is usual to rewrite this equation in a more compact form as

gµν = ḡµν + h(1)
µν + h(2)

µν + · · · ; h(n)
µν =

1

n!
λnh̃(n)

µν (2.4)
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and so each of h(n)
µν gives the order of the perturbed metric. With this decomposition, the

Einstein tensor can be computed until the desired order of accuracy. Furthermore, if one
assumed for simplicity that the background metric satisfies the vacuum EFE, the problem
can be solved by expanding the energy-momentum tensor in the right hand side of (2.1) in
a similar way, setting λ = ε and solving order by order in ε. However, the equation (2.2) or
(2.4) has a complication. The perturbed quantities must contain equal physical information
under general coordinate transformations of the form

xµ −→ x′µ(λ) = xµ + ξµ1 (x)λ +
1

2
ξµ2 (x)λ2 + · · · , ξµn =

∂nx′µ

∂nλ

∣∣∣∣
λ=0

. (2.5)

Or more formally, the solution needs to satisfy the diffeomorphism invariance of general rel-
ativity. To overcome this issue, a geometrical point of view of the perturbed solution is
discussed.
Imagine there are two manifolds that represent equivalent spacetimes by means of a diffeo-
morphism φ. In each of the manifolds there are different tensorial fields, in one of them there
is the background metric ḡµν(0, x) and in the other the full metric gµν(λ, x) for a fixed value of
λ, e.g. λ = ε. They are often called the background spacetimeMB and the physical spacetime
MP, accordingly [31]. Actually these are 4D submanifolds embedded in a 5D manifold M
(with boundaries) that contains the entire one-parameter family of spacetimes for λ ∈ [0, ε].
Therefore, the whole 5D manifold may be thought as a foliation of spacetimes of different
values of λ for λ ∈ [0, ε] as shown in figure 2.1. To compare points between the physical and
the background spacetimes, an identification map is required. This could be done through the
integral curves defined by a vector field u = ∂λ. This vector field, called the generator of the
diffeomorphism φλ belongs to the 5D manifold and it’s always transverse to each spacetime
hypersurface. Therefore, is possible to do comparisons inMB(0) between tensors that lie in
MP(λ) via the integral curves. The perturbation of a tensor Q(0, x) in MB is then defined
as

Q̃(x) :=
∂Q(λ, x)

∂λ

∣∣∣∣
λ=0

= LuQ
∣∣∣∣
λ=0

. (2.6)

This quantity could be for example the Riemann tensor or the metric itself. There is nothing
to prevent the definition of the perturbation tensor in terms of another identification map Ψλ

associated to a different integral curves that are generated by other vector field v. Then, the
difference between two equivalent perturbed tensors through different identification maps are
related by

Q̃[φ] − Q̃[Ψ] = LuQ − LvQ

= L[u−v]Q

= LξQ , (2.7)

where ξ := [u− v]λ=0 is tangent to MB. In particular if h̃µν = h̃µν [φ] and h̃′µν = h̃µν [Ψ],
then the difference between the metric perturbation tensors is

h̃µν − h̃′µν = Lξgµν
= 2∇(µξν) . (2.8)
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Is important to mention the meanig of the lie derivative in the definition (2.6). It compares a
tensor in a point p(0) ofMB. Thus, the perturbed metric h̃µν is just the difference between the
background metric ḡµν and the physical metric gµν after a pullback of the latter through the
integral curves. Note that only if the gravitational fields inMP are weak with respect to the
background, the components of the perturbation tensor would be small. If one restrict only
to those particular diffeomorphisms, then the physical metric gµν would be slighlty different
of ḡµν when the coordinates of the background are fixed1. The previous discussion is the
geometrical view on what is called gauge transformations of perturbation theory.

Figure 2.1: Schematic foliation of the spacetimes submanifolds in a 5D manifoldM. The vector fields
u and v that defines de integral curves are withinM. A point p(λ) onMP(λ) is identified with a point
p(0) onMB(0) if they lie in the same integral curve.

2.2 Expansion around flat spacetime

Consider the metric decomposition in (2.4) where the background is the flat metric. The first
approach to gravitational waves is to consider the spacetime in a very large region, as a very
slightly perturbation of the form

gµν(x) = ηµν + hµν(x) , (2.9)

where hµν(x) = h
(1)
µν (x) = εh̃

(1)
µν (x) with ε � 1 and ηµν = diag(−1, 1, 1, 1). This kind of

linear perturbation in ε around flat spacetime is the basis of linearized theory. By fixing
the background coordinates one breaks the invariance of general relativity under coordinate
transformations [32]. Moreover, the condition ε � 1 requires the gravitational field to be
weak and the coordinate system to be approximately Lorentzian[1]. This assumption allows
us to discard all higher order quantities that are not linear in ε. As a result, indices are raised
and lowered with ηµν . At linear order, the inverse metric gµν is

gµν = ηµν − hµν , (2.10)

with hµν = ηµαηνβhαβ . This can be proven from

gµλgλν = δµν (2.11)

1Consider for example the Minkowski background with ηµν = diag(−1, 1, 1, 1). The physical perturbed
metric deviates very little from the original ηµν in those Lorentzian coordinates.
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by using the equations (2.9) and (2.10) in (2.11) i.e.,

gµλgλν =
(
ηµλ − hµλ

)(
ηλν + hλν

)
= ηµληλν + ηµλhλν − hµληλν − hµλhλν

= δµν + hµν − hµν − hµλhλν

= δµν + O(ε2)

' δµν . (2.12)

In the sense of special relativity, linearized theory is invariant under Lorentz transformations.
This means that if the spacetime coordinates changes as

x
′µ = Λµνx

ν (2.13)

the metric in (2.9) transforms into

g′µν(x′) = Λ α
µ Λ β

ν gαβ(x)

= Λ α
µ Λ β

ν [ηαβ + hαβ(x)]

= ηµν + Λ α
µ Λ β

ν hαβ , (2.14)

where the flat metric satisfy ηµν = Λ α
µ Λ β

ν ηαβ . Using g′µν(x′) = ηµν + h′µν(x′) then it is
concluded that hµν is a tensor under Lorentz transformations2,

h′µν(x′) = Λ α
µ Λ β

ν hαβ(x) . (2.15)

From the geometrical point of view, one may think linearized gravity as a perturbed symmetric
tensor field propagating on a flat background spacetime3. Whereas the classical field approach
consider hµν as any other field inside the flat spacetime without interpreting it as a metric
perturbation. This work is based on the geometrical aspects of the linearized field equations
that governs general relativity and f(R) gravity. In order to obtain the linearized version of
the field equations, all quantities related to the geometry of the spacetime are computed up
to linear order in ε4.

The connections

The connections are defined by

Γαµν =
1

2
gασ
[
∂µgσν + ∂νgσµ − ∂σgµν

]
. (2.16)

Replacing the metric (2.9) in this equation gives

2It is straightforward to prove that hµν is also invariant under the Poincaré group.
3A further explanation will be given in the subsequent chapters.
4Unless the energy-mementum tensor of gravitational waves is considered, a second order terms needs to

be included.
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Γαµν =
1

2
gασ
[
∂µ

(
ησν + hσν

)
+ ∂ν

(
ησµ + hσµ

)
− ∂σ

(
ηµν + hµν

)]
=

1

2
gασ
[
∂µησν + ∂µhσν + ∂νησµ + ∂νhσµ − ∂σηµν − ∂σhµν

]
=

1

2
gασ
[
∂µhσν + ∂νhσµ − ∂σhµν

]
=

1

2
ηασ
[
∂µhσν + ∂νhσµ − ∂σhµν

]
+ O(ε2) .

Thus, one obtains the linearized connections,

Γαµν =
1

2
ηασ
[
∂µhσν + ∂νhσµ − ∂σhµν

]
. (2.17)

The Riemann tensor

The Riemann curvature tensor is built from derivatives and products of connections. The
only contribution will come from the derivatives of Γ′s because the quadratic terms in Γ are
of order O(ε2),

Rσβµν = ∂µΓσνβ − ∂νΓσµβ + ΓσµλΓλνβ − ΓσνλΓλµβ

' ∂µΓσνβ − ∂νΓσµβ . (2.18)

With all their covariant indices, the Riemann tensor could be also expressed as

Rαβµν = gασ

{
∂µΓσνβ − ∂νΓσµβ

}
= ηασ

{
∂µΓσνβ − ∂νΓσµβ

}
, [gασ → ηασ at linear order in ε]

= ηασ

{
∂µ

[1

2
ησλ
(
∂νhλβ + ∂βhλν − ∂λhνβ

)]
− ∂ν

[1

2
ησλ
(
∂µhλβ + ∂βhλµ − ∂λhµβ

)]}
=

1

2
ηαση

σλ
{
∂µ

(
∂νhλβ + ∂βhλν − ∂λhνβ

)
− ∂ν

(
∂µhλβ + ∂βhλµ − ∂λhµβ

)}
=

1

2
δλα

{
∂µ∂νhλβ + ∂µ∂βhλν − ∂µ∂λhνβ − ∂ν∂µhλβ − ∂ν∂βhλµ + ∂ν∂λhµβ

}
=

1

2
δλα

{
∂µ∂βhλν − ∂µ∂λhνβ − ∂ν∂βhλµ + ∂ν∂λhµβ

}
.

Therefore, the Riemann curvature tensor is given at linear order by,

Rαβµν =
1

2

{
∂µ∂βhαν − ∂µ∂αhνβ − ∂ν∂βhαµ + ∂ν∂αhµβ

}
. (2.19)
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The Ricci tensor

The Ricci tensor comes from contracting the first contravariant index with the second covariant
index of the Riemann tensor,

Rβν = gµαRαβµν ' ηµαRαβµν . (2.20)

Using (2.19) in (2.20) gives,

Rβν =
1

2
ηµα
{
∂µ∂βhαν − ∂µ∂αhνβ − ∂ν∂βhαµ + ∂ν∂αhµβ

}
=

1

2

{
∂α∂βhαν −

(
∂α∂α

)
hνβ − ∂ν∂β

(
ηµαhαµ

)
+ ∂ν∂

µhµβ

}
µ : dummy index

=
1

2

{
∂α∂βhαν − �hνβ − ∂ν∂βh + ∂ν∂

αhαβ

}
µ→ α ,

where h = ηµνhµν is the trace of the perturbation tensor and � is the d’Alembertian operator
in flat space, � = ∂α∂

α = −(1/c2)∂2
t + ∂2

x + ∂2
y + ∂2

z . The Ricci tensor takes the form

Rβν =
1

2

{
∂β∂

αhαν + ∂ν∂
αhαβ − ∂β∂νh − �hβν

}
, (2.21)

which is clearly symmetric in β and ν.

The Ricci scalar

The Ricci scalar is the trace of the Ricci tensor,

Rνν = gβνRβν ' ηβνRβν . (2.22)

Replacing (2.21) in (2.22) yields

R =
1

2
ηβν
{
∂β∂

αhαν + ∂ν∂
αhαβ − ∂β∂νh − �hβν

}
=

1

2

{
∂ν∂αhαν + ∂β∂αhαβ − �h − �h

}
ν → β ,

R = ∂α∂βhαβ −�h . (2.23)

The Einstein tensor

The Einstein tensor is defined as

Gµν = Rµν −
1

2
Rgµν ' Rµν −

1

2
Rηµν . (2.24)

From equations (2.21) and (2.23) for the Ricci scalar and the scalar curvature, it is obtained
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Gµν =
1

2

{
∂µ∂

ρhρν + ∂ν∂
ρhρµ − ∂µ∂νh − �hµν

}
− 1

2

{
∂ρ∂σhρσ −�h

}
ηµν

Gµν =
1

2

{
∂µ∂

ρhρν + ∂ν∂
ρhρµ − ηµν∂

ρ∂σhρσ − ∂µ∂νh + ηµν�h − �hµν
}

. (2.25)

The linearized Einstein’s field equations

The Einstein’s field equations is given by

Gµν =
8πG

c4
Tµν , (2.26)

and using (2.25) in the left hand side of this equation gives the linearized version of the
Einstein’s field equations,

1

2

{
∂µ∂

ρhρν + ∂ν∂
ρhρµ − ηµν∂

ρ∂σhρσ − ∂µ∂νh + ηµν�h − �hµν
}

=
8πG

c4
Tµν . (2.27)

The form of the equations of motion in (2.27) can be simplified if it is introduced the trace-
reversed perturbation tensor h̄µν ,

h̄µν = hµν −
1

2
ηµνh . (2.28)

The name of this tensor follows from the trace property,

gµν h̄µν = ηµν h̄µν

h̄ = ηµν
[
hµν −

1

2
ηµνh

]
h̄ = h− 2h = −h . (2.29)

As a consequence, equation (2.28) can be inverted to get

hµν = h̄µν −
1

2
ηµν h̄ . (2.30)

Inserting hµν = h̄µν + 1
2ηµνh in the Einstein tensor (2.25) all terms with the trace h cancel

each other. That is,

Gµν =
1

2

{
∂µ∂

ρhρν + ∂ν∂
ρhρµ − ηµν∂

ρ∂σhρσ − ∂µ∂νh + ηµν�h − �hµν
}

=
1

2

{
∂µ∂

ρ
[
h̄ρν +

1

2
ηρνh

]
+ ∂ν∂

ρ
[
h̄ρµ +

1

2
ηρµh

]
− ηµν∂

ρ∂σ
[
h̄ρσ +

1

2
ηρσh

]
− ∂µ∂νh + ηµν�h − �hµν

}
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Gµν =
1

2

{
∂µ∂

ρh̄ρν +
1

2
∂µ∂νh + ∂ν∂

ρh̄ρµ +
1

2
∂µ∂νh − ηµν∂

ρ∂σh̄ρσ −
1

2
ηµν�h

− ∂µ∂νh + ηµν�h − �hµν
}

=
1

2

{
∂µ∂

ρh̄ρν + ∂ν∂
ρh̄ρµ − ηµν∂

ρ∂σh̄ρσ −
1

2
ηµν�h + ηµν�h − �hµν

}
=

1

2

{
∂µ∂

ρh̄ρν + ∂ν∂
ρh̄ρµ − ηµν∂

ρ∂σh̄ρσ +
1

2
ηµν�h − �hµν

}
=

1

2

{
∂µ∂

ρh̄ρν + ∂ν∂
ρh̄ρµ − ηµν∂

ρ∂σh̄ρσ − �
(
hµν −

1

2
ηµνh

)}
Gµν =

1

2

{
∂µ∂

ρh̄ρν + ∂ν∂
ρh̄ρµ − ηµν∂

ρ∂σh̄ρσ − �h̄µν
}

. (2.31)

Finally, the linearized EFE can be rewritten in a more compact form as

1

2

{
∂µ∂

ρh̄ρν + ∂ν∂
ρh̄ρµ − ηµν∂

ρ∂σh̄ρσ − �h̄µν
}

=
8πG

c4
Tµν (2.32)

i.e.,

�h̄µν + ηµν∂
ρ∂σh̄ρσ − ∂ρ∂ν h̄µρ − ∂ρ∂µh̄νρ = −16πG

c4
Tµν . (2.33)

Note that the trace-reversed h̄µν has reduced the number of terms in (2.27) as can be seen
in equation (2.33). Moreover, the form of this equation is almost a wave equation for h̄µν ,
except for the 4-divergence terms of h̄µν . The next section discuss how to obtain the wave
equation by imposing a convenient gauge condition to fix the coordinates.

2.3 The Lorenz gauge and the wave equation

In section 2.1 a geometrical interpretation on gauge transformations has been analyzed. The
freedom in the definition of an adequate mapping between the background and physical man-
ifolds leads to equivalent perturbation tensors. That means that two different perturbation
tensors are related by the gauge transformation given in equation (2.8). Since the background
spacetime in linearized theory is the flat metric ηµν , the relation between hµν and h′µν in this
context is given by

h′µν = hµν − 2∂(µξν) . (2.34)

This is the gauge transformation of linearized theory [31]. Now, however, we shall
adopt a passive transformation perspective of linearized theory. This is to say that rather
than perform active manifold transformations by means of diffeomorphisms, the difference
between tensors is provided by an explicit coordinate transformation of the form given in
(2.5). Hence, at linear order, the coordinates change by an infinitesimal shift,

xµ −→ x′µ = xµ + εµ(x) , εµ = εξµ(x) . (2.35)
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Then, the metric transforms as

g′µν(x′) =
∂xα

∂x′µ
∂xβ

∂x′ν
gαβ(x) (2.36)

or equivalently by

gµν(x) =
∂x′α

∂xµ
∂x′β

∂xν
g′αβ(x′) . (2.37)

This is called the gauge symmetry of general relativity [8]. Although the choice of the
Lorentizan coordinates of the flat metric ηµν breaks the general invariance of general relativ-
ity, is expected to get a relation between the perturbation tensors hµν(x) and h′µν(x) which
depends on the spacetime coordinates5. To do that, is possible to use either of the two equa-
tions in (2.36) and (2.37). If one uses the first one, there is a subtlety. To linear order in ε, the
inverse to equation (2.35) is xµ = x′µ − ξµ(x′) just because the difference between ξµ(x) and
ξµ(x′) is of order O(ε2)[9]. Then, compute ∂xα/∂x′µ to apply equation (2.36). Even though
is more straightforward to follow equation (2.37). Due to the relation

∂x′α

∂xµ
=
∂[xα + εα]

∂xµ
=
∂xα

∂xµ
+

∂εα

∂xµ

= δαµ + ∂µε
α ,

from (2.37) the metric changes as

gµν(x) =
[(
δαµ + ∂µε

α
)(

δβν + ∂νε
β
) ]
g′αβ(x′)

=
[
δαµδ

β
ν + δαµ∂νε

β + δβν ∂µε
α + ∂µε

α∂νε
β
]
g′αβ(x′)

=
[
δαµδ

β
ν + δαµ∂νε

β + δβν ∂µε
α + ∂µε

α∂νε
β
][
ηαβ + h′αβ(x′)

]
= ηµν + h′µν(x′) + ∂νηµβε

β + h′µβ(x′)∂νεβ + ∂µηανε
α

+ h′αν(x′)∂µεα + ηαβ∂µε
α∂νε

β + h′αβ(x)∂µε
α∂νε

β

gµν(x) = ηµν + h′µν(x′) + ∂µεν + ∂νεµ + O(ε2) + O(ε3)

ηµν + hµν(x) = ηµν + h′µν(x′) + ∂µεν + ∂νεµ . (2.38)

Therefore, the gauge transformation of linearized theory shown in (2.34) is recover,

h′µν(x′) = hµν(x) −
[
∂µεν + ∂νεµ

]
. (2.39)

Bearing in mind the definition of h̄µν in (2.28), the trace-reversed perturbation tensor change
as follows. First, take the trace of (2.39) to obtain

5Recall that the coordinate system in linearized gravity is quasi-Lorentzian. There is a freedom on how
the full metric deviates from the flat one and that’s encoded in hµν = hµν(x), but they must vary very slightly
because ηµν is fixed as diag(−1, 1, 1, 1).
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h′ = ηµνh′µν

= ηµν
[
hµν −

(
∂µεν + ∂νεµ

)]
= h − 2∂µε

µ . (2.40)

Then, insert this result in (2.28) to get

h̄′µν = h′µν −
1

2
ηµνh

′

= hµν −
(
∂µεν + ∂νεµ

)
− 1

2
ηµνh

′

= hµν −
(
∂µεν + ∂νεµ

)
− 1

2
ηµν

(
h − 2∂ρε

ρ
)

= hµν −
(
∂µεν + ∂νεµ

)
− 1

2
ηµνh + ηµν∂ρε

ρ

h̄′µν = h̄µν −
(
∂µεν + ∂νεµ

)
+ ηµν∂ρε

ρ . (2.41)

The importance of the gauge transformation in linearized theory given by equation (2.39) is
that it leaves the curvature of the spacetime unchange. After the gauge transformation, the
linearized Riemann tensor remains the same as shown below,

R′µνρσ =
1

2

{
∂ν∂ρh

′
µσ + ∂µ∂σh

′
νρ − ∂µ∂ρh

′
νσ − ∂ν∂σh

′
µρ

}
=

1

2

{
∂ν∂ρ [hµσ − ∂µεσ − ∂σεµ] + ∂µ∂σ [hνρ − ∂νερ − ∂ρεν ]

− ∂µ∂ρ [hνσ − ∂νεσ − ∂σεν ] − ∂ν∂σ [hµρ − ∂µερ − ∂ρεµ]
}

=
1

2

{
∂ν∂ρhµσ − ∂ν∂ρ∂µεσ − ∂ν∂ρ∂σεµ + ∂µ∂σhνρ − ∂µ∂σ∂νερ − ∂µ∂σ∂ρεν

− ∂µ∂ρhνσ + ∂µ∂ρ∂νεσ + ∂µ∂ρ∂σεν − ∂ν∂σhµρ + ∂ν∂σ∂µερ + ∂ν∂σ∂ρεµ

}
=

1

2

{
∂ν∂ρhµσ + ∂µ∂σhνρ − ∂µ∂ρhνσ − ∂ν∂σhµρ

}
= Rµνρσ . (2.42)

Since the Ricci tensor and the scalar curvature comes from the Riemann tensor, they are
invariant as well. Hence, the Einstein tensor is also invariant and the equations of motion
represent the same physics under an infinitesimal transformation of the coordinates [33]6.
Taking advantage of the gauge freedom that is present in linearized theory through equation

6This can be understood with an analogy from electrodynamics. The electromagnetic tensor Fµν =
∂µAν − ∂νAµ is left unchanged by a gauge calibration of the form Aµ → Aµ − ∂µψ.



2.3. The Lorenz gauge and the wave equation 15

(2.39), one could simplify (2.33) by imposing the following constraint,

∂ν h̄µν = 0 . (2.43)

This is called the Lorenz gauge7. To prove that this condition can always be imposed for
some coordinate system, we first take the 4-divergence of equation (2.41) to obtain,

∂ν h̄′µν = ∂ν h̄µν − ∂ν
(
∂µεν + ∂νεµ

)
+ ηµν∂

ν∂ρε
ρ

= ∂ν h̄µν − ∂µ∂
νεν − ∂ν∂νεµ + ∂µ∂ρε

ρ

∂ν h̄′µν = ∂ν h̄µν − �εµ . (2.44)

Suppose that initially a coordinate system does not obey the Lorenz gauge (2.43). Therefore,
any perturbation tensor can be put into this gauge by performing an infinitesimal transfor-
mation provided that also the new ”primed” system satisfy the relation

�εµ(x) = fµ(x) ; fµ(x) = ∂ν h̄µν . (2.45)

One can always find solutions of equation (2.45) and thus always exist a coordinate system
in which the Lorenz condition can be done [1, 8]. If G(x, x′) is the Green’s function of the
d’Alembertian operator �, then it must satisfy

�xG(x, x′) = δ4(x− x′) . (2.46)

Thus, the solution εµ(x) for the wave equation in (2.45) is

εµ(x) =

∫
G(x, x′) fµ(x′) d4x′ . (2.47)

This solution can easily be verified by applying the d’Alembert operator

�εµ =

∫
�G(x, x′) fµ(x′) d4x′

=

∫
δ4(x− x′) fµ(x′) d4x′

= fµ(x) , (2.48)

and this completes the proof8. Having shown that is always possible to find a coordinate
system in which ∂ν h̄µν = 0, the linearized EFE in (2.33) for the trace-reversed perturbation

7There are other denominations for the same coordinate restriction such as harmonic gauge, Hilbert gauge,
De Donder gauge, Lorentz gauge, Einstein’s gauge or De Sitter gauge.

8Compare the Lorenz gauge of the linearized theory with the gauge fixing of the electromagnetic vector
potential giving by ∂µAµ = 0. One can still make the gauge calibration Aµ → Aµ − ∂µψ and if ψ is harmonic
the gauge is preserved.
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tensor is reduced to,

�h̄µν = −16πG

c4
Tµν . (2.49)

This is the gravitational wave equation in linearized theory. Because the metric gµν is
a symmetric tensor, hµν and h̄µν are also symmetric. In general, a second order symmetric
tensor has 10 independent components. However, our gauge condition gives 4 additional
constraints that can be used to reduce the number of independent components to 6. In the
next section we will see that from these 6 degrees of freedom only 2 are physical radiative
modes of propagation, the others depends actually on the choice of the coordinate system.
Taking the covariant derivative on both sides of (2.49) one gets

�∇ν h̄µν = −16πG

c4
∇νTµν

�ηνσ∇σh̄µν = −16πG

c4
∇νηαµηβνTαβ

�ηνσ
(
∂σh̄µν − Γλσµh̄λν − Γλσν h̄µλ

)
= −16πG

c4
ηαµ∇βTαβ

�ηνσ∂σh̄µν + O(ε2) = −16πG

c4
ηαµ∇βTαβ

�∂ν h̄µν = 0 = −16πG

c4
ηαµ∇βTαβ [Lorenz gauge] (2.50)

Equation (2.50) ensures the conservation of the energy-momentum tensor,

∇βTαβ = 0 . (2.51)

Neverthless, in linearized theory, the components of Tαβ must be very small. Otherwise, a
strong curvature in the spacetime produced by the source would not allow to make a good
approximation at linear order in the metric perturbation. Thus, the connection terms of the
form ΓT can be neglected at linear order in O(ε). Therefore, an appropriate statement of
energy-momentum conservation in linearized theory is actually

∂βT
αβ = 0 . (2.52)

Physically, this equation implies that matter fields are allowed to exchange energy and momen-
tum between themselves but not with the gravitational field [9]. The information of gravity is
encoded in the connection terms. Hence, to include the effects of gravity, one must consider
the full expression in (2.51). But again, in linearized theory the connection terms doesn’t
contribute. In conclusion, in this theory the dynamics of matter couldn’t include exactly the
effects of gravity such as self-gravitating systems like binary stars. Moreover, equation (2.52)
as well as in special relativity, means that all bodies move on geodesics of Minkowski space-
time, i.e., straight lines [34]. The fact that the background metric is ηµν , suggest that for those
gravitational bound systems one may introduce it’s dynamics with Newtonian gravity rather
than the full general relativity [8]. However, in the exact formulation of general relativity by
Landau & Lifshitz is possible to introduce the effects of gravitational binding energy that in
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case of very weak fields can be neglected9.
In particular, in the absence of matter, Tµν = 0 and it is obtained the vacuum wave

equation

�h̄µν = 0 , (2.53)

that can be expressed as

∇2h̄µν =
1

c2

∂2h̄µν
∂t2

. (2.54)

Clearly, equation (2.54) shows that the perturbation components of h̄µν propagates at c, the
speed of light. The homogeneous wave equation admits the general solution

h̄µν(x, t) = Re
∫
Aµν(k) ei(k·x−ωt) dk , (2.55)

which are superpositions of plane waves moving in different directions. These solutions are
simply gravitational waves (GWs) [1]. Equation (2.55) is often written in a more compact
form,

h̄µν(x, t) = Re
∫
Aµν(k) eikαx

α
dk , (2.56)

where
kµ =

(
−ω
c
, k
)

; xµ = (ct , x) . (2.57)

The quantity Aµν is called the polarization tensor10. Another way to show the speed of
GWs is by taking the d’Alembertian operator of the solution (2.56) and setting equal to zero,

�h̄µν(x, t) = Re
∫
Aµν(k)�eikαx

α
dk [� := ∂µ∂µ ]

= Re
∫
Aµν(k) ∂µ

[
∂µ

(
eikαx

α
)]
dk [ ∂µ = ηµσ∂σ]

= Re
∫
Aµν(k) ηµσ∂σ

[
eikαx

α
ikα∂µx

α
]
dk [∂µx

α = δαµ ]

= Re
∫
ikµAµν(k) ηµσ∂σ

[
eikαx

α
]
dk

= Re
∫
ikµAµν(k) ηµσeikαx

α
ikα∂σx

α dk

= Re
∫
i2
[
ηµσkµkσ

]
Aµν(k) eikαx

α
dk = 0 . (2.58)

It follows that,

kµk
µ = 0 . (2.59)

9This problem is discussed in subsequent chapters.
10The reason for this name will become clear in the next section.
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Thus, the wave four-vector kµ is null and GWs propagates at c. Note that equation (2.59)
also implies that there is no dispersion. This means that all GWs travels at the speed of light
and from (2.57) the dispersion relation is given by

ω = c|k| . (2.60)

On the other hand, after applying the Lorenz gauge to the solution h̄µν(x, t) one finds that
these waves are also transverse,

∂µh̄µν(x, t) = Re
∫
Aµν(k) ∂µeikαx

α
dk

= Re
∫
Aµν(k) ηµρ∂ρe

ikαxα dk

= Re
∫
iAµν(k) ηµρ eikαx

α
kαδ

α
ρ dk

= Re
∫
iηµρAµν(k)kρ e

ikαxα dk = 0 [Lorenz gauge] . (2.61)

This equation automatically gives the transverse condition,

kµAµν(k) = 0 . (2.62)

2.4 The transverse-traceless (TT) gauge

As stated earlier, the metric perturbation tensor hµν is symmetric as well as h̄µν . Then, the
10 independent components can be seen from the following matrix representation,

[h̄µν ] =


h̄00 h̄01 h̄02 h̄03

h̄01 h̄11 h̄12 h̄13

h̄02 h̄12 h̄22 h̄23

h̄03 h̄13 h̄23 h̄33

 [10 independent components] . (2.63)

The Lorenz gauge ∂ν h̄µν = 0 allows us to reduce from these 10 to 6 independent components.
Now, imagine that in some initial coordinate system the Lorenz gauge can be imposed. One
might wonder if under an infinitesimal transformation the Lorenz gauge is still valid in the
new system. This can be done as long as the generator functions εµ satisfy the homogeneous
wave equation. From (2.44),

∂ν h̄′µν = ∂ν h̄µν − �εµ
= −�εµ . (2.64)

Thus,

�εµ = 0 (2.65)
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and the new system will preserve the Lorenz condition. It is expected that in this frame the
linearized EFE also takes the same wave equation for h̄′µν . By applying the d’Alembertian
operator at both sides of equation (2.41), one can check that this is indeed true,

�h̄′µν = �h̄µν − ∂µ�εν − ∂ν�εµ + ηµνησρ∂
σηρσ�εσ

= �h̄µν . (2.66)

Therefore, the gravitational wave equation in linearized theory is invariant under an infinites-
imal coordinate transformation if and only if �εµ = 0. Both conditions, �εµ = 0 and
∂ν h̄µν = 0, represent in total 8 constraints over the 10 independent components of h̄µν . As a
result, there are only 2 components left, known as + and × polarizations of the gravitational
wave11. To be convinced of this assertion, an explicit procedure is followed [35, 36]. First of
all, pick up a coordinate system in which the Lorenz gauge is satisfied. Clearly, in this system
the linearized EFE in vacuum is the homogeneous wave equation and the general solution
is given by (2.55). As mentioned before, the polarization tensor is subject to the transverse
condition kµAµν(k) = 0, which follows from the Lorenz gauge. Now, for simplicity without
loss of generality, consider a plane wave propagating in the +z-direction12. In this case, the
components of the wave four-vector are

[kµ] = ( k , 0 , 0 , k ) [kµ] = (−k , 0 , 0 , k ) , (2.67)

where k = ω/c. The transverse condition, which in turn comes from the Lorenz gauge
automatically gives,

kµAµν = k0A0ν + k3A3ν

= kA0ν + kA3ν

= 0

=⇒ A0ν = −A3ν . (2.68)

Due to the symmetry h̄µν = h̄νµ, the polarization tensor is also symmetric. Thus, with
equation (2.68) one can express Aµν in terms of 6 independent components, namely A00, A01,
A02, A11, A12 and A13:

[Aµν ] =


A00 A01 A02 −A00

A01 A11 A12 −A01

A02 A12 A22 −A02

−A00 −A01 −A02 −A00

 [6 independent components] . (2.69)

To simplify further the number of independent components in (2.69) one may perform an
infinitesimal gauge transformation of the form in (2.41). To preserve the Lorenz gauge, the

11At this stage, the ’plus’ and ’cross’ polarizations are just names for the two degrees of freedom that are
left. These names will gain meaning in the interaction of GWs with test masses in chapter 4.

12Because the metric perturbation is invariant under the Lorentz group, one can always align the z axis
with the wavevector direction by making a rotation.
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generators of the gauge transformation εµ must satisfy the homogeneous wave equation �εµ =
0. The general solution to (2.65) is given by

εµ = Re
∫
bµ(k) eikαx

α
dk , (2.70)

for some functions bµ that depends only on k. Inserting (2.70) and (2.55) on (2.41) gives,

h̄′µν = h̄µν − ∂µεν − ∂νεµ + ηµν∂
ρερ

Re
∫
A′µν(k) eikαx

α
dk = Re

∫ [
Aµν(k) − ikµbν − ikνbµ + iηµνk

ρbρ

]
eikαx

α
dk

=⇒ A′µν = Aµν − ikµbν − ikνbµ + iηµνk
ρbρ . (2.71)

Since in this new coordinate system the Lorenz gauge is preserved, there are initially the
same 6 independent components for A′µν as in (2.69). However, from the equation �εµ = 0,
we are able to choose 4 constraints over bµ to further reduce from 6 to only 2 independent
components. Using (2.67) in (2.71), the initially 6 independent components of A′µν are

A′00 =A00 + ik(b0 − b3) , A′11 = A11 + ik(b0 + b3) ,

A′01 =A01 + ikb1 , A′12 = A12 , (2.72)

A′02 =A02 + ikb2 , A′22 = A22 + ik(b0 + b3) .

Now, by choosing the functions bµ as

b0 = i(2A00 + A11 + A22)/4k , b1 = iA01/k ,

b2 = iA02/k , b3 = −i(2A00 −A11 −A22)/4k , (2.73)

one finds that

A′00 = A′01 = A′02 = 0 and A′11 = −A′22 . (2.74)

Denoting by A′11 = A+ and A′12 = A×, the independent components of the polarization tensor
becomes

[A′µν ] =
[
ATT
µν

]
=


0 0 0 0

0 A+ A× 0

0 A× −A+ 0

0 0 0 0


+z

. (2.75)

In conclusion, only two physical modes of the spacetime itself are propagating. They are called
the “plus” and “cross” polarizations. The new system in which the polarization tensor takes
this simple form (as shown in (2.75)), is called the transverse-traceless frame, or TT frame13.

13In principle, one can use another coordinate system. However, the TT frame is extremely convenient
because it fixes completely the coordinate freedom [1]. This allows to extract the two physical radiative modes
of propagation.
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Evidently, the trace of ATT
µν vanish and it’s transverse because of the condition kµAµν = 0,

which actually follows from the Lorenz gauge. Thereby, the complete solution in the TT
frame for a plane wave moving in the +z-direction is

[
h̄TTµν (z, t)

]
=


0 0 0 0

0 A+ A× 0

0 A× −A+ 0

0 0 0 0


+z

cos(kz − ωt) . (2.76)

Note from (2.30) that the traceless condition means that hTTµν = h̄TTµν , and these quantites
may be used interchangeably. What’s more, in vacuum the tensors h̄µν and hµν contain the
same physical information and one could use either, since hµν also satisfies the homogeneous
wave equation. To see this, we first take the trace of the wave equation (2.49),

ηµν�h̄µν = −16πG

c4
ηµνTµν

�
(
ηµνhµν −

1

2
ηµνηµνh

)
= −16πG

c4
T

�
(
h− 2h

)
= −16πG

c4
T

=⇒ �h =
16πG

c4
T . (2.77)

Then, the linearized EFE can be rewritten in the Lorenz gauge alternatively as,

�h̄µν = −16πG

c4
Tµν

�hµν −
1

2
ηµν�h = −16πG

c4
Tµν

�hµν = −16πG

c4
Tµν +

1

2
ηµν�h

�hµν = −16πG

c4

(
Tµν −

1

2
ηµνT

)

�hµν = −16πG

c4
T̄µν , (2.78)

where T̄µν is the trace-reversed of the energy-momentum tensor Tµν . Outside the source,
Tµν = 0 and therefore T̄µν = 0. Hence, one gets the homogeneous wave equation for the
perturbation tensor hµν ,

�hµν = 0 . (2.79)

The solution for hµν can be put also in the TT frame in a similar way as explained before. The
only difference is that instead of using the rule transformation for h̄µν in (2.41), one may use
the rule transformation for hµν in (2.39). Again, assuming a plane wave in the +z-direction,
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one can use (2.39) to choose properly the functions bµ to set A′00 = A′13 = A′23 = A′33 = 0.
Likewise, by exploiting the Lorenz gauge in terms of hµν , another 4 conditions can be obtained
between the other components. The result is the same TT structure as shown in (2.75) [36].
Hence, the trace h vanishes and by the definition (2.28) one arrives at the same statement,
h̄TTµν = hTTµν . In any case, the solution of the homogeneous wave equation whether for h̄µν or
for hµν , can be expressed in the TT frame by demanding what is called the TT gauge that
is defined as follows,

h0µ = 0 , ∂jhij = 0 , hii = h = 0 . (2.80)

There are 4 coordinate restrictions in the first equation of (2.80), 3 in the second one and
1 in the third one. These are the same 8 constraints that we had earlier with the Lorenz
gauge ∂ν h̄µν = 0 and �εµ = 0. Note that the first equation in (2.80) claims that all the
time dependence of hµν vanishes. Thus, A00 = A01 = A02 = A03 = 0. The second is just
the spatial part of the Lorenz gauge, that when considering a plane wave in +z-direction gives,

∂1h11 + ∂2h12 + ∂3h13 = 0

k1A11 + k2A12 + k3A13 = 0

A13 = 0 , (2.81)

∂1h21 + ∂2h22 + ∂3h23 = 0 ∂1h31 + ∂2h32 + ∂3h33 = 0

k1A21 + k2A22 + k3A23 = 0 k1A31 + k2A32 + k3A33 = 0

A23 = 0 , A33 = 0 . (2.82)

The traceless condition is,

hii = h = A11 +A22 +A33 = 0

= A11 + A22 = 0

=⇒ A11 = −A22 , (2.83)

and in addition to the symmetry property hµν = hνµ, the TT gauge ensures two independent
degrees of freedom, i.e, the physical modes of GWs.

One is left wondering if the TT frame can always be found. For globally vacuum space-
times, this is true [1]. Nevertheless, if h̄µν 6= 0, is not possible to choose conveniently the
functions bµ to reduce the polarization tensor to (2.75) [8]. To show the existence of the TT
gauge in vacuum, it’s enough to show that one can find a system in which h0µ = 0 and h = 014.
From (2.71), that is to say, finding an explicit solution to the following set of equations,

14The other condition ∂jhij = 0 is actually the spatial part of the Lorenz gauge, but we have shown earlier
that in fact this constraint can always be achieved under a infinitesimal gauge transformation.
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0 = ηµνA′µν = ηµνAµν + 2ikρbρ (2.84)

0 = A′0µ = A0µ − ik0bµ − ikµb0 − iδ0
µ (kρbρ) . (2.85)

The solution is given by

bµ =
Aαβl

αlβ

8i(ω/c)4
kµ +

ηαβAαβ
4i(ω/c)2

lµ −
1

2i(ω/c)2
Aµν l

ν , (2.86)

where kµ = (ω/c , k) and lµ = (ω/c , −k) [37]. In conclusion, one can always make a trans-
formation to the TT gauge as long as Tµν = 0. For instance, if the GW is moving along the
+x-direction or the +y-direction, a similar procedure will gives,

[
ATT
µν

]
=


0 0 0 0

0 0 0 0

0 0 A+ A×

0 0 A× −A+


+x

,
[
ATT
µν

]
=


0 0 0 0

0 A+ 0 A×

0 0 0 0

0 A× 0 −A+


+y

. (2.87)

Finally, the metric gµν = ηµν + hµν can be written as

gµν =


−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 +


0 0 0 0

0 A+ A× 0

0 A× −A+ 0

0 0 0 0


+z

cos(kz − ωt)

g(+z)
µν =


−1 0 0 0

0 1 +A+ cos(kz − ωt) A× cos(kz − ωt) 0

0 A× cos(kz − ωt) 1−A+ cos(kz − ωt) 0

0 0 0 1

 . (2.88)

Thus, the line element becomes

ds2 = − c2dt2 + [1 +A+ cos(kz − ωt)] dx2 + [1 −A+ cos(kz − ωt)] dy2

+ 2A× cos(kz − ωt)dxdy + dz2 . (2.89)

2.5 Projection onto the TT gauge

As has been exhibited in the previous section, a solution hµν(x) can always be put onto the
TT gauge. If a plane wave is moving along any of the coordinate axis, the polarization tensor
takes the simple form as shown in equations (2.75) and (2.87). In general, if a plane wave
solution outside the sources is propagating in the direction n̂, one is able to find the form of
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the solution in the TT gauge as follows. First, define the tensor

Pij(n̂) = δij − ninj . (2.90)

This tensor has the properties of being symmetric, transverse, its trace is Pii = 2 and it’s also
a projector tensor. It’s straightforward to verify such properties from the definition (2.90),

Symmetric:

Pij(n̂) = δij − ninj = δji − njni = Pji(n̂) , (2.91)

Transverse:

niPij(n̂) = niδij − nininj

= nj − (1)nj = 0 (2.92)

Trace:

Pii(n̂) = δii − nini

= 3 − 1 = 2 , (2.93)

Projector:

Pik(n̂)Pkj(n̂) = δikδkj − δiknknj − δkjnink + ninknknj

= δij − ninj − ninj + ninj

= δij − ninj

= Pij(n̂) . (2.94)

Now, the TT projector tensor Λij|kl is constructed from Pij(n̂) as

Λij|kl(n̂) = PikPjl −
1

2
PijPkl . (2.95)

This tensor is symmetric under the exchange between the first and second pair of indices, it
is transverse on all indices, its trace with respect to the indices ij and jk vanishes and is still
a projector tensor. These properties can be proven from the definition (2.95),

Symmetric:

Λij|kl = PikPjl −
1

2
PijPkl

= PkiPlj −
1

2
PklPij

= Λkl|ij (2.96)
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Transverse:

niΛij|kl = niPikPjl −
1

2
niPijPkl = 0

njΛij|kl = Pikn
jPjl −

1

2
njPijPkl = 0

nkΛij|kl = nkPikPjl −
1

2
Pijn

kPkl = 0

nlΛij|kl = Pikn
lPjl −

1

2
Pijn

lPkl = 0 (2.97)

Trace:

Λii|kl = PikPil −
1

2
PiiPkl = Pkl − Pkl = 0

Λij|kk PikPjk −
1

2
PijPkk = Pij − Pij = 0 (2.98)

Projector:

Λij|kl Λkl|mn =
(
PikPjl −

1

2
PijPkl

)(
PkmPln −

1

2
PklPmn

)
= PikPjlPkmPln −

1

2
PikPjlPklPmn −

1

2
PijPklPkmPln +

1

4
PijPklPklPmn

= PimPjn −
1

2
PilPljPmn −

1

2
PijPmkPkn +

1

4
PijPkkPmn

= PimPjn −
1

2
PijPmn −

1

2
PijPmn +

1

2
PijPmn

= PimPjn −
1

2
PijPmn

= Λij|mn (2.99)

In terms of the unit vector n̂, the TT Lambda tensor is

Λij|kl(n̂) = Pik(n̂)Pjl(n̂) − 1

2
Pij(n̂)Pkl(n̂)

=
(
δik − nink

)(
δjl − njnl

)
− 1

2

(
δij − ninj

)(
δkl − nknl

)
= δikδjl − δiknjnl − δjlnink + ninknjnl

− 1

2

(
δijδkl − δijnknl − δklninj + ninjnknl

)
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Λij|kl(n̂) = δikδjl −
1

2
δijδkl − njnlδik − ninkδjl

+
1

2
nknlδij +

1

2
ninjδkl +

1

2
ninjnknl . (2.100)

Therefore, given a plane wave solution hµν already in the Lorenz gauge but not in the TT
gauge, the gravitational wave in the TT gauge is obtained by applying the Lambda operator,

hTTij = Λij|klhkl . (2.101)

The TT gauge conditions in the spatial part gives,

∗ ∂ihTTij = 0 =⇒ nihTTij = 0 (2.102)

∗ hTTii = 0 . (2.103)

Note that the expression in (2.101) satisfies the TT conditions in (2.102) and (2.103). By the
transverse and the trace properties of the Lambda tensor, then

nihTTij = niΛij|klhkl = 0 ,

hTTii = Λii|klhkl = 0 . (2.104)

In general, given a symmetric tensor Sij , its transverse and traceless part is15

STT
ij = Λij|klSkl . (2.105)

Observe that in this equation the quantity STT
ij remains symmetric.

15Recall that a tensor can be decomposed in a symmetric part plus an antisymmetric part. The action of
the Lambda tensor over the antisymmetric part will vanish.
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Chapter 3

Interaction of Gravitational Waves
with Test Masses

Having studied the two physical modes of gravitational radiation, the interaction of GWs
with a detector is given in the present chapter. A set of point particles will be assumed
as the makeup of the detector and the effects of the GW passage will be devised from two
coordinate systems, the TT frame and the detector frame. In order to accomplish this, the
geodesic motion and geodesic deviation of particles are revisited in first place. Finally, the
interaction of GWs with a ring of test masses is presented as an example to understand the
meaning of the plus and cross polarizations.

3.1 Geodesic equation

Consider in some reference frame, a temporal curve xµ(τ) parametrized by the proper time
τ . This means that, at each point of such a curve, the tangent vector is timelike. From all
possible temporal curves that satisfies the stationary events xµ(τA) = xµA and xµ(τB) = xµB,
the shortest path between these points is called a geodesic. For a free particle, it follows from
the action

S = −m
∫ τB

τA

dτ , (3.1)

where m is the particles’s rest mass. An extremal path is found when the variation of the
action vanishes, δS = 0. If the spacetime is flat, one obtains the geodesic equation

d2xµ

dτ2
= 0 . (3.2)

However, in general spacetime may have curvature. In this case, the geodesic motion for a
free particle comes from considering the spacetime line element,

ds2 = gµνdx
µdxν = −c2dτ2 . (3.3)

Since xµ = xµ(τ), then

dxµ =
dxµ

dτ
dτ (3.4)

and equation (3.3) is written as

ds2 = gµν
dxµ

dτ

dxν

dτ
dτ2 = −c2dτ2 , (3.5)
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which is equal to

gµν
dxµ

dτ

dxν

dτ
= −c2 . (3.6)

The action (3.1) is now,

S = −m
∫ τB

τA

(1) dτ = −m
∫ τB

τA

(
− 1

c2
gµν

dxµ

dτ

dxν

dτ

)
dτ =

∫ τB

τA

m

c2

(
gµν

dxµ

dτ

dxν

dτ

)
dτ . (3.7)

Therefore, the geodesic motion is obtained if

δS =
m

c2

∫ τB

τA

δ
(
gµν

dxµ

dτ

dxν

dτ

)
dτ = 0

=
m

c2

∫ τB

τA

[
dxµ

dτ

dxν

dτ
(δgµν) + 2 gµν

d (δxµ)

dτ

dxν

dτ

]
dτ = 0

=
m

c2

∫ τB

τA

[
dxµ

dτ

dxν

dτ
∂αgµνδx

α + 2 gµν
d (δxµ)

dτ

dxν

dτ

]
dτ = 0 . (3.8)

An integration by parts of the second term in (3.8) is performed by noting that

d

dτ

[
δxµgµν

dxν

dτ

]
= gµν

d (δxµ)

dτ

dxν

dτ
+ δxµ

d

dτ

(
gµν

dxν

dτ

)

=⇒ gµν
d (δxµ)

dτ

dxν

dτ
=

d

dτ

[
δxµgµν

dxν

dτ

]
− δxµ

d

dτ

(
gµν

dxν

dτ

)
. (3.9)

Replacing (3.9) in (3.8) one gets

δS =
m

c2

{
2δxµgµν

dxν

dτ

∣∣∣∣τB
τA

+

∫ τB

τA

[
dxµ

dτ

dxν

dτ
∂αgµνδx

α − 2
d

dτ

(
gµν

dxν

dτ

)
δxµ
]
dτ

}

=
m

c2

∫ τB

τA

[
dxµ

dτ

dxν

dτ
∂αgµνδx

α − 2
d

dτ

(
gµν

dxν

dτ

)
δxµ
]
dτ = 0 . (3.10)

Expanding the term on the right hand side of the integrand results in

d

dτ

(
gµν

dxν

dτ

)
δxµ =

dgµν
dτ

dxν

dτ
+ gµν

d2xν

dτ2

= ∂αgµν
dxα

dτ

dxν

dτ
+ gµν

d2xν

dτ2
, (3.11)

and inserting (3.11) into equation (3.10) gives,
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δS =
m

c2

∫ τB

τA

[
dxµ

dτ

dxν

dτ
∂αgµνδx

α − 2∂αgµν
dxα

dτ

dxν

dτ
δxµ − 2gµν

d2xν

dτ2
δxµ
]
dτ

=
m

c2

∫ τB

τA

[
dxα

dτ

dxν

dτ
∂µgαν − 2∂αgµν

dxα

dτ

dxν

dτ
− 2gµν

d2xν

dτ2

]
δxµ dτ

=
m

c2

∫ τB

τA

[
dxα

dτ

dxν

dτ
∂µgαν − ∂αgµν

dxα

dτ

dxν

dτ
− ∂νgµα

dxν

dτ

dxα

dτ
− 2gµν

d2xν

dτ2

]
δxµ dτ

=
m

c2

∫ τB

τA

[
(∂µgαν − ∂αgµν − ∂νgµα)

dxα

dτ

dxν

dτ
− 2gµν

d2xν

dτ2

]
δxµ dτ

= − m
c2

∫ τB

τA

[
2gµν

d2xν

dτ2
+ (∂αgµν + ∂νgµα − ∂µgαν)

dxα

dτ

dxν

dτ

]
δxµ dτ = 0 . (3.12)

The expression in (3.12) implies that

2gµν
d2xν

dτ2
+ (∂αgµν + ∂νgµα − ∂µgαν)

dxα

dτ

dxν

dτ
= 0 (3.13)

and multiplying (3.13) by
1

2
gµσ one arrives at

δσν
d2xν

dτ2
+

1

2
gµσ (∂αgµν + ∂νgµα − ∂µgαν)

dxα

dτ

dxν

dτ
= 0

d2xσ

dτ2
+

1

2
gµσ (∂αgµν + ∂νgµα − ∂µgαν)

dxα

dτ

dxν

dτ
= 0 . (3.14)

Taking into account the Christoffel symbols definition, the geodesic equation for a free
particle in a curved background is given by

d2xσ

dτ2
+ Γσαν

dxα

dτ

dxν

dτ
= 0 . (3.15)

3.2 Geodesic deviation equation

In Euclidean geometry, the defining property of the flat space is the concept of parallel lines.
If initially close lines are parallel, the distance between them remains the same forever as
they extend over the entire space. In a curved manifold this is not true. For instance, two
initially lines over a sphere will approach each other and eventually cross together. In fact,
a straight line is merely a geodesic in flat space. Thus, a natural way to study the concept
of parallel lines in curved space is to measure how the distance is changing between nearby
geodesics. From a general relativistic perspective, free particles follow geodesic motions due to
the curvature of the spacetime produced by a source. Hence, the difference between geodesics
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in this context is interpreted as a manifestation of gravitational tidal forces1.
To understand the concept of geodesic deviation, first consider two nearby geodesic trayec-

tories. One is described by xµ(τ) and the other by xµ(τ) + ξµ(τ), where ξµ is a very slighlty
displacement. From (3.15) they must satisfy

d2xµ(τ)

dτ2
+ Γµαβ(x)

dxα(τ)

dτ

dxβ(τ)

dτ
= 0 , (3.16)

d2[xµ(τ) + ξµ(τ)]

dτ2
+ Γµαβ(x + ξ)

d[xα(τ) + ξα(τ)]

dτ

d[xβ(τ) + ξβ(τ)]

dτ
= 0 . (3.17)

Assume also |ξµ| smaller than the typical scale variation of the gravitational field. A Taylor
expansion of Γµαβ(x + ξ) around x at linear order gives

Γµαβ(x+ ξ) = Γµαβ(x) + ξσ∂σΓµαβ(x) + · · · (3.18)

Making the substitution of (3.18) in (3.17) yields

d2xµ

dτ2
+
d2ξµ

dτ2
+
[
Γµαβ + ξσ∂σΓµαβ

](dxα
dτ

+
dξα

dτ

)(
dxβ

dτ
+
dξβ

dτ

)
= 0

d2xµ

dτ2
+
d2ξµ

dτ2
+
[
Γµαβ + ξσ∂σΓµαβ

](dxα
dτ

dxβ

dτ
+
dxα

dτ

dξβ

dτ
+
dξα

dτ

dxβ

dτ
+ · · ·

)
= 0

d2xµ

dτ2
+
d2ξµ

dτ2
+ Γµαβ

dxα

dτ

dxβ

dτ
+ 2Γµαβ

dxα

dτ

dξβ

dτ
+ ξσ∂σΓµαβ

dxα

dτ

dxβ

dτ
+ · · · = 0 , (3.19)

at first order in ξ. Substracting (3.19) from (3.16) the equation of the geodesic deviation
reads

d2ξµ

dτ2
+ 2Γµαβ

dxα

dτ

dξβ

dτ
+ ξσ∂σΓµαβ

dxα

dτ

dxβ

dτ
= 0 . (3.20)

Because the geodesic deviation has everything to do with curvature, is often used to rewrite the
expression (3.20) as a function of the Riemann tensor. To do this, consider a set of continuous
timelike geodesic parametrized by the proper time τ , where each geodesic is labelled by
a parameter α. This is called a congruence of timelike geodesics and is described by the
parametric equations xµ = xµ(τ, α) [9]. The displacement is along some geodesic when α is
fixed and thus the tangent vector is uµ = ∂xµ/∂τ . Conversely, the displacement is across
the geodesic when τ is fixed and ξµ = ∂xµ/∂α is a deviation vector that points from one
geodesic to the other (see figure 3.1). One might wonder what is the evolution equation for
the acceleration of ξµ when is transported along the vector field u. Remind that the covariant
derivative of a vector field V µ along a curve xµ(τ) is,

1Contemplate the difference between geodesics of two particles in space that are in radial infall near the
Earth. An observer in free fall with the particles would detect the inhomogeneities of the gravitational field
by observing the geodesic deviation of such particles.
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∇uV
µ = uρ∇ρV µ = uρ∂ρV

µ + ΓµνρV
νuρ ; uρ ≡ ∂xρ(τ, α)

∂τ
. (3.21)

Let V µ = ∇uξ
µ, then equation (3.21) turns out to be

∇u∇uξ
µ = uρ∂ρ

(
uβ∂βξ

µ + Γµαβξ
αuβ

)
+ Γµνρ

(
uβ∂βξ

ν + Γναβξ
αuβ

)
uρ

= uρ∂ρu
β∂βξ

µ + ∂ρΓ
µ
αβu

ρξαuβ + Γµαβu
βuρ∂ρξ

α

+ Γµαβξ
αuρ∂ρu

β + Γµνρu
ρuβ∂βξ

ν + ΓµνρΓ
ν
αβξ

αuβuρ

=
d2ξµ

dτ2
+ 2Γµνρu

ρuβ∂βξ
ν + ∂ρΓ

µ
αβu

ρξαuβ

+ Γµαβξ
αuρ∂ρu

β + ΓµνρΓ
ν
αβξ

αuβuρ (3.22)

Using (3.20) we have

d2ξµ

dτ2
= −2Γµαβu

αuσ∂σξ
β − ξσ∂σΓµαβu

αuβ , (3.23)

and inserting this result in (3.22) yields

∇u∇uξ
µ = − ξσ∂σΓµαβu

αuβ + ∂ρΓ
µ
αβu

ρξαuβ + Γµαβξ
αuρ∂ρu

β + ΓµνρΓ
ν
αβξ

αuβuρ

= − ξσ∂σΓµαβu
αuβ + ∂ρΓ

µ
αβu

ρξαuβ + Γµαβξ
α

(
d2xβ

dτ2

)
+ ΓµνρΓ

ν
αβξ

αuβuρ

= − ξσ
(
∂σΓµαβ

)
uαuβ +

(
∂ρΓ

µ
αβ

)
uρξαuβ − Γµαβξ

αΓβνρu
νuρ + ΓµνρΓ

ν
αβξ

αuβuρ

=
(
∂ρΓ

µ
αβ

)
uρξαuβ︸ ︷︷ ︸

(ρ,α,β)−→(ν,ρ,σ)

−
(
∂σΓµαβ

)
uαξσuβ︸ ︷︷ ︸

(σ,α,β)−→(ρ,ν,σ)

+ ΓµνρΓ
ν
αβu

βξαuρ︸ ︷︷ ︸
(ν,ρ,α,β)−→(λ,ν,ρ,σ)

− ΓµαβΓβνρu
νξαuρ︸ ︷︷ ︸

(β,α,ρ)−→(λ,ρ,σ)

= ∂νΓµρσu
νξρuσ − ∂ρΓ

µ
νσu

νξρuσ + ΓµνλΓλρσu
νξρuσ − ΓµρλΓλνσu

νξρuσ

= −
(
∂ρΓ

µ
νσ − ∂νΓµρσ + ΓµρλΓλνσ − ΓµνλΓλρσ

)
uνξρuσ

= −Rµσρνuσξρuν (ν ←→ σ)

= − Rµνρσu
νξρuσ .

Finally, the equation of geodesic deviation is given by,

∇u∇uξ
µ = − Rµνρσu

νξρuσ . (3.24)

As expected, this equation says that the relative acceleration between two neighboring time-
like geodesics is proportional to the Riemann tensor, which has all the information of the
spacetime curvature.
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Figure 3.1: Congruence of timelike geodesics.

3.3 Local flatness

Before discussing the TT frame and the detector frame, two local coordinate systems are of
great importance to develop further aspects in the interaction of GWs with test masses. These
are the Riemann normal coordinates and the Fermi normal coordinates. The main results is
that in the former at a selected event P in the spacetime, the metric is the flat metric ηµν and
the connections Γµαβ vanish. In the latter, given a timelike geodesic γ, at each point along
the geodesic the metric is given by the flat metric ηµν and the connections vanish.

Riemann normal coordinates

Consider a curved spacetime with a metric gµν in some arbitrary coordinates. Select an
event P in the spacetime and adapt a tetrad eα(µ) = {eα(0), e

α
(1), e

α
(2), e

α
(3)} to this point. The

bracketed index (µ) label each basis vector of the tetrad and the index α is refered to the
usual components of a selected basis vector. The orthonormality condition of the tetrad is
given by

e(µ) · e(ν) = gαβe
α
(µ)e

β
(ν) = ηµν , (3.25)

where ηµν = diag(−1, 1, 1, 1). Now, take another event Q. If P and Q lie in a small enough
region where the spacetime is almost flat, there exists a unique geodesic that connects both
events. The geodesic may be parametrized by the proper distance s if it’s a spacelike geodesic
and by the proper time τ in case of a timelike geodesic. A unit and tangent vector n̂ to the
geodesic at P can be decomposed in terms of the basis vectors. Hence, the components of n̂
are

nα(P) = nµeα(µ) . (3.26)

The Riemann normal coordinates of Q at P are defined as

ζµ(P) = κnµ

{
κ = sQ , for a spacelike geodesic
κ = τQ , for a timelike geodesic .

(3.27)

The following figure summarizes the construction of the Riemann normal coordinates at the
spacetime event P.
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Figure 3.2: Definition of the Riemann normal coordinates about an event P.

The strong consequence of this coordinate system is that at the event P the metric gµν
reduces to the flat metric ηµν and the connections vanish,

gµν(ζ)

∣∣∣∣
P

= ηµν , Γµαβ(ζ)

∣∣∣∣
P

= 0 . (3.28)

To show that gµν(ζ) = ηµν at P, bear in mind the fact that nµ is a unit vector. In Riemann
normal coordinates this implies that gµν(ζ)nµnν = 1, which is valid along the entire geodesic
that goes from P to Q. However, in the initially arbitrary coordinates the invariant magnitude
of the tangent vector n̂ is gαβ(x)nαnβ = 1. But equation (3.25) can be inverted to get,

gαβ(x) = η(µ)(ν)e
(µ)
α e

(ν)
β . (3.29)

Thus, using (3.29) and (3.26) into gαβ(x)nαnβ then,

gµν(ζ)nµnν = gαβ(x)nαnβ

=
[
η(µ)(ν)e

(µ)
α e

(ν)
β

] [
nσeα(σ)

] [
nρeβ(ρ)

]
= η(µ)(ν)

[
e(µ)
α eα(σ)

] [
e

(ν)
β eβ(ρ)

]
nσnρ

= η(µ)(ν)δ
µ
σδ

ν
ρn

σnρ

gµν(ζ)nµnν = η(µ)(ν)n
µnν . (3.30)

Because nµ is arbitrary, then gµν(ζ) = ηµν at P. To show that in Riemann normal coordinates
the connections vanish, consider the geodesic equation at the event P,

d2ζµ

dκ2

∣∣∣∣
P

+

[
Γµαβ(ζ)

dζα

dκ

dζβ

dκ

]
P

= 0 . (3.31)
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Inserting equation (3.27) in (3.31) gives

Γµαβ

∣∣∣∣
P
nαnβ = 0 . (3.32)

Again, because nµ si arbitrary one concludes that Γµαβ(ζ) = 0 at P. Observe that the partial
derivative of the metric can be obtained from [9]

∂ρgαβ = gαλΓλβρ + gβλΓλαρ , (3.33)

and therefore is also true that ∂ρgαβ = 0 at P. The metric can be expanded about the event
P in Riemann normal coordinates [9]. The result is,

gµν(ζ) = ηµν −
1

3
Rµλνρ(ζ)

∣∣∣∣
P
ζλζρ + O(ζ3) . (3.34)

From figure (3.2) clearly ζµ = 0 at P. Then, the metric (3.34) becomes the flat metric ηµν at
P. On the other hand, because there are not linear terms in ζµ in the metric expansion, each
term of the first derivative depend on ζµ. Then, the first derivative of the metric is zero at P
and the connections vanish at that point.

Fermi normal coordinates

To define the Fermi normal coordinates, select an entire timelike geodesic γ parametrized by
the proper time τ . Adapt a tetrad eα(µ) = {eα(0), e

α
(1), e

α
(2), e

α
(3)}, which satisfies the orthonor-

mality condition (3.25) everywhere on γ. Assume that eα(0) is aligned with γ’s tangent vector
and that all the basis vectors of the tetrad are being parallel transported along the geodesic
γ. Now, consider an event Q away from γ, and construct a spacelike geodesic segment β from
O to Q as shown in figure 3.32. This segment is orthogonal to γ at O and is parameterized
by the proper distance s. Thus, s = 0 at O and s = sQ at Q. If nα is the tangent vector in
β, it can be decomposed in terms of the tetrad as,

nα(O) = njeα(j) . (3.35)

Observe that eα(j) are the spatial members of the tetrad in O. The basis vector eα(0) is not
involved in the decomposition of nα because β is precisely orthogonal to γ at the event O.
The Fermi normal coordinates of Q at O is given by

ξµ(Q) = ( cτO , sQn1 , sQn2 , sQn3 ) . (3.36)

Of course, the coordinates at the event O are ξµ(O) = (cτO, 0, 0, 0). It can be shown that the
spacetime metric near γ can be written in these coordinates as [9, 38]

2The orthonormality condition ensures that β is unique.
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Figure 3.3: Definition of the Fermi normal coordinates along a timelike geodesic. The segment β is a
spacelike geodesic and is orthogonal to γ.

g00(ξ) = − 1 − R0p0q(ξ
0)

∣∣∣∣
γ

ξpξq + O(ξ3) ,

g0j(ξ) =
2

3
Rjpq0(ξ0)

∣∣∣∣
γ

ξpξq + O(ξ3) , (3.37)

gjk(ξ) = δjk −
1

3
Rjpkq(ξ

0)

∣∣∣∣
γ

ξpξq + O(ξ3) ,

where the Riemann tensor depends on τ = ξ0/c, it’s also evaluted on γ and the indices p and q
are spatial. It should be noted that just like the coordinates at O, the spatial part of the Fermi
normal coordinates vanishes everywhere on γ. This implies that g00(ξ)

∣∣
γ

= −1, g0j(ξ)
∣∣
γ

= 0,
gjk(ξ)

∣∣
γ

= δjk. Thus, gµν(ξ)
∣∣
γ

= ηµν and the metric reduces to the flat metric in the entire
timelike geodesic γ. Likewise, because the metric is constant in γ and the components of the
metric in (3.37) does not depend on linear terms in ξp, each term of the first derivative of the
metric components depends on ξp. Therefore, the derivative of the metric in γ is zero and the
connections Γµαβ(ξ) vanish in γ. These results are summarized as follows,

gµν(ξ)

∣∣∣∣
γ

= ηµν , Γµαβ(ξ)

∣∣∣∣
γ

= 0 . (3.38)

3.4 The TT frame

In chapter 2, it has been emphasized that in some coordinate system the plus and cross
polarizations of the GW represent the two independent radiative degrees of freedom. This
system was the TT frame. The present section discuss the physical implications of being in
the TT frame when a gravitational wave interact with a test mass. To understand the GW
effects on the motion of a point particle one must invoke the geodesic equation (3.15). Let
assume a test particle A initially at rest at time τ = 0. Then, the spatial part of the geodesic
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equation in τ = 0 is

d2xi

dτ2

∣∣∣∣
τ=0

+

[
Γiνρ

dxν

dτ

dxρ

dτ

]
τ=0

= 0

d2xi

dτ2

∣∣∣∣
τ=0

+

[
Γi00

(
dx0

dτ

)2
]
τ=0

= 0 , (3.39)

where (dxi/dτ)
∣∣
τ=0

= 0 because the particle is initially at rest. Using the TT gauge, the
connections Γi00 are obtained from (2.17) and gives,

Γi00 =
1

2
ηiσ (∂0h0σ + ∂0h0σ − ∂σh00)

=
1

2
δij (∂0h0j + ∂0h0j − ∂jh00)

=
1

2
(2∂0h0i − ∂ih00) (3.40)

Keep in mind that in the TT gauge h0µ = 0, so from (3.40) the connections Γi00 are zero at
τ = 03. The conclusion is that if at time τ = 0, dxi/dτ = 0, also d2xi/dτ2 = 0 and the
particle that is initially at rest before the passage of the GW, remains at rest even after the
arrival of the wave. Physically, this does not mean that there are no effects of the GW on the
particle. The interpretation is that the coordinates stretch themselves in such a way that the
position of the particle initially at rest doesn’t change with time.
Now, if two test masses are initially at rest, they will remain at rest for all times. Therefore,
their separation also does not change with time. This can be seen by employing the geodesic
deviation between two neighboring test particles. The spatial part of (3.20) reads

d2ξi

dτ2
+ 2Γiαβ

dxα

dτ

dξβ

dτ
+ ξσ∂σΓiαβ

dxα

dτ

dxβ

dτ
= 0 . (3.41)

Evaluating this expression at time τ = 0 one finds,

d2ξi

dτ2

∣∣∣∣
τ=0

+

[
2Γi0β

dx0

dτ

dξβ

dτ

]
τ=0

+

[
ξσ∂σΓi00

dx0

dτ

dx0

dτ

]
τ=0

= 0

d2ξi

dτ2

∣∣∣∣
τ=0

+

[
2Γi0β

dx0

dτ

dξβ

dτ

]
τ=0

= 0

d2ξi

dτ2

∣∣∣∣
τ=0

+

[
2cΓi0j

dξj

dτ

]
τ=0

= 0 . (3.42)

Again, from the first to the second line in equations (3.42), the quantity Γi00 = 0 in the
TT gauge. Furthermore, if the particle is initially at rest, its 4-velocity can be written as
(dxµ/dτ) = (c, 0) at τ = 0 and thus (dx0/dτ) = c. The connections Γi0j are obtained directly

3This is valid only at order O(ε) in the connections. However, it is expected a value of h ∼ 10−21 in the
detection of GWs on Earth, so the linear order approximation is very worthwhile [8].
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from their linearized definition,

Γi0j =
1

2
ηiσ (∂0hjσ + ∂jh0σ − ∂σh0j)

=
1

2
δik∂0hjk

=
1

2c
ḣij

[
ḣij ≡

∂hij
∂t

]
. (3.43)

The equation (3.42) results in

d2ξi

dτ2

∣∣∣∣
τ=0

+

[
ḣij

dξj

dτ

]
τ=0

= 0 . (3.44)

As a consequence, if at time τ = 0, dξi/dτ = 0, then d2ξi/dτ2 = 0 and the coordinate separa-
tion ξi remains constant at all times. Figure (3.4) shows a spacetime diagram for a single test
particle and for two test particles. In both cases, the worldline of each particle is a straight
line because they remain in the same spatial position at all times. Therefore, the evolution of
the geodesics is given along the temporal direction.
Is important to recall that although the position of the particles does not change with time,
this is just a particular feature of the TT coordinates. What is not changing is the coordi-
nate separation, but indeed the particles physically move when the GW passes by. General
relativity is an invariant theory and all coordinate systems must represent the same physics.
Therefore, all frames of reference agree in what is actually changing is proper distances and
proper times.

Geodesic

a) b)

Figure 3.4: Interaction of GW with test masses in the TT frame. a) A test particle initially at rest
remains in the same position at all times even after the arrival of the GW, so its worldline is a straight
line. b) Two test particles initially at rest remains in the same position at all times, so the coordinate
separation ξµ between them does not change with time.
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Proper Time

The proper time of a timelike geodesic xµ(τ) can be determined by using the line element in
the TT frame,

gµνdx
µ(τ)dxν(τ) = −c2dτ2

(
ηµν + hTTµν

)
dxµ(τ)dxν(τ) = −c2dτ2

−c2dt2(τ) +
(
δij + hTTij

)
dxi(τ)dxj(τ) = −c2dτ

−c2dt2(τ) +
(
δij + hTTij

) dxi(τ)

dτ

dxi(τ)

dτ
dτ2 = −c2dτ . (3.45)

However, if a particle is initially at rest it will be in the same position forever in the TT frame
and (dxi/dτ) = 0 for all τ . Then, from (3.45) it is concluded that,

−c2dt2(τ) = −c2dτ2

t(τ) = τ . (3.46)

Hence, if an observer in the TT frame is sitting initially with a clock on the rest mass, the
measure of the coordinate time t is the proper time τ .

Proper Distance

Consider two particles initially along the x-direction at (ct, x1, 0, 0) and (ct, x2, 0, 0). If the
spatial separation between these events is denoted by L = x2−x1, the proper distance between
the particles is given by

s =

∫ L

0

√
gµνdxµdxν . (3.47)

If a GW is propagating in the +z-direction, from equation (2.89) the line element in the TT
frame reads,

gµνdx
µdxν = [1 +A+ cos(ωt)] dx2 . (3.48)

Note that in the last expression, because initially the separation in the y and z directions is
zero, it will remain the same for all times in the TT gauge [1]. The only contribution comes
from the x-direction. Inserting this equation into (3.47) one obtains,

s =

∫ L

0
[1 +A+ cos(ωt)]1/2 dx

= L [1 +A+ cos(ωt)]1/2

s ' L

[
1 +

1

2
A+ cos(ωt)

]
, (3.49)
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where in the last line was used the approximation (1 + x)n w 1 +nx because A+ � 1. Recall
that the quantity L is the initial and unperturbed separation between the particles along the
x-direction before the GW arrival. This value is constant in the TT gauge and the axis move
with the GW in such frame.
More generally, if the particles are set down at coordinates (ct, x1, y1, z1) and (ct, x2, y2, z2),
the initial separation between them is given by the vector L, which remains constant in time
for an observer in the TT gauge. The proper distance (3.47) can be obtained from the line
element given by,

s2 = −c2��∆t2 + (δij + hTTij )∆xi∆xj

s2 = δij∆x
i∆xj + hTTij ∆xi∆xj

s2 = ∆x2 + ∆y2 + ∆z2 + hTTij ∆xi∆xj

s2 = (x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2 + hTTij ∆xi∆xj

s2 = L2
x + L2

y + L2
z + hTTij ∆xi∆xj

s2 = L2 + hTTij LiLj , (3.50)

where Lx = x2 − x1, Ly = y2 − y1, Lz = z2 − z1 and L2 = L2
x + L2

y + L2
z. To linear order in

h, i.e O(ε), the equation (3.50) becomes,

s2 = L2

(
1 +

hij(t)LiLj
L2

)

s = L

(
1 +

hij(t)LiLj
L2

)1/2

w L

(
1 +

hij(t)LiLj
2L2

)
. (3.51)

Thus, the proper distance is

s w L + hij(t)

(
LiLj
2L

)
. (3.52)

Differentiating the last expression with respect to t one gets,

s̈ w
1

2
ḧij(t)

Li
L
Lj . (3.53)

Writing (Li/L) = ni and defining si from s = nisi, equation (3.53) results in,

nis̈i w
1

2
ḧij(t)niLj

s̈i w
1

2
ḧij(t)Lj . (3.54)

Observe that Lj = sj to lowest order in h [8]. Therefore, a geodesic equation in terms of the
proper distance is obtained,
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s̈i w
1

2
ḧij(t)sj . (3.55)

If the two particles are in fact test mirrors in which light travels back and forth, the proper
distance determines a complete cycle (see figure 3.5). Moreover, since the proper distance is
changing, is possible to compare the time of a cycle before and after the GW passes by.

Mirror 1
(Test Mass)

Mirror 2
(Test Mass)

Figure 3.5: Proper distance between mirrors in a GW interferometer.

3.5 The proper detector frame

As a worthwhile approximation, the proper detector frame uses a freely falling observer whose
coordinates are the Fermi normal coordinates. Extrictly speaking, for experiments on Earth
this is not completely true. The interferometer is subjected to an acceleration a = −g and also
rotates due to the Earth’s gravity and motion4. For this reason, the laboratory actually is not
in free fall [8, 32]. The exact metric that describes a system in which these effects are included
is quite complicated. Such a system is called the proper detector frame. However, thanks to
the arrangement of the experiment and the frequency window in which the GWs are detected,
is possible to extract the signal by neglecting such effects. Therefore, the approximate metric
that describes the local proper detector frame is given by a freely-falling observer in Fermi
normal coordinates. From (3.37) this metric is given by,

ds2 ' −c2dt2
[
1 +R0i0jx

ixj
]
− 2cdtdxi

[
2

3
R0jikx

jxk
]

+ dxidxj
[
δij −

1

3
Rikjlx

kxl
]
. (3.56)

To analize the interaction of GWs with test masses in this frame, is better to work with
the geodesic deviation equation. By choosing the Fermi normal coordinates, the connections
vanish everywhere in an entire timelike geodesic γ. Due to this, and because the temporal
derivative is defined along the timelike geodesic, one obtains inmediately [38],

∂0Γµαβ

∣∣∣∣
γ

= 0 . (3.57)

The previous statement also can be seen directly from the metric. As said previously in the
last section, the metric depends explicitly only on the spatial Fermi coordinates, but implictly
on the temporal Fermi coordinate through the Riemann tensor. Nevertheless, the Riemann
tensor always appears multiplied by a cuadratic term in the spatial coordinates as shown

4There are other effects that may be considered in the laboratory frame. For instance, see [8].
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in (3.56). Hence, taking the temporal derivative of the connections gives again terms with
spatial components, which in turns vanish when evaluating at γ.
Bearing in mind that Γµαβ and ∂0Γµαβ vanish everywhere in γ, the spatial part of the deviation
geodesic equation reads

d2ξi

dτ2
+ 2 Γiαβ︸︷︷︸

=0

dxα

dτ

dξβ

dτ
+ ξσ∂σΓiαβ

dxα

dτ

dxβ

dτ
= 0

d2ξi

dτ2
+ ξ0 ∂0Γiαβ︸ ︷︷ ︸

=0

dxα

dτ

dxβ

dτ
+ ξj∂jΓ

i
αβ

dxα

dτ

dxβ

dτ
= 0

d2ξi

dτ2
+ ξj∂jΓ

i
αβ

dxα

dτ

dxβ

dτ
= 0 . (3.58)

If additionally one assumes that the detector performs a non-relativistic motion, then

dxi

dτ
� dx0

dτ
. (3.59)

As a consequence, equation (3.58) turns out into

d2ξi

dτ2
+ ξj∂jΓ

i
00

(
dx0

dτ

)2

= 0 . (3.60)

This equation can be expressed in terms of the Riemann tensor. For this, observe that the
components Ri0j0 evaluated at the timelike geodesic γ results in5

Ri0j0 = ∂jΓ
i
00 − ∂0Γi0j︸ ︷︷ ︸

=0

= ∂jΓ
i
00 , (3.61)

and after inserting (3.61) in (3.60) yields

d2ξi

dτ2
+ ξjRi0j0

(
dx0

dτ

)2

= 0 . (3.62)

On the other hand, when considering the metric nearly flat at the position of the detector,
the time coordinate and proper time are related by

ηµνdx
µdxν = −c2dτ2 . (3.63)

If a test particle is initially at rest, then acquires a velocity of order (dxi/dτ) = cO(ε2) when
the GW passes by [8]. Then, expanding (3.63) gives,

−c2dt2 + δijdx
idxj = −c2dτ2

c2dt2 = c2dτ2 + δijdx
idxj

dt2 = dτ2 +
1

c2
δijdx

idxj

5The ΓΓ terms in the definition of the Riemann tensor can be set to zero at γ in these coordinates.
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dt2 = dτ2

[
1 +

1

c2
δij
dxi

dτ

dxj

dτ

]

dt2 = dτ2

[
1 +

1

c2

dxi

dτ

dxi

dτ

]
dt2 = dτ2

[
1 + O(h2)

]
=⇒ t = τ . (3.64)

From (3.64) one has dx0/dτ = c and the equation (3.62) can be rewritten as

ξ̈i + c2Ri0j0ξ
j = 0 ;

[
ξ̈i ≡ d2ξi

dt2

]
. (3.65)

Measurements of GWs at the detector are of order h ∼ O(10−21). Thus, linearized theory is
appropriate in this context and one is able to compute the Riemann tensor at linear order in
the equation (3.65). As mentioned before, apart from being covariant, the Riemann tensor is
also invariant in linearized theory. So, is more suitable to compute it in a simple system, the
TT frame. The result is,

Ri0j0 =
1

2

{
∂0∂j h

TT
i0︸︷︷︸
=0

+ ∂i∂0 h
TT
0j︸︷︷︸
=0

− ∂i∂j hTT00︸︷︷︸
=0

− ∂0∂0h
TT
ij

}

Ri0j0 = − 1

2c2
ḧTTij . (3.66)

Finally, using (3.66) in (3.65) one obtains

ξ̈i =
1

2
ḧTTij ξ

j . (3.67)

In conclusion, in the freeling-falling frame the effect of a GW on a test mass can be described
as a Newtonian force given by,

Fi =
m

2
ḧTTij ξ

j . (3.68)

3.6 Ring of test masses

In this section we shall study the interaction of GWs with a ring of test masses. This will allow
to understand the meaning of the plus and cross polarizations. Consider a GW propagating
along the +z-direction and a ring constituted by test particles as is shown in figure 3.6. The
ring is located at the xy plane, so is expected that the particles do not move in the direction
of the wave6. Conversely, the particles will stretch in the xy plane and the task is to describe
the motion of the deviation vector ξi = (ξx, ξy) in the proper detector frame.

6This is because GWs are transverse waves.
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Figure 3.6: Ring of test masses located at the xy plane. The free-falling frame is attached to the center
of the ring and the GW is propagating along the +z direction.

In the TT gauge, a general GW in the +z-direction could be expressed as

hTTij (t, z) =

A+ A× 0
A× −A+ 0
0 0 0

 cos(kz − ωt+ φ) , (3.69)

where φ is a phase that depends on the initial conditions. Inserting this solution in the
equation (3.67) we have

ξ̈z =
1

2
ḧTTzj ξ

j = 0 [hTTzj = 0]

ξ̇z = constant . (3.70)

If initially the particles are at rest, then ξ̇z(0) = 0 and therefore ξ̇z(t) = 0. This is just the
statement of the transversality property. If initially the particles set down at z = 0, they will
remain in the plane even after the GW arrival. Moreover, assume that at the instant t = 0 the
GW has not yet reached the particles and so hTTij (0) = 0. By imposing this initial condition
over (3.69) one gets

hTTij (0, 0) =

A+ A× 0
A× −A+ 0
0 0 0

 cos(φ) = 0 =⇒ cos(φ) = 0
[
φ = −π

2

]

hTTij (t, 0) =

A+ A× 0
A× −A+ 0
0 0 0

 cos
(
ωt− π

2

)
;

[
cos
(
ωt− π

2

)
= sin(ωt)

]
.

Hence, the solution (3.69) when the particles are initially at rest in the plane xy becomes
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hTTij (t, 0) =

A+ A× 0
A× −A+ 0
0 0 0

 sin(ωt) . (3.71)

It’s appropriate to split this solution as a sum of the plus and cross contributions,

hTTij (t, 0) =

1 0 0
0 −1 0
0 0 0

A+ sin(ωt)

︸ ︷︷ ︸
h

(+)
ij (t)

+

0 1 0
1 0 0
0 0 0

A× sin(ωt)

︸ ︷︷ ︸
h

(×)
ij (t)

(3.72)

The ring will be deformed in the xy plane after the GW arrival. The changes in the relative
positions of the test particles are described by the deviation vector ξ that can be written as

ξi(t) =
(
x0 + δx(t) , y0 + δy(t) , 0

)
, (3.73)

where x0 and y0 are the unperturbed initial position of the particles at t = 0. The deviation
vector at this instant is simply ξi(0) = (x0, y0, 0) before the wave reach the ring. The prob-
lem consists to find the functions δx(t) and δy(t) to see the effects of the GW. In order to
accomplish this, the polarizations are considered first separately.

Plus Polarization (+)

Suppose an incoming GW with only the plus polarization. Equation (3.67) reads as follows,

ξ̈x =
1

2
ḧ

(+)
xj ξ

j

ξ̈x =
1

2

[
ḧ(+)
xx ξ

x + ḧ(+)
xy ξ

y

]
ξ̈x =

1

2
ḧ(+)
xx ξ

x ; h(+)
xy = 0 , ξz = 0

d2δx

dt2
= −1

2
ω2A+ sin(ωt) [x0 + δx ] ; δx ∼ O(ε)

d2δx

dt2
w −1

2
ω2x0A+ sin(ωt) . (3.74)

Solving for δx in (3.74) yields,

δx =
1

2
x0A+ sin(ωt) . (3.75)

Similarly, for the y component one gets,
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ξ̈y =
1

2
ḧ

(+)
yj ξ

j

ξ̈y =
1

2

[
ḧ(+)
yx ξ

x + ḧ(+)
yy ξ

y

]
ξ̈y =

1

2
ḧ(+)
yy ξ

y ; h(+)
yx = 0 , h(+)

yz = 0

d2δy

dt2
=

1

2
ω2A+ sin(ωt) [ y0 + δy ] ; δy ∼ O(ε)

d2δy

dt2
w

1

2
ω2y0A+ sin(ωt) . (3.76)

After integration of (3.76) one finds,

δy = −1

2
y0A+ sin(ωt) . (3.77)

Using (3.75) and (3.77) in (3.73) it is obtained the displacement ξ of the particles that make
up the ring with respect to the origin,

ξi =
(
x0 +

1

2
x0A+ sin(ωt) , y0 −

1

2
y0A+ sin(ωt) , 0

)
. (3.78)

The behaviour of a GW only with the plus polarization is shown in figure 3.7. At the
instant t = 0, the ring is a perfect unperturbed circle. At later times for ωt = (0, π/2], the
ring starts to deform along the x-direction until it reaches the time given by ωt = π/2, in
which the ring is at its maximum elongation. After that, the ring shrinks along the same
x-direction between the phase values ωt = (π/2, π], recovering its original shape at ωt = π.
Then, at times given by ωt = (π, 3π/2], the wave stretches the ring along the y-direction and
the maximum elongation occurs at ωt = 3π/2. Finally, from ωt = (3π/2, 2π] the ring shrinks
in the same y-direction until the time given by ωt = 2π, in which the ring is again a perfect
circle and starts the cycle over again. Observe that the overall shape that is taking the ring
with time, is an oscillatory (+) pattern and the name plus polarization is now justified.

Cross Polarization (×)

If the GW only has the cross polarization, equation (3.67) gives for the x component,

ξ̈x =
1

2
ḧ

(×)
xj ξ

j =
1

2

[
ḧ(×)
xx ξ

x + ḧ(×)
xy ξ

y

]
ξ̈x =

1

2
ḧ(×)
xy ξ

y ; h(×)
xx = 0 , ξz = 0

d2δx

dt2
= −1

2
ω2A× sin(ωt) [ y0 + δy ] ; δy ∼ O(A×)

d2δx

dt2
w −1

2
ω2y0A× sin(ωt) . (3.79)
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Figure 3.7: Deformation of a ring of test masses under the effect of the plus polarization.

Solving for δx from (3.79) gives,

δx(×) =
1

2
y0A× sin(ωt) . (3.80)

For the y-component we have

ξ̈y =
1

2
ḧ

(×)
yj xi

j =
1

2

[
ḧ(×)
yx ξ

x + ḧ(×)
yy ξ

y

]
ξ̈y =

1

2
ḧ(×)
yx ξ

x ; h(×)
yy = 0 , ξz = 0

d2δy

dt2
= −1

2
ω2A× sin(ωt) [x0 + δx ] ; δx ∼ O(A×)

d2δy

dt2
w −1

2
ω2x0A× sin(ωt) . (3.81)
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From (3.81) it is obtained,

δy =
1

2
x0A× sin(ωt) . (3.82)

Using (3.80) and (3.82) in (3.73) the solution of the deviation vector ξ is now,

ξi =
(
x0 +

1

2
y0A× sin(ωt) , y0 +

1

2
x0A× sin(ωt) , 0

)
. (3.83)

The situation here is similar to the plus polarization case. The only thing to bear in mind
is the stretching directions in which the GW is acting on the ring. In the plus polarization,
this axis were the x and y axis. In this case, the axis are perpendicular each other as well but
are rotated 45◦ with respect to the x and y directions (see figure 3.8).
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Figure 3.8: Deformation of a ring of test masses under the effect of the cross polarization.

Of course, if the GW has both polarizations, the equations to solve becomes in
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d2δx

dt2
' −1

2
ω2 sin(ωt) [A+x0 + A×y0] (3.84)

d2δy

dt2
' 1

2
ω2 sin(ωt) [A+y0 − A×x0] , (3.85)

The deviation vector ξ in this case is

ξi =

(
x0 +

1

2
sin(ωt)

[
A+x0 +A×y0

]
, y0 −

1

2
sin(ωt)

[
A+y0 −A×x0

]
, 0

)
, (3.86)

and figure 3.9 illustrates the effect of both polarizations.
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Figure 3.9: Plus and cross polarizations contributions on a ring of test masses.
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Chapter 4

The Energy-Momentum Tensor of
Gravitational Waves

The previous chapter demonstrates that GWs carries energy and momentum. The proper
distance between particles are indeed changing in the laboratory. If these particles are joined
together by a spring with friction, the kinetic energy may dissipate into heat. This means that
GWs can do work and therefore the kinetic energy of the test particles must come from the
energy of GWs. General relativity predicts the curvature of the spacetime by the presence of
energy and matter. If the energy of a GW is propagating through space, the curvature of the
spacetime itself is propagating. Neverthless, there is no local measure of the gravitational field
in general relativity. As has been mentioned before, is always possible to turn off gravity at
one point in spacetime through an appropiate coordinate system1. This implies that there is
no local gravitational energy. To extract the energy of GWs, the way to proceed is to consider
a region of the spacetime that is large enough to capture many wavelengths of the wave, but
small enough so the associate energy in this region comes only from the small ripples that
generates the wave and not from the background curvature. This is only possible when there
is a clearly distinction between the curvature scales of the perturbations and the background.
A good example is an orange. As a whole could represent a S2 sphere, but locally it has tiny
lumps. The overall sphere plays the role of the smooth background and the tiny lumps the
ripples of the GWs. In the case of linearized theory, this was a straightforward task beacause
any disturbance of the spacetime was interpretated as GWs. However, if there is an incoming
GW near a spherical symmetric object is not easy to distinguish between the Schwarzschild
curvature and the ripples.

4.1 The shortwave approximation in perturbation theory

To ensure the separation of scales and identify the ripples from the smooth background one
must impose the condition

λ̄� LB , (4.1)

where LB is typical scale of variation of the background and λ̄ is the reduced wavelength of
the GW [8]. Alternatively a formulation in terms of frequencies is also valid,

f � fB . (4.2)

The length scales and the frequency scales between the waves and the background are apriori
unrelated and one may use equivalently equation (4.1) or (4.2) to extract the energy of the
GW. The formalism that allows to separate the background from the ripples is called the
shortwave approximation. At the heart of this formalism, is to capture enough physical

1The Riemann normal coordinates and the Fermi normal coordinates at one point in the spacetime is the
flat metric and thus there is no gravitational field.
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curvature in a small region by implementing an average scheme [31]. The inability to define
a local measure of the gravitational field energy, suggest to consider a neighborhood about
a point in spacetime such that the typical size l̄ should be of many wavelengths but not too
large compare to the background scale of variation,

λ̄� l̄� LB . (4.3)

If an average procedure is perform over a volume of size l̄, the radiative contributions of GWs
may be distinguish as follows,

1) Slowly-varying modes in spacetime of order LB remains constant when averaging,

2) Rapidly-varying modes in spacetime of order λ̄ average to zero.

The formal details of the spacetime average process are not as important as their properties
[33, 39]. For a spacetime with a general background described by a metric ḡµν , the shortwave
averaging linear operator 〈·〉 satisfied the following useful properties. For general tensors A
and B, then

a) Covariant derivatives conmute,
〈
∇̄µ∇̄ν(A)

〉
=
〈
∇̄ν∇̄µ(A)

〉
. (4.4)

b) Gradients average to zero,
〈
∇̄µ(A)

〉
= 0 . (4.5)

c) As a corollary of the above property,
〈
A(∇̄µB)

〉
= −

〈
B(∇̄µA)

〉
. (4.6)

A formal justification of such properties can be found in [40, 41]. However, when computing
explicitly the energy-momentum tensor in a flat background, these properties will gain mean-
ing2. For the moment, we shall focus on how would be the energy-momentum tensor of GWs
when a clearly separation of scales are given from the beggining in the shortwave approxima-
tion. An intuitive strategy to imagine the schematic form that should take this tensor, may
be inspired by the energy-momentum tensor from other fields [31]. In electromagnetism or
scalar field theories, the energy-momentum tensors are constructed from quadratic terms in
the relevant fields3. If one is interested in extracting the energy-momentum tensor of GWs,
the relevant field in this case must be hµν . Thus, our framework of perturbation theory must
be extended beyond the linear order4. With this motivation, a natural way to express the
metric decomposition should be as,

gµν(x) = ḡµν(x) + h(1)
µν (x) + h(2)

µν (x) + O(ε3) . (4.7)

One is actually interested in studying the energy of GWs when they are propagating in
vacuum curved background. Therefore, by using the perturbed metric in (4.7), all geometrical
quantities can be obtained at order O(ε2). This allow us to expand the vacuum EFE as,

Gµν [g] = Ḡµν [ḡ] +
(1)

Gµν [h(1)]︸ ︷︷ ︸
O(ε)

+
(2)

Gµν [h(1)]︸ ︷︷ ︸
O(ε2)

+
(1)

Gµν [h(2)]︸ ︷︷ ︸
O(ε2)

+O(ε3) = 0 . (4.8)

The notation of each term in (4.8) is explained as follows,

2This work is based on a flat background, so this properties will be justified later in this context.
3For instance, the electromagnetic energy-momentum tensor is quadratic in Fµν .
4Is expected a nonlinear behaviour of the gravitational field with itslef due to the energy of GWs.



4.1. The shortwave approximation in perturbation theory 51

Ḡµν : Is the usual Einstein operator acting on the background metric gµν .

(1)

Gµν : Is a linear operator in their covariant derivatives acting on a perturbation tensor h(n)
µν

of some order O(εn).
(2)

Gµν : Is the quadratic part in their covariant derivatives, acting on a perturbation tensor h(n)
µν

of some order O(εn).

Thus, the term of order O(ε) in (4.8) has terms of the form ∇̄α∇̄βh(1)
µν . The first term of

O(ε2) has terms as ∇̄αh(1)
µν ∇̄βh(1)

ρσ and h
(1)
σρ ∇̄α∇̄βh(1)

µν . The second term of O(ε) has terms
of the form ∇̄α∇̄βh(2)

µν
5. Then, the next step is to solve the EFE order by order in ε. By

the initial assumption, the background Einstein’s tensor must satisfy by itself the equation
Ḡµν [ḡ] = 06. The first and second order perturbative equations are [31, 42],

(1)

Gµν [h(1)] = 0 , (4.9)

(1)

Gµν [h(2)] = −
(2)

Gµν [h(1)] . (4.10)

Solving this equations, gives the first order (h(1)
µν ) and second order (h(2)

µν ) corrections to the
background metric. In particular, if such background is flat, the first order equation in (4.9)
is just the linearized EFE with the Einstein’s tensor given by (2.25). However, if one retained
the metric expansion up to second order, the quantity at the right hand side of (4.10) acts as
a source term for the second order metric perturbation h(2)

µν . Therefore, one may write (4.10)
as

(1)

Gµν [h(2)] =
8πG

c4
tµν , (4.11)

where,

tµν = − c4

8πG

(2)

Gµν [h(1)] . (4.12)

Then, tµν is interpretated as the energy-momentum tensor created by the first order metric
perturbation h(1)

µν or GWs. According to our initial motivation, the expression for tµν in (4.12)
is a symmetric tensor as all energy-momentum tensors and is also quadratic in the relevant
field h(1)

µν that describes the GW. Moreover, is a conserved quantity by the Bianchi identities.
Nevertheless, this is not a gauge invariant quantity7. What is gauge invariant is the shortwave
averaging of tµν . Thus, the effective energy-momentum tensor of GWs is defined as,

tµν = − c4

8πG

〈
(2)

Gµν [h(1)]

〉
. (4.13)

5Note the functional form of the equations given in (A.26) and (A.30).
6Actually, the background Einstein’s tensor is of order O(ε2). We will retake this statement in section 4.2.
7If the background is flat, this is refered to infinitesimal gauge transformation in linearized theory. In

general one may consider the propagation of a GW in a curved background. This can be done by solving the
EFE in vacuum, R(1)

µν = 0 by choosing a suitable gauge.
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4.2 The coarse-grained form of the Einstein’s Field Equations

In the last section, it was mentioned the shortwave approximation to clarify the distintion
between the typical scales of the background and GWs. The construction of the energy-
momentum tensor tµν was given through the perturbative EFE based on a formal expansion
of the metric. From the beggining, this was made without any assumption about the scale
variation of each term in (4.8). Only at the condition of gauge invariance, the shortwave
averaging was required. This section explains how to split the EFE at first glance, when
the radiative modes of propagation are classified into high and low frequencies. At the end, a
macroscopic version of the EFE are obtained in which tµν works as a source of the background
curvature. This is called the coarse-grained form of the EFE.
Rather than using the vacuum EFE given in (4.8), is better to rewritte these equations in
terms of the Ricci tensor. Note that the trace of the EFE is given by

gµνRµν −
1

2
Rgµνgµν =

8πG

c4
gµνTµν

R − 1

2
R(4) =

8πG

c4
T

R = −8πG

c4
T , . (4.14)

where T is the trace of Tµν . Using (4.14) in (2.1), an alternative form of the EFE is

Rµν =
8πG

c4

(
Tµν −

1

2
gµνT

)
. (4.15)

Considering the perturbative metric up to second order, the left hand side of (4.15) can be
expanded as

Rµν [g] = R̄µν [ḡ] +
(1)

Rµν [h(1)] +
(2)

Rµν [h(1)] + error . (4.16)

The quantity R̄µν is the usual Ricci tensor definition refered to the background metric. The
other terms are the Ricci tensor at first and second order in ε. However, for the purpose of
this procedure, one may include just the terms of the form R

(2)
µν [h(1)] and not R(1)

µν [h(2)] [33]8.
They have the following characteristics according to their frequency,

R̄µν : It is constructed from the metric ḡµν which has a low frequency scale variation. Then,
this term contains low-frequency modes.

(1)

Rµν : By definition is linear order in hµν which has a high frequency scale variation. Therefore,
this term contains high-frequency modes.

(2)

Rµν : Contain terms of the form hµνhρσ and may have low and high frequency scales variation.
For instance, the superposition of two waves of high-frequency in opposite directions can
results in a low-frequency wave.

In view of (4.16), the EFE in (4.15) reads,

8This can be obtained by considering the metric gµν at order O(ε) but gµν up to order O(ε2). This is the
lowest expansion next to leading order in ε. For more details, see appendix B.
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R̄µν [ḡ]︸ ︷︷ ︸
Low f

+
(1)

Rµν [h(1)]︸ ︷︷ ︸
High f

+
(2)

Rµν [h(1)]︸ ︷︷ ︸
Low & High f

=
8πG

c4

(
Tµν −

1

2
gµνT

)
︸ ︷︷ ︸

Low & High f

. (4.17)

These equations can be split into low and high modes as follows,

R̄µν = −
[(2)

Rµν

]Lowf
+

8πG

c4

[
Tµν −

1

2
gµνT

]Lowf
, (4.18)

(1)

Rµν = −
[(2)

Rµν

]Highf
+

8πG

c4

[
Tµν −

1

2
gµνT

]Highf
. (4.19)

The equation (4.18) is the projection of the EFE onto the low frequency modes. This can be
formalized by introducing the shortwave approximation. By recalling the properties given in
the last section and the frequency distintion given in (4.17), the average of the EFE over a
volume l̄ turns out to be,〈

R̄µν

〉
︸ ︷︷ ︸
∼LB

+

〈
(1)

Rµν

〉
︸ ︷︷ ︸
∼λ̄

+

〈
(2)

Rµν

〉
︸ ︷︷ ︸
∼LB & λ̄

=
8πG

c4

〈
Tµν −

1

2
gµνT

〉
︸ ︷︷ ︸

∼LB & λ̄

R̄µν +
[(2)

Rµν

]Lowf
=

8πG

c4

[
Tµν −

1

2
gµνT

]Lowf
, (4.20)

and equation (4.18) is recovered. In vacuum, the EFE projected onte the low frequency modes
implies that,

R̄µν = −
[(2)

Rµν

]Lowf
. (4.21)

This expression suggest that R̄µν is of order O(ε2). Likewise, comparing with (4.15), equation
(4.21) also tells that the term at the right hand side is a source term for the background
curvature. Denoting the low frequency modes of the right hand side in (4.20) by

〈
Tµν −

1

2
gµνT

〉
= T̄µν −

1

2
ḡµν T̄ , (4.22)

where T̄ = ḡµν T̄
µν . By definition, T̄µν is a low frequency quantity and thus can be interpre-

tated as macroscopic version of Tµν when the scales of variation are fixed9. The expression
for tµν in (4.13) yields,

tµν = − c4

8πG

〈
(2)

Rµν [h(1)] − 1

2
ḡµν

(2)

R[h(1)]

〉
, (4.23)

where
(2)

R = ḡµν
(2)

Rµν . The trace of (4.23) is

9Remember that the bracket operation is catching the information over l̄. Then, the resulting low frequency
modes is just an average or macroscopic version of Tµν .
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t = ḡµνtµν

= ḡµν
[
− c4

8πG

〈
(2)

Rµν [h(1)] − 1

2
ḡµν

(2)

R[h(1)]

〉]

= − c4

8πG

〈
ḡµν

(2)

Rµν [h(1)] − 1

2
ḡµν ḡµν

(2)

R[h(1)]

〉

t = +
c4

8πG

〈
(2)

R[h(1)]

〉
(4.24)

Inserting (4.24) into (4.23) we get

tµν = − c4

8πG

[〈
(2)

Rµν [h(1)]

〉
− 1

2
ḡµν

〈
(2)

R[h(1)]

〉]

= − c4

8πG

[〈
(2)

Rµν [h(1)]

〉
− 1

2
ḡµν

8πG

c4
t

]
(4.25)

Now, solving for
〈

(2)

Rµν [h(1)]

〉
it is obtained,

〈
(2)

Rµν [h(1)]

〉
= −8πG

c4

[
tµν −

1

2
ḡµνt

]
(4.26)

Using (4.26), the projected EFE onto the low frequency modes are given by

R̄µν = −
〈

(2)

Rµν [h(1)]

〉
+

8πG

c4

〈
Tµν −

1

2
gµνT

〉

=
8πG

c4

[
tµν −

1

2
ḡµνt

]
+

8πG

c4

〈
Tµν −

1

2
gµνT

〉

=
8πG

c4

[
tµν −

1

2
ḡµνt

]
+

8πG

c4

[
T̄µν −

1

2
ḡµν T̄

]

=
8πG

c4

[(
T̄µν + tµν

)
− 1

2
ḡµν

(
T̄ + t

)]
. (4.27)

Taking the trace of (4.27) one obtains,

R̄ =
8πG

c4

[(
T̄ + t

)
− 2

(
T̄ + t

)]

R̄ = −8πG

c4

(
T̄ + t

)
. (4.28)

Finally, substituting (4.28) into (4.27) and reorganizing terms, the coarse-grained version
of the EFE is obtained,
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R̄µν −
1

2
ḡµνR̄ =

8πG

c4

(
T̄µν + tµν

)
. (4.29)

These equations determined the background dynamics and represent a macroscopic version
of the EFE. Observe that tµν acts a source for the background spacetime. By virtue of the
Bianchi identities, from (4.29) one ensures the conservation of the total energy-momentum
tensor,

∇̄ν
(
Tµν + tµν

)
= 0 (4.30)

This implies that there is in general an exchange of energy and momentum between the matter
sources and GWs.
As a final remark, consider for simplicity a nearly flat background10. Note from (4.21) that
R̄µν ∼ O(ε2) because the right hand side of this equation has terms of the form ∂µh

(1)
αβ∂νh

(1)
ρσ ,

h
(1)
αβ∂µ∂νh

(1)
ρσ and both terms are of order O(ε2). Apart from that, ḡµν has a scale of variation

LB and hµν vary as λ̄. Now, keeping in mind that Rµν comes from the second derivatives of
the background metric it is true that,

R̄µν ∼ ∂2ḡµν ∼
1

L2
B

and R̄µν ∼ (∂hµν)2 ∼
(
ε

λ̄

)2

(4.31)

Therefore, it is concluded that

ε ∼ λ̄

LB
(Curvature determined by GWs) . (4.32)

If Tµν 6= 0 and the contribution of GWs to the background is very weak compared to matter
sources, then

1

L2
B

∼
(
ε

λ̄

)2

+ Typical value of Tµν �
(
ε

λ̄

)2

. (4.33)

In this case we have,

ε � λ̄

LB
(Curvature determined by matter) . (4.34)

From the previous expressions, is possible to understand why linearized theory is not possible
to be extended beyond the linear order in a systematic way. If ḡµν = ηµν then (1/LB) → 0
and equation (4.32) implies that ε → 0. Even if ε is arbitrarily small, equation (4.34) is not
valid. This means that general relativity can not be promoted in a systematic expansion of
ε if the background is the flat metric [8]. The notion that ε � 1 is also understood from
the previous discussion. If one assumes that ε = 1, from λ̄/LB there is no distintion between
GWs and the background. Thus, GWs are slightly ripples in the fabric of spacetime and there
is nothing like a GW with an arbitrary amplitude.

10For example, consider the background metric as ḡµν = ηµν + jµν(ε2).
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4.3 The energy-momentum tensor of gravitational waves

An explicit expression for tµν at the detector is obtained in this section. Very far away from
the source, i.e, at the laboratory, xthe background spacetime may be consider as flat. This
implies that ḡµν = ηµν and ∇ ≡ ∂. Recalling the definition of the energy-momentum tensor
from the previous sections, the energy momentum-tensor is given at the detector by,

tµν = − c4

8πG

〈
(2)

Rµν [h(1)] − 1

2
ηµν

(2)

R[h(1)]

〉
. (4.35)

Because the second order perturbation tensor h(2)
µν is not involved in this computations, from

now on h
(1)
µν ≡ hµν . Based on the calculations shown in appendix B the first term that is

required from (4.35) gives,

(2)

Rµν =
1

2
ηρσηαβ

[
1

2
∂µhρα∂νhσβ +

(
∂ρhνα

)(
∂σhµβ − ∂βhµσ

)]
+ hρα

(
∂ν∂µhσβ + ∂β∂σhµν − ∂β∂νhµσ − ∂β∂µhνσ

)
+
(1

2
∂αhρσ − ∂ρhασ

)(
∂νhµβ + ∂µhνβ − ∂βhµν

)
(4.36)

(2)

Rµν =
1

2

[
1

2
∂µh

σβ∂νhσβ + ∂σh β
ν ∂σhµβ − ∂σh β

ν ∂βhµσ

+ hσβ∂µ∂νhσβ + hσβ∂σ∂βhµν − hσβ∂ν∂βhµσ − hσβ∂µ∂βhνσ

+
1

2
∂βh∂νhµβ +

1

2
∂βh∂µhνβ −

1

2
∂βh∂βhµν

− ∂σh
βσ∂νhµβ − ∂σh

βσ∂µhνβ + ∂σh
βσ∂βhµν

]
. (4.37)

In general, tµν is a symmetric tensor, so it has 10 independent components. Only two of them
are physical modes that comes from the plus and cross polarizations. The other components
depends on the choice of coordinates. To throw out spurious degrees of freedom, is worthwhile
to impose the Lorenz gauge. By doing this, 6 independent components remains, 2 physical
modes and 4 gauge modes that depends on εµ through �εµ = 0 (see equation (2.65)). If
initially the functions εµ are choosen such that h = 0, then

h̄µν = hµν and ∂ν h̄µν = ∂νhµν = 0 . (4.38)

Therefore, the last six terms in (4.37) vanish and tµν becomes,

(2)

Rµν =
1

2

[
1

2
∂µh

σβ∂νhσβ + ∂σh β
ν ∂σhµβ − ∂σh β

ν ∂βhµσ

+ hσβ∂µ∂νhσβ + hσβ∂σ∂βhµν − hσβ∂ν∂βhµσ − hσβ∂µ∂βhνσ

]
. (4.39)

The bracket operator 〈·〉 that appears in (4.35) implies that the shortwave average of some
terms in (4.39) is given by,
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>
1

l̄3

∫
V
∂σh β

ν ∂σhµβ d
3x ; ∂σhµβ∂

σh β
ν = ∂σ

(
hµβ∂

σhβν

)
− hµβ�h

β
ν

1

l̄3

∫
V

[
∂σ

(
hµβ∂

σh β
ν

)
− hµβ �h

β
ν︸ ︷︷ ︸

=0

]
d3x =

1

l̄3

∮
∂V
hµβ∂

σh β
ν d

2x ' 0 (4.40)

>
1

l̄3

∫
V
∂σh β

ν ∂βhµσ d
3x ; ∂σh β

ν ∂βhµσ = ∂β

(
hµσ∂

σh β
ν

)
− hµσ∂β∂

σh β
ν

1

l̄3

∫
V

[
∂β

(
hµσ∂

σh β
ν

)
− hµσ∂

σ ∂βh
β
ν︸ ︷︷ ︸

=0

]
d3x =

1

l̄3

∮
∂V
hµσ∂

σh β
ν d

2x ' 0 (4.41)

>
1

l̄3

∫
V
hσβ∂σ∂βhµν d

3x ; hσβ∂σ∂βhµν = ∂β

(
hσβ∂σhµν

)
− ∂βh

σβ∂σhµν

1

l̄3

∫
V

[
∂β

(
hσβ∂σhµν

)
− ∂βh

σβ︸ ︷︷ ︸
=0

∂σhµν

]
d3x =

1

l̄3

∮
∂V
hσβ∂σhµνd

2x ' 0 (4.42)

Similarly,

>
1

l̄3

∫
V
hσβ∂ν∂βhµσ d

3x = 0 >
1

l̄3

∫
V
hσβ∂µ∂βhνσ d

3x = 0 . (4.43)

Is important to remark that although to average is spatial, it could be done also over the
temporal component due to the Lorenz gauge. In this reference frame one has the wave
equation �hµν = 0, whose solution depends on the agument (x0 − z). The action of the
temporal derivative over the solution hµν(x0−z) implies that ∂0hµν(x0−z) = −∂zhµν(x0−z).
As a consequence, the integration by parts is also possible when a temporal derivative is
involved by changing ∂0 −→ −∂z. The resulting surface integral drops to zero by assuming
that the size of the box in which the integration takes place is infinitely larger than λ̄ [8]. By
(4.39) one is left with,〈

(2)

Rµν

〉
=

1

2

〈
1

2
∂µh

σβ∂νhσβ + hσβ∂µ∂νhσβ

〉

=
1

2

〈
1

2
∂µh

σβ∂νhσβ + ∂µ

(
hσβ∂νhσβ

)
︸ ︷︷ ︸
boundary term

− ∂µhσβ∂νhσβ
〉

〈
(2)

Rµν

〉
= −1

4

〈
∂µh

σβ∂νhσβ

〉
. (4.44)

Equation (4.44) gives the first term in the definition of tµν as shown in (4.35). To obtain the
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other term, one must contract the result in (4.44) with the background metric, ηµν as follows,

ηαβ
〈

(2)

Rαβ

〉
= −1

4
ηαβ
〈
∂αh

σρ∂βhσρ

〉
〈
ηαβ

(2)

Rαβ

〉
= −1

4

〈
∂αh

σρ∂αhσρ

〉
〈

(2)

R

〉
= −1

4

〈
∂α

(
hσρ∂αhσρ

)
︸ ︷︷ ︸

boundary

−hσρ�hσρ︸ ︷︷ ︸
=0

〉
= 0 . (4.45)

Finally, inserting (4.44) and (4.45) into (4.35) one gets,

tµν =
c4

32πG

〈
∂µh

σβ∂νhσβ

〉
. (4.46)

The conditions given by the Lorenz gauge and h = 0 allowed to obtain equation (4.46).
However this 5 constraints reduce from 10 to 5 independent components. These are 2 physical
and 3 gauge dependent. Is possibe to check that the 3 residual gauge modes that comes from
εµ do not contribute to the expression (4.46). This can be done by veryfing that (4.46) is
gauge invariant in the linearized theory or computing the variation δtµν . As mentioned in
chapter 2, the invariance gauge in linearized theory is,

δhµν ≡ hµν − h′µν = ∂µεν + ∂νεµ . (4.47)

Applying the Leibniz rule, the variation of tµν gives,

δtµν =
c4

32πG

〈
∂µh

σβ∂νδhµν + ∂µδhµν∂νhσβ

〉
. (4.48)

Therefore,

δtµν =
c4

32πG

〈
∂µh

σβ∂ν

(
∂σεβ + ∂βεσ

)
+ ∂µ

(
∂σεβ + ∂βεσ

)
∂νhσβ

〉
=

c4

32πG

〈
∂µh

σβ∂ν∂σεβ + ∂µh
σβ∂ν∂βεσ + ∂µ∂

σεβ∂νhσβ + ∂µ∂
βεσ∂νhσβ

〉
=

c4

32πG

〈
2∂µh

σβ∂ν∂σεβ + 2∂µ∂
σεβ∂νhσβ

〉
=

c4

16πG

〈
∂µh

σβ∂ν∂σεβ + ∂µ∂
σεβ∂νhσβ

〉

=
c4

16πG

〈[
∂σ

(
∂µh

σβ∂νεβ

)
︸ ︷︷ ︸

boundary

− ∂µ ∂σhσβ︸ ︷︷ ︸
=0

∂νεβ

]
+
[
∂σ
(
∂µε

β∂νhσβ

)
︸ ︷︷ ︸

boundary

− ∂µεβ∂ν ∂σhσβ︸ ︷︷ ︸
=0

]〉

= 0 . (4.49)
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The previous result shows that tµν depends only on the physical modes. Thus, equation (4.46)
can be put as,

tµν =
c4

32πG

〈
∂µh

ij
TT∂νh

TT
ij

〉
. (4.50)

In particular, the t00 component is the energy density and reads,

t00 =
c2

32πG

〈
ḣijTT ḣ

TT
ij

〉
. (4.51)

This expression can be rewritten in terms of the two physical degrees of freedom. For simplic-
ity, consider a generic TT-wave propagating along some of the spatial axis, e.g., +z-direction11.
Hence, t00 becomes

t00 =
c2

32πG

〈
ḣTT11 ḣ

11
TT + ḣTT12 ḣ

12
TT + ḣTT21 ḣ

21
TT + ḣTT22 ḣ

22
TT

〉

t00 =
c2

16πG

〈
ḣ2

+ + ḣ2
×
〉

, (4.52)

where hTT11 = h+ and hTT22 = h×. For instance, let’s compute the energy-momntum tensor tµν
for a plane wave travelling along the +z-direction. This wave is described by

hTTij (t, z) =

h+ h× 0
h× −h+ 0
0 0 0

 ;

h+ = A+ cos(kz − ωt)
h× = A× cos(kz − ωt)

. (4.53)

Observe in (4.53) that hTTij depends on the argument (kz−ωt). As a consequence, one obtains
immediately,

∂1h
TT
ij = 0 , ∂2h

TT
ij = 0 . (4.54)

Thus,

t01 =
c4

32πG

〈
∂0h

ij
TT∂1h

TT
ij

〉
= 0 , t02 =

c4

32πG

〈
∂0h

ij
TT∂2h

TT
ij

〉
= 0 . (4.55)

For the t03 component, first note that

∂3h
TT
ij

[
ω
(z
c
− t
)]

= −1

c
∂th

TT
ij

[
ω
(z
c
− t
)]

. (4.56)

Therefore,

11This may be a plane wave in vacuum or a wave generated by a source like a binary system.
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t03 =
c4

32πG

〈
∂0h

ij
TT∂3h

TT
ij

〉
t03 =

c4

32πG

〈
∂0h

ij
TT

(
− ∂0h

TT
ij

)〉
= −t00 . (4.57)

Using (4.56) the t33 component gives,

t33 =
c4

32πG

〈
∂3h

ij
TT∂3h

TT
ij

〉
t33 =

c4

32πG

〈(
− ∂0h

ij
TT

)(
− ∂0h

TT
ij

)〉
= t00 . (4.58)

Lastly, note that
〈
sin2 x

〉
= 1/2, so

〈
ḣ2

+ + ḣ2
×
〉

= ω2(A2
+ +A2

×). Thus,

t(+z)µν =
c2ω2

16πG

(
A2

+ + A2
×
)

1 0 0 −1
0 0 0 0
0 0 0 0
−1 0 0 1

 , (4.59)

tµν(+z) =
c2ω2

16πG

(
A2

+ + A2
×
)

1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

 . (4.60)

Likewise, similar expressions can be obtained for a plane wave propagating along the x and
y-directions.
The energy-momentum tensor of gravitational waves is in general an invariant gauge quantity.
The preceding development was calculated specifically in the TT frame and at the location of
the laboratory. The usage of the TT conditions was done not only to simplify the expressions,
but also to extract the physical degrees of freedom. However, this does not mean that one
cannot use other coordinate systems. Certainly, these systems must describe perturbations in
the sense of gauge transformations (see chapter 2). For this reason, a well defined momentum-
tensor is requiered under these types of gauge transformations that represent perturbations.
If one chooses a coordinate system without fixing a gauge, the tensor tµν at the position of
the detector is given by [31, 33]12,

tµν =
c4

32πG

〈
∂µh̄ρσ∂ν h̄

ρσ − 1

2
∂µh̄∂ν h̄ − ∂ρh̄

ρσ∂ν h̄µσ − ∂ρh̄
ρσ∂µh̄νσ

〉
. (4.61)

It can be shown that equation (4.61) with the bracket operation, is indeed invariant under
infinitesimal gauge transformations. More generally, if the background is not flat, the energy-
momentum tensor yields [33],

12To perform this explicit computation, one may use the shortwave average properties as well as the
propagation equation, i.e, the linearized EFE in vacuum.
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tµν =
c4

32πG

〈
∇̄µh̄αβ∇̄ν h̄αβ −

1

2
∇̄µh̄∇̄ν h̄ − 2∇̄βh̄αβ∇̄(ν h̄µ)α

〉
, (4.62)

where h̄αβ = hαβ − 1
2 ḡαβh. The expression (4.62) is also invariant under perturbed gauge

transformations (see equation (2.8)). This means that tµν is also a well defined quantity
in a curved background spacetime. To proof equation (4.62), one should use the general
definition of tµν in (4.13), the equation (A.30) and the propagation equation for waves on
curved background. This latter equation is given by setting to zero the expression (A.26) that
can be rewritten also in terms of h̄µν . The result is,

�̄h̄µν + ḡµν∇̄α∇̄βh̄αβ − 2∇̄(ν∇̄αh̄µ)α + 2R̄αµβν h̄
αβ − 2R̄α(µh̄

α
ν) = 0 . (4.63)

On the other hand, besides it’s gauge invariance, the energy-momenutm tensor tµν is also a
conserved quantity in vacuum. If one is outside the matter sources, then Tµν = 0. Thus, from
(4.30) one obtains,

∇̄νtµν = 0 . (4.64)

At the detector location ḡµν = ηµν and ∇̄ ≡ ∂. Therefore, equation (4.64) becomes,

∂νtµν = 0 . (4.65)

As a final comment, it is important to mentioned that the energy-momentum tensor can
be also studied from other approaches. For instance, if one considers linearized gravity as
a classical field theory, is possible to obtained tµν from Noether’s theorem by taking the
shortwave average at the end. Another way to get the same expression for tµν is from the
Landau-Lifshitz pseudotensor. After making the operation

〈
tµνLL
〉
results the same expression

as in (4.46)13.

4.4 The energy flux of gravitational waves

In terms of its components, the energy-momentum tensor tαβ represents the flux of momentum
α across a constant surface xβ = (ct,x) [43]. The component α = 0 of momentum is the energy
and the constant surface x0 is some instant t. This means that the component t00 is just the
energy density of GWs. Thus, the energy E that is contained within a volume V reads,

EV =

∫
V
t00 d3x . (4.66)

At large distances from the source, the conservation equation for tµν is given by the equation
(4.65). Then, the energy E may be expressed as,

1

c

dEV
dt

=
1

c

d

dt

∫
V
t00 d3x =

∫
V

1

c

∂t00

∂t
d3x =

∫
V
∂0t

00 d3x

13For more details on different approaches, see [39].
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1

c

dEV
dt

= −
∫
V
∂it

0i d3x
[
∂0t

00 + ∂it
0i = 0

]
1

c

dEV
dt

= −
∫
∂V
t0ini dA [Divergence theorem] , (4.67)

where ni is the outward pointing unit normal vector field of the boundary ∂V . The integration
volume V is assumed to be a spherical shell centered on the source that generates the GW,
where the boundary is located at spatial infinity [8, 31]14. If ni = r̂i is the radial unit vector
at each point of the shell which has a surface element dA = r2dΩ, the equation (4.67) turns
out to be,

dEV
dt

= −c r2

∫
∂V
t0r dΩ (4.68)

where

t0r =
c4

32πG

〈
∂0hijTT

∂hTTij
∂r

〉
. (4.69)

Let’s anticipate that for a GW propagating radially outwards at the far-field zone, the per-
turbation solution has a functional dependence given by15,

hTTij (t, r) =
1

r
fij(t− r/c) . (4.70)

First, note that

∂fij(t− r/c)
∂r

= −1

c

∂fij(t− r/c)
∂t

= −∂0fij(t− r/c) . (4.71)

Then, at very large distances one has

∂hTTij (t, r)

∂r
= − 1

r2
fij(t− r/c)︸ ︷︷ ︸
O(1/r2)∼0

+
1

r

∂fij(t− r/c)
∂r

= −∂0h
TT
ij (t, r) (4.72)

Therefore, using this result in (4.72) it is obtained,

t0r =
c4

32πG

〈
∂0hijTT

∂hTTij
∂r

〉
=

c4

32πG

〈
∂0hijTT

(
− 1

c

∂hTTij
∂t

)〉

=
c4

32πG

〈
∂0hijTT

(
− ∂0h

TT
ij

)〉
=

c4

32πG

〈
∂0hijTT∂

0hTTij

〉
= t00 = t00 . (4.73)

14At spatial infinity the gravitational field is given only by GWs. This allows to neglect the contributions
of the matter sources and capture only the energy of GWs.

15A detailed explanation of this functional form can be found in Chapter 5.
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Now, by taking into account the expression for t00 previously mentioned in (4.52), the energy
flux yields,

dEV
dt

= −c r2

∫
∂V
t00 dΩ

= − c3r2

16πG

∫
∂V

〈
ḣ2

+ + ḣ2
×
〉
dΩ . (4.74)

The minus sign in the previous equation means that the energy E inside the volume V is
decreasing with time. From the energy conservation principle, the energy loss per unit time
inside the volume implies that GWs carry an energy per unit time given by16

PGW = −dEV
dt

. (4.75)

Thus, the power emitted by GWs is

dEGW

dt
=

c3r2

16πG

∫
∂V

〈
ḣ2

+ + ḣ2
×
〉
dΩ . (4.76)

Likewise, the energy flux carried away by the waves reads,

FGW =
dEGW

dAdt
=

c3

16πG

〈
ḣ2

+ + ḣ2
×
〉

. (4.77)

The total energy across the surface dA from the instant t = −∞ to t =∞ is, 17

dEGW

dA
=

c3

16πG

∫ ∞
−∞

〈
ḣ2

+ + ḣ2
×
〉
time

dt

dEGW

dA
=

c3

16πG

∫ ∞
−∞

(
ḣ2

+ + ḣ2
×
)
dt . (4.78)

With a similar procedure, is possible to calculate the flux of linear momentum across the
boundary ∂V that delimits the volume V . The total momentum within the volume V reads,

P k =
1

c

∫
V
t0k d3x . (4.79)

Thus,

16In Chapter 6 the mechanical energy loss of a compact binary system due to the emission of GWs is
discussed. A balance energy condition will gives a description on how is increasing the binary frequency when
the compact objects approach each other.

17The shortwave average can be ommited for the following reason. Recall that the operation 〈·〉 may be
done over many wavelenghts but also over a few periods if one assumes f � fB. Thus, by performing first the
integral over dt from −∞ to ∞ one eliminates the temporal dependence (i.e. the result is a constant) and the
average is the same argument. Hence, the 〈·〉 symbol can be ignored.
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dP k

dt
=

1

c

d

dt

∫
V
t0k d3x =

∫
V
∂0t

0k d3x

= −
∫
V
∂it

ik d3x ;
[
∂0t

0k + ∂it
ik = 0

]
= −

∫
∂V
tikni dA [Divergence theorem]

= −
∫
∂V
trk r2dΩ . (4.80)

The quantity trk follows from (4.50) and (4.72), i.e.,

trk =
c4

32πG

〈
∂rhijTT∂

khTTij

〉
=

c4

32πG

〈
∂rh

ij
TT∂

khTTij

〉
=

c4

32πG

〈(
− ∂0h

ij
TT

)
∂khTTij

〉
=

c4

32πG

〈
∂0hijTT∂

khTTij

〉
= t0k . (4.81)

Replacing (4.81) into (4.80) gives the momentum’s rate of change carried away by the GW in
the outward direction. The result is,

dP kGW
dt

= − c3r2

32πG

∫ 〈
ḣTTij ∂

khTTij

〉
dΩ . (4.82)
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Chapter 5

Generation of Gravitational Waves in
Linearized Theory

In this chapter, the generation of GWs in linearized theory is revisited. So far, the discussions
made in previous chapters shows that at linearized level, the perturbation of the metric could
be interpreted as GWs that carries energy and momentum. It was mentioned that the solution
of the homogeneous wave equation is in general a superposition of plane waves that travels at
the speed of light. However, it was assumed that this waves indeed exists in vacuum and one
can detect them at spatial infinity. The following sections intend to review the main aspects
of the production of GWs to linear order at very large distances from the sources, i.e., at the
far-field zone.

5.1 Solution of the wave equation in linearized theory

If one is interested in study how the waves are produced, is not possible to assume vacuum.
The matter sources generates the curvature in spacetime which is propagating itself due to
the dynamics of the source. At linear order, this is to solve the linearized EFE in the presence
of matter or the inhomogeneous wave equation given by

�h̄µν = −16πG

c4
Tµν . (5.1)

To solve equation (5.1), the Green’s function method is implemented as follows. A Green’s
function in 4-dimensions is some function G = G(x−x′) that satisfies the following equation,

�xG(x− x′) = δ4(x− x′) . (5.2)

Thus, the solution of (5.1) is given by

h̄µν(x) = −16πG

c4

∫
G(x− x′)Tµν(x′) d4x′ . (5.3)

This can be checked as follows,

�h̄µν = −16πG

c4

∫
�G(x− x′)Tµν(x′) d4x′

= −16πG

c4

∫
δ4(x− x′)Tµν(x′) d4x′ = −16πG

c4
Tµν(x) .

The aim of this method is to find the Green’s function by solving equation (5.2) and then
use it in (5.3) to find the solution h̄µν(x). To do this, is easier to solve the partial differential
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equation (5.2) in the Fourier space. This means that the Green’s function and the Dirac delta
function may be expressed as,

G(x− x′) =
1

(2π)4

∫
G̃(k − k′)eikα(xα−x′α) d4k , (5.4)

δ4(x− x′) =
1

(2π)4

∫
eikα(xα−x′α) d4k . (5.5)

Replacing these definitions into (5.2) gives,

1

(2π)4

∫
G̃(k − k′)ηµν∂µ∂νeikα(xα−x′α) d4k =

1

(2π)4

∫
eikα(xα−x′α) d4k

∫
G̃(k − k′)ηµν∂µ

[
ikνe

ikα(xα−x′α)
]
d4k =

∫
eikα(xα−x′α) d4k

∫
G̃(k − k′)

[
− ηµνkµkν

]
eikα(xα−x′α) d4k =

∫
eikα(xα−x′α) d4k . (5.6)

Recall that the 4-wavevector reads as kµ = (ω/c , k). Then,

ηµνkµkν = kνkν = −ω
2

c2
+ k2 (5.7)

and using (5.6) one obtains,

G̃(k − k′) = − 1(
k2 − ω2

c2

) . (5.8)

The Green’s function is found by substituting (5.8) into (5.4) ,

G(x− x′) = − 1

(2π)4

∫
eikα(xα−x′α)

k2 − ω2/c2
d4k

= − 1

(2π)4

∫
ei[k·(x−x

′)−ω(t−t′)]

1
c2

(
k2c2 − ω2

) d(ω/c) d3k . (5.9)

Defining R = x−x′ and τ = t−t′, the integral in (5.9) may be solved in spherical coordinates,
i.e.

G(x− x′) = − c

(2π)4

∫
ei(kR cos θ−ωτ)

k2c2 − ω2
k2 sin θdθdkdφdω , (5.10)

where R ≡ |x− x′| and θ is the angle between R and k after aligning the z-axis with the
vector R. Now, making the substitution

u = ikR cos θ =⇒ du = −ikR sin θdθ , (5.11)
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the integral in (5.10) becomes,

G(x− x′) =
c

(2π)3iR

∫
e−iωτ

k2c2 − ω2

[∫ −ikR
ikR

eu du

]
kdk dω . (5.12)

Thus, the Green’s function in (5.12) simplifies to

G(x− x′) =
c

(2π)3iR

∫
e−iωτ

k2c2 − ω2

(
e−ikR − eikR

)
kdk dω

= − c

(2π)3iR

∫ ∞
−∞

∫ ∞
0

[
e−iωτ

ω2 − k2c2
e−ikR − e−iωτ

ω2 − k2c2
eikR

]
kdk dω

= − c

(2π)3iR

∫ ∞
−∞

[∫ ∞
0

e−iωτ

ω2 − k2c2
e−ikR kdk −

∫ ∞
0

e−iωτ

ω2 − k2c2
eikR kdk

]
dω

= − c

(2π)3iR

∫ ∞
−∞

[∫ 0

−∞

e−iωτ

ω2 − k2c2
e−ikR kdk +

∫ ∞
0

e−iωτ

ω2 − k2c2
e−ikR kdk

]
dω

= − c

(2π)3iR

∫ ∞
−∞

[∫ ∞
−∞

e−iωτ

ω2 − k2c2
dω

]
e−ikR kdk (5.13)

The integral inside the square brackets may be solved in the complex plane and using the
residue theorem1. The result is,

G(x− x′) = − c

(2π)3iR

∫ ∞
−∞

[
iπeikcτ

kc

]
e−ikR kdk , τ > 0

= − 1

4πR

[
1

2π

∫ ∞
−∞

e−ik(R−cτ) dk

]
= − 1

4πR
δ(R− cτ) = − 1

4πR
δ(cτ −R) , [δ(x) = δ(−x)]

= − 1

4π|x− x′|δ
[
c
(
t−

∣∣x− x′
∣∣/c)− ct′] . (5.14)

Finally, the Green’s function yields

G(x− x′) = − 1

4π|x− x′|δ
(
x0
ret − x′0

)
, (5.15)

where x0
ret is defined as

x0
ret = ctret = c

(
t − |x− x′|

c

)
. (5.16)

1A more general integral of this kind is solved with more detail in chapter 7.



68 Chapter 5. Generation of Gravitational Waves in Linearized Theory

Having the Green’s function, the solution is obtained from (5.3). Hence,

h̄µν(x) = −16πG

c4

∫
G(x− x′)Tµν(x′) d4x′

=
16πG

c4

∫
1

4π|x− x′|δ
(
x0
ret − x′0

)
Tµν(x′) dx′0d3x′

=
4G

c4

∫ [ ∫ ∞
−∞

1

|x− x′|δ
(
x0
ret − x′0

)
Tµν(x′0,x′) dx′0

]
d3x′

=
4G

c4

∫
1

|x− x′|Tµν(ctret,x
′) d3x′ .

Finally, the retarded solution reads,

h̄µν(x) =
4G

c4

∫
1

|x− x′|Tµν
(
t− |x− x′|

c
,x′
)
d3x′ . (5.17)

Of course, as well as in electrodynamics, another solution is also acceptable for τ < 02.
However, this solution violates causality. It’s important to remark the interpretation of the
retarded solution in (5.17). The disturbance in the gravitation field at (ct,x) is the sum of all
influences from the sources present in Tµν at the point (ctret,x

′) on the past light cone [35].
This is depicted in figure 5.1.

Figure 5.1: Retarded solution of the perturbation in terms of the past light cone. Adapted from [9, 31].

As mentioned before, outside the sources the solution may be projected onto the TT gauge
using the tensor Λij|kl. Observe that,

hTTij = Λij|klhkl = Λij|klh̄kl . (5.18)

The previous expression follows from the explicit definition of hkl in terms of the trace-reversed
form and the trace-free property of the Lambda tensor,

2This is called the advanced solution.



5.2. Weak-field sources and the far-field zone 69

Λij|klhkl = Λij|kl
(
h̄kl −

1

2
δklh̄

)
= Λij|klh̄kl −

1

2
Λij|llh̄

= Λij|klh̄kl . (5.19)

Therefore,

hTTij (t,x) =
4G

c4
Λij|kl(n̂)

∫
1

|x− x′|Tkl
(
t− |x− x′|

c
,x′
)
d3x′ . (5.20)

Furthermore, a Taylor expansion of |x− x′|−1 is

1

|x− x′| =
1

r
+ (−x′i)∂i

(
1

r

)
+

1

2!

(
−x′i

) (
−x′j

)
∂i∂j

(
1

r

)
+ . . .

=
1

r
+ x′i

xi
r3

+ x′ix′j
(

3xixj − r2δij
r5

)
+ . . . (5.21)

Then, the solution in (5.20) becomes,

hTTij (t,x) =
4G

c4
Λij|kl(n̂)

[
1

r

∫
T kl(tret,x

′) d3x′ +
xi

r3

∫
T kl(tret,x

′)x′i d3x′

+
3xixj − r2δij

r5

∫
T kl(tret,x

′)x′ix′j d3x′ + . . .

]
. (5.22)

The multiple moments of the energy-momentum tensor of the source are defined as

Skl,j1j2...jl(t,x) =

∫
T kl(t,x′)x′j1x′j2 . . . x′jl d3x′ . (5.23)

Then, the solution in (5.22) yields

hTTij (t,x) =
4G

c4
Λij|kl(n̂)

∞∑
l=0

(−1)l

l!
Skl,L(tret)∂L

(
1

r

)
, (5.24)

where L ≡ j1j2 . . . jl. The fall-off with distance depends on 1/rl+1 for each lth multipole
moment. Thus, the gravitational field at large distances is well approximated by a few terms
of the expansion [35].

5.2 Weak-field sources and the far-field zone

Let’s consider a weak gravitational field generated by a source, so the linearized approximation
in the metric perturbation is justified at spatial infinity [8]. One may wonder what is the
solution that connects the gravitational radiation very far away from the source with the
internal dynamics of the objects that generate it. This is called the far-field zone solution [42].



70 Chapter 5. Generation of Gravitational Waves in Linearized Theory

At these distances, is reasonable to approximate the expression given in (5.22) by retaining
just the first term contribution of the expansion. The next to leading term falls-off as 1/r3 so
can be neglected as well as the subsequents. Therefore,

hTTij (t,x) =
1

r

4G

c4
Λij|kl(n̂)

∫
T kl
(
t− |x− x′|

c
,x′
)
d3x′ . (5.25)

If is not possible to neglect the relative retardation effects of one region of the source from
another, a slow motion of the constituents fails [42]. Thus, the retarded time cannot be
approximated properly as tret = t − r/c. Instead, consider figure 5.2 in which the far-zone
region from the source is illustrated. Assume an isolated source in the spacetime with a typical
size d. At the far away region, the distance between any point located at the source and the
point in which the field is evaluated is much larger than the typical size d.

Source

Figure 5.2: Graphical illustration of the far-field zone approximation. The particles that makeup the
whole source can move with arbitrary velocity.

Then, a good approximation to the solution for a source with arbitrary velocity is

hTTij (t,x) ' 1

r

4G

c4
Λij|kl(n̂)

∫
|x′|<d

Tkl

(
t− r

c
+

x′ · n̂
c

,x′
)
d3x′ . (5.26)

Is better to rewrite (5.26) in terms of the frequency of the source ω by performing a Fourier
transform of the energy-momentum tensor,

Tkl(t,x) =
1

(2π)4

∫
T̃kl(ω,k)ei(k·x−ωt) d4x . (5.27)

Then,

Tkl

(
t− r

c
+

x′ · n̂
c

, x′
)

=
1

(2π)4

∫
T̃kl(ω,k) exp

{
i

[
k · x− ω

(
t− r

c
+

x′ · n̂
c

)]} (
dω

c

)
d3k

=
1

(2π)4c

∫
T̃kl(ω,k) exp

{
i

[(
k− ωn̂

c

)
· x′ − ω

(
t− r

c

)]}
dωd3k

and



5.2. Weak-field sources and the far-field zone 71

∫
Tkl

(
t− r

c
+

x′ · n̂
c

, x′
)
d3x′

=
1

(2π)4c

∫ ∫
T̃kl(ω,k) exp

{
i

[(
k− ωn̂

c

)
· x′ − ω

(
t− r

c

)]}
dωd3kd3x′ . (5.28)

With the Dirac delta definition∫
exp

{
i

(
k− ωn̂

c

)
· x′
}
d3x′ = (2π)3δ(3)

(
k− ωn̂

c

)
, (5.29)

the integral in (5.28) yields

∫
Tkl

(
t− r

c
+

x′ · n̂
c

, x′
)
d3x′

=
1

(2π)4c

∫
T̃kl(ω,k)(2π)3δ(3)

(
k− ωn̂

c

)
exp

{
−iω

(
t− r

c

)}
dωd3k

=
1

2πc

∫ ∫
T̃kl(ω,k)δ(3)

(
k− ωn̂

c

)
exp

{
−iω

(
t− r

c

)}
dωd3k

=
1

2πc

∫
T̃kl

(
ω,
ωn̂

c

)
exp

{
−iω

(
t− r

c

)}
dω . (5.30)

Inserting (5.30) in the solution (5.26) gives,

hTTij (t,x) =
1

r

4G

c5
Λij|kl(n̂)

∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)
exp

{
−iω

(
t− r

c

)}
dω

2π
. (5.31)

The expression in (5.31) is valid for sources with arbitrary velocity. No assumptions has been
made about the internal motion of the source and thus it may be relativistic or non-relativistic
as long as linearized theory applies. Recall the energy per unit area in equation (4.78),

dEGW

dA
=

c3

32πG

∫ ∞
−∞

ḣTTij ḣ
ij
TT dt =

c3

32πG

∫ ∞
−∞

(
ḣ2

+ + ḣ2
×
)
dt . (5.32)

The area element is just dA = r2dΩ and so the energy per unit solid angle is

dE

dΩ
=

r2c3

32πG

∫ ∞
−∞

ḣTTij ḣ
ij
TT dt . (5.33)

We wish to get an explicit expression for (5.33). From equation (5.31) is possible to determine
ḣTTij ,
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ḣTTij (t,x) =
1

r

4G

c5
Λij|kl(n̂)

∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)
exp

{
−iω

(
t− r

c

)}
(−iω)

dω

2π
. (5.34)

The integrand in (5.33) results as follows,

ḣTTij ḣ
ij
TT =

(
4G

2πc5r

)2

Λij|kl(n̂)

∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)
exp
{
−iω

(
t− r

c

)}
(−iω) dω

× Λij|mn(n̂)

∫ ∞
−∞

T̃mn

(
$,

$n̂

c

)
exp
{
−i$

(
t− r

c

)}
(−i$) d$ . (5.35)

Making the substitution $ = −ω′ in the second integral of (5.35) gives

ḣTTij ḣ
ij
TT =

(
4G

2πc5r

)2

Λij|kl(n̂)

∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)
exp
{
−iω

(
t− r

c

)}
(−iω) dω

× Λij|mn(n̂)

∫ −∞
∞

T̃mn

(
−ω′,−ω

′n̂
c

)
exp
{
iω′
(
t− r

c

)}
(iω′) (−dω′) .

=

(
4G

2πc5r

)2

Λij|kl(n̂)Λij|mn(n̂)

×
∫ ∞
−∞

∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω′,

ω′n̂
c

)
e−i(ω

′−ω)r/cei(ω
′−ω)tωω′ dωdω′ , (5.36)

where T̃ ∗(ω, ωn̂/c) = T̃ (−ω,−ωn̂/c). After using (5.36) in (5.33) it is obtained,

∫ ∞
−∞

ḣTTij ḣ
ij
TT dt =

(
4G

2πc5r

)2

Λij|kl(n̂)Λij|mn(n̂)

×
∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω′,

ω′n̂
c

)
e−i(ω

′−ω)r/cei(ω
′−ω)tωω′ dωdω′ dt

∫ ∞
−∞

ḣTTij ḣ
ij
TT dt =

(
4G

2πc5r

)2

Λij|kl(n̂)Λij|mn(n̂)

×
∫ ∞
−∞

∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω′,

ω′n̂
c

)
e−i(ω

′−ω)r/c2πδ(ω − ω′)ωω′ dωdω′

∫ ∞
−∞

ḣTTij ḣ
ij
TT dt =

(
4G

2πc5r

)2

Λij|kl(n̂)Λij|mn(n̂)

×
∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)∫ ∞
−∞

T̃ ∗mn

(
ω′,

ω′n̂
c

)
e−i(ω

′−ω)r/c2πδ(ω′ − ω)ωω′ dω′dω .



5.2. Weak-field sources and the far-field zone 73

Hence,∫ ∞
−∞

ḣTTij ḣ
ij
TT dt =

(
4G

2πc5r

)2

Λkl|mn(n̂)

∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
2πω2dω . (5.37)

The integral at the right hand side of equation (5.37) is rewritten as

∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
2πω2dω

=

∫ 0

−∞
T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
2πω2dω +

∫ ∞
0

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
2πω2dω

=

∫ 0

∞
T̃kl

(
−ω,−ωn̂

c

)
T̃ ∗mn

(
−ω,−ωn̂

c

)
2π(−ω)2d(−ω) +

∫ ∞
0

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
2πω2dω

=

∫ ∞
0

T̃ ∗kl

(
ω,
ωn̂

c

)
T̃mn

(
ω,
ωn̂

c

)
2πω2dω +

∫ ∞
0

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
2πω2dω .

Using this last result into (5.37) one gets,

(
4G

2πc5r

)2

Λkl|mn(n̂)

∫ ∞
−∞

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
2πω2dω

=

(
4G

2πc5r

)2

Λkl|mn(n̂)

×
{∫ ∞

0
T̃ ∗kl

(
ω,
ωn̂

c

)
T̃mn

(
ω,
ωn̂

c

)
2πω2dω +

∫ ∞
0

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
2πω2dω

}
.

Due to the contraction of the indices kl and mn between the Lambda tensor and the energy-
momentum tensor of the sources in the frequency domain, they represent dummy indices.
This means that by relabelling the indices of the first term as kl↔ mn yields,

∫ ∞
−∞

ḣTTij ḣ
ij
TT dt = 2

(
4G

2πc5r

)2

Λkl|mn(n̂)

∫ ∞
0

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
2πω2dω

=
1

π

(
4G

c5r

)2

Λkl|mn(n̂)

∫ ∞
0

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
ω2dω . (5.38)

Finally, replacing (5.38) into (5.33) one obtains the energy of GWs per unit solid angle,

dEGW

dΩ
=

G

2π2c7
Λkl|mn(n̂)

∫ ∞
0

T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
ω2dω . (5.39)

Differentiating equation (5.39) with respect to ω and then integrating over the solid angle, it
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is obtained the espectral energy of GWs,

dEGW

dω
=

Gω2

2π2c7

∫
Λkl|mn(n̂)T̃kl

(
ω,
ωn̂

c

)
T̃ ∗mn

(
ω,
ωn̂

c

)
dΩ . (5.40)

5.3 Low-velocity expansion

So far, nothing has been assumed about the internal motions of the source. In this section a
slow motion approximation is considered. To do this, some scaling quantities that describe
the system are defined.

d : Size of the source.

ωs : Typical frequency of the internal motions of the source.

v : Typical internal velocity of the source v ∼ ωsd .
ω : Gravitational radiation frequency emmited by the source.

We shall see later that the dominant contribution to the gravitational radiation comes from
the lowest multipoles. For those, the frequency of the radiation are the same order of the
frequency of the source, i.e., ω ∼ ωs3. Thus,

λ̄ =
λ

2π
=

c

2πf
=
c

ω
∼ c

ωs
=
c

v
d . (5.41)

For a non-relativistic source v � c and equation (5.41) implies,

λ̄� d (non-relativistic sources) . (5.42)

The scenario for a non-relativistic source is illustrated in figure 5.3. When the condition λ̄� d
is fulfilled is not neccesary to know the exact details of the internal motions of the particles,
but only the coarse features of matter [8]. Thus, the leading contributions to the radiation
are the lowest multiple moments of the energy-momentum tensor4. To see this, first consider
the Fourier version of the solution given in (5.26),

Tkl

(
t− r

c
+

x′ · n̂
c

, x′
)

=
1

(2π)4

∫
T̃kl(ω,k)e

i

[
k·x′−ω

(
t− r

c +
x′·n̂
c

)]
d4k . (5.43)

Recall that the energy-momentum tensor is non-vanishing only in the integration domain for
|x′| < d. Therefore, low velocities means that ω

c x
′ · n̂� 1. This can be seen because,

ω

c
x′ · n̂ ≤ ωd

c
∼ ωsd

c
=

v

c
� 1 . (5.44)

3For instance, the radiation frequency for a binary system is ω = 2ωs. For more details see Chapter 6
4This can be compared with the Newtonian case. In the two-body problem if the separation between the

objects is very large, the mutual effects due to the non-sphericity and the internal dynamics that are encoded
in the higher mutipole moments are negligible.



5.3. Low-velocity expansion 75

Source

Figure 5.3: Schematic representation of a non-relativistic source. The wavelength of the radiation is
much larger than the typical size of the source (λ̄� d).

Then, is suitable to expand the exponential term with ω
c x
′ · n̂ in (5.43). The Taylor series

for the exponential is

e−ix = 1 − ix − x2

2
+
ix3

6
+ · · · . (5.45)

Thus,

e
−iω

(
t− r

c +
x′·n̂
c

)
= e−iω(t− r

c )e−iω
x′·n̂
c

= e−iω(t− rc )
[
1 − i

(ω
c

)
x′ini −

1

2

(ω
c

)2
x′ix′jninj + · · ·

]
. (5.46)

Replacing the expansion (5.46) into (5.43) gives,

Tkl

(
t− r

c
+

x′ · n̂
c

, x′
)

=
1

(2π)4

∫
T̃kl(ω,k)ei[k·x

′−ω(t− rc )] d4k

+
1

(2π)4

∫
T̃kl(ω,k)ei[k·x

′−ω(t− rc )]
[
−i
(ω
c

)
x′ini

]
d4k (5.47)

+
1

(2π)4

∫
T̃kl(ω,k)ei[k·x

′−ω(t− rc )]
[
−1

2

(ω
c

)2
x′ix′jninj

]
d4k + · · ·

Observe that from the definition of Fourier transform,

Tkl

(
t− r

c
,x′
)

=
1

(2π)4

∫
T̃kl(ω,k)ei[k·x

′−ω(t− rc )] d4k . (5.48)

Then, the expression in (5.47) is equivalent to
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Tkl

(
t− r

c
+

x′ · n̂
c

, x′
)

=

[
Tkl(t,x) +

x′ini
c

∂tTkl(t,x)

+
1

2c2
x′ix′jninj∂2

t Tkl(t,x) + · · ·
]

(t−r/c ,x′)
. (5.49)

Is possible to verify that indeed, the equations (5.47) and (5.49) are the same,

Tkl(t,x)

∣∣∣∣
(t−r/c ,x′)

=
1

(2π)4

∫
T̃kl(ω,k)e−iωt+ik·x d4k

∣∣∣∣
(t−r/c ,x′)

=
1

(2π)4

∫
T̃kl(ω,k)eik·x

′− iω(t− rc ) d4k ,

x′ini
c

∂t Tkl(t,x)

∣∣∣∣
(t−r/c ,x′)

=
1

(2π)4

x′ini
c

∫
T̃kl(ω,k)∂te

−iωt+ik·x d4k

∣∣∣∣
(t−r/c ,x′)

=
1

(2π)4

∫
T̃kl(ω,k)e−iωt+ik·x

[
− i
(
ω

c

)
x′ini

]
d4k

∣∣∣∣
(t−r/c ,x′)

=
1

(2π)4

∫
T̃kl(ω,k)eik·x

′− iω(t− rc )
[
− i
(
ω

c

)
x′ini

]
d4k ,

1

2c2
x′inix′jnj∂2

t Tkl(t,x)

∣∣∣∣
(t−r/c ,x′)

=
1

(2π)4

1

2c2
x′inix′jnj

∫
T̃kl(ω,k)∂2

t e
−iωt+ik·x d4k

∣∣∣∣
(t−r/c ,x′)

=
1

(2π)4

∫
T̃kl(ω,k)e−iωt+ik·x

[
−1

2

(ω
c

)2
x′ix′jninj

]
d4k

∣∣∣∣
(t−r/c ,x′)

=
1

(2π)4

∫
T̃kl(ω,k)ei[k·x

′−ω(t−r/c)]
[
−1

2

(ω
c

)2
x′ix′jninj

]
d4k .

Note that the result in (5.49) could be obtained as well by making a formal Taylor expansion
in the parameter x′ · n̂/c. However, this procedure emphasize the explicit condition of low
velocities given by ω

c x
′ · n̂� 1. If one uses such a result into the solution hTTij in (5.26) yields,

hTTij (t,x) =
1

r

4G

c4
Λij|kl(n̂)

∫ [
Tkl(t,x

′) +
x′ini
c

∂tTkl(t,x
′)

+
1

2c2
x′inix′jnj∂2

t Tkl(t,x
′) + · · ·

]
t−r/c

d3x′
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hTTij (t,x) =
1

r

4G

c4
Λij|kl(n̂)

[ ∫
Tkl(t,x

′) d3x′ +
1

c
ni
d

dt

∫
Tkl(t,x

′)x′i d3x′ (5.50)

+
1

2c2
ninj

d2

dt2

∫
Tkl(t,x

′)x′ix′j d3x′ + · · ·
]
t−r/c

. (5.51)

Remind the multiple moments of the energy-momentum tensor in (5.23)5. The first moments
are given by

Sij(t) =

∫
T ij(t,x) d3x , (5.52)

Sij,k(t) =

∫
T ij(t,x)xkd3x , (5.53)

Sij,kl(t) =

∫
T ij(t,x)xkxl d3x . (5.54)

Using these expressions in (5.51), the solution hTTij (t,x) is written as an expansion of the
multiple moments of the energy-momentum tensor,

hTTij (t,x) =
1

r

4G

c4
Λij|kl(n̂)

[
Skl +

1

c
niṠ

kl,i +
1

2c2
ninjS̈

kl,ij + · · ·
]
t−r/c

. (5.55)

Observe that in the expression (5.51) the moment Skl,i has an additional factor of x′i ∼ O(d).
Furthermore, each time derivative gives a factor O(ω) ∼ O(ωs) as can be seen for example in
(5.47). One concludes that,

Ṡkl,i ∼ O(ωsd) = O(v) =⇒ 1

c
niṠ

kl,i ∼ O
(v
c

)
(5.56)

S̈kl,ij ∼ O
[
(ωsd)2

]
= O(v2) =⇒ 1

2c2
ninjS̈

kl,ij ∼ O
(
v2

c2

)
. (5.57)

Therefore, the solution given in (5.55) is actually an expansion in v/c where the first term
is the leading term. An important remark of this procedure is that the correction in v/c
in the expanded solution is only possible if the internal velocities of the source and the flat
background can be treated independently [8]. For instance, consider a compact binary in
orbital motion due to the mutual gravitational interaction. Extrictly speaking, this system
would not be possible in linearized gravity. The reason is that the objects will follow geodesics
in the flat spacetime due to ∂νTµν = 06. As we shall see later, in the exact formulation of
general relativity by Landau & Lifshtiz, weak gravitational fields implies the same equations
of linearized theory, but instead of having only the energy-momentum of the matter sources,
it is included the pseudotensor that accounts for the motion of bounded orbits [1, 32, 34]. If
the binding energy of the self-gravity interaction can be neglected in this formulation, then
at leading order one can argue to use the first term in (5.55). If this is the case, note that
even if the binary system is Newtonian, from the virial theorem one has

5Sij = Sji due to T ij = T ji. Also Sij,k = Sji,k, Sij,kl = Sji,kl = Sji,lk. However, Sij,kl 6= Skl,ij .
6This equation will be discussed for a closed system of particles at the end of this chapter.
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1

2
µv2 =

1

2

Gµm

r
=⇒ v2

c2
=
Rs

2r
, (5.58)

where µ is the reduced mass of the system, m is the total mass and Rs is the Schwarzscild
radius associated to the mass m. Hence, a weak gravitational field means Rs/r � 1, so
v � c. In this case, the velocity of the source is related directly with the strength nature
of the gravitational field. If the velocity of the system is high compared with the speed of
light, the background cannot be assumed as flat and linearized theory is no longer valid.
Even if more terms are considered in the (v/c) expansion, is not reasonable to matained
the background as flat because this contributions means strong fields. In conclusion, for the
binary system exmaple, if one uses the equation (5.55) at leading order, the gravitational field
must be weak to approximate the background spacetime as flat, but also the objects requiere
slow motions to preserve a systematic expansion in (v/c) while the background remains flat.
An example to use equation (5.55) for a source with arbitrary velocity should be a beam of
charged particles accelerated by an electric field, where the particles do not contribute to the
background curvature [8]. In this case, the particles can move at relativistic speeds. Thus,
more terms in the expansion (v/c) must be considered.
As a final comment, note that at leading order the approximation of weak gravitational field
at the far-field zone and slow motion of the source can also arise from the solution given in
(5.22). Weak field at spatial infinity means that the leading term is the first one that depends
on 1/r and slow motions means that t− |x−x′|c ' t− r

c over the entire source, i.e., disregarding
the relative retardation effects of one region of the source relative to another [42]. From (5.23)
it follows that,

hTTij (t,x) =
1

r

4G

c4
Λij|kl(n̂)

∫
T kl(t− r/c,x′)d3x′ . (5.59)

5.4 Conservation equations

The physical interpretation of the expansion (5.55) becomes more clear if the solution is
expressed in terms of the multipole moments of the energy density and the multiple moments
of the momentum density. These are defined as,

M =
1

c2

∫
T 00(t,x) d3x P i =

1

c

∫
T 0i(t,x) d3x (5.60)

M i =
1

c2

∫
T 00(t,x)xi d3x P i,j =

1

c

∫
T 0i(t,x)xj d3x (5.61)

M ij =
1

c2

∫
T 00(t,x)xixj d3x P i,jk =

1

c

∫
T 0i(t,x)xjxk d3x (5.62)

M ijk =
1

c2

∫
T 00(t,x)xixjxk d3x P i,jkl =

1

c

∫
T 0i(t,x)xjxkxl d3x . (5.63)

Consider a volume V delimited by a boundary ∂V such that Tµν vanishes at ∂V . Then, by
the conservation of the energy-momentum tensor in linearized theory it follows that,

∂0T
00 = −∂iT 0i . (5.64)

Integrating over the volume V and using the definition of M in (5.60) then,
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∫
V
∂0T

00(t,x)d3x = −
∫
V
∂iT

0i(t,x)d3x

1

c

d

dt

(
c2M

)
= −

∮
∂V
T 0i(t,x) dSi [Divergence theorem]

cṀ = 0 [T 0i = 0 in ∂V ] . (5.65)

Thus, one obtains the conservation of the total mass M of the system7,

Ṁ = 0 . (5.66)

Similarly, multiplying equation (5.64) by xi and integrating over the volume V yields∫
V
xi∂0T

00(t,x) d3x = −
∫
V
xi∂jT

0j(t,x) d3x

1

c

d

dt

∫
V
xiT 00(t,x) d3x = −

∫
V
xi∂jT

0j(t,x) d3x

c
d

dt

[
1

c2

∫
V
T 00(t,x)xi d3x

]
= −

∫
V

[
∂j
(
xiT 0j(t,x)

)
−
(
∂jx

i
)
T 0j(t,x)

]
d3x

c
dM i

dt
= −

∮
∂V
xiT 0j(t,x) dSj +

∫
V
T 0i(t,x) d3x , (5.67)

and one get the identity

Ṁ i = P i . (5.68)

Now, multiplying equation (5.64) by xixj and integrating over the volume V ,∫
V
xixj∂0T

00 d3x = −
∫
V
xixj∂mT

0m d3x

1

c

d

dt

∫
V
xixjT 00 d3x = −

∫
V

[
∂m
(
xixjT 0m

)
− ∂m

(
xixj

)
T 0m

]
d3x

c
d

dt

[
1

c2

∫
V
xixjT 00 d3x

]
= −

∫
V

[
∂m
(
xixjT 0m

)
−
(
∂mx

i
)
xjT 0m − xi

(
∂mx

j
)
T 0m

]
d3x

c
dM ij

dt
= −

∫
V

[
∂m
(
xixjT 0m

)
− xjT 0i − xiT 0j

]
d3x

cṀ ij = −
∮
∂V
xixjT 0m dSm + cP i,j + cP j,i . (5.69)

7This is valid only at linear order. In general, a system that radiates gravitational waves lose mass.
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Hence,

Ṁ ij = P i,j + P j,i . (5.70)

By multiplying (5.64) by xixjxk and integrating over the volume V gives∫
V
xixjxk∂0T

00 d3x = −
∫
V
xixjxk∂mT

0m d3x

1

c

d

dt

∫
V
xixjxkT 00 d3x = −
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(
xixjxkT 0m

)
− ∂m

(
xixjxk

)
T 0m

]
d3x

c
d

dt

[
1

c2

∫
V
xixjxkT 00 d3x

]
= −

∮
∂V
xixjxkT 0m dSm +

∫
V
∂m

(
xixjxk

)
T 0m d3x

c
dM ijk

dt
=

∫
V

[ (
∂mx

i
)
xjxkT 0m + xi

(
∂mx

j
)
xkT 0m + xixj

(
∂mx

k
)
T 0m

]
d3x

cṀ ijk =

∫
V

[
xjxkT 0i + xixkT 0j + xixjT 0k

]
, (5.71)

and another identity is obtained,

Ṁ ijk = P i,jk + P j,ik + P k,ij . (5.72)

Other identities for the multipole moments of the mementum density may be derived with a
similar procedure. The temporal part of ∂νTµν = 0 is

∂0T
i0 = −∂jT ij (5.73)

An integration of (5.73) over the volume V leads to,∫
V
∂0T

0i d3x = −
∫
V
∂jT

ij d3x

Ṗ i = −
∮
∂V
T ij dSj [Divergence theorem] . (5.74)

As a consequence,

Ṗ i = 0 . (5.75)

If equation (5.73) is multiplied by xj and integrated over the volume V one obtains,∫
V
xj∂0T

i0 d3x = −
∫
V
xj∂mT

im d3x

d

dt

[
1

c

∫
V
xjT i0 d3x

]
= −

∫
V

[
∂m
(
xjT im

)
−
(
∂mx

j
)
T im

]
d3x

dP i,j

dt
= −

∮
∂V
xjT im dSm +

∫
V
T ij d3x . (5.76)
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Therefore ,

Ṗ i,k = Sij . (5.77)

Another identity is deduced by making,

∫
V
xjxk∂0T

i0 d3x = −
∫
V
xjxk∂mT

im d3x

d

dt

[
1

c

∫
xjxkT i0 d

3x

]
= −

∫
V

[
∂m

(
xjxkT im

)
− ∂m

(
xjxk

)
T im

]
d3x

dP i,jk

dt
=

∫
V

[ (
∂mx

j
)
xkT im + xj

(
∂mx

k
)
T im

]
(5.78)

i.e.,

Ṗ i,jk = Sij,k + Sik,j . (5.79)

The angular momentum is also conserved. This can be seen from the symmetry property of
Sij and using (5.78). The result is,

Ṗ i,j − Ṗ j,i =
d

dt

[
1

c

∫ (
xjT 0i − xiT 0j

)
d3x

]
= Sij − Sji

= 0 . (5.80)

Is also possible to write the multipole moments of the energy-momentum tensor in terms
of the multiple moments of the energy density and the momentum density. For instance,
taking (5.77) and using the symmetry property of Sij , after differentiating equation (5.70) it
is obtained

M̈ ij = Ṗ i,j + Ṗ j,i = Sij + Sji = 2Sij

or,

Sij =
1

2
M̈ ij . (5.81)

From equations (5.72) and (5.79) we have

...
M ijk = P̈ i,jk + P̈ j,ki + P̈ k,ij (5.82)

P̈ i,jk = Ṡij,k + Ṡik,j , (5.83)

and substituting (5.83) into (5.82) gives,
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...
M ijk = Ṡij,k + Ṡik,j + Ṡjk,i + Ṡji,k + Ṡki,j + Ṡkj,i

= 2Ṡij,k + 2Ṡik,j + 2Ṡjk,i . (5.84)

Thus,

...
M ijk = 2

(
Ṡij,k + Ṡik,j + Ṡjk,i

)
. (5.85)

A last expression may be deduced by first solving Ṡij,k from (5.85) and rewriting it as,

Ṡij,k =
1

2

...
M ijk − Ṡik,j − Ṡjk,i

=
1

6

...
M ijk +

1

3

...
M ijk − Ṡik,j − Ṡjk,i

=
1

6

...
M ijk +

1

3
2

(
Ṡij,k + Ṡik,j + Ṡjk,i

)
− Ṡik,j − Ṡjk,i

=
1

6

...
M ijk − 1

3
Ṡik,j − 1

3
Ṡjk,i +

2

3
Ṡij,k

=
1

6

...
M ijk +

1

3

(
Ṡik,j − 2Ṡki,j

)
+

1

3

(
Ṡjk,i − 2Ṡkj,i

)
+

1

3

(
Ṡij,k + Ṡji,k

)
=

1

6

...
M ijk +

1

3

(
Ṡij,k + Ṡik,j + Ṡji,k + Ṡjk,i − 2Ṡkj,i − 2Ṡki,j

)
. (5.86)

Using the identity in (5.83), the previous result becomes

Ṡij,k =
1

6

...
M ijk +

1

3

(
P̈ i,jk + P̈ j,ik − 2P̈ k,ij

)
. (5.87)

Similar relations can be obtained for higher order multipole moments. In particular, the
identities (5.81) and (5.87) allows us to rewrite the solution hTTij in terms of the energy and
mementum densities multipole moments.

5.5 Mass quadrupole radiation

We shall focus only on the leading term contribution of the radiation. Recall that for weak
gravitational fields and slow motions the solution of the inhomegeneous wave equation in the
far-field zone is given by

hTTij (t,x) =
1

r

4G

c4
Λij|kl(n̂)

[
Skl +

1

c
niṠ

kl,i +
1

2c2
ninjS̈

kl,ij + · · ·
]
t−r/c

. (5.88)

The leading term in the expanded solution shown in (5.88) comes from Skl. By using the
identity (5.81) the leading contribution takes the form
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hTTij (t,x) =
1

r

2G

c4
Λij|kl(n̂)M̈kl

(
t− r

c

)
. (5.89)

The tensor Mkl may be decomposed as a traceless part plus the trace part8,

Mkl =

(
Mkl − 1

3
δklMii

)
+

1

3
δklMii

= Qkl +
1

3
δklMii , (5.90)

where the quantity Qkl is called the quadrupole moment and is defined as

Qkl := Mkl − 1

3
δklMii . (5.91)

Clearly, the trace of Qkl in (5.91) vanish, i.e.,

Tr(Qkl) = Tr

(
Mkl − 1

3
δklMii

)
= Tr

(
Mkl

)
− 1

3
Tr
(
δkl
)
Mii

= Mii −
1

3
(3)Mii = 0 . (5.92)

On the other hand, due to the traceless property in their first and second pair of indices of
the Lambda tensor, one has

Λij|klM
kl = Λij|kl

(
Qkl +

1

3
δklMii

)
= Λij|klQ

kl +
1

3
Λij|kkMii

= Λij|klQ
kl . (5.93)

This results implies that Λij|kl(n̂)M̈kl = Λij|kl(n̂)Q̈kl and the leading contribution of the
solution in (5.89) is equivalent to

[
hTTij (t,x)

]
quad =

1

r

2G

c4
Λij|kl(n̂)Q̈kl

(
t− r

c

)
. (5.94)

The equation (5.94) is called the Einstein’s quadrupole formula9. The name of the tensor
Qkl is more clear when is written in its explicit form,

Qkl =
1

c2

∫
T 00xkxl d3x − 1

3
δkl

1

c2

∫
T 00xixi d3x

=

∫
1

c2
T 00

(
xkxl − 1

3
δklxixi

)
d3x . (5.95)

8Formally, this is the irreducible representation of a symmetric tensor of two indices under SO(3).
9After a long history of debate, this formula was confirmed with the observation of the Hulse-Taylor binary

in 1974. A formal derivation in the post-Newtonian formalism is a better scenario to justify this formula. For
more details see [9].
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Recall that T 00/c2 is the energy density and xixi = |x|2 = r2. Thus, the quadrupolar moment
yields

Qkl =

∫
ρ(t,x)

[
xkxl − 1

3
δklr2

]
d3x . (5.96)

Observe that the first and leading contribution of the gravitation radiation is related to the
variation of the quadrupole moment. This is not the case for electromagnetic radiation in
which the leading contribution comes from the variation of the dipole moment. This result
can be understood by appealing to Einstein’s equivalence principle and the conservation laws
discussed earlier [37]. The radiation hTTij depends on derivatives of the multipole moments.
For a system of point masses, the monopole term is just the total mass which is conserved.
Thus the time derivative of the total mass M vanish as is shown in equation (5.66) and thus
there cannot be monopolar radiation. The dipole moment of a system of point masses is

d =
∑
i

m
(g)
i xi =

∑
i

mixi , (5.97)

where m(g)
i is the gravitational mass and mi is the inertial mass. The time derivative of the

dipole moment gives,
ḋ =

∑
i

miẋi = P . (5.98)

The second time derivative of the dipole moment vanish due to the conservation of linear
momentum of isolated particles10. If a magnetic-dipole analog of gravitation radiation is
considered, the second time derivative vanish because of the conservation of the total angular
momentum,

µ =
∑
i

xi × (mivi) = L . (5.99)

The absense of the monopolar radiation can be understood also from the Birkhoff’s Theorem
[44]. The monopolar term means a spherically symmetric source. But any spherically sym-
metric solution of the EFE must be static so there cannot be changes in the field outside the
source and monopolar gravitational radiation is not emmited11. In conclusion, there cannot
be monopolar nor dipolar gravitational radiation of any sort in GR12 [8].

5.6 Angular distribution of quadrupole radiation

One is able to obtain the functional waveform of the quadrupole radiation from (5.94) by using
the explicit definition of the Lambda tensor and making the contraction with Q̈kl. However,
in order to get the gravitational radiation emitted in an arbitrary direction n̂ is worthwhile
to proceed as follows. Consider first a GW propagating along the +z-direction. This means
that n̂ = (0, 0, 1). Recall that the projector tensor Pij is defined as

Pij = δij − ninj . (5.100)

10Equivalently, the dipole moment can be also rewritten as d =
∑
imixi = MRCM, i.e., is proportional to

the center of mass position. For an insolated body, due to the conservation of the total linear momentum, the
center of mass moves with uniform velocity and thus the second time derivative of the dipole term vanish.

11This is also true even if the source is pulsating spherically symmetric. Thus, a perfect spherically sym-
metric collapse of a star does not emit GWs.

12Of course, these results are also valid for extended bodies.
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Thus, the matrix representation of Pij is

[Pij ] =

1 0 0
0 1 0
0 0 0

 . (5.101)

The effect of applying the projector tensor in (5.101) on any vector is to substract the z-
component. This means that if vj = (a, b, c) is a generic vector in space, then v′i = Pijvj =
(a, b, 0). Thus, Pij projects the vector onto the xy plane which is perpendicular to n̂. Then,
the TT projection of a generic tensor Aij can be computed by using the definition of the
Lambda tensor,

Λij|klAkl =

(
PikPjl −

1

2
PijPkl

)
Akl

= PikAklPjl −
1

2
PijPkkAkl

= PikAklPlj −
1

2
PijPlkAkl

ATT
ij = (PAP )ij −

1

2
PijTr (PA) . (5.102)

In matrix form, the first term of (5.102) gives,

[PAP ] =

1 0 0
0 1 0
0 0 0

A11 A12 A13

A21 A22 A23

A31 A32 A33

1 0 0
0 1 0
0 0 0



=

A11 A12 A13

A21 A22 A23

0 0 0

1 0 0
0 1 0
0 0 0



=

A11 A12 0
A21 A22 0
0 0 0

 (5.103)

and the second term

−1

2
Tr [PA] [P ] = −1

2
Tr

A11 A12 A13

A21 A22 A23

0 0 0

1 0 0
0 1 0
0 0 0



= − A11 + A22

2

1 0 0
0 1 0
0 0 0

 . (5.104)

By adding equations (5.103) and (5.104) one obtains ATT
ij ,

[
ATT]

ij
=


(A11 −A22) /2 A21 0

A21 − (A11 −A22) /2 0

0 0 0


ij

. (5.105)
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Since Λij|klQ̈kl = Λij|klM̈kl and making A = Q̈ in equation (5.105) results in

[
ΛQ̈
]
ij

=


1

2

(
M̈11 − M̈22

)
M̈12 0

M̈12 −1

2

(
M̈11 − M̈22

)
0

0 0 0


ij

(5.106)

and the quadrupolar radiation contribution is given by

[
hTT(t,x)

]quad
ij

=
1

r

2G

c4


1

2

(
M̈11 − M̈22

)
M̈12 0

M̈12 −1

2

(
M̈11 − M̈22

)
0

0 0 0


t−r/c

. (5.107)

Therefore, the radiation of the two polarizations in the quadrupole approximation for a GW
propagating in the +z direction gives,

h+ =
1

r

G

c4

[
M̈11

(
t− r

c

)
− M̈22

(
t− r

c

)]
,

h× =
2

r

G

c4
M̈12

(
t− r

c

)
.

(5.108)

(5.109)

The next step is to find out the quadrupole radiation of a GW propagating in a generic
direction n̂ with respect to a coordinate system (x, y, z). From figure 5.4, the components of
the unit vector n̂ in the system (x, y, z) are

n̂ =
(

sin θ sinφ , sin θ cosφ , cos θ
)

(5.110)

Figure 5.4: Two reference frames describing the direction n̂ of a GW.
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Note that these components can also be obtained after making two rotations in order to align
the axis of the systems (x′, y′, z′) and (x, y, z). Such rotations are described as follows,

Rx′(θ) : Align the axis z′ with z.

Rz(φ) : Align the axis x′ with x and y′ with y.

Then, the unit vector n̂ is given by ni = Rijn′j with Rij = [Rx′Rz]ij . i.e.,


nx

ny

nz

 =


cosφ sinφ 0

− sinφ cosφ 0

0 0 1




1 0 0

0 cos θ sin θ

0 − sin θ cos θ



nx′

ny′

nz′



=


cosφ cos θ sinφ sin θ sinφ

− sinφ cos θ cosφ sin θ cosφ

0 − sin θ cos θ




0

0

1



=


sin θ sinφ

sin θ cosφ

cos θ

 (5.111)

as expected. Furthermore, rotation matrices are orthogonal and thus their inverse are just
their transpose. Therefore, n′i = RT

ijnj with RT
ij = [Rx′Rz]

T
ij = [RT

zR
T
x′ ]ij . Then,

nx′

ny′

nz′

 =


1 0 0

0 cos θ − sin θ

0 sin θ cos θ




cosφ − sinφ 0

sinφ cosφ 0

0 0 1



nx

ny

nz



=


cosφ − sinφ 0

cos θ sinφ cos θ cosφ − sin θ

sin θ sinφ sin θ cosφ cos θ




sin θ sinφ

sin θ cosφ

cos θ



=


0

0

1

 . (5.112)

In a similar way, is possible to extend these results to tensors. The coordinates of a tensor
M̈kl changes between the two references frames under a rotation R as

M̈kl = RkiRl j M̈ ′
ij

[In the (x, y, z) frame] ,

M̈ ′ij = R i
k R j

l M̈
kl [In the (x′, y′, z′) frame] . (5.113)

with
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Rij =


cosφ cos θ sinφ sin θ sinφ

− sinφ cos θ cosφ sin θ cosφ

0 − sin θ cos θ

 , R j
i =


cosφ − sinφ 0

cos θ sinφ cos θ cosφ − sinφ

sin θ sinφ sin θ cosφ cos θ


Since the +z′-direction is align with n̂, the aim is to find the solution [hTT]quadij in the (x′, y′, z′)
frame using the expression (5.113). For this, observe that from equations (5.108) and (5.109)
only the quantities M̈ ′11, M̈ ′22 and M̈ ′12 are required. Expanding (5.113) yields

M̈ ′11
= R 1

1 R 1
l M̈

1l + R 1
2 R 1

l M̈
2l + R 1

3 R 1
l M̈

3l

=
(
R 1

1 R 1
1 M̈11 + R 1

1 R 1
2 M̈12 + R 1

1 R 1
3 M̈13

)
+(

R 1
2 R 1

1 M̈21 + R 1
2 R 1

2 M̈22 + R 1
2 R 1

3 M̈23
)

+(
R 1

3 R 1
1 M̈31 + R 1

3 R 1
2 M̈32 + R 1

3 R 1
3 M̈33

)
= R 1

1 R 1
1 M̈11 + 2R 1

1 R 1
2 M̈12 + 2R 1

1 �
�R 1
3 M̈13 +

R 1
2 R 1

2 M̈22 + 2R 1
2 �

�R 1
3 M̈23 + �

�R 1
3 R 1

3 M̈33

= R 1
1 R 1

1 M̈11 + 2R 1
1 R 1

2 M̈12 + R 1
2 R 1

2 M̈22

= cos2 φM̈11 − 2 cosφ sinφM̈12 + sin2 φM̈22 , (5.114)

M̈ ′22
= R 2

1 R 2
1 M̈11 + 2R 2

1 R 2
2 M̈12 + R 2

1 R 2
3 M̈13 +

R 2
2 R 2

2 M̈22 + 2R 2
2 R 2

3 M̈23 + R 2
3 R 2

3 M̈33

= cos2 θ sin2 φM̈11 + 2 cos2 θ cosφ sinφM̈12 − 2 cos θ sin θ sinφM̈13

+ cos2 θ cos2 φM̈22 − 2 cos θ sin θ cosφM̈23 + sin2 θM̈33 , (5.115)

M̈ ′12
=
(
R 1

1 R 2
1 M̈11 + R 1

1 R 2
2 M̈12 + R 1

1 R 2
3 M̈13

)
+(

R 1
2 R 2

1 M̈21 + R 1
2 R 2

2 M̈22 + R 1
2 R 2

3 M̈23
)

+(
�
�R 1
3 R 2

1 M̈31 + �
�R 1
3 R 2

2 M̈32 + �
�R 1
3 R 2

3 M̈33
)

= R 1
1 R 2

1 M̈11 + R 1
1 R 2

2 M̈12 + R 1
1 R 2

3 M̈13 +

R 1
2 R 2

1 M̈21 + R 1
2 R 2

2 M̈22 + R 1
2 R 2

3 M̈23

= cos θ cosφ sinφM̈11 + cos θ cos2 φM̈12 − sin θ cosφM̈13

− cos θ sin2 φM̈21 − cos θ cosφ sinφM̈22 + sin θ sinφM̈23 . (5.116)

Now,
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M̈ ′11 − M̈ ′22
= cos2 φM̈11 − 2 cosφ sinφM̈12 + sin2 φM̈22

− cos2 θ sin2 φM̈11 − 2 cos2 θ cosφ sinφM̈12 + 2 cos θ sin θ sinφM̈13

− cos2 θ cos2 φM̈22 + 2 cos θ sin θ cosφM̈23 − sin2 θM̈33

= M̈11
(

cos2 φ − sin2 φ cos2 θ
)

+ M̈22
(

sin2 φ − cos2 φ cos2 θ
)

− M̈33 sin2 θ − M̈12
(

2 cosφ sinφ + 2 cos2 θ cosφ sinφ
)

+ M̈13
(

2 cos θ sin θ sinφ
)

+ M̈23
(

2 cos θ sin θ cosφ
)

(5.117)

Using the relation sin(2φ) = sinφ cosφ + sinφ cosφ = 2 sinφ cosφ then,

2 cosφ sinφ + 2 cos2 θ cosφ sinφ = sin(2φ) + sin(2φ) cos2 θ

= sin(2φ)(1 + cos2 θ) . (5.118)

Thus,

M̈ ′11 − M̈ ′22
= M̈11

(
cos2 φ − sin2 φ cos2 θ

)
+ M̈22

(
sin2 φ − cos2 φ cos2 θ

)
− M̈33 sin2 θ − M̈12 sin(2φ)(1 + cos2 θ) + M̈13 sinφ sin(2θ)

+ M̈23 cosφ sin(2θ) . (5.119)

The component M̈12 in equation (5.116) can be simplified to

M̈12 =
(
M̈11 − M̈22

)
cos θ cosφ sinφ + M̈12

(
cos θ cos2 φ − cos θ sin2 φ

)
− M̈13 sin θ cosφ + M̈23 sin θ sinφ

M̈12 =
1

2

[(
M̈11 − M̈22

)
sin(2φ) cos θ + 2M̈12 cos(2φ) cos θ

− 2M̈13 cosφ sin θ + 2M̈23 sinφ sin θ

]
. (5.120)

Finally using (5.119) and (5.120) into (5.108) and (5.109) yields,

h+(t; θ, φ) =
1

r

G

c4

[
M̈11

(
cos2 φ − sin2 φ cos2 θ

)
+ M̈22

(
sin2 φ − cos2 φ cos2 θ

)
− M̈33 sin2 θ − M̈12 sin(2φ)(1 + cos2 θ)

+ M̈13 sinφ sin(2θ) + M̈23 cosφ sin(2θ)

]
t−r/c

, (5.121)
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h×(t; θ, φ) =
1

r

G

c4

[(
M̈11 − M̈22

)
sin(2φ) cos θ

+ 2M̈12 cos(2φ) cos θ − 2M̈13 cosφ sin θ

+ 2M̈23 sinφ sin θ

]
t−r/c

. (5.122)

5.7 Radiated energy

Using (4.73) into (4.68), the power radiated per unit solid angle is given by

dP

dΩ
=

c3r2

32πG

〈
ḣijTTḣ

TT
ij

〉
. (5.123)

The quadrupolar radiation was obtained previously as shown in (5.94). Then,[
ḣTTij (t,x)

]
quad

=
1

r

2G

c4
Λij|kl(n̂)

...
Qkl

(
t− r

c

)
. (5.124)

Replacing (5.124) into (5.123) and using the Lambda projection property, the quadrupolar
power per unit solid angle gives13,

(
dP

dΩ

)
quad

=
G

8πc5
Λkl|mn(n̂)

〈 ...
Qkl

...
Qmn

〉 ∣∣∣∣
t−r/c

. (5.125)

Power

To get the total radiated power one must perform an integration of (5.125) over the entire
solid angle,

Pquad =
G

8πc5

〈 ...
Qkl

...
Qmn

〉 ∣∣∣∣
t−r/c

∫
Λkl|mn(n̂) dΩ . (5.126)

The integral that appears in (5.126) may be computed by using two useful properties. Writing
the unit vector n̂ as in equation (5.110), is possible to show that∫

ninj dΩ =
4π

3
δij , (5.127)∫

ninjnknl dΩ =
4π

15
(δijδkl + δikδjl + δilδjk) . (5.128)

From the explicit definition of Λkl|mn(n̂) in terms of the propagation unit vector n̂, the integral
to be found is

∫ [
δkmδln −

1

2
δklδmn − nlnnδkm − nknmδln +

1

2
nmnnδkl +

1

2
nknlδmn +

1

2
nknlnmnn

]
dΩ .

13The average 〈·〉 is over several periods of the GW.
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Employing the properties (5.127) and (5.128) the integration reads as follows,∫
Λkl|mn(n̂) dΩ = 4πδkmδln − 2πδklδmn −

4π

3
δlnδkm −

4π

3
δkmδln

+
2π

3
δmnδkl +

2π

3
δklδmn +

4π

30

(
δklδmn + δkmδln + δknδlm

)
=

22π

15
δkmδln −

8π

15
δklδmn +

2π

15
δknδlm

=
2π

15

(
11δkmδln − 4δklδmn + δknδlm

)
. (5.129)

Retaking the equation (5.126) and using the result in (5.129) one obtains the total quadrupolar
power,

Pquad =
G

8πc5

〈 ...
Qkl

...
Qmn

〉 ∣∣∣∣
t−r/c

[
2π

15

(
11δkmδln − 4δklδmn + δknδlm

)]

=
G

60c5

[
11
〈 ...
Qkl

...
Qkl

〉
− 4

〈 ...
Qkk

...
Qmm

〉
+
〈 ...
Qkl

...
Qlk

〉]
t−r/c

=
G

60c5

[
11
〈 ...
Qkl

...
Qkl

〉
+
〈 ...
Qkl

...
Qkl

〉]
t−r/c

i.e.,

Pquad =
G

5c2

〈 ...
Qkl

...
Qkl

〉 ∣∣∣∣
t−r/c

. (5.130)

In some cases is more convenient to express (5.130) in terms of Mkl,

...
Qkl =

...
Mkl −

1

3
δkl

...
Mii . (5.131)

Inserting (5.131) into (5.130) it is obtained,

Pquad =
G

5c2

〈( ...
Mkl − 1

3
δkl

...
M ii

)( ...
Mkl −

1

3
δkl

...
Mii

)〉 ∣∣∣∣
t−r/c

=
G

5c2

〈
...
Mkl

...
Mkl −

2

3

...
M2
ii +

1

9
δklδkl

...
M2
ii

〉 ∣∣∣∣
t−r/c

=
G

5c2

〈
...
Mkl

...
Mkl −

2

3

...
M2
ii +

1

3

...
M2
ii

〉 ∣∣∣∣
t−r/c

and therefore,

Pquad =
G

5c2

〈
...
Mkl

...
Mkl −

1

3

...
M2
ii

〉 ∣∣∣∣
t−r/c

. (5.132)
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To obtain the emitted energy per unit solid angle, first consider the Fourier transform of the
quadrupolar moment,

Qkl(t) =
1

2π

∫ ∞
−∞

Q̃kl(ω)e−iωt dω . (5.133)

On the other hand, it is also true that

...
Qkl(t) =

1

2π

∫ ∞
−∞

Q̃kl(ω) (−iω)3 e−iωt dω ,

{
ω′ = −ω
dω′ = −dω

(5.134)

= − 1

2π

∫ −∞
∞

Q̃kl(−ω′)
(
iω′
)3
eiω
′t dω′

=
1

2π

∫ ∞
−∞

Q̃kl(−ω′)
(
iω′
)
eiω
′t dω′ . (5.135)

From (5.125), the energy per unit solid angle is given by

∫ (
dP

dΩ

)
quad

dt =
G

8πc5
Λkl|mn(n̂)

∫ 〈 ...
Qkl(t)

...
Qmn(t)

〉
dt

(
dE

dΩ

)
quad

=
G

8πc5
Λkl|mn(n̂)

〈∫
...
Qkl(t)

...
Qmn(t) dt

〉

=
G

8πc5
Λkl|mn(n̂)

∫
...
Qkl(t)

...
Qmn(t) dt

=
G

8πc5
Λkl|mn(n̂)

∫ ∫ ∫
Q̃kl(−ω′)

(
iω′
)3
Q̃mn(ω) (−iω)3 ei(ω−ω

′)t dt
dω′

2π

dω

2π

=
G

8πc5
Λkl|mn(n̂)

∫ ∫
Q̃kl(−ω′)

(
iω′
)3
Q̃mn(ω) (−iω)3 2πδ(ω′ − ω)

dω′

2π

dω

2π

=
G

8πc5
Λmn|kl(n̂)

∫
Q̃mn(ω) (−iω)3(iω)3 Q̃kl(−ω)

dω

2π

=
G

8πc5
Λmn|kl(n̂)

∫
Q̃mn(ω)ω6Q̃∗kl(ω)

dω

2π
, (5.136)

where all the previous integral symbols have limits from −∞ to ∞ and Q̃∗kl(ω) = Q̃kl(−ω).
The integral in (5.136) is twice the same integral from 0 to ∞. Thus,

(
dE

dΩ

)
quad

=
G

8π2c5
Λmn|kl(n̂)

∫ ∞
0

Q̃mn(ω)ω6Q̃∗kl(ω) dω (5.137)

Finally, integrating equation (5.137) over the whole solid angle gives the total radiated energy

Equad =
G

8π2c5

∫
Λmn|kl(n̂) dΩ

∫ ∞
0

Q̃mn(ω)ω6Q̃∗kl(ω) dω

=
G

8πc5

∫ ∞
0

2

15

[
11Q̃mn(ω)ω6Q̃∗mn(ω) + Q̃mn(ω)ω6Q̃∗mn(ω)

]
dω (5.138)
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Hence,

Equad =
G

5πc5

∫ ∞
0

Q̃mn(ω)ω6Q̃∗mn(ω) dω . (5.139)

Therefore, the spectral energy is(
dE

dω

)
quad

= Q̃mn(ω)ω6Q̃∗mn(ω) . (5.140)

5.8 Conservation of T µν for a closed system of particles

This section shows the conservation of the energy-momentum tensor Tµν for a closed system
of particles. We first construct the tensor Tµν assuming an isolated set of non-interacting
particles in flat spacetime. The four-momentum density of the system is defined as [36]

T 0ν(x, t)

c
≡

n∑
a=1

ma u
ν
a(τ) δ(3)(x− xa(t)) (5.141)

=
n∑
a=1

[
γama

dxνa(t)

dt

]
δ(3)(x− xa(t))

=
n∑
a=1

pνa(t)δ
(3)(x− xa(t)) , (5.142)

where the four-momentum of a particle is given by

pν = muν = m
dxν

dτ
= m

dxν

dt

dt

dτ
= γm

dxν

dt
= (E/c , p) . (5.143)

On the other hand, the current density of the four-momentum reads

Tµi(x, t) ≡
n∑
a=1

pµa(t)
dxia(t)

dt
δ(3)(x− xa(t)) (5.144)

=
n∑
a=1

[
γama

dxµa(t)

dt

]
dxia(t)

dt
δ(3)(x− xa(t)) . (5.145)

The equations (5.142) and (5.144) can be rewritten in a compact form as

Tµν(x, t) =

n∑
a=1

pµapνa
γama

δ(3)(x− xa(t)) (5.146)

=

n∑
a=1

γama
dxµa
dt

dxνa
dt

δ(3)(x− xa(t)) . (5.147)

In particular, the components T 00 and T 0i are
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T 00(x, t) =

n∑
a=1

γamac
2δ(3)(x− xa(t)) (5.148)

T 0i(x, t) =

n∑
a=1

γamacẋ
iδ(3)(x− xa(t)) (5.149)

Is important to recall that the energy-momentum tensor is conserved only if each of the free
particles of the isolated system moves along geodesics in the flat spacetime. This can be seen
by taking the divergence of equation (5.144).

∂iT
µi(x, t) =

n∑
a=1

pµa(t)
dxia(t)

dt

∂

∂xi
δ(3)(x− xa(t))

= −
n∑
a=1

pµa(t)

(
dxia(t)

dt

∂

∂xia

)
δ(3)(x− xa(t)) ,

[
∂

∂xi
→ − ∂

∂xia

]

= −
n∑
a=1

pµa(t)
∂

∂t
δ(3)(x− xa(t)) ,

∂

∂t
≡
(
dxia(t)

dt

∂

∂xia

)
. (5.150)

Furthermore, notice that

∂

∂t

[
pµa(t)δ

(3)(x− xa(t))

]
= ṗµa(t)δ

(3)(x− xa(t)) + pµa(t)
∂

∂t
δ(3)(x− xa(t))

pµa(t)
∂

∂t
δ(3)(x− xa(t)) =

∂

∂t

[
pµa(t)δ

(3)(x− xa(t))

]
− ṗµa(t)δ

(3)(x− xa(t)) (5.151)

and substituting this result in the expression (5.150) one obtains,

∂iT
µi(x, t) = −

n∑
a=1

{
∂

∂t

[
pµa(t)δ

(3)(x− xa(t))

]
− ṗµa(t)δ

(3)(x− xa(t))

}

∂iT
µi(x, t) = − ∂

∂t

n∑
a=1

pµa(t)δ
(3)(x− xa(t)) +

n∑
a=1

ṗµa(t)δ
(3)(x− xa(t))

∂iT
µi(x, t) = −1

c

∂

∂t
Tµ0(x, t) +

n∑
a=1

ṗµa(t)δ
(3)(x− xa(t)) .

Thus, the 4-divergence of the energy-momentum tensor may be written as

∂0T
µ0(x, t) + ∂iT

µi(x, t) =
n∑
a=1

ṗµa(t)δ
(3)(x− xa(t))︸ ︷︷ ︸

Force Density

(5.152)

From the previous equation is clear that only if ṗµa(t) = 0 for all a then

∂νT
µν(x, t) = 0 . (5.153)
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The statement ṗµa(t) = 0 means that the particles follow geodesics in the flat spacetime, i.e,
straight lines. Therefore, in principle is not possible to estimate the energy-momentum tensor
for a set of interacting particles only just with the expression (5.146). To ensure the full
conservation of the energy-momentum tensor one should include terms that describe all types
of interactions and also external forces that change the geodesic trajectories of the particles.
A priori, is not valid to use a general arbitrary trajectory x(t) and inserting it into (5.146)
because the energy-momentum wolud not be conserved. For instance, if a single particle
follows a trajectory that is not a geodesic of the flat spacetime then there must be and external
force which needs to be included in the full definition of the energy-momentum tensor of the
system to guarantee the conservation equation (5.153). If the force is the electromagnetic
force, then the term at the right hand side of equation (5.152) does not vanish and thus the
conservation ot the total energy-momentum of the system is

∂ν
(
Tµν + TµνEM

)
= 0 . (5.154)

In the next chapter we will discuss the construction of the energy-momentum tensor for a
binary system which is gravitational bound at linear order in v/c.
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Chapter 6

Newtonian Binary System

The goal of this chapter is to discuss the quadrupole radiation of GWs due to the accelerate
motion of compact objects in a binary system. As a first approach, the objects will be treated
as point particles in mutual Newtonian gravitational interaction. The formalism developed
in Chapter 5 would be extended for a binary source in which each particle does not follows a
geodesic in the flat spacetime. First off, the emitted gravitational radiation for a fix circular
orbit motion is considered. Then, the back-reaction of GWs will be included by means of the
energy balance equation which represents the energy loss that causes the circular radius to
skrink and the orbital frecuency to increase. At the end, the waveforms for the h+ and h×
polarizations are obtained during the inspiral phase of the binary at Newtonian order until
the plunge of the particles is reached.

6.1 The effective one-body problem

The problem of finding the motion of two interacting point masses under the influence of a
mutual central force is equivalent to solve the problem of two fictitious particles with masses
m = m1 + m2 and µ = m1m2

m1+m2
. To see this, let be x1 and x2 the vector positions of the

particles with masses m1 and m2 as depicted in figure (6.1). The relative coordinate that
points from m1 to m2 is given by

x0 = x2 − x1 (6.1)

and the position of the center of mass of the system is

xCM =
m1x1 + m2x2

m1 + m2
. (6.2)

Figure 6.1: The two-body problem diagram
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The position vectors of the particles x1 and x2 may be expressed in terms of the relative
coordinate x0 and the position of the center of mass xCM by using equations (6.1) and (6.2),

x1 = xCM −
m2

m1 +m2
x0 , x2 = xCM +

m1

m1 +m2
x0 . (6.3)

In terms of the six generalized coordinates from x0 and xCM the lagrangian is expressed as

L =
1

2
m1ẋ

2
1 +

1

2
m2ẋ

2
2 − U(|x2 − x1|)

=
1

2
(m1 +m2)ẋ2

CM +
1

2

( m1m2

m1 +m2

)
ẋ2

0 − U(|x0|)

=
1

2
mẋ2

CM +
1

2
µẋ2

0 − U(|x0|) (6.4)

The Euler-Lagrange equations are

d

dt

( ∂L
∂ẋa

)
=

∂L
∂xa

. (6.5)

For xCM we get

d

dt
[mẋCM] = 0 =⇒ ẋCM = constant (6.6)

and the center of mass of the system is at rest or moves with constant velocity. Using the
Newtonian potential energy the lagrangian becomes

L = constant +
1

2
µẋ2

0 + G
µm

|x0|
. (6.7)

An additional constant in the lagrangian does not affect the equations of motion. Therefore,
the problem is to find and solve the equations of motion for the fictitious particle of reduced
mass µ under a central gravitational potential generated by another fictitious particle of mass
m = m1 +m2. In particlar, in the center of mass reference frame xCM = 0 and the lagrangian
takes the form

L =
1

2
µẋ2

0 + G
µm

|x0|
. (6.8)

Solving the Euler-Lagrange equations for the relative coordinate, the solutions x1 and x2 can
be obtained by using the equations in (6.3).

6.2 Radiation from sources with non-negligible self gravity

In previous chapters, it was emphasized that the formalism that describes the generation
of GWs in linearized theory cannot be applied to systems that are gravitationally bound.
The reason is that the conservation of the energy-momentum tensor for the matter sources is
given by the expression ∂νTµν = 0. As it was shown in Chapter 5, this conservation statement
implies that for an isolated and free system of particles, each one of these are forced to move
along geodesics of the flat spacetime. For a binary system, the particles are bound together by
the mutual gravitational interaction and thus the particles do not follow geodesic motions1.
In order to take into account sources with non-negligible self gravity as in the case of binary

1This issue was first pointed out by Eddington.
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systems, one must rewrite the EFE in the Landau-Lifshitz formulation. With a suitable global
gauge fixing, the EFE reduces to a nonlinear wave-like equation called the relaxed EFE.

The Landau-Lifshitz formulation of general relativity

Hereunder a very concise summary of the EFE in the Landau-Lifshitz formulation is presented.
The framework of this development is based on a new quantity called the gothic inverse metric
and is defined as2

gµν =
√−ggµν , (6.9)

with g the metric determinant and gµν the inverse metric3. From the definition in (6.9) a new
object is built as follows,

Hαµβν = gαβgµν − gανgβµ . (6.10)

An essential identity in this formulation is given by [9]

∂µ∂νH
αµβν = 2(−g)Gαβ +

16πG

c4
(−g)tαβLL , (6.11)

where Gαβ is the Einstein tensor and (−g)tαβLL is the Landau-Lifshitz pseudotensor [45],

(−g)tαβLL :=
c4

16πG

{
∂λg

αβ∂µg
λµ − ∂λg

αλ∂µg
βµ +

1

2
gαβgλµ∂ρg

λν∂νg
µρ

− gαλgµν∂ρg
βν∂λg

µρ − gβλgµν∂ρg
αν∂λg

µρ + gλµg
νρ∂νg

αλ∂ρg
βµ

+
1

8

(
2gαλgβµ − gαβgλµ

)
(2gνρgστ − gρσgντ ) ∂λg

ντ∂µg
ρσ

}
. (6.12)

The identity (6.11) implies that the EFE can be rewritten as

∂µ∂νH
αµβν =

16πG

c4
(−g)

(
Tαβ + tαβLL

)
. (6.13)

The right-hand side of the previous equation suggest that tαβLL represent the gravitational field
pseudotensor which is added to the matter distribution energy-momentum tensor4. Further-
more, from the definition of Hαµβν in (6.10) clearly Hαµβν = −Hαµνβ . Using the fact that
partial derivatives commute one obtains,

∂β∂µ∂νH
αµβν = 0 . (6.14)

Applying the partial derivative at both sides of equation (6.13) then,

∂β

[
(−g)

(
Tαβ + tαβLL

)]
= 0 (6.15)

and this equation is the conservation of the total energy-momentum pseudotensor which is
equivalent to ∇βTαβ = 05.

2Tensor quantities that have a prefactor of
√
−g are known as tensor densities and transform diferent.

3Note that from equation (6.9) if the gothic inverse metric is known, then the metric itself may be deter-
mined. This is due to the relation det(gµν) = g.

4Remind that the quantity tαβLL does not transform as a tensor. Likewise, the quantity at the left-hand
side of equation (6.13) is also a pseudotensor.

5Actually, this equation is more fundamental than (6.15) in the sense that it is independent of the validity
of GR [9].
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The relaxed Einstein’s Field Equations

The previous development is an exact reformulation of general relativity. Now, if a new
potential is defined as [1]

hαβ := ηαβ − gαβ , (6.16)

where ηαβ = diag(−1, 1, 1, 1) and gαβ follows from equation (6.9). The EFE in the Landau-
Lifshitz formulation takes a nonlinear wave-like form with a suitable global coordinate condi-
tion. To see this, such a condition is introduced,

∂βg
αβ = 0 . (6.17)

This is a coordinate constraint and is called the harmonic or deDonder gauge. Observe that
in terms of the potential in (6.16), the expression in (6.17) reads

∂βhαβ = 0 . (6.18)

Using the harmonic gauge and the definition of the potential hαβ it is obtained

∂µ∂νH
αµβν = ∂µ∂ν

(
gαβgµν − gανgβµ

)
= ∂µ

(
gµν∂νgαβ + gαβ∂νg

µν − gβµ∂νg
αν − gαν∂νg

βµ
)

= ∂µg
µν∂νg

αβ + gµν∂µ∂νg
αβ − ∂µg

αν∂νg
βµ − gαν∂µ∂νg

βµ

= gµν∂µ∂νg
αβ − ∂µg

αν∂νg
βµ − gαν∂µ∂νg

βµ

= − (ηµν − hµν) ∂µ∂νhαβ − ∂µhαν∂νhβµ + (ηαν − hαν) ∂µ∂νhβµ

= −�hαβ + hµν∂µ∂νhαβ − ∂µhαν∂νhβµ + ηαν∂ν∂µhβµ

= −�hαβ + hµν∂µ∂νhαβ − ∂µhαν∂νhβµ . (6.19)

Thus, the EFE in the Landau-Lifshitz formulation becomes [9, 46, 47],

−�hαβ + hµν∂µ∂νhαβ − ∂µhαν∂νhβµ =
16πG

c4
(−g)

(
Tαβ + tαβLL

)
(6.20)

or,

�hαβ = −16πG

c4
(−g)

(
Tαβ + tαβLL

)
+ hµν∂µ∂νhαβ − ∂µhαν∂νhβµ . (6.21)

Defining (−g)tαβH as

(−g)tαβH :=
c4

16πG

(
∂µhαν∂νhβµ − hµν∂µ∂νhαβ

)
(6.22)

the relaxed EFE are

�hαβ = −16πG

c4
ταβ (6.23)

where ταβ is the effective energy-momentum pseudotensor,

ταβ := (−g)
(
Tαβ[m, g] + tαβLL[h] + tαβH [h]

)
. (6.24)
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The wave-like equation in (6.23) is still equivalent to the exact Einstein equations but rewritten
in terms of the potential hαβ and using the harmonic gauge. One might wonder if this gauge
can always be imposed over some reference frame to get the expression (6.23). To prove
that indeed this gauge exist first consider a system in which ∂βg

αβ 6= 0. By making a
transformation to a new coordinates x′µ = fµ(xα), then in the new system we have [9]

∂ν′g
µ′ν′ =

√
−g′�gfµ(xα) , �g := gµν∇µ∇ν . (6.25)

Choosing each of the four scalar functions fµ to be harmonic, then �gfµ = 0 and the harmonic
gauge will holds in the new coordinate system. Thus, in harmonic coordinates the EFE in
the Landau-Lifshitz formalism are given by equation (6.23).
An interesting coincidence between the Landau-Lifshitz formalism and linearized theory in
the weak field limit will allow us to extend the derivation of the quadrupole formula to sources
with non-negligible self-gravity [1, 32, 34]. The first thing to point out is that the definition
of the potential hαβ in equation (6.16) is the same definition of the trace-reversed of the
perturbation tensor in linearized theory for weak fields [8]. So far, no approximations have
been made. But if one considers weak fields, the metric is defined as gαβ = ηαβ + hαβ with
|hαβ| << 1. The weak field limit expansion of the term

√−g that is involved in the definition
(6.16) can be computed as follows. First, write the metric as

gαβ = δαβ + hαβ ≡ (I + H)αβ . (6.26)

Note that gαβ = ηαρg
ρ
β and so

−det(gαβ) = −det
(
ηαρg

ρ
β

)
−g = −det(ηαρ) det

(
gρβ

)
−g = det(I +H)αβ (6.27)

For a non-degenerate matrix A the identity log det(A) = Tr(logA) holds. Furthermore, if A
is sufficiently close to the identity matrix, then

logA = (A− I) − (A− I)2

2
+

(A− I)3

3
− · · · (6.28)

Hence, the right-hand side of (6.27) may be expanded as,

−g = exp{log det(I +H)}

= exp{Tr log(I +H)} Using the identity

= exp
{

Tr
[
H +O(H2)

]}
Expanding logA

= 1 + h + O(h2) Expanding ex (6.29)

and thus
√−g = 1 + 1

2h + O(h2). Then, the potential hαβ that is defined in 6.16 coincides
with the ususal definition of the trace-reversed perturbation tensor in linearized theory as is
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shown,

hαβ = ηαβ − gαβ

= ηαβ −
(

1 +
1

2
h

)(
ηαβ − hαβ

)
+ O(h2)

= ηαβ −
(
ηαβ − hαβ

)
− 1

2
h
(
ηαβ + hαβ

)
+ O(h2)

= hαβ − 1

2
ηαβh + O(h2)

= h̄αβ + O(h2) (6.30)

Observe that after inserting the potential hαβ in (6.30) into (6.18), the Lorenz gauge of
linearized theory is recovered at linear order,

∂βh̄
αβ = 0 . (6.31)

Finally, the relaxed Einstein equations at leading order in the weak gravitational field limit
yields,

�h̄αβ = −16πG

c4

(
Tαβ + tαβB

)
(6.32)

where tαβB = tαβLL + tαβH . By virtue of the harmonic gauge condition, the effective energy-
momentum pseudotensor ταβ is conserved. This can be seen after taking the 4-divergence of
the wave-like equation in (6.23),

∂βτ
αβ = 0 . (6.33)

The same argument for the weak field limit in equation (6.32) gives,

∂β

(
Tαβ + tαβB

)
= 0 . (6.34)

This conservation equation implies that the particles in a gravitationally bound system no
longer moves along geodesics of the flat spacetime6. Indeed, particles follow non-geodesic
trajectories due to the gravitational interaction that is encoded in tαβB . Recall that to derive
the quadrupole formula in linearized theory one uses the Lorenz gauge, the wave equation
and energy momentum tensor conservation equation. In the weak field limit of the relaxed
Einstein equations, the same expressions were recovered, except for the important fact that
the energy-momentum tensor Tαβ is replaced by Tαβ + tαβB . Then, the mass density moment
M ij that is involved in the quadrupole formula changes to

M ij(t) =
1

c2

∫ [
T 00(t,x) + t00

B (t,x)
]
xixjd3x . (6.35)

Roughly speaking the term t00
B represents the gravitational binding energy between the par-

ticles [1]. Nevertheles, for weak fields this term is negligible in comparison with T 00 which
describes the rest mass distribution of the system. Thus, one is left with the same definition

6Compare this conservation equation with the one in linearized theory ∂βTαβ = 0.
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for M ij mentioned before in linearized theory,

M ij(t) w
1

c2

∫
T 00(t,x)xixj d3x . (6.36)

In conclusion, the quadrupole formula is still valid in the more general situation for gravita-
tionally binding objects7. But is important to insist that this is possible due to the strong
analogy between the weak field limit at linear order of the relaxed EFE and linearized theory.

6.3 The mass density moment M ij of a binary system

The mass density moment for a binary system can be computed assuming that the binding
gravitational energy between the point particles is negligible in comparison with T 00. From
equation (6.36) one has

M ij =
1

c2

∫
T 00(t,x)xixj d3x

=
1

c2

∫ [
m1c

2δ(3)(x− x1(t)) + m2c
2δ(3)(x− x2(t))

]
xixj d3x

= m1x
i
1(t)xj1(t) + m1x

i
2(t)xj2(t) . (6.37)

This relation can be expressed in terms of the relative coordinate of the binary x0 and the
coordinate position of the center of mass of the system xCM as follows,

M ij(t) = m1x
i
1(t)xj1(t) + m2x

i
2(t)xj2(t)

= m1

(
xiCM −

m2

m
xi0

)(
xjCM −

m2

m
xj0

)
+m2

(
xiCM +

m1

m
xi0

)(
xjcm +

m1

m
xj0

)
= m1x

i
CMx

j
CM − µxiCMx

j
0 − µxi0x

j
CM + µ

m2

m
xi0x

j
0 +

m2x
i
CMx

j
CM + µxiCMx

j
0 + µxi0x

j
CM + µ

m1

m
xi0x

j
0

= (m1 +m2)xiCMx
j
CM + µ

(m−m1)

m
xi0x

j
0 + µ

m1

m
xi0x

j
0

= mxiCMx
j
CM + µxi0x

j
0 . (6.38)

Remind that the quadrupole radiation approximation depends on the second derivative of the
mass density moment. From equation (6.38) is clear that if the the system is isolated, then
xCM is moving at constant velocity and the first term does not contributes to the production
of GWs. In the center of mass reference frame the previous expression turns out to be

M ij = µxi0(t)xj0(t) (6.39)

and the mass density that give rise to (6.39) reads,

ρ(x, t) = µδ(3)(x− x0(t)) . (6.40)

7Formally, to obtain the quadrupole formula from the relaxed EFE see references [9, 48] for discussion.
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Circular orbits

Consider a binary system with masses m1 and m2 in circular orbits. This means that each
particle follows a circular motion around the barycenter of the system. As was discussed
before, the two-body problem of the real particles is equivalent to the effective one-body
problem of two fictitious particles of masses µ and m as shown in figure 6.2. At the center of
mass reference frame and by using equations (6.3), the particles of mass m1 and m2 moves in
circles of radius

r1 =
m2

m1 + m2
R , r2 =

m1

m1 + m2
R (6.41)

where r1 = |x1|, r2 = |x2| and R = |x0|. Of course the radius of the particle of mass m2 will
be always greater than the radius of the circle followed by the particle with mass m1 provided
that m2 < m1

8. The problem translates to the trivial motion of a fictitious particle of mass
m = m1 +m2 which is at rest or moving with constant velocity, and another fictitious particle
of mass µ = m1m2

m1+m1
moving around the particle of mass m in a circle of radius R = |x0|.

Due to the conservation of angular momentum, the motion of the real particles occurs in a
plane. Let this plane to be the (x, y) plane, then the fictitious particle of mass µ experiences
a circular motion with coordinates

x0(t) = R cos
(
ωst+ π

2

)
y0(t) = R sin

(
ωst+ π

2

)
z0(t) = 0 ,

(6.42)

where ωs is the angular frequency of the binary, R is the separation between the particles and
an initial phase of π2 has been taken for convenience.

Figure 6.2: a) A real binary system moving in circular orbits. The relative coordinate always passes
through the center of mass position and perform a circular path of radius R = |x0|. The particles of
masses m1 and m2 follow circular motions of radius r1 = m2

m1+m2
R and r2 = m1

m1+m2
R, respectively.

b) An effective one-body representation of the real two body problem for circular orbits. The fictitious
particle with reduced mass µ follows a circular motion due to the potential generated by another fictitious
particle of mass m which is fixed at the center of the circle of radius R or at least is moving with constant
velocity.

8From equations (6.41) we have r2 = m1
m2
r1.
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In the center of mass reference frame, the mass density moment can be computed by using
equations (6.39) and (6.42). Each component of the tensor M ij gives,

M11(t) = µR2 cos2(ωst+ π
2 ) M22(t) = µR2 sin2(ωst+ π

2 )

= µR2

[
1 + cos(2ωst+ π)

2

]
= µR2

[
1− cos(2ωst+ π)

2

]
= µR2

[
1− cos(2ωst)

2

]
, = µR2

[
1 + cos(2ωst)

2

]
,

M12(t) = µR2 sin
(
ωst+ π

2

)
cos
(
ωst+ π

2

)
M13(t) = M31(t) = 0 , (6.43)

=
1

2
µR2 sin(2ωst+ π) M23(t) = M32(t) = 0 ,

= −1

2
µR2 sin(2ωst) = M21(t) , M33(t) = 0 .

The quadrupole radiation depends on the second derivative with respect to time of the mass
density moment. Thus, the non-vanishing contributions to the emission of GWs come from

M̈11(t) = 2µR2ω2
s cos(2ωst) , (6.44)

M̈22(t) = −2µR2ω2
s cos(2ωst) , (6.45)

M̈12(t) = 2µR2ω2
s sin(2ωst) . (6.46)

6.4 Quadrupole radiation from a binary in circular motion

The quadrupole radiation for a binary system moving in circular orbits is obtained by eval-
uating the expressions (6.44), (6.45) and (6.46) at the instant tr = t − r

c and inserting them
into the equations for h+ and h× in (5.121) and (5.122). Since the motion of the particles
is restricted to the (x, y) plane there is no mass distribution along the z-direction and all
components of M ij with i, j = 3 are zero. This simplifies the equations for h+ and h×. The
radiation for the plus polarization yields,

h+(t; θ, φ) =
1

r

G

c4

[
M̈11

(
cos2 φ − sin2 φ cos2 θ

)
+ M̈22

(
sin2 φ − cos2 φ cos2 θ

)
− M̈12 sin(2φ)(1 + cos2 θ)

]
tr

=
1

r

G

c2

[
M̈11

(
cos2 φ− cos2 θ sin2 φ− sin2 φ+ cos2 θ cos2 φ

)
− M̈12 sin(2φ)

(
1 + cos2 θ

) ]
tr

=
1

r

G

c4

[
M̈11

(
cos2 φ

(
1 + cos2 θ

)
− sin2 φ

(
1 + cos2 θ

)
− M̈12 sin(2φ)

(
1 + cos2 θ

) ]
tr

h+(t; θ, φ) =
1

r

G

c4

(
1 + cos2 θ

) [
M̈11

(
cos2 φ− sin2 φ

)
− sin(2φ)M̈12

]
tr
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Using the explicit functions for M̈11 and M̈12 from equations (6.44) and (6.46) we get

h+(t; θ, φ) =
1

r

G

c4

(
1 + cos2 θ

) [
2µR2ω2

s cos(2ωstr)
(
cos2 φ− sin2 φ

)
− sin(2φ)2µR2ω2

s sin(2ωstr)

]

=
1

r

4Gµω2
sR

2

c4

(
1 + cos2 θ

2

)[
cos(2ωstr)

(
cos2 φ− sin2 φ

)
− sin(2φ) sin(2ωstr)

]

=
1

r

4Gµω2
sR

2

c4

(
1 + cos2 θ

2

)[
cos(2ωstr) cos(2φ)− sin(2φ) sin(2ωstr)

]
i.e.,

h+(t; θ, φ) =
1

r

4Gµω2
sR

2

c4

(
1 + cos2 θ

2

)[
cos(2ωstr + 2φ)

]
. (6.47)

Similarly, the cross polarization is

h×(t; θ, φ) =
1

r

G

c4

[
4µω2

sR
2 cos(2ωstr) sin(2φ) cos θ

+ 4µω2
sR

2 sin(2ωstr) cos(2φ) cos θ

]

=
1

r

4Gµω2
sR

2

c4

[
cos(2ωstr) sin(2φ) cos θ + sin(2ωstr) cos(2φ) cos θ

]
then,

h×(t; θ, φ) =
1

r

4Gµω2
sR

2

c4

(
cos θ

)[
sin(2ωstr + 2φ)

]
. (6.48)

The results obtained in (6.47) and (6.48) shows that the frequency of the quadrupole radiation
is twice the frequency of the source [8]. It is important to highlight that the angular distri-
bution dependence of the polarizations are h+ ∼ 1 + cos2 θ and h× ∼ cos θ. This is a general
outcome provided that M13 = M23 = M33 = 0 and M̈22 = −M̈119.

The functions h+ and h× can also be rewritten in terms of the frequency of the circular
orbital motion. Solving for the separation distance R from the Kepler’s third law one obtains,

R =

(
Gm

ω2
s

)1/3

. (6.49)

Inserting equation (6.49) into (6.47) and (6.48) gives,

9There are other problems in which the angular dependence of the polarizations are the same. For instance,
consider a rotating rigid bar in the (x, y) plane or a rigid body rotating around one of its principal axis [8, 42,
49] .
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h+(t) =
4

r

Gµ

c4

(
Gm

ω2
s

)2/3

ω2
s

(
1 + cos2 θ

2

)
cos(2πfgwtr + 2φ) , (6.50)

h×(t) =
4

r

Gµ

c4

(
Gm

ω2
s

)2/3

ω2
s

(
cos θ

)
sin(2πfgwtr + 2φ) . (6.51)

Moreover, if a new quantity called the “chirp mass” is introduced as

Mc = µ3/5m2/5 =
(m1m2)3/5

(m1 +m2)1/5
, (6.52)

and using the fact that ωgw = 2πfgw = 2ωs then,

h+(t) =
4

r

(
GMc

c2

)5/3(πfgw

c

)2/3(1 + cos2 θ

2

)
cos(2πfgwtr + 2φ)

h×(t) =
4

r

(
GMc

c2

)5/3(πfgw

c

)2/3 (
cos θ

)
sin(2πfgwtr + 2φ)

(6.53)

(6.54)

Note that in this Newtonian approximation, the amplitudes of h+ and h× depend on the
masses m1 and m2 through the combination Mc. From the observational point of view, the
gravitational radiation is measured along the line of sight as is depicted in figure 6.3.

Figure 6.3: Observation of a binary system at a distance r from the source. The quantity ι is the
inclination angle for a fixed value of constant θ. The line of sight is align with the direction ê3 and the
unit vector that describes the orientation of the orbital plane is denoted by n̂.

Besides the constant value of θ = ι, the azimuthal angle φ could be fixed if the proper motion
of the source is negligible. In such a case, the argument of the temporal dependence in
equations (6.53) and (6.54) turns out to be

2ωstr + 2φ = 2ωs

(
t− r

c

)
+ 2φ

= 2ωst + 2α , (6.55)

where

α = − ωgwr

c
+ φ . (6.56)
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The origin of time can be shifted by assuming a constant value of φ. In particular, if φ =
−ωgwr/c, then α = 0 and 2ωstr + 2φ −→ 2ωst. The observer would detect the polarizations
of the radiation as

h+(t) = A
(

1 + cos2 ι

2

)
cos(2ωst) (6.57)

h×(t) = A
(

cos ι
)

sin(2ωst) (6.58)

with

A =
4

r

(
GMc

c2

)5/3 (ωs

c

)2/3
. (6.59)

Depending on the orientation and the line of sight to the source, there are two extremal cases
to be considered as explained in figure 6.4. If the source is edge-on, i.e. ι = π

2 only the plus
polarization is detected and the radiation arrives with linear polarization. But if the source
is face-on, i.e. ι = 0 and the radiation comes with circular polarization. For other values of ι
the GW has an elliptical polarization.

Figure 6.4: Extremal cases for the orientation of the binary system when is observed.

Radiated power

From equation (5.123), the radiated power per unit solid angle reads

dPGW
quad

dΩ
=

c3r2

16πG

〈
ḣ2

+ + ḣ2
×
〉
quad

(6.60)

For the binary system we have

ḣ2
+(t, θ, φ) = −A

(
1 + cos2 θ

2

)
(2πfgw) sin (2πfgwtr + 2φ) , (6.61)

ḣ2
×(t, θ, φ) = A (cos θ) (2πfgw) cos (2πfgwtr + 2φ) . (6.62)
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Hence,

dPGW
quad

dΩ
=

c3r2

16πG
(2πfgw)2A2

[(
1 + cos2 θ

2

)2 〈
sin2 (2πfgwtr + 2π)

〉
+
(
cos2 θ

) 〈
cos2 (2πfgwtr + 2π)

〉 ]
. (6.63)

If the average 〈·〉 is taken over several periods of the GW then,〈
sin2 (2πfgwtret + 2π)

〉
=
〈
cos2 (2πfgwtret + 2π)

〉
=

1

2
(6.64)

and the radiated power is given by

dPGW
quad

dΩ
=

c3r2

32πG
(2πfgw)2A2

[(
1 + cos2 θ

2

)2

+ cos2 θ

]
. (6.65)

With a little of algebra, one gets

c3r2

32πG
(2πfgw)2A2 =

2

π

c5

G

(
GMcωgw

2c3

)10/3

, (6.66)

and therefore the power per unit solid angle produced by a binary system is

dPGW
quad

dΩ
=

2

π

c5

G

(
GMcωgw

2c3

)10/3
[(

1 + cos2 θ

2

)2

+ cos2 θ

]
. (6.67)

Figure 6.5: Angular distribution of the power emitted from a binary source.

Finally, integrating this expression over the entire solid angle it is obtained the total radiated
power,

PGW
quad =

32

5

c5

G

(
GMcωgw

2c3

)10/3

. (6.68)
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This result is often rewritten in terms of the symmetric mass ratio ν = µ/m and the dimen-
sionless variable x = (Gmωs/c

3)2/3 as

PGW
quad =

32

5

c5

G
ν2x5 . (6.69)

6.5 Evolution of the circular orbit under back-reaction

As we have seen, a binary of point masses is a source of GWs. Due to the mutual interaction of
gravity, the particles are being accelerating and the variation of the mass quadrupole moment
of the system is a non-vanishing quantity. The energy loss of the binary when gravitational
radiation are emitted means that there must exist a back-reaction force which acts on the
point masses producing the necessary work to account for such energy loss10. At linear
approximation there is no back-reaction of GWs. However, this effect will be included by
assuming that there exist a balance between the total orbital energy of the system and the
energy carried away by GWs11. Mathematically this is described by the balance equation,

dEorbit

dt
= −PGW . (6.70)

The minus sign in (6.70) clearly indicates that the rate in the orbital energy decreases as GWs
(which carry energy) are emitted away from the source. The left-hand side of the balance
equation at the quadrupole approximation is given by (6.68) whereas the right-hand side can
be computed from the mechanical energy of the circular orbit,

Eorbit = E0 + Ekin + Epot

= mc2 +
1

2
µv2 − Gmµ

R
; v2 =

Gm

R

= mc2 − 1

2

Gmµ

R
. (6.71)

Inserting equation (6.49) for the separation distance R into the orbital energy Eorbit, by using
the chirp mass Mc definition in (6.52) and considering ωgw = 2ωs one obtains

Eorbit = mc2 −
(
G2M5

c ω
2
gw

32

)1/3

(6.72)

and the mechanical power of the binary is expressed as,

dEorbit

dt
= − 2

3

(
G2M2

c

32

)1/3
ω̇gw(t)

ω
1/3
gw (t)

. (6.73)

Time evolution of the gravitational wave frequency ωgw

Using (6.73) and (6.68) in the balance equation (6.70) gives

10This fact follows from the conservation of energy.
11For a formal derivation of the energy balance equation in the post-newtonian formalism see [Blanchet &

Faye 2018].
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2

3

(
G2M2

c

32

)1/3
ω̇gw(t)

ω
1/3
gw (t)

=
32

5

c5

G

(
GMcωgw(t)

2c3

)10/3

(6.74)

and solving for ω̇gw(t) a differential equation for the GW frequency is obtained,

ω̇gw(t) =
12

5
21/3

(
GMc

c3

)5/3

ω11/3
gw (t) (6.75)

which can be rewritten as

ḟgw(t) =
96

5
π8/3

(
GMc

c3

)5/3

f11/3
gw (t) . (6.76)

By integrating the previous expression with respect to time we get the time dependence of
the GW frequency,

fgw(t) =
1

π

[
5

256

1

(tcoal − t)

]3/8(GMc

c3

)−5/8

(6.77)

where tcoal is an integration constant. Observe that for t = tcoal then fgw −→∞ and therefore
tcoal corresponds to the coalescence time. Therefore, the time to coalescence is defined as
τ := tcoal − t. Inserting the numerical constants in (6.77) and assuming a typical value for a
binary system conformed by neutron stars with masses m1 = m2 = 1.4M� then,

fgw(τ) ' 130 Hz

(
1, 2M�
Mc

)5/8(1s

τ

)3/8

(6.78)

or

τ =

(
130 Hz

fgw

)8/3(1, 2M�
Mc

)5/3

s . (6.79)

For the frequency values of 10Hz, 100Hz and 1000Hz, equation (6.79) predicts times to co-
alescence of ∼ 17min, 2 s and 1ms [32, 34]. The separation distance R for such frequencies
gives ∼ 711, 153 and 33 km and can be estimated from Kepler’s third law in (6.49) with
ωgw = 2ωs. Furthermore, if the period of the GW is a function that varies very slowly with
time, the number of cycles in an intervale dt is found from dNcyc = dt

T (t) = fgw(t)dt. Hence,

Ncyc =

∫ tmax

tmin

fgw(t) dt =

∫ fmax

fmin

fgw

ḟgw

dfgw . (6.80)

Using (6.76) to express ḟgw as a function of fgw and substituting the result in (6.80) yields,

Ncyc =
1

32π8/3

(
GMc

c3

)−5/3 (
f
−5/3
min − f−5/3

max

)
' 1.6× 104

(
10 Hz

fmin

)5/3(1.2M�
Mc

)5/3

. (6.81)

where f−5/3
min − f

−5/3
max w f

−5/3
min . For the LISA (Laser Interferometer Space Antenna) detector,

fmin ∼ 10−4 Hz and signals in this frequency band correspond to the inspiral of supermassive
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black holes with masses of order O(106)M�. For black holes with masses m1 = m2 = 106M�
the number of cycles is Ncyc ∼ 600, but for m1 = 106M� and m2 = 10M� the number of
cycles is Ncyc ∼ 107. In such cases, very precise predictions beyond the Newtonian order must
be considered in the modelling of the GW signal.

Time evolution of the separation distance R

In order to compensate the energy loss of the system, the separation distance R between the
mass particles must decrease in time as long as GWs are radiated away from the source. From
the Keplerian frequency relation in (6.49) and the radiated power in (6.68) the coalescence
process is understood as follows. Since ωs ∝ R−3/2, if R decreases then ωs increases. As
Pquad ∝ (2ωs)

10/3, the increment of ωs leads to a rise in Pquad. But if the power Pquad

becomes greater, the separation distance R decreases much further generating a coalescence
process. The change in R could be obtained by differentiating the Keplerian frequency,

d

dt

(
ω2

s

)
= Gm

d

dt

(
1

R3

)

2ωsω̇s = −3ω2
s

Ṙ

R

i.e.,

Ṙ(t) = −2

3
(ωsR)

ω̇s

ω2
s

. (6.82)

If |Ṙ| � ωsR the change in the separation distance is much less than the tangencial speed
and the result is a quasi-circular orbital motion. From (6.82) this is possible as long as

ω̇s � ω2
s . (6.83)

Recall that the time to coalescence is τ = tcoal − t so d(·)/dt = −d(·)/dτ . Moreover, using
the fact that ωgw = 2ωs along with the equation (6.77), the time evolution of the separation
distance R is described by the following separable differential equation,

1

R

dR

dτ
= −2

3

1

fgw

dfgw(τ)

dτ

= −2

3
τ3/8 d

dτ

(
τ−3/8

)
=

1

4τ
. (6.84)

The solution of (6.84) gives R(τ) = R0(τ/τ0)1/4 with τ0 = tcoal − t0 and the temporal
dependence of the separation distance is given by

R(t) = R0

(
tcoal − t
tcoal − t0

)1/4

, (6.85)

where R0 is the value of R at the initial time t = t0. Evaluating the equation (6.77) at the
instant τ0 and using the Keplerian frequency then,
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1

π2

(
5

256

1

τ0

)3/4(GMc

c3

)−5/4

=
Gm

π2R3
0

or

τ0 =
5

256

c5R4
0

G3µm2
. (6.86)

Finally, the initial radius R0 may be expressed in terms of the initial period T0 = 2π/ωs(τ0)
by means of Kepler’s third law, i.e., R2

0 = Gm(T0/2π)2. From (6.86) it follows that

τ0 ' 9.829× 106 yr
(
T0

1 hr

)(
M�
m

)2/3(M�
µ

)
. (6.87)

0 100 200 300 400 500 600 700 800 900 1000

t [s]

0

100

200

300

400

500

600

700

800

R
(t

)
[×

10
3
m

]

tcoal

m1 = m2 = 1.4M�

Figure 6.6: Time evolution of the separation distance R for a binary in circular motion.

6.6 The waveform of a binary source in circular motion

It was discussed that the back-reaction effect in a binary system of point masses increases the
orbital frequency of the circular motion over time and thereby the GW frequency evolves as
shown in (6.77). In addition, the emitted gravitational radiation at the quadrupole approx-
imation is described by the functions h+(t) and h×(t) in equations (6.53) and (6.54). One
might note that the amplitudes and phases of such functions depend directly on the frequency
ωgw which indeed is increasing with time. As the particles approach to each other, the wave-
form signal of the emitted radiation begins to rise not only in frequency but also in amplitude.
Hereafter, we shall describe these changes in the plus and the cross modes of propagation.
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Consider an effective one-particle with reduced mass µ moving in a quasi-circular orbit of
radius R = R(t) with frequency ωs = ωs(t) due to the gravitational potential generated by a
particle with mass m. If the motion of the fictitious particle of mass µ occurs in the (x, y)
plane its cartesian coordinates are given by

x0(t) = R(t) cos
(

Φ(t)
2 + π

2

)
,

y0(t) = R(t) sin
(

Φ(t)
2 + π

2

)
,

z0(t) = 0 ,

(6.88)

where the phase π
2 is included for convenience and the quantity Φ(t) is defined as

Φ(t) = 2

∫ t

t0

ωs(t
′) dt′ =

∫ t

t0

ωgw(t′) dt′ . (6.89)

The mass density moment of the system is M ij = µxi0(t)xj0(t) which gives
M11(t) = µR2(t)

1 − cos [Φ(t)]

2
,

M22(t) = µR2(t)
1 + cos [Φ(t)]

2
,

M12(t) = −1

2
µR2(t) sin [Φ(t)] .

(6.90)

The quadrupole radiation depends on the second deerivative with respecto to time of the mass
density moment. Thus,

Ṁ11 = 2µRṘ
1 − cos (Φ)

2
+ µR2 Φ̇

2
sin (Φ) (6.91)

M̈11 = µ
[
Ṙ2 + RR̈

]
[1 − cos (Φ)] + µRṘΦ̇ sin (Φ)

+ µ

[
RṘΦ̇ +

1

2
R2Φ̈

]
sin (Φ) +

1

2
µR2Φ̇2 cos (Φ) (6.92)

If a quasi-circular motion assumption is imposed, then Ṙ(t) is negligible as long as ω̇s � ω2
s .

From (6.76) this condition translates into [8]

GMcωs

c3
� 0.5 , (6.93)

or in terms of the binary frequency,

fs � 13 kHz

(
1.2M�
Mc

)
. (6.94)

The so-called plunge phase of the binary where the bodies are very close together before the
merger occurs earlier than the given condition in (6.94). The underline reason is that when the
objects approach to each other, the gravitational field near those objects are very strong and
the dynamics of the system is more complicated because the background cannot be considered
as flat. Actually, circular orbits are forbidden beyond the Innermost Stable Circular Orbit
(ISCO) and one should stop the quasi-circular approximation at this point. In a Scharzschild
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background, the ISCO reads in Schwarzschild coordinates as

rISCO =
6Gm

c2
. (6.95)

An upper limit estimation of the frequency at the inspiral phase where the emission of GWs
in the quasi-circular approximation can be found by using Kepler’s third law. Thereby,

(fs)ISCO =
1

6
√

6(2π)

c3

Gm
. (6.96)

For a binary neutron star with masses m1 = m2 = 1.4M�, then (fs)ISCO ∼ 800 and the
upper limit for the inspiral is less than the condition (6.94). In conclusion, the cuasi-circular
approximation is suitable provided that the binary frequency is far from reach (fs)ISCO during
the inspiral phase12. In this case the terms Ṙ and ω̇gw involved in the expression (6.92) can
be neglected. Since Φ̇ = ωgw, then the terms that have Φ̈ do not contribute i.e.,

M̈11(t) =
1

2
µR2(t)Φ̇2(t) cos [Φ(t)] = 2µR2(t)ω2

s (t) cos [Φ(t)] . (6.97)

Likewise, for the other components one obtains13
M̈11(t) = 2µR2(t)ω2

s (t) cos [Φ(t)] ,

M̈22(t) = −2µR2(t)ω2
s (t) cos [Φ(t)] ,

M̈12(t) = 2µR2(t)ω2
s (t) sin [Φ(t)] ,

(6.98)

and therefore the functions h+(t) y h×(t) yields,

h+(t) =
4

r

(
GMc

c2

)5/3(πfgw(tr)

c

)2/3(1 + cos2 θ

2

)
cos [Φ(t)] , (6.99)

h×(t) =
4

r

(
GMc

c2

)5/3(πfgw(tr)

c

)2/3 (
cos θ

)
sin [Φ(t)] . (6.100)

In terms of the time to coalescence τ measured by the observer, the amplitudes in equations
(6.99) and (6.100) are rewritten by using (6.77) where

πfgw

c
=

1

c

(
5

256

1

τ

)3/8(GMc

c3

)−5/8

. (6.101)

Similarly, using (6.77) in the definition for Φ(t) in (6.89) one finds,

Φ(t) = −2

(
5GMc

3

)−5/8

[tcoal − t]5/8 + Φ0 (6.102)

where,

Φ0 = 2

(
5GMc

c3

)−5/8

[tcoal − t0]5/8 . (6.103)

12Of course, for better predictions of the inspiral phase when the bodies are approaching one must use the
post-Newtonian formalism rather than only a Newtonian approach [9, 48].

13Compare these results with equations (6.44), (6.45) and (6.46).
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Finally, inserting (6.101) into the expressions (6.99) and (6.100) it is obtained the time evo-
lution for the emitted radiation at the quadrupole approximation,

h+(t) =
1

r

(
GMc

c2

)5/4( 5

c (tcoal − t)

)1/4(1 + cos2 ι

2

)
cos [Φ(t)] ,

h×(t) =
1

r

(
GMc

c2

)5/4( 5

c (tcoal − t)

)1/4

(cos ι) sin [Φ(t)] .

(6.104)
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Figure 6.7: Time evolution of GWs as the orbit of a binary system decays. Since the frequency and
the amplitude sweeps upwards with time, this plot is often known as the chirp waveform. The data to
reproduce this figure was obtained from the source GW150914 [13].
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Chapter 7

GWs in Linearized f (R) Gravity

This chapter aims to investigate the linearized equations of f(R) gravity as a natural initial
framework to study GWs, following essentially the work done in [27]. A massless wave equa-
tion for a modified perturbation potential h̄µν would be discussed with some similarities and
differences with the procedure developed in Chapter 1. Unlike the two polarizations that arise
in GR, an extra scalar and massive radiative degree of freedom appears in this theory for the
Ricci scalar at linear order. The solution of the gravitational radiation emitted by a station-
ary point source at the Newtonian limit is presented. As in GR this kind of source does not
generates radiation for the massless propagation modes. However, the solution for the massive
mode exhibit a Yukawa-like functional dependence. As a consequence, it is shown that the
metric for a stationary point mass in f(R) gravity to first order, implies that such a source
generates a Yukawa gravitational potential. The form of this potential consists in an addition
of an exponential term to the usual Newtonian potential. At the end, the energy-momentum
tensor of GWs will be revisited in this context in order to give a consistent description of a
binary system in Chapter 8 with some assumptions.

7.1 Brief introduction to f(R) gravity

At the beginning of Chapter 1 it was mentioned that the EFE could be derived from a
variational principle. The full action that leads to the EFE is [38, 50],

S[Ψ, g] =
1

2κ
(IH[g] + IB[g]) + IM[Ψ, g] , (7.1)

with κ = 8πGc−3. The quantity IH[g] along with IB[g] represents the action of the gravi-
tational field gµν and consists in the Einstein-Hilbert term plus the Gibbons-York-Hawking
boundary term. The contribution IM[Ψ, g] is the action of the matter fields, which are collec-
tively denoted by Ψ. Explicitly, the GR action reads as

S[Ψ, g] =

∫
V

(
R

2κ
+ L

)√−gd4x +
1

κ

∮
∂V
εK|h|1/2d3y , (7.2)

where

IH =

∫
V
R
√−gd4x , IB = 2

∮
∂V
εK|h|1/2d3y , IM =

∫
V
L√−gd4x , (7.3)

Here, R is the Ricci scalar on V, g = det(gµν) is the determinant of the metric, K is the
trace of the extrinsic curvature, ε takes the value of +1 if ∂V is timelike and −1 if ∂V is
spacelike, h is the determinant of the induced metric on the hypersurface ∂V and L is some
matter lagrangian density. Coordinates are denoted as xα and yα on V and ∂V, respectively.
The EFE are obtained by varying the action (7.2) with respect to gµν when the condition
δgµν

∣∣
∂V = 0 is imposed. The role of the surface integral term in the gravitational action is
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to cancels out exactly a surface term that appears in the variation of the Einstein-Hilbert
functional. The result is the EFE equations given in (2.1).

It has been accepted that GR is the actual theory of gravity. The EFE describe a widely
astronomical phenomena tested with a high level of accuracy in different regimes. However,
a great variety of alternative theories have been proposed even since the birth of GR in order
to explain the behavior of gravity in other scenarios [17, 51]. The simplest modification is
not to consider the Ricci scalar R as the lagrangian density of the Einstein-Hilbert action,
but a general function f(R). The result is a family of gravity theories, each one with some
functional form f(R)1. A well-defined variational action in this context is given by [50]

SFR[Ψ, g] =

∫
V

(
f(R)

2κ
+ L

)√−gd4x +
1

κ

∮
∂V
εKf ′(R)|h|1/2d3y , (7.4)

where f ′ ≡ f(R)
dR . Since the action includes higher-order derivatives of the metric one has

the freedom to impose the additional condition δR
∣∣
∂V = 0 in order to subtract a boundary

term similar to GR [27, 50]. Varying the action (7.4) with respect to gµν gives the f(R) field
equations in the metric formalism2,

f ′Rµν − ∇µ∇νf ′ + gµν�f
′ − 1

2
fgµν =

8πG

c4
Tµν . (7.5)

In analogy to GR, defining a modified Einstein’s tensor by

Gµν ≡ f ′Rµν − ∇µ∇νf ′ + gµν�f
′ − 1

2
fgµν , (7.6)

the field equations in (7.5) are written as

Gµν =
8πG

c4
Tµν (7.7)

so that in vacuum Gµν = 0. In particular, when f(R) = R the EFE are recover from (7.5).
In vacuum, the trace condition of the field equations in (7.5) gives

f ′gµνRµν − gµν∇µ∇νf ′ + gµνgµν�f
′ − 1

2
fgµν = 0

f ′R + 3�f ′ − 2f = 0 . (7.8)

If one assumes that f(R) is analytic about R = 0, it can be expressed as a power series3,

f(R) = a0 + a1R +
a2

2!
R2 +

a3

3!
R3 + · · · (7.9)

and for a uniform flat spacetime (R = 0), equation (7.8) implies that

a0 = 0 . (7.10)

1This means that GR is a particlar case when f(R) = R.
2There are other approaches to obtain the field equations in f(R) which may yield different results [17,

51]. For instance, in the Palatini formalism the metric gµν and the connections Γσµν are treated independently
because the connection is not the Levi-Civita connection [27, 52]. Moreover, the metric-affine formalism not
only consider the independence between the metric and the connections, but also assumes that the matter
lagrangian density depends on the connections.

3The dimensions of f(R) must be the same as of R and thus [an] = [R](1−n).
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Conservation of the Energy-Momentum tensor Tµν

From the geometrical point of view, the energy-momentum tensor Tµν is conserved in GR due
to the Bianchi identities. In this sense, the conservation of such tensor in f(R) gravity is also
ensured by means of an additional identity. The contraction of the field equations in (7.5)
with the covariant derivative gives,

∇µ
(
f ′Rµν −∇µ∇ν + gµν�f

′ − 1

2
fgµν

)
= 8πG∇µTµν

(
∇µf ′

)
Rµν + f ′∇µRµν − �∇νf ′ + gµν∇µ�f ′ −

1

2
gµν∇µf = 8πG∇µTµν

Rµν∇µf ′ + f ′∇µRµν −
1

2
gµν∇µf − �∇νf ′ + ∇ν�f ′ = 8πG∇µTµν

Rµν∇µf ′ + f ′∇µRµν −
1

2
gµνf

′∇µR − (�∇ν − ∇ν�) f ′ = 8πG∇µTµν

Rµν∇µf ′ + f ′∇µ
(
Rµν −

1

2
gµνR

)
− (�∇ν − ∇ν�) f ′ = 8πG∇µTµν

Rµν∇µf ′ − (�∇ν − ∇ν�) f ′ = 8πG∇µTµν , (7.11)

where in the last step we applied the Bianchi identities. The left-hand side in (7.11) vanish
because of the identity

(�∇ν − ∇ν�) f ′ = Rµν∇µf ′ . (7.12)

This relation can be proved as follows. Recall that the covariant derivative of a scalar field φ
is just the partial derivative, ∇µφ = ∂µφ. Hence,

∇ν∇µφ = ∇ν (∂µφ) = ∂ν∂µφ − Γανµ∂αφ

= ∂µ∂νφ − Γαµν∂αφ [no torsion]

= ∇µ∇νφ . (7.13)

Additionally, the Riemann curvature tensor is related by [∇µ,∇ν ]V α = RαβµνV
β . Therefore,

Rµν∇µf ′ = (�∇ν − ∇ν�) f ′

= (∇µ∇µ∇ν − ∇ν∇µ∇µ) f ′

= (∇µ∇ν − ∇ν∇µ)∇µf ′

= [∇µ , ∇ν ]∇µf ′

= Rµαµν∇αf ′

= Rαν∇αf ′ . (7.14)

Then, the left-hand side in (7.11) is zero and the energy-momentum tensor is conserved in
f(R) gravity,

∇µTµν = 0 . (7.15)



120 Chapter 7. Gravitational Waves in Linearized f(R) Gravity

7.2 Linearized f(R) gravity

The field equations in (7.5) are even more complicated than the EFE. If we consider a very
weak gravitational field, the metric decomposition within the framework of the perturbation
theory, allows us to linearized the field equations in f(R) gravity4. If the background is the
Minkwoski spacetime, a linear perturbation to the metric reads,

gµν(x) = ηµν + hµν(x) . (7.16)

The perturbation tensor is defined as hµν(x) = h
(1)
µν (x) = εh̃µν with ε � 1 and ηµν =

diag(−1, 1, 1, 1). To order O(ε) the inverse metric is as usual given by,

gµν = ηµν − hµν (7.17)

and indices are raised and lowered with ηµν . We recall here the linearized connection, Rie-
mannn tensor, Ricci tensor and Ricci scalar,

(1)

Γρµν =
1

2
ηρλ (∂µhλν + ∂νhλµ − ∂λhµν) , (7.18)

(1)

Rλµνρ =
1

2

(
∂µ∂νh

λ
ρ + ∂λ∂ρhµν − ∂µ∂ρh

λ
ν − ∂λ∂νhµρ

)
, (7.19)

(1)

Rµν =
1

2

(
∂µ∂ρh

ρ
ν + ∂ν∂ρh

ρ
µ − ∂µ∂νh − �hµν

)
, (7.20)

(1)

R = ∂µ∂ρh
µρ − �h . (7.21)

where the d’Alembertian operator is � ≡ ηµν∂µ∂ν . In order to get the linearized version of
the field equations in (7.5), the function f(R) to order O(ε) and its first derivative is required.
From (7.9) this is,

f(R) = a0 + a1

(1)

R + · · · , (7.22)

f ′(R) = a1 + a2R + · · · . (7.23)

A linear perturbation to the Minkowski metric implies that the spacetime is slightly different
from the flat where the Ricci scalar vanishes. This means that the Ricci scalar is almost zero
and one can assume that a0 ' 0 as mentioned in (7.10). Additionally, to link the results in
this theory with GR we will set a1 = 15. Thus, equations (7.22) and (7.23) becomes

f(R) =
(1)

R + · · · , (7.24)

f ′(R) = 1 + a2

(1)

R + · · · . (7.25)

Inserting (7.25) and (7.24) into Gµν given by (7.6) then,

Gµν =

(
1 + a2

(1)

R

)
(1)

Rµν − ∇µ∇ν
(

1 + a2

(1)

R

)
+ gµν�

(
1 + a2

(1)

R

)
− 1

2

(1)

Rgµν + · · ·

Inserting the metric decomposition (7.16) in this expression and using the fact that at linear
order the covariant derivative of a quantity of order O(ε) is the same as its partial derivative,
the modified Einstein tensor to first order in ε is,

4See Chapter 2 for a review on perturbation theory.
5Any rescaling can be absorbed into the definition of the gravitational constant G.
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(1)

Gµν =
(1)

Rµν − a2∂µ∂ν
(1)

R + a2ηµν�
(1)

R − 1

2

(1)

Rηµν . (7.26)

and the field equations in linearized f(R) gravity are6

(1)

Rµν − a2∂µ∂ν
(1)

R + a2ηµν�
(1)

R − 1

2

(1)

Rηµν =
8πG

c4
Tµν , (7.27)

where the Ricci tensor and the Ricci scalar are given in equations (7.20) and (7.21). Observe
that if a2 −→ 0, linearized theory in GR is recover as can be seen from equations (7.24),
(7.25) and (7.27). Taking the trace of equation (7.27) we get

(1)

R − a2�
(1)

R + 4a2�
(1)

R − 2
(1)

R =
8πG

c4
T

3a2�
(1)

R −
(1)

R =
8πG

c4
T (7.28)

Defining the parameter Υ2 = 1
3a2

, the previous equation is rewritten as

(
� − Υ2

) (1)

R =
8πG

c4
Υ2T . (7.29)

This is just the inhomogeneous Klein-Gordon equation for the Ricci scalar at linear order. It
represents a massive wave equation for a new scalar degree of freedom in the theory [53–57].
In vacuum, T = 0 and then (

� − Υ2
) (1)

R = 0 . (7.30)

In GR the trace-reversed form of hµν satisfies the wave equation in the harmonic gauge. One
might wonder if there is a massless wave equation for the perturbation tensor hµν in linearized
f(R) gravity as in GR. A clever way to do this is to propose the following ansatz,

h̄µν =

(
hµν −

1

2
ηµνh

)
+ Bµν , (7.31)

with Bµν = ba2

(1)

Rηµν
7. Thus,

h̄µν = hµν +

(
ba2

(1)

R − 1

2
h

)
ηµν (7.32)

which can be inverted to obtain

hµν = h̄µν +

(
ba2

(1)

R− 1

2
h̄

)
ηµν . (7.33)

The constant a2 has been included in the ansatz to ensure dimensional consistency and b is a
dimensionless number. Contracting equations (7.32) and (7.33) with ηµν yields,

6The energy-momentum tensor should be of order O(ε). Otherwise, is not possible to consider a perturbed
Minkowski metric.

7Again, when a2 = 0 the usual trace-reversed form in linearized GR is recovered.
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h̄ = 4ba2

(1)

R − h , (7.34)

h = 4ba2

(1)

R − h̄ . (7.35)

The Lorenz gauge can also be imposed in this context over the the new perturbation potential
tensor h̄µν . To see how, remind that the invariant gauge in linearized theory is

h′µν = hµν − (∂µξν + ∂νξµ) (7.36)

and the trace of this equation gives

h′ = h − 2∂µξ
µ . (7.37)

It was mentioned in Chapter 2 that the Riemann tensor is an invariant quantity under the
gauge of linearized theory and the Ricci scalar also inherits this property. Using equations
(7.36) and (7.37) into the linearized Ricci scalar in (7.21) it follows that

(1)

R′ = ∂µ∂νh
′µν − �h′

= ∂µ∂ν [hµν − (∂µξν + ∂νξµ)] − � (h − 2∂ρξ
ρ)

= ∂µ∂νh
µν − �∂νξν − �∂µξµ − �h + 2�∂ρξ

ρ

= ∂µ∂νh
µν − �h =

(1)

R (7.38)

and the Ricci scalar is indeed invariant under the gauge of linearized theory. Now, the
perturbation potential h̄µν defined in (7.32) changes as

h̄′µν = h′µν −
1

2
h′ηµν + ba2

(1)

R′ηµν

= h̄µν − (∂µξν + ∂νξµ) + ηµν∂ρξ
ρ + a2b

(1)

Rηµν (7.39)

Then,

∂µh̄′µν = ∂µh̄µν − �ξν + ba2∂ν
(1)

R . (7.40)

Assume that in an initial system the Lorenz gauge is not satisfied and at the right-hand side of
(7.40) we have ∂µh̄µν 6= 0. The gauge transformed system must satisfies the Lorenz condition
if

�ξν = gν (7.41)

with gν = ∂µh̄µν + ba2∂ν
(1)

R. This equation can always be solved with a well defined boundary
conditions. Therefore, the Lorenz gauge can be achieved in some coordinate system and

∂ν h̄µν = 0 , (7.42)

where h̄µν is given by (7.32). Analog to GR, the way forward is to simplify the field equations
in (7.27) using the Lorenz gauge condition over the new potential h̄µν . The first term at the
left-hand side in (7.27) is the linearized Ricci tensor. Then,
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(1)

Rµν =
1

2

{
∂µ∂ρh

ρ
ν + ∂ν∂ρh

ρ
µ − ∂µ∂νh − �hµν

}
=

1

2

{
∂µ∂ρ

[
h̄ρν +

(
ba2

(1)

R − 1

2
h̄

)
δρν

]
+ ∂ν∂ρ

[
h̄ρµ +

(
ba2

(1)

R − 1

2
h̄

)
δρµ

]
− ∂µ∂ν

(
4ba2

(1)

R− h̄
)
− �

[
h̄µν +

(
ba2

(1)

R − 1

2
h̄

)]}
=

1

2

{
∂µ∂ρh̄

ρ
ν︸ ︷︷ ︸

=0

+ ∂µ∂ν

(
ba2

(1)

R − 1

2
h̄

)
+ ∂ν∂ρh̄

ρ
µ︸ ︷︷ ︸

=0

+ ∂µ∂ν

(
ba2

(1)

R − 1

2
h̄

)

− ∂µ∂ν
(

4ba2

(1)

R − h̄

)
− �

[
h̄µν +

(
ba2

(1)

R − 1

2
h̄

)]}
= −1

2

{
2a2b∂µ∂ν

(1)

R + �

(
h̄µν −

1

2
ηµν h̄

)
+ a2b�

(1)

Rηµν

}
. (7.43)

Observe that the left-hand side of (7.28) is just the trace of the modified Einstein tensor G at
linear order. Thus, from this expression we have

a2�
(1)

R =
1

3

(
(1)

G +
(1)

R

)
(7.44)

and using this result in (7.43), the linearized Ricci tensor becomes

(1)

Rµν = −1

2

[
2a2b∂µ∂ν

(1)

R + �

(
h̄µν −

1

2
ηµν h̄

)
+

b

3

(
(1)

G +
(1)

R

)
ηµν

]
. (7.45)

Using (7.45) and once again (7.44) into (7.26), one obtains the modified Einstein tensor Gµν
at linear order,

(1)

Gµν =
(1)

Rµν − a2∂µ∂ν
(1)

R + a2ηµν�
(1)

R − 1

2

(1)

Rηµν

= −1

2

[
2a2b∂µ∂ν

(1)

R + �

(
h̄µν −

1

2
ηµν h̄

)
+

b

3

(
(1)

G +
(1)

R

)
ηµν

]
− a2∂µ∂ν

(1)

R + a2ηµν�
(1)

R − 1

2

(1)

Rηµν

= −a2b∂µ∂ν
(1)

R − 1

2
�

(
h̄µν −

1

2
ηµν h̄

)
− b

6

(
(1)

G +
(1)

R

)
ηµν

− a2∂µ∂ν
(1)

R +
1

3
ηµν

(
(1)

G +
(1)

R

)
− 1

2

(1)

Rηµν

(1)

Gµν =
2− b

6

(1)

Gηµν −
1

2
�

(
h̄µν −

1

2
ηµν h̄

)
− (b+ 1)

(
a2∂µ∂ν

(1)

R − 1

6

(1)

Rηµν

)
(7.46)

By setting b = −1 in (7.46) the final term vanishes and then

(1)

Gµν =
1

2

(1)

Gηµν −
1

2
�

(
h̄µν −

1

2
ηµν h̄

)
. (7.47)
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The expression in (7.47) is almost the left-hand side of a wave equation. To show that actually
the first and the last term cancel each other, consider the linearized Ricci tensor. From (7.21),

(1)

R = ∂µ∂ρh
µρ − �h

= ∂µ∂ρ

[
h̄µρ −

(
a2

(1)

R +
1

2
h̄

)
ηµρ
]

+ �

(
4a2

(1)

R + h̄

)
= ∂µ∂ρh̄

µρ︸ ︷︷ ︸
=0

−�
(
a2

(1)

R +
1

2
h̄

)
+ �

(
4a2

(1)

R + h̄

)

= 3�

(
a2

(1)

R

)
+

1

2
�h̄ . (7.48)

Comparing (7.48) with (7.28) it is concluded that

(1)

G = −1

2
�h̄ (7.49)

and inserting (7.49) into (7.47) the modified Einstein tensor Gµν at linear order gives,

(1)

Gµν = −1

2
�h̄µν . (7.50)

Finally, using the result in (7.50) into the field equations in (7.7) we obtain a wave equation
for the potential h̄µν ,

�h̄µν = −16πG

c4
Tµν (7.51)

with

h̄µν = hµν −
(
a2

(1)

R +
1

2
h

)
ηµν . (7.52)

7.3 Gravitational waves in vacuum

In the previous section two wave equations have been found as shown in (7.29) and (7.29).
This section seeks to identify the physical radiative degrees of freedom in linearized f(R)
gravity [27, 53, 57]. If we specialize in vacuum, it follows that Tµν = 0 and therefore we
obtain

�h̄µν = 0 , (7.53)(
� − Υ2

) (1)

R = 0 . (7.54)

The general solution of the equation in (7.53) is a superposition of plane waves of the form

h̄µν = ĥµν(kµ)eikµx
µ
. (7.55)

Certainly, by inserting the solution h̄µν in the wave equation one gets

kµk
µ = 0 (7.56)
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and the wave four-vector is null. This means that GWs propagates at the speed of light as in
GR. Explicitly, using kµ = (ω/c,k) this is to say that there is no dispersion,

ω = ck . (7.57)

Observe that in this case the phase velocity vp and the group velocity vg are the same,

vp =
ω

k
= c , vg =

∂ω

∂k
= c . (7.58)

For the scalar mode, the solution of (7.54) gives,

(1)

R = R̂(qµ)eiqµx
µ

(7.59)

and inserting (7.59) into the homogeneous Klein-Gordon equation yields

ηαβ∂α∂β

[
R̂(qµ)eiqµx

µ
]
− Υ2

[
R̂(qµ)eiqµx

µ
]

= 0

i2ηαβqαqβ

[
R̂(qµ)eiqµx

µ
]
− Υ2

[
R̂(qµ)eiqµx

µ
]

= 0

i.e.,
qµqµ = −Υ2 . (7.60)

Thus, there is dispersion and qµ is time-like. If qµ ≡ (Ω/c,q) where Ω is the angular frequency
and q is a wave vector of this scalar mode, the expression in (7.60) gives

q =

√
Ω2

c2
− Υ2 . (7.61)

Using the dispersion relation in (7.61), the phase velocity and group velocity are given by8

vp =
Ω

q
=

cΩ√
Ω2 − c2Υ2

, vg =
∂Ω

∂q
=

√
c2Ω2 − c4Υ2

Ω
(7.62)

and the plane wave packet of the massive particle propagates at vg < c. Instead, if one
assumes that Ω2

c2
< Υ2 an evanescent wave is found. However, an important remark about the

propagation of the scalar mode arises at the limit of GR when a2 −→ 0, so that Υ2 −→ ∞.
From equation (7.61), if indeed Υ2 −→∞ then it is required an infinity frequency Ω to excite
this Ricci scalar mode to propagate and evanescent waves would decay infinitely fast [27].
Thus, the Ricci mode should not be detectable and one is left only with the massless modes.
In fact, as well as in GR, the perturbation tensor hµν has only two polarization massless
radiative modes that actually comes from h̄µν

9. To show this, consider the perturbation
tensor hµν by inverting equation (7.52). Then,

hµν =

(
h̄µν −

1

2
h̄ηµν

)
− a2

(1)

Rηµν . (7.63)

The term in brackets represents the massless radiative modes and the remain term the massive
scalar mode. We will show that the tensor h̄µν can be put into the TT form to extract the
plus and cross polarizations. As a consequence, h̄ = 0 and the solution for the perturbation

8Observe that if Υ = 0 the wave propagates at the speed of light.
9The massive scalar mode of propagation comes from the Ricci tensor.
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tensor hµν will remain only with two massless radiative modes plus a massive scalar mode.
To extract the polarizations, is worthwhile to introduce a new quantity,

Hµν = h̄µν −
1

2
ηµν h̄ (7.64)

where Hµν represent the trace-reversed form of h̄µν10. Using this definition, the independent
components of h̄µν are the same of Hµν . This can be shown by writing the vacuum wave
equation in terms of Hµν and using the expression (7.49),

�h̄µν = 0

�

(
Hµν +

1

2
ηµν h̄

)
= 0 (7.65)

�Hµν −
(1)

Gηµν = 0

�Hµν = 0 . (7.66)

Then, the problem is equivalent to find out the independent components of Hµν . To achieve
this, consider the following infinitesimal diffeomorphism

xµ −→ xµ − ξµ . (7.67)

With this transformation the quantities h̄µν , h̄ and Hµν change as

h̄(new)
µν = h̄µν + (∂µξν + ∂νξµ) (7.68)

h̄(new) = h̄ + 2∂µξ
µ (7.69)

H(new)
µν = Hµν + ∂µξν + ∂νξµ − ηµν∂ρξ

ρ (7.70)

With a similar argument explained in Chapter 2, the Lorenz gauge ∂µHµν = 0 exists in the
transformed coordinate system and therefore always can be imposed by choosing this new
frame. Taking the 4-divergence of equation (7.70) one gets

∂µH̄(new)
µν = ∂µH̄µν + �ξν (7.71)

and the Lorenz gauge in the new system always is satisfied provided that �ξν = sν with sν =
−∂µHµν

11. Now, suppose that this new coordinate system is chosen so that the Lorenz gauge
is valid. If one wish preserved the Lorenz condition under the transformation in (7.67) in other
coordinate system, only if �ξν = 0 then ∂µH(other)

µν = 012. Of course in all systems the physics
is the same and the vacuum wave equation is preserved under coordinate transformations13.
Selecting a coordinate system that preserves the Lorenz gauge, the rule transformation (7.70)
reads explicitly as

Ĥ ′µν = Ĥµν + i
(
kµξ̂ν + kν ξ̂µ − ηµνk

ρξ̂ρ

)
. (7.72)

where
Hµν = Ĥµν(kρ)e

ikρxρ , ξµ = ξ̂µ(kρ)e
ikρxρ . (7.73)

10This means that H = −h̄ with H = ηµνHµν .
11This wave equation for the functions ξν always can be solved and the right-hand side of (7.71) vanishes.
12Note that ∂µH(other) = ∂µH(new) +�ξν = �ξν .
13This can be proved by taking the d’Alembertian of the rule transformation between systems in (7.70).
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As developed in Chapter 2, the Lorenz gauge reduces the 10 initial independent components
to 6 and the functions ξν simplify further to only two independent components. By assuming a
GW propagating in the +z-direction, the Lorenz condition gives Ĥ ′0ν = −Ĥ3ν . Additionally,
from equation (7.72) one can choose the functions ξν in order to get finally14

[
Ĥ ′µν

]
=


0 0 0 0
0 A+ A× 0
0 A× −A+ 0
0 0 0 0

 =
[
ĥµν

]
(7.74)

where ĥµν is the polarization tensor of h̄µν . Observe from (7.74) that the trace vanishes, i.e,
h̄ = 0 and the tensors Hµν and h̄µν are equivalent as expected15. Therefore, the perturbation
tensor hµν becomes [27],

hµν = h̄µν − a2

(1)

Rηµν (7.75)

and can be written as [53, 54]

hµν(t, z) = h+(t− z/c)e(+)
µν + h×(t− z/c)e(×)

µν − a2

(1)

R(t− vgz/c
2)ηµν (7.76)

with

e(+)
µν =


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 , e(×)
µν =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 . (7.77)

A remarkable consequence of the Ricci scalar mode in linearized f(R) gravity is that is im-
possible to set the trace h equal to zero. Actually, only h̄ = 0 can be fixed in some reference
frame. Indeed, is not necessary to choose a TT frame to set h̄ = 0. For instance, setting
b = −1 in (7.39) and taking the trace it is obtained,

h̄′ = h̄ + 2∂µξ
µ − 4a2

(1)

R (7.78)

and the condition h̄′ = 0 could be fixed with adequately choosing the functions ξµ by imposing
the relation

∂µξ
µ = 2a2

(1)

R − 1

2
h̄ . (7.79)

However, even choosing h̄ = 0 in any coordinate system, h 6= 0 as long as the Ricci mode is
nonzero. This can be proved after taking the trace in equation (7.52) and assuming that in
some reference frame h̄ = 0. Then,

h = −4a2

(1)

R . (7.80)

This is a great difference with linearized theory in GR where always is possible to set h = 0
in some reference frame16. In particular, from equations (7.76) and (7.80) when a2 −→ 0 the
GR limit is recovered.

In summary, the main purpose of this section was to highlight the differences that arise
in linearized f(R) gravity in contrast to gravitational radiation in GR. The conclusion is

14The procedure is very similar as was done in Chapter 2 with some changes in the signs of the expressions.
15This follows from equation (7.64)
16Not necessary only in the TT frame.
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that aside from the plus and cross polarizations, there is another extra Ricci scalar mode of
propagation of a massive wave. Moreover, the trace of the perturbation tensor hµν is always
nonzero but one is able to fix h̄ = 0 in some reference frame. At the end of this chapter, a
coordinate system where h̄ = 0 will be assumed in order to simplify the computations of the
energy-momentum tensor tµν in this context.

7.4 Newtonian limit of f(R)

In vacuum, all propagating modes of GWs in linearized f(R) gravity are described by plane
waves. Nevertheless, to understand how this waves are produced one has to include the
energy momentum tensor Tµν of the matter sources. The inhomogeneous wave equation that
describes the massless GWs is shown in (7.51). This equation is exactly the same as in
the case of GR and thus all methods and developments that were introduced in Chapter 5
can be applied in this context [27]. Unfortunately, to find a solution of the inhomogeneous
Klein-Gordon equation for the massive propagating mode is not an easy task. The goal of
this section is to find a general solution of the Klein-Gordon equation and investigate the
gravitational field generated by a stationary point source at the Newtonian limit. In general,
an explicit solution for other sources like a binary system is very demanding [56].

Green’s function for the Klein-Gordon equation

To express a general solution of the Ricci scalar mode in an integral form, the Green’s function
method is implemented. If GΥ(x, x′) is a Green’s function of the inhomogeneous Klein-Gordon
equation, it must satisfies the following relation,(

�x − Υ2
)
GΥ(x, x′) = δ(4)(x− x′) . (7.81)

Then, the solution of (7.29) is given by

(1)

R(x) =
8πG

c4
Υ2

∫
GΥ(x, x′)T (x′) d4x′ . (7.82)

Is straightforward to check that indeed this a solution to the problem. By acting the Klein-
Gordon operator (�−Υ2) over the previous expression yields

(�x + Υ2)
(1)

R(x) =
8πG

c4
Υ2

∫
(�x − Υ2)GΥ(x, x′)T (x′) d4x′

=
8πG

c4
Υ2

∫
δ(4)(x− x′)T (x′) d4x′

=
8πG

c4
Υ2T (x) , (7.83)

as expected. In the Fourier space, the Green’s function and the Dirac delta function are

GΥ(x, x′) =
1

(2π)4

∫
eikα(xα−x′α)G̃Υ(k, k′) d4k , (7.84)

δ(4)(x− x′) =
1

(2π)4

∫
eikα(xα−x′α) d4k (7.85)

and inserting them into the Green’s equation (7.81) gives
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(
�x − Υ2

) [ 1

(2π)4

∫
eikα(xα−x′α)G̃Υ(k, k′) d4k

]
=

1

(2π)4

∫
eikα(xα−x′α) d4k[

1

(2π)4

∫ (
−ηµνkµkν − Υ2

)
eikα(xα−x′α)G̃Υ(k, k′) d4k

]
=

1

(2π)4

∫
eikα(xα−x′α) d4k .

Thus,

G̃Υ(k, k′) = − 1

k2 −
(
ω2

c2
− Υ2

) (7.86)

Replacing equation (7.86) into the definition (7.84) one gets the Klein-Gordon propagator
[58],

GΥ(x, x′) = − 1

(2π)4

∫
ei(k·R−ωτ)

k2 − ω̃2
d4k , (7.87)

where ω̃2 = (ω2/c2)−Υ2, R = x−x′ and τ = t− t′. If we align the z axis with the direction
of R, the integrand takes an azimuthal symmetry and it is possible to perform the integration
in spherical coordinates for the variable k,

GΥ(x, x′) = − 1

(2π)4

∫
e−iωτeikR cos θ

k2 − ω̃2
k2 sin θdθdφdkd

(ω
c

)
(7.88)

with |R| = R. Making the substitution u = ikR cos θ and du = −ikR sin θdθ, the integral
becomes

G̃Υ(x, x′) =
1

(2π)3iRc

∫
e−iωτ

k2 − ω̃2

[∫ −ikR
ikR

eu du

]
kdkdω

=
1

(2π)3iRc

∫ ∞
−∞

{∫ ∞
0

e−iωτke−ikR

k2 − ω̃2
dk −

∫ ∞
0

e−iωτkeikR

k2 − ω̃2
dk︸ ︷︷ ︸

k−→−k

}

=
1

(2π)3iRc

∫ ∞
−∞

e−iωτ
[∫ ∞
−∞

ke−ikR

k2 − ω̃2
dk

]
dω . (7.89)

The integral in brackets can be solved in the complex plane if we consider the following integral∮
ze−izR dz

z2 − (ω̃ + iε)2
= lim

ρ→∞

∫ ρ

−ρ

ze−izR dk
z2 − (ω̃ + iε)2

+ lim
ρ→∞

∫
C−ρ

ze−izR dk
z2 − (ω̃ + iε)2

(7.90)

around the closed path shown in figure (7.1). The second integral in equation (7.90) vanish
by virtue of the Jordan’s lemma [59]. It says that if m < 0 and P/Q is the quotient of two
polynomials such that degree Q ≥ 1 + degree P then,

lim
ρ→∞

∫
C−ρ

eimz
P (z)

Q(z)
dz = 0 (7.91)

where C−ρ is the lower half-circle of radius ρ.
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Figure 7.1: Closed loop for complex integration.

The poles of the integral are located at z = ±(ω̃ + iε). Using the Jordan’s lemma along with
the residue theorem, the integral is simply∮

ze−izR dz

z2 − (ω̃ + iε)2
= lim

ρ→∞

∫ ρ

−ρ

ze−izR dk
[z − (ω̃ + iε)][z + (ω̃ + iε)]

= −2πiRes[−(ω̃ + iε)]

= −2πi lim
z→[−(ω̃+iε)]

[z + (ω̃ + iε)]
ze−izR

[z − (ω̃ + iε)][z + (ω̃ + iε)]

= −2πi lim
z→[−(ω̃+iε)]

−(ω̃ + iε)ei(ω̃+iε)R

−2(ω̃ + iε)

= −πiei(ω̃+iε)R . (7.92)

Taking the limit where ε→ 0, the integral in (7.89) gives∫ ∞
−∞

ke−ikR

k2 − ω̃2
dk = −πieiω̃R

= −πiei[(ω2/c2)−Υ2]1/2R (7.93)

Finally, the Green’s function for the Klein-Gordon equation is [27]

GΥ(x, x′) = − 1

4π|x− x′|c

∫
e−iω(t−t′)ei[(ω

2/c2)−Υ2]1/2|x−x′| dω
2π

(7.94)

Especially, when Υ2 = 0 the Green’s function simplifies to

G0(x, x′) = − 1

4π|x− x′|c

∫
e−iω(t−t′)eiω|x−x

′|/cdω
2π

= − 1

4π|x− x′|c

∫
eiω[|x−x′|c−1−(t−t′)]dω

2π

= − 1

4π|x− x′|cδ
[
|x−x′|
c − (t− t′)

]
= − 1

4π|x− x′|δ
[
c

(
t− |x− x′|

c

)
− ct′

]
, (7.95)
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where in the last step we have used the properties δ(x) = δ(−x) and δ(cx) = |c|−1δ(x). This
is the same Green’s function that was found in equation (5.15) for the wave equation. Now,
substituting (7.94) into (7.82) one obtains the integral solution for the massive scalar mode,

(1)

R(x) =
8πG

c4
Υ2

∫ [
1

4π|x− x′|c

∫
e−iω(t−t′)ei[(ω

2/c2)−Υ2]1/2|x−x′| dω
2π

]
T (x′)d4x′ (7.96)

A stationary Newtonian point source

The energy-momentum tensor of a stationary source has the property that is constant in time,
i.e. ∂0T

µν = 0 [35]. This does not necessarily mean that the particles that make up the source
are not moving17. A particular case of a stationary source is a static source. In this case, the
velocity field of the matter distribution is zero and the particles actually are not in motion.
As a consequence, the energy-momentum tensor must be also invariant under a time reversal
transformation t → −t, i.e. Tµν(t) = Tµν(−t). In such a case, the only contribution of the
energy-momentum tensor comes from the rest energy of the matter distribution. In fact, the
Newtonian limit of a source is when the only important contribution of the energy-momentum
tensor is T00 and thus,

T00 = ρ(x)c2 , |T00| � |T0i| , |T00| � |Tij | . (7.97)

The advantage when finding solutions for this kind of sources is that the time dependence of
the energy-momentum vanishes and Tµν = Tµν(x′). From equation (5.17), it follows that18

h̄µν(x) =
4G

c4

∫
Tµν(x′)
|x− x′| d

3x′ . (7.98)

For the Newtonian source limit the components in (7.98) read

h̄00 = −4Φ

c2
, h̄i0 = 0 , h̄ij = 0 (7.99)

where
Φ ≡ −G

∫
ρ(x′)
|x− x′|d

3x′ . (7.100)

As mentioned in Chapter 2, the quantity h̄µν is known as the trace-reversed of the perturbation
tensor hµν in linearized GR. Thus the perturbed metric gµν = ηµν +hµν may be rewritten as

gµν = ηµν + h̄µν −
1

2
ηµν h̄ . (7.101)

Since our signature is (−+ ++), then for the Newtonian limit point source we have h̄ = −h̄00

and the line element from the metric in (7.101) gives,

ds2 = −
(

1 +
2Φ

c2

)
c2dt2 +

(
1 − 2Φ

c2

)(
dx2 + dy2 + dz2

)
. (7.102)

This equation is often referred to as the line element in the Newtonian limit. In particular,
the density distribution of a point mass is given by ρ(x′) = Mδ(x′) and therefore equation

17For example, a uniform rotating sphere is a stationary source and still is moving. What is constant is the
matter distribution at each point in space.

18This expression is also valid for stationary sources.
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(7.98) yields,

h̄00 =
4G

c4

∫
Mc2δ(x′)
|x− x′| d

3x′ h̄0i = 0 ,

=
4GM

c2r
, h̄ij = 0 , (7.103)

with r = |x|. Then, the Newtonian line element becomes,

ds2 = −
(

1 − 2GM

c2r

)
c2dt2 +

(
1 +

2GM

c2r

)(
dx2 + dy2 + dz2

)
. (7.104)

which is identical as the expansion of the Schwarzschild line element to first order in M .
Observe that the definition for the quantity Φ makes sense because it corresponds to the
Newtonian potential of a point particle. Nevertheless, if one extends the previous results to
linearized f(R) gravity, the metric solution should be different because of the extra scalar
mode present in the theory. Indeed, the perturbation tensor does not follow a trace-reversed
form with h̄µν . As we saw in the last section, the form of hµν is given by equation (7.63).
Consequently, the metric solution in linearized f(R) gravity is given by

gµν = ηµν + h̄µν −
1

2
ηµν h̄ − a2

(1)

Rηµν . (7.105)

The massless sector in this theory is the same as in GR. So, the solution h̄µν given in equation
(7.103) for a static point source is the same. On the other hand, using T (x′) = −Mc2δ(x′) in
equation (7.96) one obtains the solution of the Ricci scalar propagating mode19

(1)

R(x) = − 8πG

c4
Υ2

∫ [
1

4π|x− x′|c

∫
e−iω(t−t′)ei[(ω

2/c2)−Υ2]1/2|x−x′| dω
2π

]
Mc2δ(3)(x′) d4x′

= − 2GMΥ2

c2

∫ [∫
e−iωt

(∫
eiωt

′
dt′
)
ei[(ω

2/c2)−Υ2]1/2|x−x′| dω
2π

]
δ(3)(x′)
|x− x′| d

3x′

= − 2GMΥ2

c2

∫ [∫
e−iωtei[(ω

2/c2)−Υ2]1/2|x−x′|δ(ω)dω

]
δ(3)(x′)
|x− x′| d

3x′ (7.106)

= − 2GMΥ2

c2

∫
e−Υ|x−x′|

|x− x′| δ
(3)(x′) d3x′

i.e.,
(1)

R = −2GMΥ2

c2

e−Υr

r
. (7.107)

Finally, using Υ2 = 1
3a2

and inserting equations (7.107) and (7.103) into the metric gµν in
(7.105) one obtains20,

ds2 = −
[
1− 2GM

c2r

(
1 +

1

3
e−Υr

)]
c2dt2 +

[
1 − 2GM

c2r

(
1− 1

3
e−Υr

)]
dl2 . (7.108)

19The minus sign in T (x′) = −Mc2δ(x′) is due to the trace in our signature convention.
20Here we have defined dl2 = dx2 + dy2 + dz2.
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7.5 The Energy-Momentum tensor of GWs

In Chapter 3, the interaction of GWs with test masses has been examined. The physical
implications of the massless modes shows that in fact GWs carry energy. For linearized f(R)
gravity, the extra scalar mode implies not only a transverse contribution but also a longitudinal
force [60]. This means that massive GWs can do work on point particles. Thus, it is expected
that the total energy of GWs should be the energy of the massless modes plus a correction
that comes from the Ricci scalar. Since this information is contained in the energy-momentum
tensor, we shall derive it by following the same approach given in Chapter 4. As in GR, one is
able to use perturbation theory to solve the field equations order by order. At second order,
the energy of GWs act as a source for the gravitational field itself, i.e.

(1)

Gµν [h(2)] =
8πG

c4
t̃µν (7.109)

where

t̃µν = − c4

8πG

(2)

Gµν [h(1)] . (7.110)

Indeed, the quantity t̃µν is conserved by means of the Bianchi identities and equation (7.12)21.
However, this is not an invariant tensor under gauge transformations unless a shortwave
average is performed and

t̃µν = − c4

8πG

〈
(2)

Gµν [h(1)]

〉
. (7.111)

Henceforth, an expression for t̃µν will be deduced. Lets begin with the full modified Einstein
tensor from equation (7.6). It is equivalent to

Gµν = f ′Rµν − ∇µ
(
∂νf

′) + gµνg
ρσ∇ρ(∂σf ′) −

1

2
fgµν (7.112)

One might expand up to second order the connections, the Ricci tensor, the Ricci scalar, the
function f(R) and its derivative in the following form22

Γαµν = Γ̄αµν +
(1)

Γαµν +
(2)

Γαµν , (7.113)

Rµν = R̄µν +
(1)

Rµν +
(2)

Rµν , (7.114)

R = R̄ +
(1)

R +
(2)

R , (7.115)

f(R) = f̄(R) +
(1)

f(R) +
(2)

f(R) , (7.116)

f ′(R) =
(0)

f ′ + f̄ ′(R) +
(1)

f ′(R) +
(2)

f ′(R) . (7.117)

where the terms with an upper bar at the righ-hand side of these equations are referred to
the background spacetime. These expressions are obtained explicitly in Appendix B. To get
Gµν to second order, we will focus on each of the terms of equation (7.112) separately. For
simplicity, the following computations assumes a reference frame at spatial infinity from the
sources such that the metric is written as

gµν = ḡµν + hµν (7.118)

21This is proved after contracting equation (7.109) with the covariant derivative.
22The zero order in the first term of equation (7.117) is introduced for convenience but is actually equal to

the unit. See Appendix B.
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with
ḡµν = ηµν + jµν(ε2) . (7.119)

From the discussion in Chapter 4, since Ḡµν is of order O(ε2), the term jµν in (7.119) is of
order O(ε2) to ensure that R̄µν is of order O(ε2) from which Ḡµν is constructed. The first
term in (7.112) gives

f ′Rµν =

(
(0)

f ′ + f̄ ′ +
(1)

f ′ +
(2)

f ′
)(

R̄µν +
(1)

Rµν +
(2)

Rµν

)
+ · · ·

= R̄µν︸︷︷︸
(B)

+
(1)

Rµν︸︷︷︸
O(ε)

+
(2)

Rµν︸︷︷︸
O(ε2)

+ f̄ ′R̄µν︸ ︷︷ ︸
O(ε4)

+ f̄ ′
(1)

Rµν︸ ︷︷ ︸
O(ε3)

+ f̄ ′
(2)

Rµν︸ ︷︷ ︸
O(ε4)

+
(1)

f ′R̄µν︸ ︷︷ ︸
O(ε3)

+
(1)

f ′
(1)

Rµν︸ ︷︷ ︸
O(ε2)

+
(1)

f ′
(2)

Rµν︸ ︷︷ ︸
O(ε3)

+
(2)

f ′R̄µν︸ ︷︷ ︸
O(ε4)

+
(2)

f ′
(1)

Rµν︸ ︷︷ ︸
O(ε3)

+
(2)

f ′
(2)

Rµν︸ ︷︷ ︸
O(ε4)

+ · · ·

Retaining only the second order terms yields

[
f ′Rµν

](2)
=

(2)

Rµν +
(1)

f ′
(1)

Rµν . (7.120)

The second term in (7.112) is

−∇µ
(
∂νf

′) = −∂µ∂νf ′ + Γρνµ∂ρf
′

= −∂µ∂ν
(

(0)

f ′ + f̄ ′ +
(1)

f ′ +
(2)

f ′
)

+(
Γ̄ρνµ +

(1)

Γρνµ +
(2)

Γρνµ

)
∂ρ

(
(0)

f ′ + f̄ ′ +
(1)

f ′ +
(2)

f ′
)

+ · · · (7.121)

After expanding (7.121) and leaving only the second order terms then,

[−∇µ(∂νf
′)](2) = −∂µ∂ν

(2)

f ′ +
(1)

Γρνµ∂ρ
(1)

f ′ . (7.122)

At second order, is equivalent to write the background metric as ηµν if it appears multiplying
a term of order O(ε) or greater23. Thus, from now on and for clarity, when an expression
includes a product with the background metric, the order of ḡµν is not taking into account
in the following notation. Making the order of the background metric to be O(0), then
an expression of order O(n) is equal to the order of such expression without counting the
background metric order. So for example, a term of order O(2) consist actually in two terms,
one of order O(ε2) and other of order O(ε4) 24. The third term in (7.112) is given by

gµν�f
′ = gµν∇σ

(
∂σf

′)
= gµνg

ρσ∂ρ∂σf
′ − gµνg

ρσΓλσρ∂λf
′ . (7.123)

Then,

23For instance, ḡµνhρδhσδ = (ηµν + jµν)hρδh gma
δ = ηµνh

ρδhσδ +O(ε4).
24We follow the work in [27] using the background metric instead of the flat one by retaining all terms of

order O(2) that are not fully from the background as in GR.
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gµνg
ρσ∂ρ∂σf

′ = (ḡµν + hµν) (ḡρσ − hρσ + hρδhσδ )∂ρ∂σ

(
(0)

f ′ + f̄ ′ +
(1)

f ′ +
(2)

f ′
)

=

(
ḡµν ḡ

ρσ︸ ︷︷ ︸
O(0)

− ḡµνh
ρσ︸ ︷︷ ︸

O(1)

+ ḡµνh
ρδh σ

δ︸ ︷︷ ︸
O(2)

+ hµν ḡ
ρσ︸ ︷︷ ︸

O(1)

− hµνh
ρσ︸ ︷︷ ︸

O(ε2)

+ hµνh
ρδh σ

δ︸ ︷︷ ︸
O(ε3)

)

× ∂ρ∂σ
(
f̄ ′ +

(1)

f ′ +
(2)

f ′
)

= ḡµν ḡ
ρσ∂ρ∂σ

(
f̄ ′ +

(1)

f ′ +
(2)

f ′
)
− ḡµνh

ρσ∂ρ∂σ

(
f̄ ′ +

(1)

f ′ +
(2)

f ′
)

+ ḡµνh
ρδh σ

δ ∂ρ∂σ

(
f̄ ′ +

(1)

f ′ +
(2)

f ′
)

+ hµν ḡ
ρσ∂ρ∂σ

(
f̄ ′ +

(1)

f ′ +
(2)

f ′
)

− hµνhρσ∂ρ∂σ
(
f̄ ′ +

(1)

f ′ +
(2)

f ′
)

+ hµνh
ρδh σ

δ ∂ρ∂σ

(
f̄ ′ +

(1)

f ′ +
(2)

f ′
)

gµνg
ρσ∂ρ∂σf

′ = ḡµν ḡ
ρσ∂ρ∂σf̄

′︸ ︷︷ ︸
Background

+ ḡµν ḡ
ρσ∂ρ∂σ

(1)

f ′︸ ︷︷ ︸
O(1)

+ ḡµν ḡ
ρσ∂ρ∂σ

(2)

f ′︸ ︷︷ ︸
O(2)

− ḡµνh
ρσ∂ρ∂σf̄

′︸ ︷︷ ︸
O(3)

− ḡµνh
ρσ∂ρ∂σ

(1)

f ′︸ ︷︷ ︸
O(2)

− ḡµνh
ρσ∂ρ∂σ

(2)

f ′︸ ︷︷ ︸
O(3)

+ ḡµνh
ρδh σ

δ ∂ρ∂σf̄
′︸ ︷︷ ︸

O(4)

+ ḡµνh
ρδh σ

δ ∂ρ∂σ
(1)

f ′︸ ︷︷ ︸
O(3)

+ ḡµνh
ρδh σ

δ ∂ρ∂σ
(2)

f ′︸ ︷︷ ︸
O(4)

+ hµν ḡ
ρσ∂ρ∂σf̄

′︸ ︷︷ ︸
O(3)

+ hµν ḡ
ρσ∂ρ∂σ

(1)

f ′︸ ︷︷ ︸
O(2)

+ hµν ḡ
ρσ∂ρ∂σ

(2)

f ′︸ ︷︷ ︸
O(3)

− hµνh
ρσ∂ρ∂σf̄

′︸ ︷︷ ︸
O(4)

− hµνh
ρσ∂ρ∂σ

(1)

f ′︸ ︷︷ ︸
O(3)

− hµνh
ρσ∂ρ∂σ

(2)

f ′︸ ︷︷ ︸
O(4)

+ hµνh
ρδh σ

δ ∂ρ∂σf̄
′︸ ︷︷ ︸

O(5)

+ hµνh
ρδh σ

δ ∂ρ∂σ
(1)

f ′︸ ︷︷ ︸
O(4)

+ hµνh
ρδh σ

δ ∂ρ∂σ
(2)

f ′︸ ︷︷ ︸
O(5)[

gµνg
ρσ∂ρ∂σf

′](2)
= ḡµν ḡ

ρσ∂ρ∂σ
(2)

f ′ − ḡµνh
ρσ∂ρ∂σ

(1)

f ′ + hµν ḡ
ρσ∂ρ∂σ

(1)

f ′ (7.124)

The second term in (7.123) is a bit longer, but there is only one contribution at second order.
The reader can check it in a similar way like the previous one. The result is,

−gµνgρσΓλσρ∂λf
′ = (ḡµν + hµν)

(
ḡρσ − hρσ + hρδh σ

δ

)(
Γ̄λσρ +

(1)

Γλσρ +
(2)

Γλσρ

)
× ∂λ

(
(0)

f ′ + f̄ ′ +
(1)

f ′ +
(2)

f ′
)

[
−gµνgρσΓλσρ∂λf

′
](2)

= − ḡµν ḡρσ
(1)

Γλσρ∂λ
(1)

f ′ . (7.125)

Therefore,

[gµν�f
′](2) = ḡµν ḡ

ρσ∂ρ∂σ
(2)

f ′ − ḡµνh
ρσ∂ρ∂σ

(1)

f ′ + hµν ḡ
ρσ∂ρ∂σ

(1)

f ′ − ḡµν ḡ
ρσ

(1)

Γλσρ∂λ
(1)

f ′ . (7.126)
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The last term in (7.112) yields,

−1

2
fgµν = −1

2

(
(0)

f + f̄ +
(1)

f +
(2)

f

)
(ḡµν + hµν)

= −1

2

f̄ ḡµν︸︷︷︸
(B)

+ f̄hµν︸ ︷︷ ︸
O(ε3)

+
(1)

fḡµν︸︷︷︸
O(1)

+
(1)

fhµν︸ ︷︷ ︸
O(ε2)

+
(2)

fḡµν︸︷︷︸
O(2)

+
(2)

fhµν︸ ︷︷ ︸
O(ε3)


[
−1

2

(1)

fgµν

](2)

= − 1

2

(1)

fhµν −
1

2

(2)

fḡµν (7.127)

Now, inserting equations (7.127), (7.126), (7.122) and (7.120) into (7.112), it is obtained the
modified Einstein tensor at second order,

(2)

Gµν =
(2)

Rµν +
(1)

f ′
(1)

Rµν − ∂µ∂ν
(2)

f ′ +
(1)

Γρνµ∂ρ
(1)

f ′ + ḡµν ḡ
ρσ∂ρ∂σ

(2)

f ′ − ḡµν ḡ
ρσ

(1)

Γλσρ∂λ
(1)

f ′ (7.128)

− ḡµνh
ρσ∂ρ∂σ

(1)

f ′ + hµν ḡ
ρσ∂ρ∂σ

(1)

f ′ − 1

2

(1)

fhµν −
1

2

(2)

fḡµν .

From Appendix B, using the equations for f , f ′, Γ̄αµν , ḡµν , hµν which are shown in (B.35),
(B.37), (B.3), (7.119) and (7.63) along with the Klein-Gordon equation in (B.31), it follows
that

(2)

Gµν =
(2)

Rµν + a2

(1)

R
(1)

Rµν − a2∂µ∂ν
(2)

R − 1

2
a3∂µ∂ν

(1)

R2 +
1

2

[(
∂µh̄ρν + ∂ν h̄ρµ − ∂ρh̄µν

)

− a2

(
ḡρµ∂ν

(1)

R + ḡρν∂µ
(1)

R − ḡµν∂ρ
(1)

R

)]
a2∂

ρ
(1)

R + a2ḡµν�̄
(2)

R +
1

2
a3ḡµν�̄

(1)

R2

− 1

2
ḡµν ḡ

ρσ

[(
∂σh̄δρ + ∂ρh̄δσ − ∂δh̄σρ

)
− a2

(1)

R
(
∂σjδρ + ∂ρjδσ − ∂δjσρ

)]
a2∂

δ
(1)

R

− a2ḡµν h̄
ρσ∂ρ∂σ

(1)

R + a2
2ḡµν

(1)

R�̄
(1)

R + a2h̄µν �̄
(1)

R︸︷︷︸
(KG)

− a2
2ḡµν

(1)

R�̄
(1)

R − 1

2

(2)

Rḡµν −
1

4
a2ḡµν

(1)

R2

− 1

2

(1)

Rh̄µν +
1

2
a2

(1)

R2 . (7.129)

To further simplify the result in (7.129), we choose a reference frame where the Lorenz gauge
∂ν h̄µν = 0 and the traceless condition h̄ = 0 are valid. Thus,

(2)

Gµν =
(2)

Rµν + a2

(
ḡµν�̄ − ∂µ∂ν

)(2)

R − 1

2

(2)

Rḡµν +
a3

2

(
ḡµν�̄ − ∂µ∂ν

)(1)

R2 − 1

6
h̄µν

(1)

R

− a2ḡµν h̄
ρσ∂ρ∂σ

(1)

R +
a2

2
∂ρ

(1)

R
(
∂µh̄ρν + ∂ν h̄ρµ − ∂ρh̄µν

)
+ a2

((1)

R
(1)

Rµν +
1

4

(1)

R2ḡµν

)
− a2

2

(
∂µ

(1)

R∂ν
(1)

R +
1

2
ḡµν∂

ρ
(1)

R∂ρ
(1)

R
)

+
1

2
ḡµν

(
∂ρh̄δρ︸ ︷︷ ︸

=0

+ ∂σh̄δσ︸ ︷︷ ︸
=0

− ∂δh̄︸︷︷︸
=0

)
a2∂

δ
(1)

R + O(ε4)

The modified Einstein tensor Gµν with only second order terms are given by



7.5. The Energy-Momentum tensor of gravitational waves 137

(2)

Gµν =
(2)

Rµν + a2

(
ḡµν�̄ − ∂µ∂ν

)(2)

R − 1

2

(2)

Rḡµν +
a3

2

(
ḡµν�̄ − ∂µ∂ν

)(1)

R2 − 1

6
h̄µν

(1)

R

− a2ḡµν h̄
ρσ∂ρ∂σ

(1)

R +
a2

2
∂ρ

(1)

R
(
∂µh̄ρν + ∂ν h̄ρµ − ∂ρh̄µν

)
+ a2

((1)

R
(1)

Rµν +
1

4

(1)

R2ḡµν

)
− a2

2

(
∂µ

(1)

R∂ν
(1)

R +
1

2
ḡµν∂

ρ
(1)

R∂ρ
(1)

R
)
. (7.130)

The energy-momentum t̃µν can be obtained using the equation (7.130) into (7.111). Thereby,

tµν = − c4

8πG

〈
(2)

Gµν
〉

− c4

8πG

〈
(2)

Rµν + a2

(
ḡµν�̄ − ∂µ∂ν

)(2)

R − 1

2

(2)

Rḡµν +
a3

2

(
ḡµν�̄ − ∂µ∂ν

)(1)

R2 − 1

6
h̄µν

(1)

R

− a2ḡµν h̄
ρσ∂ρ∂σ

(1)

R +
a2

2
∂ρ

(1)

R
(
∂µh̄ρν + ∂ν h̄ρµ − ∂ρh̄µν

)
+ a2

((1)

R
(1)

Rµν +
1

4

(1)

R2ḡµν

)
− a2

2

(
∂µ

(1)

R∂ν
(1)

R +
1

2
ḡµν∂

ρ
(1)

R∂ρ
(1)

R
)〉

(7.131)

where 〈·〉 is the linear integral operator that average over several wavelengths. We compute
each term in equation (7.131) using the properties

〈∂µV 〉 = 0 , 〈U∂µV 〉 = −〈V ∂µU〉 (7.132)

along with the gauge condition and wave equations. This allows us to simplify many terms
in (7.131). Using the Ricci tensor and the Ricci scalar to second order given in Appendix B,
each term in (7.131) are calculated as follows,〈

(2)

Rµν

〉
=

〈
1

4
∂µh̄σρ∂ν h̄

σρ − 1

2
∂µh̄σρ∂ν h̄

σρ − ∂σh̄
σρ∂ρh̄µν︸ ︷︷ ︸
=0

+
a2

2
ḡµν∂σh̄

σρ∂ρ
(1)

R︸ ︷︷ ︸
=0

+
1

2
∂ρh̄

σρ∂ν h̄σµ︸ ︷︷ ︸
=0

− a2

2
ḡσµ∂ρh̄

σρ∂ν
(1)

R︸ ︷︷ ︸
=0

+
1

2
∂ρh̄

σρ∂µ
(1)

R︸ ︷︷ ︸
=0
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2
ḡσν∂ρh̄
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(1)

R︸ ︷︷ ︸
=0

− 1

2
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1
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h̄σν∂σ∂

ρh̄ρµ︸ ︷︷ ︸
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=

〈
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〉
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(1)
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6
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〉
, (7.133)



138 Chapter 7. Gravitational Waves in Linearized f(R) Gravity

〈
a2

(
ḡµν�̄ − ∂µ∂ν

)(2)

R

〉
=

〈
a2ḡµν�̄

(2)

R − a2∂µ∂ν
(2)

R

〉

=

〈
a2ḡµν∂ρ

(
∂ρ

(2)

R

)〉
= −

〈
a2∂

ρ
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R∂ρḡµν

〉
= 0 , (7.134)
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= 0 , (7.137)

〈
− a2ḡµν h̄

σρ∂σ
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∂ρ

(1)
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〈
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〈
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(1)

R∂µ ∂
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= 0 , (7.138)
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〈
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Finally, adding all previous nonvanishing terms in the definition of the energy momentum
tensor gives,

tµν = − c4

8πG
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8πG

〈
− 1

4
∂µh̄σρ∂ν h̄

ρσ − 3

2
a2

2∂µ
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Thus,

tµν =
c4

32πG

〈
∂µh̄σρ∂ν h̄

ρσ + 6a2
2∂µ

(1)

R∂ν
(1)

R

〉
. (7.141)

In the limit a2 → 0 the GR expression for tµν is recovered as expected. This result is also
obtained when R(1) = 0 as would be the case if the Ricci mode of propagation was not excited
[27]. The last expression can be also rewritten in terms of the original perturbation tensor
hµν ,

tµν =
c4

32πG

〈
∂µhσρ∂νh

σρ +
1

8
∂µh∂νh

〉
. (7.142)

The main conclusion of this chapter is that the energy-momentum tensor t̃µν at spatial infinity
has an extra contribution that comes from the Ricci scalar mode. Therefore, the energy as
well as the power radiated from a source is not exactly as in GR. However, is worthwhile
to assume that the frequency of the Ricci mode is below the cutoff frequency Υ as a good
approximation25. In this case, one are left with the same expressions as in GR but with a
modified potential at the Newtonian limit.

25This is reasonable because the GR limit is recovered with a2 → 0 so that Υ→∞
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Chapter 8

Yukawa-like Binary System

The main goal of this chapter is to introduce the Yukawa-like gravitational potential in a
binary system. The solution of the two-body problem is presented with an approximation
method, showing that it admits circular trajectories as expected. The two polarizations for
the massless modes of linearized f(R) gravity for a circular orbit in a binary system, is plotted
initially without back-reaction. Likewise, the chirp waveform by the emission of GWs from
this source is obtained only at linear order in Υ. In a similar way, GWs emitted by elliptical
orbits may be extended in the basis of the Yukawa-like two body solution for future works.

8.1 Yukawa-like potential

The Newtonian limit of f(R) gravity for a static point particle was devised in section 7.4 of
Chapter 7. The line element in (7.108) has the same functional form of (7.102). Thus, it can
be rewritten as

ds2 = −
(

1 +
2Ψ

c2

)
c2dt2 +

(
1 − 2Ψ

c2

)
(dx2 + dy2 + dz2) (8.1)

where
Ψ ≡ −Gm

r

(
1 +

1

3
e−Υr

)
. (8.2)

Furthermore, realize that in the Newtonian limit the spatial part of the geodesic equation is
given by

dxi

dt
=

1

2
c2∂ih00 . (8.3)

From the line element in (8.1) it follows that h00 = −2Ψ/c2 and thus the equation (8.3) reads
in vectorial form as

d2x

dt2
= −∇Ψ . (8.4)

This is just the equation of motion of a particle in a potential Ψ. Therefore, the expression
in (8.2) represents the potential of a static point particle at the Newtonian limit of f(R)
gravity. Observe that this potential is very similar to the Newtonian one but with a Yukawa-
like addition. In fact, this type of potential has been studied in other contexts[]. We shall use
this modified potential in the mutual interaction of a two point particles in circular motion.

8.2 The two-body problem

In Chapter 6 it was mentioned that the problem of two interacting bodies under a mutual
gravitational interaction is equivalent to an effective one body problem. If the bodies are
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point particles with masses m1 and m2, the Lagrangian in the center of mass of the binary
system is

L =
1

2
µx2

0 − µΨ , (8.5)

where x0 is the relative coordinate between the particles, µ is the reduced mass and Ψ is the
Yukawa-like potential generated by a particle with mass m = m1 +m2. In polar coordinates,
equation (8.5) reads

L =
1

2
µ
(
ṙ2 + r2φ̇2

)
− µΨ(r) . (8.6)

The Euler-Lagrange equations for the radial and polar coordinates are
µr̈ = µrφ̇2 − µ

dΨ(r)

dr
,

d

dt

(
µr2φ̇

)
= 0 .

(8.7)

The first equation in (8.7) describes the dynamics of the particle in the radial direction and
the second is the conservation of angular momentum L = µr2φ̇ in the z-direction. Eliminating
φ̇ as a function of L, the radial equation becomes

µr̈ =
L2

µr3
− µ

dΨ(r)

dr
. (8.8)

Multiplying (8.8) by ṙ and integrating with respect to time gives

1

2
µṙ2 +

L2

2µr2
+ µΨ(r) = constant . (8.9)

This is just the conservation of the total energy of the system. This can be seen by recovering
the same equation in terms of L = µr2φ̇2, i.e.

1

2
µ
(
ṙ2 + r2φ̇2

)
+ µΨ(r) = constant ≡ E . (8.10)

The expression in (8.9) only involves the radial coordinate and so is almost the total energy of
the particle of reduced mass µ in one dimension, if it was not for the term with L. However,
such term can be recast into an effective potential and thus the energy E yields

E =
1

2
µṙ2 + Ueff(r) (8.11)

with

Ueff(r) =
L2

2µr2
+ µΨ(r) (8.12)

For convenience, rather than work with E is usual to define the energy and angular momentum
per unit reduced mass as E = E/µ and h = L/µ. Then,

E =
1

2
ṙ2 + Veff(r) (8.13)

where

Veff(r) =
h2

2r2
+ Ψ(r) . (8.14)
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The quantity E may be interpreted as the total energy of a fictitious particle moving in one
dimension with a reduced mass equal to the unit under an effective potential Ψ1.

Circular orbits

In particular, if the trajectory is a circular orbit, the distance from the origin to the particle
does not change with time and so ṙ = 0. From (8.13) this implies that E = Veff(r) and thus2,

dVeff(r)

dr
= 0 [Circular motion condition] . (8.15)

Replacing (8.14) into (8.15) yields
dΨ(r)

dr
= rφ̇2 (8.16)

and solving for ωφ = φ̇ one obtains de angular frequency of the binary system,

ωφ =

(
1

r

dΨ(r)

dr

)1/2

. (8.17)

This is a general result for an arbitrary central potential Ψ(r). In particular, the circular
frequency for the Yukawa-like gravitational potential in (8.2) is3

ωy =

{
Gm

r3

[
1 +

1

3
e−Υr (1 + Υr)

]}1/2

. (8.18)

Nevertheless, a circular motion may be unstable. To guarantee its stability the effective
potential must satisfy the additional condition,

d2Veff(r)

dr2
> 0 [Circular motion stability] . (8.19)

The condition (8.19) means that a circular orbit is stable as long as exists a minimum in
the effective potential Veff . To explore the orbit stability, is suitable to consider a linear
perturbation approach. Suppose initially a stable circular orbit of radius R. A slightly
perturbation on this orbit could give variations on the radius affecting the motion of the
particle. If the perturbation produce tiny oscillations around the radius R then the orbit may
be stable. By contrast, if the perturbation makes the initial radius to expand arbitrarily with
time, the orbit would be unstable. Mathematically, this is to say that the solution r(t) that
describes the circular motion can be written as

r(t) = R + ε(t) , (8.20)

where ε(t) is a small linear perturbation on the initial orbit of radius R with ε2(t) � R2.
Since the unperturbed circular orbit is stable then,

dVeff(r)

dr

∣∣∣∣
R

= 0 . (8.21)

1The term h2/2r2 prevents the particle to approach very close to the origin of the central force. This is
known in the literature as a centrifugal potential energy [61, 62].

2Observe that the motion is allowed provided that E ≥ Veff(r) which follows from ṙ2 ≥ 0 from equation
(8.13).

3If the potential is the Newtonian one, we get the Keplerian frequency ω = (Gm/r3)1/2.
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To analyze the behavior of the function ε(t), we shall use the energy equation (8.13) in terms
of (8.20). First, expand the effective potential as a Taylor series around r = R,

Veff(R + ε) = Veff(R) +
dVeff(r)

dr

∣∣∣∣
R

ε +
1

2

d2Veff(r)

dr2

∣∣∣∣
R

ε2 + · · ·

= Veff(R) +
1

2

d2Veff(r)

dr2

∣∣∣∣
R

ε2 + · · · (8.22)

and using this result in (8.13) along with ε2 � R2 we have

E − Veff(R) =
1

2
ε̇2(t) + Veff(R) +

1

2

d2Veff

dr2

∣∣∣∣
R

ε2 + · · · (8.23)

Note that the left-hand side of (8.23) is a constant. Hence, differentiating this equation and
dividing by ε̇ yields

ε̈(t) +
d2Veff(r)

dr2

∣∣∣∣
R

ε(t) = 0 . (8.24)

Identifying the radial frequency of the perturbation as

ω2
r =

d2Veff(r)

dr2

∣∣∣∣
R

, (8.25)

the expression in (8.24) is just the equation of a simple oscillator with frequency ωr, i.e.

ε̈(t) + ω2
rε(t) = 0 . (8.26)

Depending on the sign of ω2
r is possible to have oscillatory solutions or exponential ones. To

ensure stability, the perturbation must vary between the central value of radius R. This is
the case when ω2

r > 0 which is the same equation in (8.19). Replacing (8.14) in (8.19), the
stability condition reads

ω2
r =

[
3h2

r4
+
d2Ψ(r)

dr2

]
R

=

[
3ω2

φ +
d2Ψ(r)

dr2

]
R

(8.27)

and using ω2
φ from (8.17) into (8.27) one obtains,

ω2
r =

[
d2Ψ(r)

dr2
+

3

r

dΨ(r)

dr

]
R

> 0 [Circular stable orbit] (8.28)

For the Yukawa potential, their first and second derivatives are
dΨ

dr
=

Gm

r2
+

1

3

Gm

r2
e−Υr +

1

3

Gm

r
Υe−Υr

d2Ψ

dr2
= −2

Gm

r3
− 2

3

Gm

r3
e−Υr − 1

3

Gm

r2
Υe−Υr − 1

3

Gm

r2
Υe−Υr − 1

3

Gm

r
Υ2e−Υr

(8.29)

Thus, using ω2
r > 0 it is obtained the following constraint

ω2
r =

Gm

r3

[
1 +

1

3
e−Υr

(
1 + Υr − Υ2r2

)]
> 0 (8.30)
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which implies that

1 + Υr − Υ2r2 > −1 (8.31)

and thus,

Υr <

√
5 + 3

2
. (8.32)

This is a remarkable result. Some recent works in f(R) boundings about the mass of the
graviton suggest an associated Compton wavelength of λg > 1.6 × 1010 km from the orbital
decay of the Hulse-Taylor binary system[25, 63, 64]. Although it was not mentioned before,
the Klein-Gordon equation in Chapter 7 means that Υ = mgc/~ = 1/λ̄g. The Hulse-Taylor
binary system has a semi-major axis equal to r ∼ a sin ι = 7 × 105 km [65–67]. Hence,
Υr = 2.7× 10−4 and the condition in equation (8.32) is satisfied.

Equation of motion

The common configuration of an astrophysical system such as binary pulsars or planetary
motion around the Sun, occurs when the typical size of the system is much smaller than the
Compton wavelength of the graviton [25]. This justifies an expansion of the Yukawa potential
in a Taylor series because Υr is very small. To make a link with the Newtonian case, we
introduce a new varible δ in the Yukawa potential as,

Ψ(r) = −Gm
r

(
1 +

1

3
δe−Υr

)
(8.33)

where

δ =

1 Yukawa potential ,

0 Newton potential .
(8.34)

This does not affect the equations of motion of a particle under a Yukawa interaction when
setting δ to 1, but one can compare the results with the Newtonian case making δ = 0.
Remind that the Taylor expansion of the exponential function is of the form

e−x = 1 − x +
x2

2
+ O(x3) (8.35)

and therefore the effective potential Veff(r) in (8.14) is expanded as

Veff(r) =
h2

2r2
− Gm

r
− 1

3

Gm

r
δ

[
1 − Υr +

1

2
Υ2r2 + O(Υ3)

]

=
h2

2r2
−
(

1 +
δ

3

)
Gm

r
+
δ

3
GmΥ − δ

6
GmΥ2r + O(Υ3) (8.36)

With the potential in (8.36), one can construct the orbit equation that describes the motion
of a particle with reduced mass µ under the influence of a Yukawa interaction4. Inserting
(8.36) in the energy equation given in (8.13) yields

E =
1

2
ṙ2 +

h2

2r2
−
(

1 +
δ

3

)
Gm

r
+
δ

3
GmΥ − δ

6
GmΥ2r + O(Υ3) . (8.37)

4This is an approximation method to the original problem provided that r � λg. For more details see
[25].
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Since r = r(φ) we have

ṙ =
dr

dt
= φ̇

dr

dφ
=

h

r2
r′ (8.38)

and the expression for the energy E in (8.37) becomes

E =
1

2

h2

r4
(r′)2 +

h2

2r2
−
(

1 +
δ

3

)
Gm

r
+
δ

3
GmΥ − δ

6
GmΥ2r + O(Υ3) (8.39)

Defining,

u =
1

r
=⇒ u′ = − 1

r2
r′ (8.40)

the energy equation is rewritten as

E =
1

2
h2(u′)2 +

1

2
h2u2 −

(
1 +

δ

3

)
Gmu +

δ

3
GmΥ − δ

6

GmΥ2

u
+ O(Υ3) (8.41)

Differentiating the previous equation and dividing by h2u′ one gets,

u′′ + u =

(
1 +

δ

3

)
Gm

h2
− δ

6

GmΥ2

h2u2
. (8.42)

Observe that when δ = 0 the orbit equation for the Newtonian case is obtained.

8.3 Solution of the orbit equation

To solve the orbit equation (8.42) we follow an approximate method based on a similar
procedure given in a recent work [25]. The strategy is to make an ansatz solution with the
same functional form as the solution in the Newtonian case,

u =
1

p
(1 + e cosφ) . (8.43)

Then, the semilatus rectum and the eccentricity are found by using the orbit and energy
equations up to some order. Although the solution has the same structure as in the Newtonian
problem, the orbital parameters p and e contain the information of the Yukawa strength
mediated by the constant Υ. Here we solve (8.42) at first and second order in Υ.

First order solution

The orbit equation (8.42) to first order in Υ is obtained by expanding the effective potential
to linear order in Υ and using the energy equation to build the differential equation for the
variable u. Note from (8.41) that the linear term in Υ is a constant and after taking the
derivative of this expression the resulting orbit equation does not depends on Υ,

u′′ + u =

(
1 +

δ

3

)
Gm

h2
. (8.44)

This equation differs from the Newtonian one only by a factor of (4/3) when setting δ = 1 for
the Yukawa interaction. Inserting the ansatz solution in (8.44) gives

−e
p

cosφ +
1

p
(1 + e cosφ) =

(
1 +

δ

3

)
Gm

h2
(8.45)
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and solving for the semilatus rectum we have,

p =
h2

Gm
(
1 + δ

3

) . (8.46)

This is the same semilatus rectum for the Newtonian limit when δ = 0 [61]. However, for the
Yukawa case we have

p =
3h2

4Gm
. (8.47)

To obtain the eccentricity, the energy equation in (8.41) is required. A further substitution
of (8.43) into (8.41) and using (8.46) one get at first order,

E =
1

2
h2(u′)2 +

1

2
h2u2 −

(
1 +

δ

3

)
Gmu +

δ

3
GmΥ

=
1

2
h2

(
e

p
sinφ

)2

+
1

2
h2

[
1

p
(1 + e cosφ)

]2

− h2

p2
(1 + e cosφ) +

δ

3
GmΥ

=
h2e2

2p2
+

h2

2p2
+
h2

p2
e cosφ − h2

p2
(1 + e cosφ) +

δ

3
GmΥ

=
h2e2

2p2
− h2

2p2
+
δ

3
GmΥ . (8.48)

Solving for e and substituting p from (8.46) we obtain,

e2 = 1 +
2Eh2

G2m2
(
1 + δ

3

)2 − 2Υh2δ

3Gm
(
1 + δ

3

)2 (8.49)

Unlike the semilatus rectum p, the eccentricity e has a linear dependence on Υ at first order.
Again, equation (8.49) recovers the Newtonian eccentricity when δ = 0. While for δ = 1, the
Yukawa eccentricity to first order in Υ yields,

e2 = 1 +
9Eh2

8G2m2
− 3Υh2

8Gm
. (8.50)

Second order solution

The full differential equation at second order in Υ is shown in (8.42). Inserting the ansatz
solution in this equation produces

1

p
=

(
1 +

δ

3

)
Gm

h2
− δ

6

Gm

h2

Υ2p2

(1 + e cosφ)2 . (8.51)

This is not an easy equation to solve for p but one can proceed using a trick. Is convenient
to rewrite this equation as

(1 + e cosφ)2 −
(

1 +
δ

3

)
Gm

h2
(1 + e cosφ)2 p +

δ

6

Gm

h2
Υ2p3 = 0

(
1 + 2e cosφ + e2 cos2 φ

) [
1 −

(
1 +

δ

3

)
Gm

h2
p

]
+
δ

6

Gm

h2
Υ2p3 = 0 (8.52)
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or equivalently,[
1 −

(
1 +

δ

3

)
Gm

h2
p

]
e2 cos2 φ + 2

[
1 −

(
1 +

δ

3

)
Gm

h2
p

]
e cosφ (8.53)

+

[
1 −

(
1 +

δ

3

)
Gm

h2
p +

δ

6

Gm

h2
Υ2p3

]
= 0 . (8.54)

Since the ansatz solution must satisfied the orbit equation in every point of the trajectory,
lets evaluate (8.54) in the apsides φ = 0 and φ = π to get two equations,

[
1−

(
1 +

δ

3

Gm

h2
p

)]
e2 + 2

[
1−

(
1 +

δ

3

Gm

h2
p

)]
e +

[
1−

(
1− δ

3

)
Gm

h2
p +

δ

6

Gm

h2
Υ2p3

]
= 0 ,[

1−
(

1 +
δ

3

Gm

h2
p

)]
e2 − 2

[
1−

(
1 +

δ

3

Gm

h2
p

)]
e +

[
1−

(
1− δ

3

)
Gm

h2
p +

δ

6

Gm

h2
Υ2p3

]
= 0 .

Substracting these equations implies that

4

[
1 −

(
1 +

δ

3

)
Gm

h2
p

]
e = 0 (8.55)

and for e 6= 0 we obtain the semilatus rectum

p =
h2

Gm
(
1 + δ

3

) . (8.56)

This is the same answer as in (8.46) for the first order solution. Similarly, to obtain the
eccentricity we use the same trick by inserting the ansatz solution into the energy equation.
The result is,

E =
1

2
h2(u′)2 +

1

2
h2u2 −

(
1 +

δ

3

)
Gmu +

δ

3
GmΥ − δ

6

GmΥ2

u

=
h2e2

2p2
− h2

2p2
+
δ

3
GmΥ − δ

6

GmpΥ2

(1 + e cosφ)
. (8.57)

Lets express this equation as

e2 − 1 +
2

3
δ
Gm

h2
p2Υ − 2E

h2
p2 − δ

3

Gm

h2
p3 Υ2

(1 + e cosφ)
= 0

(1 + e cosφ)

[
e2 − 1 +

2

3
δ
Gm

h2
p2Υ − 2E

h2
p2

]
− δ

3

Gm

h2
p3Υ2 = 0

i.e.,

e3 cosφ + e2 +

[
−1 +

2

3
δ
Gm

h2
p2Υ − 2Ẽ

h2
p2

]
e cosφ

+

[
−1 +

2

3
δ
Gm

h2
p2Υ − 2Ẽ

h2
p2 − δ

3

Gm

h2
p3Υ2

]
= 0 (8.58)

Evaluating (8.58) at the apsides, φ = 0 and φ = π we obtain
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e3 + e2 +

[
−1 +

2

3
δ
Gm

h2
p2Υ− 2E

h2
p2

]
e+

[
−1 +

2

3
δ
Gm

h2
p2Υ− 2E

h2
p2 − δ

3

Gm

h2
p3Υ2

]
= 0 ,

−e3 + e2 −
[
−1 +

2

3
δ
Gm

h2
p2Υ− 2E

h2
p2

]
e+

[
−1 +

2

3
δ
Gm

h2
p2Υ− 2E

h2
p2 − δ

3

Gm

h2
p3Υ2

]
= 0 .

Adding these equations and solving for e2 gives the eccentricity up to second order in Υ,

e2 = 1 +
2E
h2
p2 − 2

3
δ
Gm

h2
p2Υ +

1

3
δ
Gm

h2
p3Υ2 (8.59)

Replacing the solution for p shown in (8.56) into this expression yields

e2 = 1 +
2Eh2

G2m2
(
1 + δ

3

)2 − 2Υh2δ

3Gm
(
1 + δ

3

)2 +
Υ2h4δ

3G2m2
(
1 + δ

3

)3 (8.60)

For the Yukawa case δ = 1 and the eccentricity becomes,

e2 = 1 +
9Eh2

8G2m2
− 3Υh2

8Gm
+

9Υ2h4

64G2m2
. (8.61)

With the semilatus rectum and the eccentricity in hands, is also possible to find the major
semi-axis a using the relation [61, 62],

a =
p

1− e2
(8.62)

Plugging the eccentricity in (8.59) into (8.62) yields

a =
h2

−2Ep + 2
3δGmpΥ − 1

3δGmp
2Υ2

(8.63)

and using p from (8.47) we have the major semi-axis for the Yukawa case up to second order,

a =

(
− 3E

2Gm
+

1

2
Υ − 3h2

16Gm
Υ2

)−1

. (8.64)

8.4 Quadrupole waveform

Using the results in Chapter 6, the quadrupole radiation from a compact binary in circular
motion is obtained for linearized f(R) gravity. We have seen that for sources with non-
negligible self gravity, an appropriate extension to these systems require the inclusion of a
bounding interaction term in the total energy-momentum tensor of the system. In linearized
GR, this was possible due to the great analogy with the weak field limit of the EFE in the
Landau & Lifshitz formalism. However, is worth to consider another argument to justify the
validity of linearized techniques in the generation of GWs for bounded sources in this context.
Recall from Chapter 5 that a weak gravitational field implies slow velocities and thus terms
of order O(v2/c2) may be neglected. The energy-momentum tensor of a binary system should
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be of the form

Tµν =

2∑
a=1

γama
dxµa
dt

dxνa
dt

δ(3)(x− xa(t)) + Interaction︸ ︷︷ ︸
O(v2/c2)

, (8.65)

where the order of the interaction term can be seen from the virial theorem as is shown in
equation (5.58). Thus, is reasonable to disregard the interaction term. Furthermore, for the
components of the energy-momentum tensor we have,

T 00(t,x) =

n∑
a=1

γamac
2δ(3)(x− xa(t)) ∼ O(v0) (8.66)

T 0i(t,x) =

n∑
a=1

γamacẋ
iδ(3)(x− xa(t)) ∼ O(v/c) (8.67)

T ij(t,x) =
n∑
a=1

γamaẋ
i
aẋ

j
aδ

(3)(x− xa(t)) ∼ O(v2/c2) (8.68)

The quantities T 00 and T 0i can be obtained at lowest order. However, T ij is a quadratic
order term, but this is not essential for the following reason. Consider the solution h̄TTij for
the inhomogeneous wave equation in terms of the multiple moments of the energy-momentum
tensor,

h̄TTij =
1

r

4G

c4
Λij|kl(n̂)

[
Skl +

1

c
nmṠ

kl,m + . . .
]
tr

(8.69)

with

Skl(t) =

∫
T kl(x, t) d3x , (8.70)

Skl,m(t) =

∫
T kl(x, t)xm d3x . (8.71)

Since T kl is of order O(v2/c2) and also is required to compute Skl and Skl,m, in principle the
full expression of the energy-momentum tensor is needed. Nevertheless, from the conservation
equation ∂νTµν = 0 it was proven in Chapter 5 the identities,

Skl =
1

2
M̈kl , (8.72)

Ṡij,k =
1

6

...
M ijk +

1

3

(
P̈ i,jk + P̈ j,ik − 2P̈ k,ij

)
. (8.73)

where

Mkl =
1

c2

∫
T 00xkxl d3x , M ijk =

1

c2

∫
T 00xixjxk d3x (8.74)

and

P i,jk =
1

c

∫
T 0ixjxk d3x . (8.75)

The conclusion of this analysis is that to first order is not necessary to know explicitly the form
of the interaction term. At the end, the quantities Skl and Ṡkl,m do not depend on T ij and
may be computed to lowest order. In addition, note also that the expression ∂0T

00 +∂iT
0i = 0
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is satisfied independently of the trajectory, i.e.

∂0T
00 =

1

c

∑
a

mac
2 ∂

∂t
δ(3)(x− xa(t)) =

∑
a

mac
dxia
dt

∂

∂xia
δ(3)(x− xa(t))

= −
∑
a

mac ẋ
i
a∂iδ

(3)(x− xa(t)) = −∂iT 0i . (8.76)

Thus, at linear order the quadrupole radiation of the massless modes h+ and h× in f(R)
gravity is obtained following the same procedure of Chapter 6. The only difference is that
rather than use the Keplerian frequency for the circular orbit motion, one must use the
Yukawa-like frequency ωy given in (8.18). Then, we have

h̄+(t) =
1

r

4Gµω2
yR

2

c4

(
1 + cos2 ι

2

)
cos(2ωyt) , (8.77)

h̄×(t) =
1

r

4Gµω2
yR

2

c4
(cos ι) sin(2ωyt) . (8.78)

The functions (8.77) and (8.78) for the Hulse-Taylor binary are plotted in figure 8.1 using the
data in [67]. An upper limit for the value of Υ in this theory at this scales is taken from [56].
Note that at first order, the back reaction of GWs does not appear naturally and therefore
both, the amplitude and the phase of the radiation are constant in time.
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Figure 8.1: Waveform for the plus and cross polarizations in f(R) linearized gravity for the Hulse-Taylor
binary system. The value of Υ was fixed using λg = 1.63× 1013 [m] based on [63, 64]. The back-reaction
of GWs does not arise in linearized theory.
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When GWs are emitted away from a binary system moving in a circular orbit, the frequency
starts to increase because the particles takes less time to perform a complete revolution as
the radius begins to shrink. To account for the change in frequency, the back-reaction effect
is introduced by means of the energy balance equation that we recall here,

dEorbit

dt
= −PGW . (8.79)

The left-hand side of this equation can be obtained from the total mechanical energy of the
orbit Eorbit which is

Eorbit = mc2 +
1

2
µv2 + µΨ(r) . (8.80)

To second order in Υ, the Yukawa potential Ψ and the frequency ωy are

Ψ(r) ' −
(

1 +
δ

3

)
Gm

r
+
δ

3
GmΥ − δ

6
GmΥ2r , (8.81)

ω2
y '

(
1 +

δ

3

)
Gm

r3
− δ

6

Gm

r
Υ2 . (8.82)

For circular orbits we have v2 = r2ω2
y . Inserting (8.82) and (8.81) into (8.80) and evaluating

at the radius of the orbit r = R yields,

Eorbit = mc2 − 1

2

(
1 +

δ

3

)
Gmµ

R
+
δ

3
GmµΥ − δ

4
GmµΥ2R . (8.83)

Is possible to write this expression only in terms of ωy. For this, realize that the equation
(8.82) may be put into Cardano’s form [68]. Defining x = 1/R then,

x3 − 3px − 2q = 0 (8.84)

where

p =
δΥ2

18
(
1 + δ

3

) , q =
ω2
y

2
(
1 + δ

3

)
Gm

. (8.85)

The solution to (8.84) is given by x = a + b with

a3 = q +
√

q2 − p3 and b3 = q −
√

q2 − p3 . (8.86)

This means that R = (a + b)−1 and substituting this result in (8.83) one can express the
energy Eorbit in terms of the Yukawa frequency. In addition by assuming that ωy = ωy(t),
the left-hand side of equation in (8.79) is obtained when performing the time derivative of
Eorbit. For the right-hand side, we assume that the massive scalar mode is not excited so only
the massless radiative modes h+ and h× are important. This implies to consider the same
emitted energy from those modes as in the case of GR, i.e.

PGW
quad =

32

5

c5

G

(
GMcωy

c3

)10/3

. (8.87)

Equating (8.87) with the time derivative of Eorbit = Eorbit(ωy) in (8.83) through the balance
equation (8.79), gives a differential equation for ωy at second order in Υ. However, this
equation is not easy to solve, even numerically. For simplicity, we stop the expansion up to
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linear order in Υ. At the end, we are interested in typical astrophysical systems where r � λg.
In this case, the total energy of the orbit is

Eorbit ' mc2 − 1

2

(
1 +

δ

3

)
Gmµ

R
+
δ

3
GmµΥ (8.88)

and the Yukawa frequency

ω2
y '

(
1 +

δ

3

)
Gm

R3
. (8.89)

Solving for R in (8.89) and replacing the result in (8.88) we obtain

Eorbit(t) = mc2 − µ

2

[(
1 +

δ

3

)
Gmωy(t)

]2/3

+
δ

3
GmµΥ . (8.90)

In terms of the chirp mass Mc = µ3/5m2/5 and the GW frequency ωgw = 2ωs this equation is
rewritten as,

Eorbit(t) = mc2 −
[(

1 +
δ

3

)2 G2M5
c ω

2
gw(t)

32

]1/3

+
δ

3
GmµΥ . (8.91)

Thus, taking the time derivative we have

dEorbit(t)

dt
= −2

3

[(
1 +

δ

3

)2 G2M5
c

32

]1/3
ω̇gw(t)

ω
1/3
gw

. (8.92)

On the other hand, the GW power is given in (8.87) that in terms of ωgw is

PGW
quad(t) =

32

5

c5

G

(
GMcωgw

2c3

)10/3

. (8.93)

Using (8.79) the differential equation for ωgw reads

2

3

[(
1 +

δ

3

)2 G2M5
c

32

]1/3
ω̇gw(t)

ω
1/3
gw (t)

=
32

5

c5

G

(
GMcωgw(t)

2c3

)10/3

or

ḟgw(t) =
96

5
π8/3

(
GMc

c3

)5/3(
1 +

δ

3

)−2/3

f11/3
gw (t) . (8.94)

Integrating by parts, the solution of (8.94) gives

fgw(t) =
1

π

[
5

256

1

(tcoal − t)

]3/8(GMc

c3

)−5/8(
1 +

δ

3

)1/4

(8.95)

Following a similar procedure of Chapter 6 we find that

Φy(t) = −2

(
5GMc

c3

)−5/8(
1 +

δ

3

)1/4

(tcoal − t)5/8 + Φy0 (8.96)

and

Φy0 = 2

(
5GMc

c3

)−5/8(
1 +

δ

3

)1/4

(tcoal − t0)5/8 . (8.97)
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Finally, the quadrupole radiation for the plus and cross polarizations at linear order in Υ is
given by

h̄+(t) =
1

r

(
GMc

c2

)5/4( 5

c(tcoal − t)

)1/4(
1 +

δ

3

)1/6(1 + cos2 ι

2

)
cos[Φy(t)] ,

h̄×(t) =
1

r

(
GMc

c2

)5/4( 5

c(tcoal − t)

)1/4(
1 +

δ

3

)1/6

(cos ι) sin[Φy(t)] .

(8.98)

(8.99)

In particular, for δ = 0 the expressions for the Newtonian case is recovered as is shown in
equations (6.104) and (6.105). We see that at this order the Yukawa-like potential affect
the quadrupole radiation only as a numerical factor in the amplitude and in the phase. The
following figure shows the chirp waveform evolution for source GW150914.
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Figure 8.2: Chirp waveform for linearized f(R) at linear order in Υ when δ = 1. The data to reproduce
this figure was obtained from the source GW150914 [13].
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Chapter 9

Conclusions

The gravitational radiation from the inspiral of a compact binary source was studied in GR
and f(R) gravity. The theoretical tool to achieve this problem was based on the framework of
linearized theory which represents a first approach to GWs. It was shown that two massless
physical modes of propagation arise in both theories of gravity, namely the plus and cross
polarizations. However, an extra massive mode emerge naturally in f(R) directly from the
field equations. A strong consequence of this difference befall on the Newtonian limit of a
static point particle. Unlike GR, the result is a Yukawa-like addition to the usual Newtonian
potential. Such modified potential has been studied in many different scenarios. Here, we have
considered its application to the emission of GWs from a binary source in circular motion.
If the Compton wavelength of the graviton is much greater than the scale of the source
(λg � r), or at least of the same order, circular orbits are guaranteed. For many astrophysical
phenomena this condition is satisfied. For instance, the waveform without back-reaction for
the Hulse-Taylor binary system was obtained. To compute the radiation with the back-
reaction effect, the exponential function of the Yukawa potential was expanded in a Taylor
series. It was found a differential equation for the Yukawa frequency at second order in
Υ = 1/λg, however the solution was not easy to handle even numerically. In spite of this and
for simplicity, a first order solution in Υ was presented for the h+ and h× polarizations. In
order to extend these results to elliptical orbits, an approximate method was implemented to
solve the two-body problem under the Yukawa-like interaction. It is expected that slightly
changes in the frequency waveform pattern may be measured by future experiments from
those kind of sources. This would allow to put better constraints in the space parameters of
alternative theories of gravity such as f(R) and in particular the validity of the Yukawa-like
interaction. Finally, is important to mention that in all calculations it was assumed that the
scalar mode was below the cutoff frequency Υ and thus it was not excited. Nevertheless, if
this mode of propagation is not negligible, it will carry additional energy-momentum away
from the source. In this case, the total power of GWs will not be the same as in the case
of GR in it should be taken into account in the construction of the frequency time evolution
through the balance equation.
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Appendix A

Second order perturbative expansion

The main goal of this appendix is to compute the quantities R(1)
µν [h(1)] and R(2)

µν [h(1)]. Setting
the former to zero gives the first order perturbation EFE in vacuum (see equation (4.9))1.
The latter is required to compute the energy-momentum tensor of GW (see equation (4.13))2.
Because these quantities only depends on h

(1)
µν , the identification h

(1)
µν ≡ hµν is assumed to

simplify the notation. Likewise, for this procedure only the inverse metric is required to second
order in h

(1)
µν . A general computation of the mentioned tensors for a curved background is

obtained.

Inverse metric at O(ε2)

The inverse metric at second order reads,

gµν = ḡµν − hµν + hµλh ν
λ , (A.1)

where ḡµν is the inverse background metric. The metric expansion in (A.1) is justified as
follows,

gµσgσν =
(
ḡµσ − hµσ + hµλh σ

λ

)(
ḡσν + hσν

)
= δµν + hµν − hµν − hµσhσν + hµλh σ

λ ḡσν + O(ε3)

= δµν − hµσhσν + hµλhλν + O(ε3)

= δµν + O(ε3) , (A.2)

where indices are raised and lowered with ḡµν .

Connections at order O(ε2)

The connections are given by

Γαµν =
1

2
gασ
[
∂µgσν + ∂νgσµ − ∂σgµν

]
(A.3)

Inserting gµν = ḡµν + hµν and the inverse metric (A.1) into (A.3) gives,

1The EFE in vacuum is given by Rµν = 0. Therefore, the first order perturbation EFE in vacuum is given
by R(1)

µν [h(1)] = 0.
2Recall that G(2)

µν [h(1)] = R
(2)
µν [h(1)]− 1

2
ḡµνR

(2)
µν [h(1)] is requiered in the computation of tµν .
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Γαµν =
1

2
gασ
[
∂µḡσν + ∂µhσν + ∂ν ḡσµ + ∂νhσµ − ∂σ ḡµν − ∂σhµν

]
=

1

2

[
ḡασ − hασ + hαλh σ

λ

][(
∂µḡσν + ∂ν ḡσµ − ∂σ ḡµν

)
+
(
∂µhσν + ∂νhσµ − ∂σhµν

)]
= Γ̄αµν +

1

2
ḡασ
(
∂µhσν + ∂νhσµ − ∂σhµν

)
− 1

2
hασ

(
∂µḡσν + ∂ν ḡσµ − ∂σ ḡµν

)
− 1

2
hασ

(
∂µhσν + ∂νhσµ − ∂σhµν

)
+

1

2
hαλh σ

λ

(
∂µḡσν + ∂ν ḡσµ − ∂σ ḡµν

)
+ O(ε3)

= Γ̄αµν +
1

2
ḡαβ
(
∂µhβν + ∂νhβµ − ∂βhµν

)
− 1

2
ḡαβ ḡσδhβδ

(
∂µḡσν + ∂ν ḡσµ − ∂σ ḡµν

)
− 1

2
h̄ασ

(
∂µhσν + ∂νhσµ − ∂σhµν

)
+

1

2
h̄ασh λ

σ

(
∂µḡλν + ∂ν ḡλµ − ∂λḡµν

)
+ O(ε3)

= Γ̄αµν +
1

2
ḡαβ
[(
∂µhβν + ∂νhβµ − ∂βhµν

)
− 2Γ̄δµνhβδ

]
− 1

2
h̄ασ

[(
∂µhσν + ∂νhσµ − ∂σhµν

)
− ḡγλ

(
∂µḡλν + ∂ν ḡλµ − ∂λḡµν

)
hσγ

]
+ O(ε3)

= Γ̄αµν +
1

2
ḡαβ
[(
∂µhβν + ∂νhβµ − ∂βhµν

)
− 2Γ̄δµνhβδ

]
− 1

2
h̄ασ

[(
∂µhσν + ∂νhσµ − ∂σhµν

)
− 2Γ̄γµνhσγ

]
+ O(ε3) . (A.4)

The terms in square brackets of the last result can be rewritten in a covariant form. For the
first term in (A.4), observe that

∇̄µhβν = ∂µhβν − Γ̄δµβhδν − Γ̄δµνhβδ , (A.5)

∇̄νhβµ = ∂νhβµ − Γ̄δνβhδµ − Γ̄δµνhβδ , (A.6)

∇̄βhµν = ∂βhµν − Γ̄δβµhδν − Γ̄δβνhµδ . (A.7)

Therefore, using (A.5), (A.6) and (A.7) one obtains,

∇̄µhβν + ∇̄νhβµ − ∇̄βhµν = ∂µhβν + ∂νhβµ − ∂βhµν − 2Γ̄δµνhβδ . (A.8)

Smilarly, for the second term in (A.4),

∇̄µhσν + ∇̄νhσµ − ∇̄σhµν = ∂µhσν + ∂νhσµ − ∂σhµν − 2Γ̄γµνhσγ . (A.9)

Using (A.8) and (A.9) into (A.4) we have,

Γαµν = Γ̄αµν +
1

2
ḡαβ
(
∇̄µhβν + ∇̄νhβµ − ∇̄βhµν

)
− 1

2
ḡαρḡσδhρδ

(
∇̄µhσν + ∇̄νhσµ − ∇̄σhµν

)
.

Relabelling σ → β, the connections up to order O(ε2) are given by,
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Γαµν = Γ̄αµν +
1

2
ḡαβ
(
∇̄µhβν + ∇̄νhβµ − ∇̄βhµν

)
− 1

2
ḡαρḡβδhρδ

(
∇̄µhβν + ∇̄νhβµ − ∇̄βhµν

)
.

Now, if the following tensors are defined as3

(1)

Γαµν =
1

2
ḡαβ
(
∇̄µhβν + ∇̄νhβµ − ∇̄βhµν

)
(A.10)

(2)

Γαµν =
1

2
ḡαρḡβδhρδ

(
∇̄µhβν + ∇̄νhβµ − ∇̄βhµν

)
, (A.11)

equation (A.10) is expressed in a compact form as

Γαµν = Γ̄αµν +
(1)

Γαµν +
(2)

Γαµν , (A.12)

where
(1)

Γαµν is of order O(ε) and
(2)

Γαµν of order O(ε2).

The Riemann tensor at order O(ε2)

The Riemann tensor comes from terms like ∂Γ and ΓΓ. Therefore, is suitable to make the
following splitting,

Rσβµν = R̄σβµν︸ ︷︷ ︸
Background

+
(1)

Rσβµν︸ ︷︷ ︸
O(ε)

+
(2)

Rσβµν︸ ︷︷ ︸
O(ε2)

. (A.13)

Using the connections (A.12) into the definition (2.18) gives,

Rσβµν = ∂µΓσνβ − ∂νΓσµβ + ΓσµλΓλνβ − ΓσνλΓλµβ

= ∂µ

(
Γ̄σνβ +

(1)

Γσνβ +
(2)

Γσνβ

)
− ∂ν

(
Γ̄σµβ +

(1)

Γσµβ +
(2)

Γσµβ

)
+
(

Γ̄σµλ +
(1)

Γσµλ +
(2)

Γσµλ

)(
Γ̄λνβ +

(1)

Γλνβ +
(2)

Γλνβ

)
−
(

Γ̄σνλ +
(1)

Γσνλ +
(2)

Γσνλ

)(
Γ̄λµβ +

(1)

Γλµβ +
(2)

Γλµβ

)
= ∂µΓ̄σνβ + ∂µ

(1)

Γσνβ + ∂µ
(2)

Γσνβ − ∂νΓ̄σµβ − ∂ν
(1)

Γσµβ − ∂ν
(2)

Γσµβ

+ Γ̄σµλΓ̄λνβ + Γ̄σµλ
(1)

Γλνβ + Γ̄σµλ
(2)

Γλνβ +
(1)

ΓσµλΓ̄λνβ +
(1)

Γσµλ
(1)

Γλνβ +
(2)

ΓσµλΓ̄λνβ

− Γ̄σνλΓ̄λµβ − Γ̄σνλ
(1)

Γλµβ − Γ̄σνλ
(2)

Γλµβ −
(1)

ΓσνλΓ̄λµβ −
(1)

Γσνλ
(1)

Γλµβ −
(2)

ΓσνλΓ̄λµβ ,

3These objects are tensors because are formed by covariant derivatives.
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Rσβµν = R̄σβµν +
(
∂µ

(1)

Γσνβ − ∂ν
(1)

Γσµβ + Γ̄σµλ
(1)

Γλνβ +
(1)

ΓσµλΓ̄λνβ − Γ̄σνλ
(1)

Γλµβ −
(1)

ΓσνλΓ̄λµβ

)
+
(
∂µ

(2)

Γσνβ − ∂ν
(2)

Γσµβ + Γ̄σµλ
(2)

Γλνβ +
(1)

Γσµλ
(1)

Γλνβ +
(2)

ΓσµλΓ̄λνβ

− Γ̄σνλ
(2)

Γλµβ −
(1)

Γσνλ
(1)

Γλµβ −
(2)

ΓσνλΓ̄λµβ

)
. (A.14)

The quantities defined in (A.13) are given from (A.14) as,

R̄σβµν = ∂µΓ̄σνβ − ∂νΓ̄σµβ + Γ̄σµλΓ̄λνβ − Γ̄σνλΓ̄λµβ , (A.15)

(1)

Rσβµν = ∂µ
(1)

Γσνβ − ∂ν
(1)

Γσµβ + Γ̄σµλ
(1)

Γλνβ +
(1)

ΓσµλΓ̄λνβ − Γ̄σνλ
(1)

Γλµβ −
(1)

ΓσνλΓ̄λµβ , (A.16)

(2)

Rσβµν = ∂µ
(2)

Γσνβ − ∂ν
(2)

Γσµβ + Γ̄σµλ
(2)

Γλνβ +
(1)

Γσµλ
(1)

Γλνβ +
(2)

ΓσµλΓ̄λνβ − Γ̄σνλ
(2)

Γλµβ

−
(1)

Γσνλ
(1)

Γλµβ −
(2)

ΓσνλΓ̄λµβ . (A.17)

Is desirable to express (A.16) and (A.17) in terms of the background geometry. To do this,
remind that the quantities given in (A.10) and (A.11) are actually tensors. As tensors, their
covariant derivatives are well defined. In particular,

∇̄µ
(1)

Γσνβ = ∂µ
(1)

Γσνβ + Γ̄σµλ
(1)

Γλνβ − Γ̄λµν
(1)

Γσλβ − Γ̄λµβ
(1)

Γσνλ , (A.18)

and solving for the first term at the right hand side of this equation, one gets the first term
of (A.16). With a similar argument is obtained the second term. Then, these terms yields,

∂µ
(1)

Γσνβ = ∇̄µ
(1)

Γσνβ − Γ̄σµλ
(1)

Γλνβ + Γ̄λµν
(1)

Γσλβ + Γ̄λµβ
(1)

Γσνλ (A.19)

∂ν
(1)

Γσµβ = ∇̄ν
(1)

Γσµβ − Γ̄σνλ
(1)

Γλµβ + Γ̄λνµ
(1)

Γσλβ + Γ̄λνβ
(1)

Γσµλ . (A.20)

Substituting the equations (A.19) and (A.20) into (A.16), the Riemann tensor at order O(ε)
is obtained when using the definition in (A.10). The result is,

(1)

Rσβµν = ∇̄µ
(1)

Γσνβ − Γ̄σµλ
(1)

Γλνβ + Γ̄λµν
(1)

Γσλβ + Γ̄λµβ
(1)

Γσνλ − ∇̄ν
(1)

Γσµβ + Γ̄σνλ
(1)

Γλµβ

− Γ̄λνµ
(1)

Γσλβ − Γ̄λνβ
(1)

Γσµλ + Γ̄σµλ
(1)

Γλνβ +
(1)

ΓσµλΓ̄λνβ − Γ̄σνλ
(1)

Γλµβ −
(1)

ΓσνλΓ̄λµβ

= ∇̄µ
(1)

Γσνβ − ∇̄ν
(1)

Γσµβ

= ∇̄µ
[1

2
ḡσλ
(
∇̄νhλβ + ∇̄βhλν − ∇̄λhνβ

)]
− ∇̄ν

[1

2
ḡσλ
(
∇̄µhλβ + ∇̄βhλµ − ∇̄λhµβ

)]
. (A.21)
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Thus,

(1)

Rσβµν =
1

2
ḡσλ
(
∇̄µ∇̄νhλβ + ∇̄µ∇̄βhλν − ∇̄µ∇̄λhνβ

− ∇̄ν∇̄µhλβ − ∇̄ν∇̄βhλµ + ∇̄ν∇̄λhµβ
)
. (A.22)

The Riemann tensor at order O(ε2) follows from a similar procedure. The first terms of (A.17)
are expressed as

∂µ
(2)

Γσνβ = ∇̄µ
(2)

Γσνβ − Γ̄σµλ
(2)

Γλνβ + Γ̄λµν
(2)

Γσλβ + Γ̄λµβ
(2)

Γσνλ (A.23)

∂ν
(2)

Γσµβ = ∇̄ν
(2)

Γσµβ − Γ̄σνλ
(2)

Γλµβ + Γ̄λνµ
(2)

Γσλβ + Γ̄λνβ
(2)

Γσµλ . (A.24)

Inserting equations (A.23) and (A.24) into (A.17) it is obtained,

(2)

Rσβµν = ∇̄µ
(2)

Γσνβ − Γ̄σµλ
(2)

Γλνβ + Γ̄λµν
(2)

Γσλβ + Γ̄λµβ
(2)

Γσνλ − ∇̄ν
(2)

Γσµβ

+ Γ̄σνλ
(2)

Γλµβ − Γ̄λνµ
(2)

Γσλβ − Γ̄λνβ
(2)

Γσµλ + Γ̄σµλ
(2)

Γλνβ +
(1)

Γσµλ
(1)

Γλνβ

+
(2)

ΓσµλΓ̄λνβ − Γ̄σνλ
(2)

Γλµβ −
(1)

Γσνλ
(1)

Γλµβ −
(2)

ΓσνλΓ̄λµβ

(2)

Rσβµν = ∇̄µ
(2)

Γσνβ − ∇̄ν
(2)

Γσµβ +
(1)

Γσµλ
(1)

Γλνβ −
(1)

Γσνλ
(1)

Γλµβ . (A.25)

From the definitions (A.10) and (A.11) one is able to rewrite (A.25) in terms of the background
geometry.

The Ricci tensor at order O(ε2)

Contracting σ and µ in (A.22) we get the Ricii tensor at order O(ε2), i.e.,

(1)

Rβν =
1

2

(
∇̄λ∇̄νhλβ + ∇̄λ∇̄βhλν − ∇̄λ∇̄λhνβ − ∇̄ν∇̄λhλβ − ∇̄ν∇̄βhλλ + ∇̄ν∇̄λhλβ

)
.

Now, making �̄ := ∇̄λ∇̄λ and h := hλλ = ḡλµhλµ, the previous equation becomes,

(1)

Rβν [h] =
1

2

(
∇̄λ∇̄νhλβ + ∇̄λ∇̄βhλν − ∇̄ν∇̄βh − �̄hνβ

)
. (A.26)

Observe that when comparing (A.26) with (2.21) the equation given in (2.21) is recover when
the background is flat. On the other hand, the Ricci tensor at order O(ε2) can be found from
the contraction of the Riemann tensor given in (A.25). Using (A.10) and (A.11) one has,
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(2)

Rβν = ∇̄σ
(2)

Γσνβ − ∇̄ν
(2)

Γσσβ +
(1)

Γσσλ
(1)

Γλνβ −
(1)

Γσνλ
(1)

Γλσβ

(2)

Rβν =
1

2

{
∇̄ν
[
hσγ
(
∇̄σhγβ + ∇̄βhγσ − ∇̄γhσβ

)]
− ∇̄σ

[
hσγ
(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)]}
+

1

4
ḡσαḡλγ

(
∇̄σhαλ + ∇̄λhασ − ∇̄αhσλ

)(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)
− 1

4
ḡσαḡλγ

(
∇̄νhαλ + ∇̄λhαν − ∇̄αhνλ

)(
∇̄σhγβ + ∇̄βhγσ − ∇̄γhσβ

)
=

1

2

{[
∇̄νhσγ

(
∇̄σhγβ + ∇̄βhγσ − ∇̄γhσβ

)
+ hσγ

(
∇̄ν∇̄σhγβ + ∇̄ν∇̄βhγσ − ∇̄ν∇̄γhσβ

)]
−
[
∇̄σhσγ

(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)
+ hσγ

(
∇̄σ∇̄νhγβ + ∇̄σ∇̄βhγν − ∇̄σ∇̄γhνβ

)]}
+

1

4

(
����∇̄σhσγ + ∇̄γh − ����∇̄αhαγ

)(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)
− 1

4

(
∇̄νhσγ + ∇̄γhσν − ∇̄σhγν

)(
∇̄σhγβ + ∇̄βhγσ − ∇̄γhσβ

)
. (A.27)

The underlined terms in the previous expression cancel each other by relabelling some indices
and using the symmetry property of hµν ,

hσγ
(
∇̄ν∇̄γhσβ

)
− hσγ

(
∇̄ν∇̄σhγβ

)
︸ ︷︷ ︸

(γ←→σ)

= hσγ
(
∇̄ν∇̄γhσβ

)
− hγσ︸︷︷︸

Symmetric

(
∇̄ν∇̄γhσβ

)
= 0 .

Then, from (A.27) the Riemann tensor at order O(ε2) yields,

(2)

Rβν =
1

2

{
∇̄νhσγ

(
∇̄σhγβ + ∇̄βhγσ − ∇̄γhσβ

)
− ∇̄σhσγ

(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)
+ hσγ

(
∇̄ν∇̄βhγσ − ∇̄σ∇̄νhγβ − ∇̄σ∇̄βhγν + ∇̄σ∇̄γhνβ

)
+

1

2
∇̄γh

(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)
− 1

2

(
∇̄νhσγ + ∇̄γhσν − ∇̄σhγν

)(
∇̄σhγβ + ∇̄βhγσ − ∇̄γhσβ

)}

=
1

2

{
1

2
∇̄νhσγ

(
∇̄σhγβ + ∇̄βhγσ − ∇̄γhσβ

)
+
(1

2
∇̄γh − ∇̄σhσγ

)(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)
+ hσγ

(
∇̄ν∇̄βhγσ − ∇̄σ∇̄νhγβ − ∇̄σ∇̄βhγν + ∇̄σ∇̄γhνβ

)
− 1

2

(
∇̄γhσν − ∇̄σhγν

)(
∇̄σhγβ + ∇̄βhγσ − ∇̄γhσβ

)}
(A.28)



Appendix A. Second order perturbative expansion 163

(2)

Rβν =
1

2

{
1

2
∇̄βhσγ∇̄νhσγ +

(1

2
∇̄γh − ∇̄σhσγ

)(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)
+ hσγ

(
∇̄ν∇̄βhγσ − ∇̄σ∇̄νhγβ − ∇̄σ∇̄βhγν + ∇̄σ∇̄γhνβ

)
+

1

2
∇̄σhγν

(
∇̄σhγβ + ∇̄βhγσ − ∇̄γhσβ

)
− 1

2
∇̄γhσν

(
∇̄σhγβ + ∇̄βhγσ − ∇̄γhσβ

)
︸ ︷︷ ︸

(γ←→σ)

}

=
1

2

{
1

2
∇̄βhσγ∇̄νhσγ +

(1

2
∇̄γh − ∇̄σhσγ

)(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)
+ hσγ

(
∇̄ν∇̄βhγσ − ∇̄σ∇̄νhγβ − ∇̄σ∇̄βhγν + ∇̄σ∇̄γhνβ

)
+

1

2
∇̄σhγν

(
∇̄σhγβ + ����∇̄βhγσ − ∇̄γhσβ − ∇̄γhσβ − ����∇̄βhγσ + ∇̄σhγβ

)}
=

1

2

{
1

2
∇̄βhσγ∇̄νhσγ + ∇̄σhγν

(
∇̄σhγβ − ∇̄γhσβ

)
+ hσγ

(
∇̄ν∇̄βhγσ − ∇̄σ∇̄νhγβ − ∇̄σ∇̄βhγν + ∇̄σ∇̄γhνβ

)
+
(1

2
∇̄γh − ∇̄σhσγ

)(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)}
. (A.29)

Finally, the Ricci tensor at second order with all its covariant indices may be written as,

(2)

Rβν [h] =
1

2
ḡσµḡγα

{
1

2
∇̄βhσγ∇̄νhµα + ∇̄µhαν

(
∇̄σhγβ − ∇̄γhσβ

)
+ hµα

(
∇̄ν∇̄βhγσ − ∇̄σ∇̄νhγβ − ∇̄σ∇̄βhγν + ∇̄σ∇̄γhνβ

)
+
(1

2
∇̄αhµσ − ∇̄σhµα

)(
∇̄νhγβ + ∇̄βhγν − ∇̄γhνβ

)}
. (A.30)
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Appendix B

Second order perturbative expansion
in f (R) gravity

Here we develop a detailed computation of the required quantities to find the energy-momentum
tensor t̃µν in f(R) gravity. To the order of accuracy, the partial and the covariant derivatives
are indistinguishable because ∇̄µ may commute and so behaves like ∂µ[27]. For simplicity we
also assumed that in some reference frame the Lorenz gauge and the traceless condition are
valid. This means that

hµν = h̄µν − a2

(1)

Rḡµν , ∂ν h̄µν = 0 , h̄ = 0 . (B.1)

The connections at order O(ε2)

The connections to second order in ε are given by

Γρµν = Γ̄ρµν +
(1)

Γρµν +
(2)

Γρµν (B.2)

where,

Γ̄ρµν =
1

2
ḡρλ (∂µḡλν + ∂ν ḡλµ − ∂λḡµν) , (B.3)

(1)

Γρµν =
1

2
ḡρλ (∂µhλν + ∂νhλµ − ∂λhµν)

=
1

2
ḡρλ
[
∂µ

(
h̄λν − a2

(1)

Rḡλν

)
+ ∂ν

(
h̄λµ − a2

(1)

Rḡλµ

)
− ∂λ

(
h̄µν − a2

(1)

Rḡµν

)]
, (B.4)

(2)

Γρµν = −1

2
hρλ (∂µhλν + ∂νhλµ − ∂λhµν)

= −1

2

(
h̄ρλ − a2

(1)

Rḡρλ
)[

∂µ

(
h̄λν − a2

(1)

Rḡλν

)
+ ∂ν

(
h̄λµ − a2

(1)

Rḡλµ

)
− ∂λ

(
h̄µν − a2

(1)

Rḡµν

)]
. (B.5)

The Ricci tensor at order O(ε2)

The Ricci tensor to order O(ε2) can be decomposed as

Rµν = R̄µν +
(1)

Rµν +
(2)

Rµν (B.6)
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with

R̄µν = ∂σΓ̄σµν − ∂νΓ̄σµσ + Γ̄σγσΓ̄γνµ − Γ̄σγνΓ̄γσµ (B.7)

(1)

Rµν =
1

2

(
∂µ∂ρh

ρ
ν + ∂ν∂ρh

ρ
µ − ∂µ∂νh − �hµν

)
(B.8)

(2)

Rµν =
1

2

[
1

2
∂µhσρ∂νh

σρ + hσρ∂µ∂νhσρ − hσρ∂ν∂ρhσµ − hσρ∂µ∂ρhσν + hσρ∂σ∂ρhµν

∂ρhσν∂ρhσµ − ∂ρhσν∂σhρµ − ∂ρh
σρ∂νhσµ + ∂ρh

σρ∂σhµν − ∂ρh
σρ∂µhσν

− 1

2
∂σh∂σhµν +

1

2
∂σh∂νhσµ +

1

2
∂σh∂µhσν

]
(B.9)

Explicitly, the expression in (B.8) are given in (7.45). Furthermore, to simplify we use equa-
tions (7.50) and (7.49). Then,

(1)

Rµν = ∂µ∂ν

(
a2

(1)

R

)
− 1

2
�

(
h̄µν −

1

2
h̄ḡµν

)
+

1

6

(
(1)

R +
(1)

G
)
ḡµν

= a2∂µ∂ν
(1)

R +
1

6

(1)

Rḡµν −
1

2
�h̄µν +

1

4
�h̄ḡµν +

1

6

(1)

Gḡµν

= a2∂µ∂ν
(1)

R +
1

6

(1)

Rḡµν +
(1)

Gµν −
2

3

(1)

Gḡµν .

Assuming vacuum, so that Gµν = 0 then,

(1)

Rµν = a2∂µ∂ν
(1)

R +
1

6

(1)

Rḡµν . (B.10)

Now, inserting the definition of hµν into the equation (B.9) one obtains,

(2)

Rµν =
1

2

[
1

2
∂µ

(
h̄σρ − a2

(1)

Rḡσρ

)
∂ν

(
h̄σρ − a2

(1)

Rḡσρ
)

+

(
h̄σρ − a2

(1)

Rḡσρ
)
∂µ∂ν

(
h̄σρ − a2

(1)

Rḡσρ

)
−
(
h̄σρ − a2

(1)

Rḡσρ
)
∂ν∂ρ

(
h̄σµ − a2

(1)

Rḡσµ

)
−
(
h̄σρ − a2

(1)

Rḡσρ
)
∂µ∂ρ

(
h̄σν − a2

(1)

Rḡσν

)
+

(
h̄σρ − a2

(1)

Rḡσρ
)
∂σ∂ρ

(
h̄µν − a2

(1)

Rḡµν

)
+ ∂ρ

(
h̄σν − a2

(1)

Rδσν

)
∂ρ

(
h̄σµ − a2

(1)

Rḡσµ

)
− ∂ρ

(
h̄σν − a2

(1)

Rδσν

)
∂σ

(
h̄ρµ − a2

(1)

Rḡρµ

)
− ∂ρ

(
h̄σρ − a2

(1)

Rḡσρ
)
∂ν

(
h̄σµ − a2

(1)

Rḡσµ

)
+ ∂ρ

(
h̄σρ − a2

(1)

Rḡσρ
)
∂σ

(
h̄µν − a2

(1)

Rḡµν

)
− ∂ρ

(
h̄σρ − a2

(1)

Rḡσρ
)
∂µ

(
h̄σν − a2

(1)

Rḡσν

)
− 1

2
∂σ
(
h̄− 4a2

(1)

R

)
∂σ

(
h̄µν − a2

(1)

Rḡµν

)
+

1

2
∂σ
(
h̄− 4a2

(1)

R

)
∂ν

(
h̄σµ − a2

(1)

Rḡσµ

)
+

1

2
∂σ
(
h̄− 4a2

(1)

R

)
∂µ

(
h̄σν − a2

(1)

Rḡσν

)]
(B.11)



Appendix B. Second order perturbative expansion in f(R) gravity 167

Expanding each term of equation (B.11) gives

1

2
∂µ

(
h̄σρ − a2

(1)

Rḡσρ

)
∂ν

(
h̄σρ − a2

(1)

Rḡσρ
)

=
1

2

(
∂µh̄σρ − a2ḡσρ∂µ

(1)

R

)(
∂ν h̄

σρ − a2ḡ
σρ∂ν

(1)

R

)
=

1

2
∂µh̄σρ∂ν h̄

σρ − 1

2
∂µh̄σρ

(
a2ḡ

σρ∂ν
(1)

R

)
− 1

2
∂ν h̄

σρ

(
a2ḡσρ∂µ

(1)

R

)
+ 2a2

2∂µ
(1)

R∂ν
(1)

R

=
1

2
∂µh̄σρ∂ν h̄

σρ − 1

2
a2∂µh̄∂ν

(1)

R − 1

2
a2∂ν h̄∂µ

(1)

R + 2a2
2∂µ

(1)

R∂ν
(1)

R , (B.12)

(
h̄σρ − a2

(1)

Rḡσρ
)
∂µ∂ν

(
h̄σρ − a2

(1)

Rḡσρ

)
=

(
h̄σρ − a2

(1)

Rḡσρ
)(

∂µ∂ν h̄σρ − a2ḡσρ∂µ∂ν
(1)

R

)
= h̄σρ∂µ∂ν h̄σρ − h̄σρ

(
a2ḡ

σρ∂µ∂ν
(1)

R

)
− a2

(1)

Rḡσρ∂µ∂ν h̄σρ + a2
2

(1)

Rḡσρḡσρ∂µ∂ν
(1)

R

= h̄σρ∂µ∂ν h̄σρ − a2h̄∂µ∂ν
(1)

R − a2

(1)

R∂µ∂ν h̄ + 4a2
2

(1)

R∂µ∂ν
(1)

R , (B.13)

−
(
h̄σρ − a2

(1)

Rḡσρ
)
∂ν∂ρ

(
h̄σµ − a2

(1)

Rḡσµ

)
= −

(
h̄σρ − a2

(1)

Rḡσρ
)(

∂ν∂ρh̄σµ − a2ḡσµ∂ν∂ρ
(1)

R

)
= −h̄σρ∂ν∂ρh̄σµ + h̄σρ∂ν∂ρ

(
a2

(1)

Rḡσµ

)
+ a2

(1)

R∂ν∂ρh̄
ρ
µ − a2

2

(1)

R∂µ∂ν
(1)

R

= −h̄σρ∂ν∂ρh̄σµ + a2h̄
ρ
µ∂ν∂ρ

(1)

R + a2

(1)

R∂ν∂ρh̄
ρ
µ − a2

2

(1)

R∂µ∂ν
(1)

R , (B.14)

−
(
h̄σρ − a2

(1)

Rḡσρ
)
∂µ∂ρ

(
h̄σν − a2

(1)

Rḡσν

)
= −

(
h̄σρ − a2

(1)

Rḡσρ
)(

∂µ∂ρh̄σν − a2ḡσν∂µ∂ρ
(1)

R

)
= − h̄σρ∂µ∂ρh̄σν + a2h̄

σρḡσν∂µ∂ρ
(1)

R + a2

(1)

Rḡσρ∂µ∂ρh̄σν − a2

(1)

Rḡσρḡσν∂µ∂ρ
(1)

R

= − h̄σρ∂µ∂ρh̄σν + a2h̄
ρ
ν∂µ∂ρ

(1)

R + a2

(1)

R∂µ∂ρh̄
ρ
ν − a2

2

(1)

R∂µ∂ν
(1)

R , (B.15)

(
h̄σρ − a2

(1)

Rḡσρ
)
∂σ∂ρ

(
h̄µν − a2

(1)

Rḡµν

)
=

(
h̄σρ − a2

(1)

Rḡσρ
)(

∂σ∂ρh̄µν − a2ḡµν∂σ∂ρ
(1)

R

)
= h̄σρ∂σ∂ρh̄µν − a2h̄

σρḡµν∂σ∂ρ
(1)

R − a2

(1)

Rḡσρ∂σ∂ρh̄µν + a2
2

(1)

Rḡσρḡµν∂σ∂ρ
(1)

R

= h̄σρ∂σ∂ρh̄µν − a2ḡµν h̄
σρ∂σ∂ρ

(1)

R − a2

(1)

R�̄h̄µν + a2
2

(1)

Rḡµν�̄
(1)

R , (B.16)

∂ρ
(
h̄σν − a2

(1)

Rδσν

)
∂ρ

(
h̄σµ − a2

(1)

Rḡσµ

)
=

(
∂ρh̄σν − a2δ

σ
ν∂

ρ
(1)

R

)(
∂ρh̄σµ − a2ḡσµ∂ρ

(1)

R

)
= ∂ρh̄σν∂ρh̄σµ − a2∂

ρh̄µν∂ρ
(1)

R − a2∂
ρ

(1)

R∂ρh̄µν + a2
2ḡµν∂

ρ
(1)

R∂ρ
(1)

R , (B.17)
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− ∂ρ
(
h̄σν − a2

(1)

Rδσν

)
∂σ

(
h̄ρµ − a2

(1)

Rḡρµ

)
= −

(
∂ρh̄σν − a2δ

σ
ν ∂

ρ
(1)

R

)(
∂σh̄ρµ − a2ḡρµ∂σ

(1)

R

)
= − ∂ρh̄σν∂σh̄ρµ + a2∂µh̄

σ
ν∂σ

(1)

R + a2∂
ρ

(1)

R∂ν h̄ρµ − a2
2∂µ

(1)

R∂ν
(1)

R , (B.18)

− ∂ρ

(
h̄σρ − a2

(1)

Rḡσρ
)
∂ν

(
h̄σµ − a2

(1)

Rḡσµ

)
= −

(
∂ρh̄

σρ − a2ḡ
σρ∂ρ

(1)

R

)(
∂ν h̄σµ − a2ḡσµ∂ν

(1)

R

)
= − ∂ρh̄σρ∂ν h̄σµ + a2∂ρh̄

ρ
µ∂ν

(1)

R + a2∂ρ
(1)

R∂ν h̄
ρ
µ − a2

2∂µ
(1)

R∂ν
(1)

R , (B.19)

∂ρ

(
h̄σρ − a2

(1)

Rḡσρ
)
∂σ

(
h̄µν − a2

(1)

Rḡµν

)
=

(
∂ρh̄

σρ − a2ḡ
σρ∂ρ

(1)

R

)(
∂σh̄µν − a2ḡµν∂σ

(1)

R

)
= ∂ρh̄

σρ∂σh̄µν − a2ḡµν∂ρh̄
σρ∂σ

(1)

R − a2ḡ
σρ∂ρ

(1)

R∂σh̄µν + a2
2ḡ
σρḡµν∂ρ

(1)

R∂σ
(1)

R

= ∂ρh̄
σρ∂σh̄µν − a2ḡµν∂ρh̄

σρ∂σ
(1)

R − a2∂
σ

(1)

R∂σh̄µν + a2
2ḡµν∂

σ
(1)

R∂σ
(1)

R , (B.20)

− ∂ρ

(
h̄σρ − a2

(1)

Rḡσρ
)
∂µ

(
h̄σν − a2

(1)

Rḡσν

)
= −

(
∂ρh̄

σρ − a2ḡ
σρ∂ρ

(1)

R

)(
∂µh̄σν − a2ḡσν∂µ

(1)

R

)
= − ∂ρh̄σρ∂µh̄σν + a2ḡσν∂ρh̄

σρ∂µ
(1)

R + a2ḡ
σρ∂ρ

(1)

R∂µh̄σν − a2
2δ
ρ
ν∂ρ

(1)

R∂µ
(1)

R

= − ∂ρh̄σρ∂µh̄σν + a2∂ρh̄
ρ
ν∂µ

(1)

R + a2∂
σ

(1)

R∂µh̄σν − a2
2∂µ

(1)

R∂ν
(1)

R , (B.21)

− 1

2
∂σ
(
h̄− 4a2

(1)

R

)
∂σ

(
h̄µν − a2

(1)

Rḡµν

)
=

(
−1

2
∂σh̄ + 2a2∂

σ
(1)

R

)(
∂σh̄µν − a2ḡµν∂σ

(1)

R

)
= − 1

2
∂σh̄∂σh̄µν +

1

2
a2ḡµν∂

σh̄∂σ
(1)

R + 2a2∂
σ

(1)

R∂σh̄µν − 2a2
2ḡµν∂

σ
(1)

R∂σ
(1)

R , (B.22)

1

2
∂σ
(
h̄ − 4a2

(1)

R

)
∂ν

(
h̄σµ − a2

(1)

Rḡσµ

)
=

(
1

2
∂σh̄ − 2a2∂

σ
(1)

R

)(
∂ν h̄σµ − a2ḡσµ∂ν

(1)

R

)
=

1

2
∂σh̄∂ν h̄σµ −

1

2
a2ḡσµ∂

σh̄∂ν
(1)

R − 2a2∂
σ

(1)

R∂ν h̄σµ + 2a2
2ḡσµ∂

σ
(1)

R∂ν
(1)

R

=
1

2
∂σh̄∂ν h̄σµ −

1

2
a2∂µh̄∂ν

(1)

R − 2a2∂
σ

(1)

R∂ν h̄σµ + 2a2
2∂µ

(1)

R∂ν
(1)

R , (B.23)
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1

2
∂σ
(
h̄ − 4a2

(1)

R

)
∂µ

(
h̄σν − a2

(1)

Rḡσν

)
=

(
1

2
∂σh̄ − 2a2∂

σ
(1)

R

)(
∂µh̄σν − a2ḡσν∂µ

(1)

R

)
=

1

2
∂σh̄∂µh̄σν −

1

2
a2ḡσν∂

σh̄∂µ
(1)

R − 2a2∂
σ

(1)

R∂µh̄σν + 2a2
2ḡσν∂

σ
(1)

R∂µ
(1)

R

=
1

2
∂σh̄∂µh̄σν −

1

2
a2∂ν h̄∂µ

(1)

R − 2a2∂
σ

(1)

R∂µh̄σν + 2a2
2∂ν

(1)

R∂µ
(1)

R . (B.24)

Adding all the terms from equation (B.12) to (B.24) and consider the Lorenz gauge, h̄ = 0
and vacuum spacetime. The result is,

(2)

Rµν =
1

2

[
1

2
∂µh̄σρ∂ν h̄

σρ − 1

2
a2∂µh̄∂ν

(1)

R︸ ︷︷ ︸
=0

− 1

2
a2∂ν h̄∂µ

(1)

R︸ ︷︷ ︸
=0

+ 2a2
2∂µ

(1)

R∂ν
(1)

R

+ h̄σρ∂µ∂ν h̄σρ − a2h̄∂µ∂ν
(1)

R︸ ︷︷ ︸
=0

− a2

(1)

R∂µ∂ν h̄︸ ︷︷ ︸
=0

+ 4a2
2

(1)

R∂µ∂ν
(1)

R

− h̄σρ∂ν∂ρh̄σµ + a2h̄
ρ
µ∂ν∂ρ

(1)

R + a2

(1)

R∂ν∂ρh̄
ρ
µ︸ ︷︷ ︸

=0

− a2
2

(1)

R∂µ∂ν
(1)

R

− h̄σρ∂µ∂ρh̄σν + a2h̄
ρ
ν∂µ∂ρ

(1)

R + a2

(1)

R∂µ∂ρh̄
ρ
ν︸ ︷︷ ︸

=0

− a2
2

(1)

R∂µ∂ν
(1)

R

+ h̄σρ∂σ∂ρh̄µν − a2ḡµν h̄
σρ∂σ∂ρ

(1)

R − a2

(1)

R�̄h̄µν︸ ︷︷ ︸
=0

+ a2
2

(1)

Rḡµν�̄
(1)

R

+ ∂ρh̄σν∂ρh̄σµ − a2∂
ρh̄µν∂ρ

(1)

R − a2∂
ρ

(1)

R∂ρh̄µν + a2
2ḡµν∂

ρ
(1)

R∂ρ
(1)

R

− ∂ρh̄σν∂σh̄ρµ + a2∂µh̄
σ
ν∂σ

(1)

R + a2∂
ρ

(1)

R∂ν h̄ρµ − a2
2∂µ

(1)

R∂ν
(1)

R

− ∂ρh̄
σρ∂ν h̄σµ︸ ︷︷ ︸

=0

+ a2∂ρh̄
ρ
µ∂ν

(1)

R︸ ︷︷ ︸
=0

+ a2∂ρ
(1)

R∂ν h̄
ρ
µ − a2

2∂µ
(1)

R∂ν
(1)

R

+ ∂ρh̄
σρ∂σh̄µν︸ ︷︷ ︸

=0

− a2ḡµν∂ρh̄
σρ∂σ

(1)

R︸ ︷︷ ︸
=0

− a2∂
σ

(1)

R∂σh̄µν + a2
2ḡµν∂

σ
(1)

R∂σ
(1)

R

− ∂ρh̄
σρ∂µh̄σν︸ ︷︷ ︸

=0

+ a2∂ρh̄
ρ
ν∂µ

(1)

R︸ ︷︷ ︸
=0

+ a2∂
σ

(1)

R∂µh̄σν − a2
2∂µ

(1)

R∂ν
(1)

R

− 1

2
∂σh̄∂σh̄µν︸ ︷︷ ︸

=0

+
1

2
a2ḡµν∂

σh̄∂σ
(1)

R︸ ︷︷ ︸
=0

+ 2a2∂
σ

(1)

R∂σh̄µν − 2a2
2ḡµν∂

σ
(1)

R∂σ
(1)

R

+
1

2
∂σh̄∂ν h̄σµ︸ ︷︷ ︸

=0

− 1

2
a2∂µh̄∂ν

(1)

R︸ ︷︷ ︸
=0

− 2a2∂
σ

(1)

R∂ν h̄σµ + 2a2
2∂µ

(1)

R∂ν
(1)

R

+
1

2
∂σh̄∂µh̄σν︸ ︷︷ ︸

=0

− 1

2
a2∂ν h̄∂µ

(1)

R︸ ︷︷ ︸
=0

− 2a2∂
σ

(1)

R∂µh̄σν + 2a2
2∂ν

(1)

R∂µ
(1)

R

]
. (B.25)
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Finally, the Ricci tensor to order O(ε2) is given by

(2)

Rµν =
1

2

{
1

2
∂µh̄σρ∂ν h̄

σρ + h̄σρ
[
∂µ∂ν h̄σρ + ∂σ∂ρ

(
h̄µν − a2

(1)

Rḡµν

)
− ∂ν∂ρ

(
h̄σµ − a2

(1)

Rḡσµ

)
− ∂µ∂ρ

(
h̄σν − a2

(1)

Rḡσν

)]
+ ∂ρh̄σν

(
∂ρh̄σµ − ∂σh̄ρµ

)
− a2∂

σ
(1)

R∂σh̄µν

+ a2
2

(
2

(1)

R∂µ∂ν
(1)

R + 3∂µ
(1)

R∂ν
(1)

R +
(1)

R�̄
(1)

Rḡµν

)}
. (B.26)

The Ricci scalar is obtained when contracting the Ricci tensor with the full metric,

R = R̄ +
(1)

R +
(2)

R

= gµν
(
R̄µν +

(1)

Rµν +
(2)

Rµν

)
=
(
ḡµν − hµν + hµλh ν

λ

)(
R̄µν +

(1)

Rµν +
(2)

Rµν

)
= ḡµνR̄µν + ḡµν

(1)

Rµν + ḡµν
(2)

Rµν − hµνR̄µν − hµν
(1)

Rµν − hµν
(2)

Rµν

hµλh ν
λ R̄µν + hµλh ν

λ

(1)

Rµν + hµλh ν
λ

(2)

Rµν

= ḡµνR̄µν + ḡµν
(1)

Rµν +

(
ḡµν

(2)

Rµν − hµν
(1)

Rµν

)
+ · · · (B.27)

where,

R̄ = ḡµνR̄µν , (B.28)

(1)

R = ḡµν
(1)

Rµν , (B.29)

(2)

R = ḡµν
(2)

Rµν − hµν
(1)

Rµν . (B.30)

The equation (B.28) is just the Ricci scalar of the background. Equation (B.29) reproduce
the Klein-Gordon equation with respect to the background

(1)

R = ḡµν
(1)

Rµν

= ḡµν
(
a2∂µ∂ν

(1)

R +
1

6

(1)

Rḡµν

)
= a2�̄

(1)

R +
2

3

(1)

R ,

i.e., (
�̄ − Υ2

) (1)

R = 0 . (B.31)
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The Ricci scalar to second order is obtained as follows,

(1)

R = ḡµν
(2)

Rµν − hµν
(1)

Rµν

=
1

2

{
1

2
∂µh̄σρ∂

µh̄σρ + h̄σρ

[
�̄h̄σρ + ∂σ∂ρ

(
h̄ − 4a2

(1)

R

)]
− ∂µ∂ρ

(
h̄σµ − a2

(1)

Rḡσµ

)

− ∂ν∂ρ
(
h̄σν − a2

(1)

Rḡσν

)]
+ ∂ρh̄σµ

(
∂ρh̄σµ − ∂σh̄ρµ

)
− a2∂

σ
(1)

R∂h̄

+ a2
2

(
2

(1)

R�̄
(1)

R + 3∂µ
(1)

R∂µ
(1)

R + 4
(1)

R�̄
(1)

R

)}
−
{
a2h̄

µν∂µ∂ν
(1)

R + a2
2

(1)

R�̄
(1)

R

− 1

6

(1)

Rh̄ +
2

3
a2

(1)

R2

}
, (B.32)

after inserting the full definition of hµν from equation (7.52) with ḡµν . Using the the Lorenz
gauge, the trace free of h̄µν , the wave equation and the Klein-Gordon equation one obtains,

(2)

R =
3

4
∂µh̄σρ∂

µh̄σρ − 1

2
∂ρh̄σµ∂σh̄ρµ − 2a2h̄

σρ∂σ∂ρ
(1)

R +
1

2
a2h̄

σρ∂σ∂ρ
(1)

R

+
1

2
a2h̄

σρ∂σ∂ρ
(1)

R − a2h̄
µν∂µ∂ν

(1)

R + 4a2
2

(1)
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(1)
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3

2
a2

2∂µ
(1)

R∂µ
(1)

R +
2

3
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(1)

R2

=
3

4
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µh̄σρ − 1

2
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σρ∂σ∂ρ
(1)

R
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2

(1)

R

(
1

3a2

(1)

R
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+

3

2
a2

2∂µ
(1)

R∂µ
(1)

R +
2

3
a2

(1)

R2 .

Hence,
(2)

R =
3

4
∂µh̄σρ∂

µh̄σρ − 1

2
∂ρh̄σµ∂σh̄ρµ − 2a2h̄

µν∂µ∂ν
(1)

R

+ 2a2

(1)

R2 +
3

2
a2

2∂µ
(1)

R∂µ
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R . (B.33)

For the function f(R) we have,

f(R) = R +
1

2!
a2R

2 + · · ·

=

(
R̄ +

(1)

R +
(2)

R

)
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1

2
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R̄ +

(1)

R +
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R

)2

+ · · ·

=

(
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(1)
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R
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1

2
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O(ε3)
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O(ε3)
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+ · · ·
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(1)

f +
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f + · · · (B.34)
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where
f̄ = R̄ ,

(1)

f =
(1)

R ,
(2)

f =
(2)

R +
1

2
a2

(1)

R2 . (B.35)

To find the corresponding derivatives at each order, we need to expand the function f(R) up
to the third power in R. After differentiate with respect to R one have

f ′(R) = 1 + a2R +
1

2
a3R

2 + · · ·

= 1 + a2

(
R̄ +

(1)

R +
(2)

R

)
+

1

2
a3

(
R̄ +

(1)

R +
(2)

R

)2

+ . . .

= 1 + a2R̄ + a2

(1)

R +

(
1

2
a3

(1)

R2 + a2

(2)

R

)
+ · · ·

=
(0)

f ′ + f̄ ′ +
(1)

f ′ +
(2)

f ′ , (B.36)

with
(0)

f ′ = 1 , f̄ ′ = a2R̄ ,
(1)

f ′ = a2

(1)

R ,
(2)

f ′ = a2

(2)

R +
1

2
a3

(1)

R2 . (B.37)
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