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Abstract

In this dissertation, the concept of s—coherence, or symmetric (1,1)—coherence, of pairs of quasi-
definite linear functionals, and the polynomials orthogonal with respect to certain Sobolev inner
product type play a preponderant role. The concept of symmetric (1,1)— coherent pair is defined
as follows. Let u and v denote two symmetric quasi-definite linear functionals and {P,}, -, and
{Rn},,>0 Will denote their respective sequences of monic orthogonal polynomials, (SMOP in short).
Suppose that there exist sequences of non-zero real numbers {an},>o and {bn}, o, With apb, # 0,

such that , :
Pn+3(=’1”) a Pn+1(95)
n—+3 " n+1

holds. Then the pair {u,v} is said to be a Symmetric (1,1)—Coherent Pair. This concept is
introduced in [34] as a natural extension of the concept of symmetric coherent pairs of quasi-definite
linear functionals studied in [55].

= Rpi2(x) + by Ry(x), n >0, (1)

The structure of this work is as follows. First, a classification of symmetric (1,1)—coherent
pairs is stated by using a symmetrization process. In addition, we study how from , and us-
ing the symmetrization process, we can arrive to a non-coherence algebraic relation. Then, the
corresponding inverse problem is analyzed exhaustively. After this, we consider the Sobolev inner
product

P a)g = / p(2)q(z)dpo(z) + A / P (@) (@) (2), A> 0, (2)

R
where we assume that u and v are positive-definite, with g and p; as the respective positive
Borel measures and {57){}”>0 as the Sobolev orthogonal polynomials associated with . So, the
algebraic relation -
Sn3(®) + 12 (N)Spi1(2) = Poya(@) + @nPota(2), (3)
is considered, where special attention is placed on the so called Sobolev coefficients {n,(A\)},>¢-

Then, their recurrence properties as well as those of the corresponding Sobolev norms {HSQ H2S}n>0
are studied. On the other hand, the particular symmetric (1,1)—coherent pair {ug, 1}, duo =
e~ dzr, dpy = 22126_9‘:2 dx, is taken into account. In this way, limit behavior of Soboleb coefficients
and the asymptotic properties of Sobolev polynomials are deeply studied. Finally, we exhibit an al-
gorithm to compute Fourier coefficients in expansions of functions that belong to the Sobolev space
W3R, po, 1] by using Sobolev polynomials. In order to do this, we follow the ideas presented in

[55].

Keywords: Orthogonal Polynomials, Symmetric (1,1)—coherent pairs, Sobolev Orthogonal
Polynomials.

Resumen

En esta disertacion, el concepto de s—coherencia, o (1,1)—coherencia simétrica, de pares de fun-
cionales lineales regulares y los polinomios ortogonales con respecto a cierto producto interno de tipo
Sobolev, juegan un papel preponderante. El concepto de par simétrico (1,1)— coherente es definido
de la siguiente forma. Sean u y v dos funcionales lineales, simétricos y regulares, donde {P,},~, ¥



{Ry},,>( representan sus respectivas sucesiones de polinomios ortogonales ménicos, (para ser breves
escribiremos SPOM). Supongamos que existen sucesiones no nulas de nimeros reales {an},~o ¥
{bn}nZ()’ with a,b, # 0, tales que

rlz+3(x)+a rlz+1(95)
n—+3 " n+1

= Rpi2(x) + by Ry (z), n >0,

es satisfecha. Entonces el par {u, v} se denomina par simétrico (1,1)— Coherente. Este concepto es
introducido en [34] como una extensién natural del concepto de par simétrico coherente estudiado
en [55]. La estructura de este trabajo es la siguiente. Primero, una clasificaciéon de pares simétricos
(1, 1)—coherentes es establecida usando cierto proceso de simetrizacién. Adicionalmente estudiamos
como de , y usando el proceso de simetrizaciéon, podemos llegar a una interesante relacién
algebraica no coherente. El problema inverso asociado a esta relacion es analizado exhaustivamente.
Luego, consideramos el producto interno de tipo Sobolev

P a)g = /R p()q(x)dpo(x) + A /R P (@)d @dp (@), A >0,

donde asumimos que u y v son definidos positivos con pg y g1 como las respectivas medidas de
Borel y {Sﬁ}n>0 como la SPOM asociada con . Entonces la relacion algebraica

S7>L\+3(x) + nn()\)séﬂ(ff) = Pn+3(l‘) + anpn+1($)’

es considerada, donde especial atencion es puesta en los llamados coeficientes de Sobolev {1, (M) },,>¢-

. . . 2
Entonces, sus propiedades de recurrencia como las de las respectivas normas de Sobolev { HS% H S}

n>0
son estudiadas. De otro lado, el caso particular del par simétrico (1,1)—coherente {ug, 1},
dug = e*‘”Qd:U, du, = iii‘Ze*“Qdm‘, es tenido en cuenta. Asi, el comportamiento limite de los

coeficientes de Sobolev y propiedades asintoticas de los polinomios de Sobolev son estudiados ex-
haustivamente. Finalmente exhibimos un algoritmo para calcular los coeficientes de Fourier en
expansiones de funciones en el espacio de Sobolev W [R, p, 111] a través de polinomios de Sobolev.
Para este fin seguimos las ideas planteadas en [55].

Palabras Clave: Polinomios Ortogonales, Pares Simétricos (1,1)—coherentes, Polinomios
Ortogonales de Sobolev.
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Introduction

0.1 Historical introduction

Since the so-called Sobolev Orthogonality is a recurrent topic in this dissertation, we want to make
a summary of both, the historical progress of this concept and the main contributions, as the best
way to highlight their influence in the development of our work.

In last decades special attention has been paid to the so-called Sobolev Orthogonality defined

by the inner product
fgs—EZ/f” o)), (4)

where every p; represents a positive Borel measure supported on an infinite subset of the real line.
Such an inner product is known in the literature as a Sobolev inner product.

In 1947 the foundations of the theory of Sobolev Orthogonality are instituted with the pioneering
work [67] of D. C. Lewis. He proposed the following minimum problem:

Problem 1. Given «;(z), i =0,1,2,---, k— 1, non-decreasing monotonic functions on the interval
[a,b], and a function f that satisfies certain regularity conditions, determine the polynomial @y

with deg Q,, < n such that
(z Q0 ()]
§ / f (z )] da (),

18 minimal.

In such a paper, the least squares problem has been proposed in terms of Stieltjes integrals and
the solution contains an integral representation for the remainder given in terms of the so-called
Peano Kernel. Of course, Lewis did not use Sobolev orthogonal polynomials explicitly. Notice that
the Sobolev orthogonality can be defined in terms of Stieltjes integrals. More precisely, a Sobolev
inner product has the form

(.9 S—Z/f ()daxs(a),

where (a,b) is a finite or infinite interval and every a; represents a non-decreasing and bounded
function on [a, b], such that for every j the set

Vo) = {z|oj(xz +€) —aj(x —€) > 0, for every e > 0},

is infinite and

. b
,u,(j) = / :deozj < oo, for k€ N.
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In early 60s, the German mathematician P. Althammer presented his first work, (see [12]) based
on the seminal paper of Lewis and reformulated the Lewis’s problem as follows: given the inner
product

m b . .
()5 =Y [ 190 @)ui(a)da, )
i=0"?
where the w}s are weight functions in [a,b], and a function f defined in [a, b], to determine

min — .
min £ - Qs
where P,, represents the linear space of polynomials with degree less than or equal to n and ||.|| is
the norm induced by (,)g. Then, if {S,}, - is the sequence of polynomials orthogonal with respect
to , the polynomial Q*, where the minimum is achieved, will be a linear combination of Sobolev
orthogonal polynomials, namely,

Q*(x) = ZakSk(a:), with ap = (f, Sk)g -
k=0

Althammer showed also a distinctive feature of the Sobolev orthogonality with respect to local-
ization of the zeros of the corresponding orthogonal polynomials. Indeed, taking into account the
inner product withm=1,a=—-1,b=1, wo(zr) =1, and

() = 10, —1<xz<0,
=11, o<z<l,

he proved that one zero of S5 is located outside of [—1,1]. It is well known that this fact does not
occur for standard orthogonality with respect to a probability Borel measure supported on the real
line. This ”incident” led Althammer to work with the Sobolev inner product

1 1
(f. g5 = / @)z + / @@z A0 (6)

In this case, the respective polynomials S,, n > 0, are a generalization of the Legendre polynomials,
(a particular case of classical Jacobi polynomials).

Thus, from the works of Lewis and Althammer, the Sobolev orthogonality emerges turning the
study of zeros into a recurrent topic in later contributions. In the next decade, the papers [24],
[32] and [51] stand out. In particular, in [24] a generalization of the classical Laguerre polynomials
orthogonal with respect to the inner product

(fr9)g = /0 " f@)g(x)etde + A /0 T f@)d @e e, A> 0,

is studied.
An interesting general approach to the Sobolev orthogonality is given in [I07] with the inner
product

oo p
Fas=Y / vop ()P (2)¢ ™) () dn (), (7)
v,u=0"92

where 7 is a classical measure, (Hermite, Laguerre or Jacobi), and v, € NU {0}. w,, are
polynomials that, under certain conditions and the application of integration by parts, allow turn
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the inner product into a standard inner product. Besides, ([7]) generalizes the inner products
studied by Althammer and Brenner. However, it took two decades before the interest in the Sobolev
orthogonality wake up again. The Sobolev orthogonal polynomials revived in early 90’s thanks to
the influential work of A. Iserles, P. E. Koch, S. P. Norsett and J. M. Sanz-Serna and their paper
[55], where the polynomials orthogonal with respect to the Sobolev inner product

(f.9)s = /R F(@)g(@)dpolz) + A /R (@) (@) (x), A >0,

were studied. Here pp and p; are positive Borel measures on the real line. The corner stone
in [55] is the presentation of the fertile concept of Coherent Pair of measures. To be more
precise, a pair {1, 11} of positive Borel measures supported on infinite subsets of the real line is
Pia(x) P (z)
+ap
n+1
where {P,},5q and {Qn},( are the sequences of monic polynomials orthogonal with respect to

o and w1, respectively. In an analogous way the concept of Symmetric Coherent Pairs can be
defined when pg and pg are symmetric, i. e. invariant under the transformation x — —x. Among
others, interesting algebraic connections between Sobolev polynomials and polynomials orthogonal
with respect to ug are obtained, and an efficient algorithm to compute Fourier-Sobolev coefficients
in expansions with Sobolev polynomials is presented. A problem that arises immediately is to
identify all coherent pairs as well as the symmetric coherent pairs. It should also be pointed out
that the work [81] constitutes the foundation for the solution of this problem, task that, later, will
be completed by H. G. Meijer in [96], where it was proved that one of the two measures must be
classical and its companion is a rational perturbation of it. On Sobolev orthogonal polynomials and
coherent pairs, (and symmetric coherent pairs), a large and interesting number of papers enrich
the literature nowadays. We highlight [2], [9], [10], [13], [28], [29], [30], [74], [76], [78], [79], [85],
[91], 193], [97], [98], [104], [105], among others.

At the end of 20th century a wide range of investigations are carried out which are related with
the so-called discrete Sobolev inner product or Sobolev inner product of the type I, i. e. when in
, o has continuous support and pu;, for ¢ = 1,...,m are supported on finite subsets. In [19] the
inner product

a coherent pair if there exist nonzero constants a,, such that Q,(x) = ,n >0,

1 1
(p.q)g = /lp(fv)Q(x)(l —2%)dx + Y My, (p(k)(—l)q(’“)(—l) + p(’“)(l)q(k)(l)) :
- k=0

with My > 0, @ > —1, is considered. Notice that the respective Sobolev orthogonal polynomials
are a generalization of the classical symmetric Gegenbauer polynomials. An expression for every
Sobolev polynomial in terms of differential operators is obtained as well as some properties of their
zeros and their representation in terms of a hypergeometric series, (Hypergeometric Representation).
A similar study for polynomials orthogonal with respect to the Sobolev-Laguerre inner product

00 N
(p.a)g = / p(@)q(x)z®e "dr + Y Myp')(0)g™(0), M, >0, o> —1,
0 v=0

is presented in [61], where a (2N + 3)—term recurrence relation for the Sobolev polynomials is
obtained. Analytic properties of Sobolev polynomials orthogonal with respect to the above inner
product are also studied in [38],(N = 1, My = 0.), [62], [63] and [92]. In such a framework, the
authors find, among others, a Holonomic Equation, (i.e., a second order ODE with polynomial
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coefficients), satisfied by the Sobolev polynomials and, as a consequence, the electrostatic inter-
pretation of their zeros is deduced. Asymptotics for Sobolev polynomials orthogonal with respect
to

) = /0 " p@)g(@)ateda + MpD(0)gD(0), M >0, (®)

are analyzed in [37]. The case

P a)g = /R p(@)g(@)w(z)dz + Ap® (©)g®(e),

is analyzed in [82] when A > 0, ¢ € R and v € NU {0}. If the weight w is semiclassical, the
authors found a second order differential equation satisfied by the Sobolev polynomials, as well as
a (2v 4+ 3)—term recurrence relation is deduced for these polynomials. This is a pioneering work
since the value ¢ can be located outside the orthogonality interval. In [77] a thorough study of
some properties of zeros is presented as well as their behavior with respect to A.

The idea of considering discrete measures supported on points outside the support of the mea-
sure dy is followed in the work [2], where the inner product

N
aads = [ plaa@au+ 3 M Q). My 20 (9)
v=0

is studied with ¢ ¢ E. The authors deduced that the number of zeros outside the convex hull
of the support of the measure depends on N instead of the order of derivatives. Besides, they
obtain interlacing properties of zeros. When du = x*e™*dx, (classical Laguerre measure), analytic
properties such as connection formula, hypergeometric representation and Holonomic Equation are
studied in [43] for the polynomials orthogonal with respect to @D with ( < 0 and N = 0. The
case N = 1 is studied in [100] where an electrostatic model for the zeros of Sobolev polynomials
is deduced. Also, in the Laguerre setting, and for { < 0, My =0 and N =1, in @D, asymptotic
properties such as relative outer asymptotics and Mehler-Heine and Plancherel-Rotach formulas for
rescaled Sobolev polynomials are given. In the above context, in [99] similar asymptotic properties
are studied when M, =0 forv =0,1,..., N —1. A very interesting variant of the discrete Laguerre-
Sobolev inner products is given in [70] through the inner product

P, a)s = / p(x)q(x)ae  dz + Mup"(0)g9(0), a > —1,
0
where {Mn}nZO is a sequence of nonnegative real numbers such that

lim M,n”? = M, B €R.

n—oo
This constitutes another generalization of the inner product . A Mehler-Heine type formula is
deduced and, consequently, also the asymptotic behavior of the zeros. The authors made a similar
study for the Jacobi-Sobolev case in [71], and they present a more general approach for any positive
Borel measure on the real line in [72].

Other useful references regarding analytical and asymptotic properties of Sobolev type orthog-
onal polynomials in the discrete case are [7], [13] [27],[45], [68], [85]. In order to conclude this
brief introduction the following surveys, sorted according to their appearance in the literature, are
especially recommended: [§], [86], [89], [90], [95].
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0.2 Structure of the manuscript and original contributions

In the previous section we have highlighted the way as, after two decades, the concept of Coherent
pair of measures constitutes a starting point in order to emerge the interest in the Sobolev Orthogo-
nality in early 90s. In this work we are interested in studying some analytic and asymptotic aspects
of a natural generalization known in the literature as Symmetric (1,1)-Coherence or S-coherence,
which is introduced in [34]. Also we want to present the state of the art around this topic. On the
other hand, and inspired by the contributions that helped to solve the problem of the determination
of all Coherent Pairs and Symmetric Coherent Pairs, we will deduce a classification of symmetric
(1,1)—coherent pairs for which the Symmetrization Process plays a central role. In order to this,
we will show how to get in a natural way a non-coherent algebraic relation which we will study
extensively.

Finally, given the relation between Sobolev type orthogonal polynomials and the symmetric
(1,1)— coherence, we will study the asymptotic behavior of the Sobolev orthogonal polynomials
associated with a particular symmetric (1,1)—coherent pair. In this way, the structure of this
dissertation is as follows.

In Chapter 1, the basic background about moment functionals and orthogonal polynomials
on the real line is presented. A special emphasis on semiclassical linear functionals is given and
the symmetrization process for linear functionals is deeply analyzed. Finally, the main results of
asymptotic behavior for classical Laguerre and Hermite polynomials are presented.

In Chapter 2, we define formally the Sobolev type inner product and the concepts of Coherent
Pair and Symmetric Coherent pair as a necessary background. We exhibit the main analytic and
asymptotic aspects from these concepts.

In Chapter 3, we describe the main results about a natural generalization of the concept of
coherent pairs that in the literature is known as (1,1)—coherent pair introduced in [33]. We
summarize the classification of all (1,1)—coherent pairs. A detailed discussion of the subsequent
generalizations is presented at the end of the chapter.

In Chapter 4, we study exhaustively the concept of (1, 1) —symmetric coherent pair or s—coherent
pair. We propose a classification of (1,1)—symmetric coherent pairs through the symmetrization
process. In this way we propose and study rigorously an inverse problem associated with non-
coherent pairs. The results of this chapter appear in the references [40] and [41].

In Chapter 5, we consider the symmetric (1,1)—coherent pair

2
%e_gﬁzdw, a,b#0, a,beRy.

dpo = e "dz,  duy =
We analyze the relative asymptotics of the polynomials orthogonal with respect to Sobolev inner
product

p(z), q(2))g = / p()q(z)dpo(x) + A / P (@) @)du(z), A >0,

on the space of polynomials with real coefficients and we obtain Mehler-Heine type formulas. The
results of this chapter yield the publication [39].

In Chapter 6 we present applications of some results and ideas exposed throughout the manuscript.
In this way we present an algorithm that arises in a natural way to compute the Fourier coefficients
of expansions of Sobolev polynomials for functions in certain Sobolev spaces. The contents of this
chapter are part of the reference [42]. Finally in Chapter 7 the conclusions of this dissertation and
some open problems arising from its elaboration are presented.
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Chapter 1

Orthogonal Polynomials on the real
Line

This Chapter is devoted to summarize the elements of the general theory of orthogonal polynomials
on the real line, as well as basic ideas and tools that will be needed to build the main results of this
dissertation. We call it ”standard orthogonality”. Also we will establish the necessary notation
that we will follow in the sequel. For the reader, the only background are first undergraduate
courses in real and complex analysis, functional analysis and measure theory. The structure of this
chapter is as follows. In Section 1.1 we will deal with moment functionals and we will present some
examples including the quasi-definite linear functionals. In Section 1.2 we will focus our attention
on sequences of polynomials orthogonal with respect to quasi-definite linear functionals. Section
1.3 will be dedicated to semiclassical linear functionals, some characterizations and, of course, we
will emphasize on the classical case. Besides, we will exhibit the classification of semiclassical
functionals of class 1 and 2, respectively. In Section 1.4 we will discuss the symmetrization process
and we will deal with the semiclassical character of symmetric linear functionals. In addition we
will present the classification of semiclassical symmetric linear functionals of class 1 and 2. Finally,
in Section 1.5 we will approach the Relative Asymptotics of orthogonal polynomials as well as
classical asymptotic results of Laguerre and Hermite polynomials.

1.1 Moment functionals

Let P be the linear space of polynomials with complex coefficients. P,, will denote the linear
subspace of polynomials of degree at most n. Let u be a linear functional in the algebraic dual
space of P. It will be denoted P’. (u,p) is the action of the linear functional u on the polynomial
p € P. Let {u,},~, be a sequence of complex numbers. u is a moment functional associated with
the moment sequence {un}, ¢ if  is linear and u, = (u,2™). A sequence of polynomials {P,},
with deg P, = n, determines an unique sequence of linear functionals {Pn}, >0, called dual basis
associated with {P,},~(, in such a way that (p,, Pn) = d,,m, where d,, , denotes the Kronecker
delta function. In this way every v € P’ can be expressed in terms of the basis {Pn},>o as follows

u= Z(u,Pk>pk.

k>0
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On the other hand, if ¢ € P and u € P’, then we define qu € P’, the left multiplication, as

(qu,p) == (u,qp), p€EP. (1.1)

If u e P and a,b € C, b # 0, an affine transformation of u, denoted by (7, o hy) u, is defined as
follows

((ra 0 hp) uw, p(x)) = (u, (hp © 7-a) p(x)) = (u, p(bx + a)), (1.2)

for every p € P.

The linear functional §(z — ¢) such that (6(x — ¢),p) := p(c), p € P, ¢ € C, is said to be the
Dirac delta linear functional at c.

Given u € P/, let 0 € P be a polynomial of degree n and denote by z; € C, 1 < i < r, their
zeros with multiplicities ng, respectively, i.e. Y ;_;n, = n. Then for every p € P, we define
o~ (z)u € P’ as follows,

1 _ /. p&)— Ly(z;p)
<a (x)u,p(:c)> = <u, () , (1.3)
where L, (x;p) is the interpolatory polynomial
r n;—1 .
Lo’($;p) = Z Z p(])(zi)Li,j(x)a (14)
i=1 j=0

(%)

and L; j(x) is the polynomial of degree at most n — 1 such that Li, i

and 0 < k,j<n;—1.If g€ P and o(z) = 22 — ¢, { > 0, we get
I . NS :w2—4< 9(vO) _Q(—\/Z)>_
— (z -2z 20 \(z—V(Q) (240

On the other hand, if o(z) = (z — §)™, i.e. ¢ has a zero of multiplicity n, then for any linear
functional u

(l‘l) = 5i,l5k7j7 Zvl = 17' T

xT) — < T
((x = &) "u,p(z)) = <u,p( ) (m?ggp)( )> : (1.5)

where Tﬁ_l(p) denotes the Taylor polynomial of degree n — 1 of the polynomial p around z = &.
When £ = 0, we will write 7,,—1(p).

Definition 2 (Pochhammer Symbol). Given a € C the Pochhammer symbol (a),, is defined by
(a), =ala+1)(a+2)...(a+n—-1),n>1, and (a), = 1.

Lemma 3. Let p € P and q(x) =p ((:E — 5)2) . Then for n > 0 we get
Tu(p)((z — €)*) = T5,(a) (). (1.6)

Proof. The powers of (x — £) in g are even non-negative integer numbers, and so the odd powers
of (x —¢&) in Tf(q)(m) are zero. Thus

2n (k) n (2k)
1)@ =3 T e =3 S g
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If p(r) = 3 aja?, then q(z) = Y aj(z — x;)%. Besides p)(x) = 3 a;(j — k + 1)’ % and
7=0 7=0 i=k
) (z) = 3 aj(2j — 2k + 1)a(x — £)¥ 2% and, as a consequence, p*)(0) = axk! and ¢®P)(¢) =

i=k

ar(2k)!. Thus

n k)
75, 0)(x) = Y0 P 0 g2

Remark 4. Since T3, 1 (¢)(z) = T3, () (), then To(p)((x — £)%) = 15,1 () (x).
Definition 5. For any polynomial ¢ and a € C, we define the linear operator 6, : P — P as follows

(e) — afa)

(bue) () = T2 =1 (1.7)

Also, uqg € P denotes the right-multiplication of u € P’ by ¢ € P, and it is the polynomial
defined by
tq(t) — xq(x)
t) =
(u) (0= {, =21,
where u acts on the variable z.

Given p € P, let p(x) = Y. gnz™ and u € P’. After straightforward computations we get

n=0
h—1h—1
(ubop) () := (u(fop))( Z In+1 Z up2" P =" (gpi1tipn) 2", (1.8)
n=0p=n

and, thus, ufyp is a polynomial in z
The p — th derivative of the functional u, p € Z™ U {0}, noted by DPu, is a linear functional
such that

(DPu,q(a)) = (~1)° (u,qP (@), q€P. (1.9)

1.1.1 Quasi-definite and Positive-definite linear functionals

Let u be a moment functional and {un}, -, be the corresponding moment sequence. We define the
Hankel determinant of order n + 1

uo ul DY un
U1 U2 s Up4a

AZ = . . . . , n>0. (1.10)
Up Un1 - U2n

u is said to be quasi-definite or regular if the leading principal submatrices of the Hankel matrix
(uiﬂ)zj':o are non-singular, i.e. A% # 0 for n > 0. w is called positive-definite if (u,7(z)) > 0
for every nonzero and non-negative real polynomial 7. When there is not risk of confusion we will
write A, instead of AY.

The positive definiteness of a moment functional can be characterized through the associated
moment sequence. Namely,
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Theorem 6. ([71)]). u is positive definite if and only if their moments are real and A, > 0 for
n > 0.

If u is positive-definite, then there exists a positive Borel measure u supported on an infinite
set £ C R such that v has an integral representation

(u,p) = /Ep(x)du(:n), p € P.

Given a quasi-definite linear functional v on the space P(R) of polynomials on the real line, a
bilinear form (,), : P(R) x P(R) — R is defined as (p, q),, := (u,pq) . If u is positive definite then
the bilinear form is an inner product on P(R) and, as usual, the induced norm will be represented
as

Ipll, = (.00 = (u,p?)"? = ([EPQ(x)du(x))l/Z,

where p is the positive Borel measure, supported on E, and corresponding to wu.

1.2 Orthogonal polynomials

Definition 7. A sequence {P,},~, is called an orthogonal polynomial sequence, (OPS in short),
with respect to a moment functional u if for n,m >0

i). P, is a polynomial of degree n.

it). (u, P,Pp) =0, for n # m.

iii). (u,P2) #0.

If the leading coefficient of P, is 1 for every n > 0, then {P,}, - is said to be a monic orthogonal

polynomial sequence, (SMOP in short). The next result gives us conditions that guarantee the
existence of an OPS for a given moment functional.

Proposition 8. ([31)]). Let u be a moment functional. w is quasi-definite if and only if there
exists an OPS {P,},~ with respect to the functional u.

Under the conditions of above proposition, if {uy},~ is the moment sequence associated with
u then every monic polynomial P, can be written as

uo U1 . e un
1 uj Uz -+ Unp+l
P,(x) = : Lo : , n>1, Py(x)=1.
An—l
Up—-1 Up -+ U2p—1
1 T z"

Given a quasi-definite moment functional there exist an infinite OPS associated with w. Indeed, if
{P,},,>0 is an OPS associated with u, then {k, P}, is also an OPS associated with u for non-zero
constants k,. Then {Pn},>0 is uniquely determined if the leading coefficients are fixed. Conversely,
if {P,},,50 is an OPS associated with u, for any k # 0, then {P,}, - is also an OPS associated with
ku. In order to both the quasi-definite moment functional and the OPS are uniquely determined,
their normalization will be necessary. In this way, in the sequel we will assume that (u,1) =1 as
well as the respective OPS is monic, unless stated otherwise.

The following result exhibits the existence of a close algebraic connection between the SMOP,
its dual basis and its respective linear functional.
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Theorem 9. Let {Pn}n20 be the SMOP with respect to the quasi-definite linear functional u and
let {pn},>o be the respective dual basis. If {pw} . is the dual basis associated to the sequence
> n>

{P;LH} then
n+1 n20’

(n + I)Pn—i-l(x)

Dplll = — . (1.11)
" 1Pl
Besides, for every n, p, can be written as
P
o ”(xg u. (1.12)
1Pl

The next theorem describes an important characterization of the orthogonality of a sequence
of monic polynomials in terms of a recurrence relation satisfied by their terms. In the literature it
is partially accepted that the original version of this result is due to J. Favard with his work [46].

Theorem 10 (Favard’s theorem). ([31]). Let {P,},>q be a sequence of monic polynomials.
{Pn}nZO is a MOPS with respect to a quasi-definite linear functional w if and only if there ex-
ist sequences of numbers {Bn},>1 and {yn}, 51, with v, #0 for n > 1, such that

xPy(x) = Ppy1(z) + BnPo(x) + v Pr—1(x), n>1, (1.13)
Po(z) =1, Pi(x) =z — fo.
On the other hand,

_ (u, zP?)
(u, )

P2
,n>0, v, = (wePoFo) _ (. F) n>1.

<“7P7%71> <“7P7%71>7

The relation ([1.13]) is the so-called Three-Term Recurrence Relation, (TTRR in short). A nice
survey about the Favard’s theorem, its origins and history and its extensions can be seen in [73].
The TTRR is equivalent to the well known and useful Christoffel-Darboux Identity.

Bn

Theorem 11. ([25], [31]). A SMOP {P,},, associated with a quasi-definite linear functional u
satisfies if and only if

n

3 Br(2) B (y) 1 Poi()Paly) — Bul2) Prga(y)

k=0

Notice that the TTRR can be written in the matrix form 2P,,—1 = J,Pp_1+ P, (x)ey, forn > 1,
where P,,_1 = [Py, P, ..., Pn,l]T , €p 18 the n—th coordinate vector and J,, is the tridiagonal matrix

B 1 0 0 0
M B 1 0 0
0 v B 0 0
J—| 0 0 0 0
0 0 0 - oo 1
L0 0 0 - o1 Baor |
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If {z,; }?:1 are the zeros of the polynomial P,, then it is clear that each x, ; is an eigenvalue of

Jy and [Py(#n), Pr(nj)s s Puo1(zn )] is the corresponding eigenvector.
The zeros of orthogonal polynomials have very interesting and nice properties. Next we describe
some of them.

Theorem 12. ([31]). Let I be the support of a positive-definite linear functional v and {Py,},~,
the respective SMOP. Then -
i). The zeros of P, are real, simple and located in the interior of the convex hull of I.
it). (Interlacing property). The zeros of P, and Pn+1 mutually separate each other, i.e. if
{azmj}?:l are the n zeros of the polynomial P, then

Tntlj < Tnj < Tpyigel, 1 <7< n.

If w is a positive-definite linear functional, the respective Borel measure p is supported on [a, b]
and if ¢ ¢ (a,b), the measure du¢c = |z — (| dp is called a canonical Christoffel Perturbation, (see
[108], [111] and [112]). In particular, the following result establishes under what conditions the
linear functional zu is also quasi-definite.

Proposition 13. ([71]). Let u € P’ be a quasi-definite linear functional and let {P,},~, be the
corresponding SMOP. If k is not a zero of Py, for everyn > 1, (x — k)u € P’ is quasi-definite and

{ﬁn} o its corresponding SMOP, satisfies
n>

~ _ P K

Bo(z) = (x — &) <pn+1(g;) - Hlli))Pn(x)) .

Moreover, if u is positive-definite in |a,b] then (x — k)u is also positive-definite on [a,b] if and only
if a > k. The polynomial P, is called the n — th monic Kernel polynomzial corresponding to U
whit K —parameter k.

The above proposition defines a mapping where the starting set and the arriving set are the
space of quasi-definite linear functionals. A natural question is, does the application is 1 — 17 The
answer is no. It is well known that there exist infinitely many SMOP associated with a sequence
of Kernel polynomials of K —parameter x.

Let pu be a Borel positive measure supported on an infinite subset of the real line and M > 0,
¢ € C. The measure du* := du + Mdé(x — () is called a Uvarov Perturbation, (or Transform)
of p. This kind of perturbation is introduced in [109].

Theorem 14. ([66]]). Let u € P’ a quasi-definite functional and {P,}, - its corresponding SMOP.
Let v € P’ defined as v :=u+ Md(x — a), with M € C, a € R. Then v is quasi-definite if and only
if dp =1+ MK,(a,a)+# 0, n >0, where K,(z,y) is the n — th Kernel polynomial associated to
u. Besides {Ry},~, the MOPS associated to v, is given by

K,_1(z,a), n>1.

Lemma 15. If u,v € P’ are related by xv = u+ Mé(x — a) + No(z), M,a # 0. Then v =
e+ 2z —a)+ ((v,1) — 2) 5(z) — N/ (z).

Proof. For any polynomial p, it is enough to consider the action of the linear functional zv, defined

as above, on ¢(z) := M. O
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1.3 Semiclassical linear functionals

Let <;~5 and T,Z be two nonzero polynomials such that deg(;ﬁ) =m > 0 and deg(iz) =n > 1 with
leading coefficients a,, and b, respectively. (¢, ) is said to be an admissible pair if either m—1 # n
or if m —1 =mn, then —ka,41 + by, # 0 for every k € N. w € P’ is said to be semiclassical if there
exists an admissible pair (¢ ,v), where ¢ is monic, such that the following differential relation
holds,

D <<$u> +9u=0, (Pearson equation). (1.14)
A semiclassical linear functional « is said of class s when

s = Hgnmax <deg$— 2,degz$— 1) ,

where ® denotes the set of all admissible pairs of nonzero polynomials ((E, J) such that (|1.14

holds. With respect to the class of u, we get the next result.
Proposition 16. ([52], [88]). The class of u is the non-negative real number

s = max {deg(g) -2, deg(iz) - 1} ,

if and only the condition

IT (o

C

(c) +{E(C)‘ + ’<&’,ch$+ 6’2@’) >0, (1.15)

1s satisfied, where ¢ is any zero of 5

Theorem 17. (see [88]). If two regular linear functionals u and v are related by an expression of
rational type as

p(@)u = r(z)v,
where p and r are nonzero polynomials, then u is a semiclassical linear functional if and only if so
is v. Moreover, if the class of u is s, then the class of v is at most s + deg(p) + deg(r).

Next, some characterizations of semiclassical linear functionals.

Theorem 18. (see [88]). Let u be a quasi-definite linear functional and {P,.},,~ the corresponding
SMOP. u is semiclassical of class s if and only if one of the equivalent conditions is satisfied:
A). There exists a polynomial ¢, with deg(¢) =t < s+ 2, such that {P,},, satisfies

n+t
o(x) ;:1_ . Z ankPi(z), n>s, (1.16)
k=n—s

with app—s #0 and n > s+ 1.

. . T P’ . .
B). There exists a monic polynomial ¢ such that the sequence { "“} - s quasi-orthogonal
n>

n+1
of order s with respect to qZu, i.e.
PnJrl( )
=0, k<n-s-1
<¢u x T , <n-s ,

and
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Notice that the full classification of quasi-definite linear functionals of class s = 1 is given in
[20]. In order to obtain them, the method consists in the construction of canonical forms for the
functional equations satisfied by linear functionals of class one. After this, by rescaling parameters,
to establish irreducible canonical functional equations of class one, and, finally, to study their
integral representations. In this way, the semiclassical linear functionals of class 2 are obtained in
[83]. In tables and [1.6| we exhibit such a classification in the positive-definite framework,
and assuming that u is semiclassical of class 1 and 2, and satisfying

D (%ﬁ) + 9t = 0. (1.17)
gg Weight Function IZS?ZZZZ?
x € [0,1],
Al- ~ _ a B 0(5’7 7& Oa
Fa) = a(w—(z—¢) | F@=C-@ e =T L
¢ € (0,1).
Ay, N . x € [0,1],
~ =(1—-x)%2Pe 0,
R I Bl s

Table 1.1: w semiclassical of class 1 with deg ¢~5($) =3, 1 <deg @Z(x) <2

~ . . Irreducibility
1) Weight Function Conditions
. Bl‘ @(m) — (1 . x)a+1 [L‘ﬂ_‘_le—)\x Z;;O,Ol]a
3a) = 2w — 1) N
€ [0, 00)
By, ~ o 4B * T
o) = S =wreE ] 5<0,
B a, B> —1.
0, 00)
B z € [0,00),
~ 3'_ 1 G(x) = a2re v A p>—1/2,
) = AeR.

Table 1.2: u semiclassical of class 1, with deg qg(:r) < 3, deg 1;(17) =2

1.3.1 Classical orthogonal polynomials

u € P’ is said to be classical if its class is s = 0, i.e. if there exist non zero polynomials 5 and
¥, with deg(¢) < 2 and deg(vy)) = 1, such that holds. In this case, the SMOP associated
with u is called a classical SMOP. Up to affine transformations of the variable, the Hermite,
Laguerre, Bessel and Jacobi polynomials are the classical SMOP, (see Table . Besides, except
the Bessel polynomials, if u is classical, under certain restrictions on the parameters, then it is
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positive-definite and it has a integral representation with respect to a weight function w on an
interval (a,b) as described in Table

Remark 19. Actually the Bessel functional B*) has an integral representation, being the path of
integration the unit circle in the complex plane instead of some interval in real line. Indeed

(B9.p)) = [ plee 2z, at—n, nx2
u

where U ={z € C||z| = 1}. For the interested reader, the paper [6])] contains the first systematic
study of the Bessel polynomials.

Linear — - —
Functional ¢; 0 Parameter Restriction
H, (Hermite) 1; 2z —
£ (Laguerre) z;x— (a+1), "o éN,
B, (Bessel) 2% —2(ax + 1) 20 ¢ N
2 1: — _ﬂ ¢ N
(avﬁ) J b x 9 s ,
J a(aCOZ) _(a—G—B—I—Q):E—I—B—a —a—ﬁgéN\{l}

Table 1.3: Quasi-definite Classical Orthogonal Polynomials

F@f;:?tj'(;;al (a,b) w(z) Parameters Restriction
H (—00,00) e’ __
£ [0, 00) x%e 7, a>—1
J@h —1,1] | (1—2)%1 + )P, a, B> -1

Table 1.4: Classical Orthogonal Polynomials, positive-definite case

D (@~ a) (- b)7,

(c,8)

The shifted Jacobi functional on a finite interval [a, b] will be denoted by j[(a’ﬂ )
J @) Also, the shifted Laguerre Functional on [a, c0) will be denoted by £
In this way, the Jacobi functional \7[20“1)}6 ) satisfies

b

} =((a+B+2z—[ala+ 1) +b(B+1)])J,

a,b]

[a,00)

(r,8)

(75 0@) = [ 0oz -0t peP
The Laguerre functional [,Es)oo) satisfies
D ((Sv - a)ﬁff,loﬂ = (—z+a+a+1) L,

and ,,7[ '
and E(a)

a,b]
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and N
<£[((ilo),p(:z)> = / p(z)e *(z —a)*dz, peP.
¢~5 Weight Function Igzizxf;zzy
Al. T € [0, 1],
é(x) w(z)=21—2) |z — G| |G — =) G, G2 €(0,1), 1, < ¢
=zl —1)(z— )z —C) apyp # 0,
1 : a?ﬂa)‘yp > _]-
As. S [0, 1],
5(30) (:J(aj) = (1 _ x)a (C _ x)p 226+ 7/ avyp # 0,
= (¢~ 1)z~ ) o f,p> 1,
(>1,v<0
As 1. ~ v . T < [07 1]7
=(1=2)%zBe T=ta 0,
o) = 2*(x — 1)? W) = (1—a)"ale WO
x € [0,1],
Az S(2) = 2B O aX # 0,
d(z) = 23(z — 1) @(z) =272 (1 —a)%es B> 1,
Aa<0

Table 1.5: @ semiclassical of class 2, with deg <;~5(m) =4, deg J(m) <3

~ . . Irreducibility
o) Weight Function Conditions
N B;. € (0,00), afy # 0,
¢(z) Ox) =1 —a|*a’ |z — ([T e a,f>-1,¢e(-11),
=z(x—1)(x =) A > 0.
32 51 Aot 2 LS (_OO7O>7 a”y 7é 07
o ox)=z|""" (1 —x)%e Mz a>-1,08>0,
B(a) = 22(x — 1) T
B, ~ _ a—1 —J»‘+£+% UAS [0700)7
3(z) = 23 Wz) =2 . a>0,87y<0
Ba . ~ 8 g2 € (1,00), By#0, A >0
~ ) — -1 1) ¢~ A" —oz ) ) )
d(x) = (2% — 1) Wla)=lz -1 (z+1)"e B,y>—-1,aeR
Ba2 S _ 201, —a? 42X+ 2 S [0) OO),
o(z) = 22 (@) = 2% e ’ a>—-1,8>0
Bs, ~ B B2 x €10,00), v#0
~ — YAz —fBr—ax ; P P
Pp(z) == Sla) =ale rv>—1,A>0
B
5(95)6': (x) = e~ v' maatAat=fe zeR

Table 1.6: u semiclassical of class 2, with degi =3 and 0 < deg 5 <3.
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1.3.2 Stieltjes Series

Definition 20. Given a quasi-definite linear functional u, the formal Stieltjes Series S, associ-
ated with u is defined by
Un,
S“(z) = Z ont+l’

n>0

Theorem 21. ([88]). A regular linear functional w is semiclassical if and only if there exist poly-
nomials o, C, and D such that its formal Stieltjes series Sy, is a (formal) solution of the following
non-homogeneous first order linear differential equation

0(2)S(2) = C(2)Su(2) + D(2).

Moreover, if the polynomials o, C, and D are mutually coprime, then the class of u is given by
s = maz {deg(C) — 1,deg(D)}. Notice that D(z) is related to o and C.

By using well known techniques, (see [58] or [59]), it is not difficult to prove the next

Theorem 22. Let u and v be quasi-definite linear functional and let ®pryy and Vnyp1n be poly-
nomials such that deg ®pr4n = M +n and deg Ynypin = N +p+n, with M,N,p € Zt U{0} and
n > 0. Assume that

DP(@3p4n(2)0) = Ut pin (),

holds. Then the formal Stieltjes series associated with u and v satisfy

YN 4pin(2)Su(2) — ((I)M-l—n(z)SU(z))(p) = An(2),

where, according to @, A, is the polynomial

An(2) = (ubo®ar4n) " (2) = (V80U N4p4n) (2)-
Besides S, satisfies the following non-homogeneous ordinary differential equation of order p
p
> Bj(2)SY)(2) = C(2),
7=0
where

5 = (7) (U )~ Bvapa(18870)).

and
O(2) = Unapia(2)A0(2) — Uy p(2) 1 (2).

1.4 Symmetric Linear Functionals

A linear functional v € P’ is called symmetric if wug,11 = <u,:n2”+1> = 0, for every n € N. (See

[31] for more characterizations of symmetric regular linear functionals). If « € P’ is symmetric
and quasi-definite, and {P,}, - is its corresponding SMOP, we can define u € P’ by

(U, 2" = (u,2°"), neN, (1.18)
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and the monic polynomials A,, and Xn, n > 0, by
Po(z) = Ap(2®)  and  Poui(z) = 24 (2?). (1.19)

As a consequence of the above definition, if u is both positive-definite and symmetric and it has
an integral representation in terms of the weight even function w on [—(, ], then we get

¢
(0w = [ pl@otads
and
C2
@) = [ o) ),
0
assuming the convergence of the integrals.

Example 23. The classical Hermite functional u = H is the typical example of a symmetric
positive-definite linear functional. Notice that in this case we get & = L2 and the identities

Hop(z) = L Y/%(2?), and Hopyr(z) = xLY?(2?). (1.20)
Here {Hn}, > and {Ly}, > denote the monic Hermite and Laguerre polynomials, respectively.

Example 24. As an relevant particular case of the classical Jacobi polynomials, if « = B =
A — 1/2 we obtain the well known symmetric Gegenbauer linear functional GWN |, whose integral
representation s

<g(>‘),p(x)> - /1 p(2)(1 — 2 V24, A > —1/2. (1.21)

-1

Theorem 25. ([31]). If u € P’ is a symmetric and quasi-definite linear functional and { Py}, <
is its corresponding SMOP, then wu, defined by , is quasi-definite. Besides, {An}nZO and

{gn} o defined by (1.19) are the MOPS related with w and xu, respectively.

Conversely, if © € P’ is quasi-definite, we can define the symmetric linear functional u € P’
such that

<u,$2n> = (u,z") and <u, x2”+1> =0, n>0. (1.22)

Theorem 26. ([31]). If u and xu are quasi-definite linear functionals on P' and {Ay},~, and

{Kn} - are their corresponding SMOP, then the symmetric linear functional u € P’, defined by
n

, “is quasi-definite and its SMOP {Pn},>0 s given by .

Remark 27. Notice that {Zn} are the Kernel polynomials with k—parameter O associated with

n>0
u. Besides, u is called the symmetrized linear functional of w.

Theorem 28. ([31]). With b > 0, u is positive definite on [—\@, \/l;} if and only if u and xu are
positive definite on [0, b].

Now, we deduce some interesting consequences of (|1.3)).
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Lemma 29. Let u be the symmetrization of u € P’. Let o be a polynomial with nonzero simple
zeros. Then

(o7 @), q(z?)) = (o7 (@), q(2)), (1.23)
for any polynomial q.

k 2k
Proof. 1f o(z) = [ (z — 2;), let denote o'(z) = o(x?) = [ (z — yi), where yo; = \/T; and yz;_1 =

i= =1

—/j for j =1,. ,1k Then from
(™ P uale?) = o hua(e) = 4a?) - Lo(w q<m2>>> |

a(x)

and from (|1.4])

Ls(z;q(2%) = (J(y?)i—

Then

—1/..2 2\\ __ u i=1
<U (l‘ )u,q(w >> - < ) (.7}2)

Besides, since u is the symmetrization of u, then for any polynomial p, <u p(x > = (u,p(z)) and,
as a consequence,

k
q(z) — E%
(0 P a(e?) = < & o) xz>>

o(x)
_ [~ 4@) = Lo(z;9(2))
(=)
= (o7 (@)t q(@))

O]

Given a semiclassical quasi-definite linear functional u, the semiclassical character of the sym-
metrized linear functional of w, its class and the respective Pearson equation are described in the
next theorem.

Theorem 30 (Symmetrization Theorem). ([17]). If u is a semiclassical linear functional of class
s satisfying the Pearson equation

D [gz)(x)a} +(x)a =0, (1.24)
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and xu is a quasi-definite linear functional, then wu, the symmetrization of u, is semiclassical of
class s satisfying the Pearson equation

D [¢u] + p(z)u =0, (1.25)

where the number s and the polynomials ¢ and 1 are defined according with next cases:

i). If

$(0)=0 and & (0)+ 24(0) =0, (1.26)

then
$(x) = (B00)(z?), Lﬁ(w):l‘[2(90J)($2)+(935)($2) : (1.27)

and s = 2s.
i). If $(0) = 0 and ¢'(0) 4 24(0) £ 0 then

$(z) = z(0p9)(2?), ¥(z) = 2)(a?),

and s =25 + 1.
13). If ¢(0) # 0 then

and s = 25 + 3.

Corollary 31. If s is odd, the polynomials ¢ and v in are, respectively, odd and even
functions. If s is even, the polynomials ¢ and v in are, respectively, even and odd functions.

In the cases j[gal’]ﬁ) and £(® where the weight functions are w(z) = (1 — 2)®z® on [0,1] and
w(x) = e *z% on [0,00), respectively, the new weight functions associated with the symmetrized
linear functionals 7&?5) and £ are w(z) = (1—22) |2[*™ on [-1,1] and w(z) = e~ [2]**™ on

R, respectively. For see that, it is enough and easy to prove that <7E€ ’1’?), p(a:2)> = <j[éaﬂﬁ ), p(a:)>

and <Z(a), p(m2)> = </L(a), p(:];)> for any polynomial p. On purpose, the symmetric linear functionals

of class 1, described in [I7], are the symmetrization of the classical linear functionals. In [36] the
symmetric linear functionals of class 2 are obtained by using the Symmetrization Theorem. This
allows to take the search of these functionals to class 1 framework. The linear functionals of class
3 ones are studied in [84]. Next we describe the classification of the semiclassical symmetric linear
functional of class 1 and 2. We assume that u is positive-definite and that it satisfies

D(¢u) 4+ pu = 0.

In tables[I.7] [I.8|and [I.9] the symmetric semiclassical linear functionals of class 1 and 2 are described
in the positive-definite framework
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) . Irreducibility
¢ Weight Function Conditions
Generalized Gegenbauer o o\ A—1/2 z € [-1,1],
é(z) = z(2? — 1) w(z) = |z|" (1 - 2?) a0, a>-1
A>—1/2
Hermite — Chihara o a2 T € R,
o) = @ wia) =f"e 020, 0> 1.

Table 1.7: u symmetric semiclassical of class 1

¢ Weight Function IZE?&ZZZ?
o) =@ =D =N | ) == a-a | TSR
o(z) = 22(2? — 1) dp = |22 (1 — 2?)%d + 2o (x) a’eﬁ [;1_1] B #0,
d(z) = (2* = 1) wia) = (1—a?)’ e T ’ ° [0—1, 1], 8> -1,

Table 1.8: u symmetric semiclassical of class 2, deg¢p =4 and 1 < degy < 3.

0] Weight Function Iggigj;fgzzy
plr)=a2—1] wx)=1-a2)le e[-1,1], 8> —1.
¢(x) = 2 dp = || e dx + \o(x) r€eR, a>—1.

P(z) =1 w(z) = e N7 zeR

Table 1.9: w symmetric semiclassical of class 2, degy = 3 and 0 < deg ¢ < 2.

1.5 Asymptotics for Orthogonal Polynomials

Let u be a positive Borel measure supported on both an infinite and compact subset of the real
line denoted by supp (). It is well known that through Gram-Schmidt orthogonalization process
applied to {z"}, -, and in L? (1), it is possible to build an orthonormal sequence of polynomials
{pn(;;1)},>0 The asymptotic behavior is a widely and rich branch of the theory of orthogonal
polynomials and it is related to with the study of the behavior of {p,(.; )}, when n tends to
infinity. The importance of asymptotics lies in its applications: linear predictors in the theory of
stochastic processes, random matrix theory, Fisher—Hartwig conjectures and Ising models, study
of algorithms, entropy, among others, (see the nice survey [69]). Usually there are three different
asymptotic behavior of an OPS:

i). Root Asymptotics. It deals with nh_{rgo |pn (5 )|

ii). Outer Ratio Asymptotics. It has to do with lim

1/n

pul; 1)
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iii). Szegd Asymptotics. It is related to lim M
n—oo " (x)
supp (p) denotes the convex hull of supp () .
It is also well known that i)=-ii)=-iii). but, in general, the converse statements do not hold.
In this dissertation we are interested in the study of Relative Asymptotics for Orthogonal poly-
nomials in the real line as well as certain types of the so called Mehler-Heine and Plancherel-

Rotach formulas. Let u and v be positive Borel measures supported on compact subsets such that

where ¢ is analytic on C\Supp (1) and

1
dv = ——dp+ Mo(z — ¢), with A > 0 and ¢ ¢ supp (u). v is called a Geronimus Perturbation of
r—c

w and it was introduced by Geronimus in his pioneer works [49] and [50]. Then it is reasonable to
think that there should be a relation between the respective SMOP {p,,(.; 1) },,~0 and {pn(.;v)},,>0-
This argument gives sense to the study of lim M
as Outer Relative asymptotics. In other words allows us to study the asymptotic behavior of the
SMOP associated with one measure when we know the behavior of the other one.

With the purpose that this memory is as self-contained as possible, next we present the various
kinds of asymptotics for Laguerre and Hermite polynomials.

outside supp (p). Such a limit is known

Theorem 32. Let {E%} . be the sequence of classical Laguerre polynomaials with leading coeffi-
n
(="

cient ~—7—. Then the following statements hold.
i). (Perron’s asymptotics formula on C\R, [10§])

Lo (x) = 27\ 1 /2eH 2 (—g) /2 /A2 na) 2 (1 + O(n_l/Q)) .

This relation holds for x in the complex plane cut along the positive real semiaxis; both (—x)_a/2_1/4
and (—av)*l/2 must be taken real and positive if © < 0. The bound of the remainder holds uniformly
in every closed domain which does not overlap the positive real semiaxis

it). (Mehler-Heine, [108])

i La(e/(n 4 k)

n—00 ne

=272 ], (2v7), (1.28)

uniformly on compact subsets of C and uniformly on k € NU{0} . Besides J,, represents the Bessel’s
function of the first kind defined by

B > (—1)7 x\ 2+
Jo‘(x)_jz_(:)jlf(j+a+1) (5) '
iii). ([108)) )
L3 (z)
no/2

= 2272 4 J o (2v/nz) + O(n3/Y),

uniformly on compact subsets of Ry
). ([44)]). For z € C\R4

M Ny <<a 1), T

= =1+ J+
La(z) Vn

where /—x must be taken real and positive if x < 0.
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v). ([13)) )
R AR .
lim n<l—ﬂ>/2g(t+fl)($) = (—2)=D2 S 1eR, khel,
n—00 Lno-é&-h (x)

uniformly on compact subsets of C\[0, c0).
vi). (Plancherel-Rotach type formula, [10]). Let

p(x) =2+ VA1,

denote the conformal mapping of C\ [—1, 1] onto the exterior of the closed unit disk. Then

nwoo To((n+fz) ¢z —2)/2)

L+ 9)a) 1

uniformly on compact subsets of C\[0, 4], and uniformly on j € NU{0}.
vii). (Scaled asymptotics, [48]).

1/2 a _
201200 (5~ 24 va? —da) " (o + Vo2 — )" (o - 42) Y,

n—oo

-n -2 ~
lim (—1)"2"V2mn (ac -2+ \/M) exp < ne > Ly (nx)

(1.29)

(1.30)

uniformly on compact subsets of C\[0,4], taking into account that the square roots in are

negative if T is negative.

Theorem 33. Let {Hn}nZO be the sequence of classical monic Hermite polynomials.
i). ([108)) o
lim m =1,
n—o02H, 4 9(x)

uniformly on compact sets of C\R.
it).([)]). Forj € Z fized

and

uniformly on compact sets of C.

iii). ([108])

i CUVRAT (2 N L
n—00 n! 2ty VT ’
and 1) .
. (=" T .
Jm o e (W> = /75,

uniformly on compact subsets of C and uniformly on j € NU{0}.

w). ([102])
) [in] Hp(x) [ —ix, xeCyp
nh—>nolo [§:| n+1(x) - { i, T € C_,

Then

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)
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uniformly on compact subsets of half planes C; and C_, respectively
v). ([I10]). For j € Z fized

jEZ (1.37)

holds uniformly on compact subsets of C\ [—\/i, ﬂ]

Corollary 34. vi). (Consequence of ) For j € 7Z fized, and non-negative integers p and q
such thatn >p—1

W H, (ViEgs) (ve T
nl_mo n+q ( /7_'_‘72) - (4,0 (Z/ﬂ)) ’ (1.38)

holds uniformly on compact subsets of C\ [—\/5, \/ﬂ



Chapter 2

Coherent Pairs and Sobolev type
Orthogonal Polynomials

2.1 Sobolev orthogonality

In the framework of the so-called nonstandard orthogonality we have the Sobolev type orthogonality.
Let wo, p1, - - -, ttm be m+ 1 positive Borel measures supported on compact subsets of C, such that
{xk}k>0 C L% (u;) for i = 0,...,m. We also assume that supp (uo) is infinite and that s, is not

the trivial measure. Besides (,),. and ||.|| . will denote the inner product and the induced norm

Hi
in L? (u;), respectively. Then the inner product on the linear space of polynomials with complex

coefficients
m

(p(z),q(x))g : —Z/ F)(2)g®) (z)dpug, (a Z< > : (2.1)

k=0

is called a Sobolev Inner Product associated with the measures p;, 0 < k < m, and the respective
1/2
induced norm |[|p(z)||g = (p, p)1/2 (Z Hp k)H > . A sequence of polynomials {5y}, ¢, with

deg S, = n for n > 0, is orthogonal with respect to the inner product if the following
statements hold.

i). (Sn(x), Sm(z))g =0 if n # m, and

ii). (Sn(z),Sn(x))g #0,n > 0.

Then S, is said to be n — th Sobolev polynomial associated with , and {Sn}nzo is called a
sequence of Sobolev orthogonal polynomials.

In the sequel we assume that P is the linear space of polynomials with real coefficients on
the real line. It should not be a surprise the above orthogonality definition in terms of an inner
product. Indeed, the orthogonality can be defined alternatively in terms of inner products on P .

Definition 35. A sequence {P,},~, is called an orthogonal polynomials sequence with respect to
an inner product (,) on P if for n,m >0,

i). P, is a polynomial of degree n

it). (Pn, Pp) =0, for n # m.

iii). (Pn,Pp) # 0.

Notice that it is possible to develop the theory of orthogonal polynomials in a more general
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framework. For instance, the determinants A,,, defined in ((1.10) can be expressed as

(1,1 1,2y --- <1,x:)
An _ <$71> (x,:x> <$,.1‘ > o > 0.
(2™ 1) (z™x) -+ (2" a™)

Having said that, now we want to discuss the difference between the standard and non standard
orthogonality.

Definition 36. Let X be the vector space of complex-valued functions with inner product (,). The
inner product is said to be standard if

(xf(x),9(x)) = (f(x),Zg(x)),
for every f,g € X.

In other words, the inner product (,) is said to be standard if the multiplication operator
My X = X, My(f) =xf is symmetric. When X = P, it is possible to establish a significant
connection with the Favard’s theorem.

Lemma 37. A sequence of monic polynomials orthogonal with respect to an inner product satisfies
a TTRR if and only if the operator

My: P — P
p = Mgp] = xp,

18 symmetric.

When the operator M, is symmetric, the orthogonality is called standard. In general, notice
that the orthogonality defined through a Sobolev inner product is not standard and, conse-
quently, we can not expect that the corresponding Sobolev orthogonal polynomials satisfy a TTRR.
On the other hand, it is well known that in the standard orthogonality the zeros of each orthogonal
polynomial are real, simple and lie in the convex hull of the support of the measure. In the pioneer
work [12] the next Sobolev inner product is considered

1

w@).a@)s = [ p@a@ie+r [ @@ 3> 0.

-1
In such paper Althammer showed that if the inner product is written as

1 1
(), q(2))g = / ple)a(a)de + A / @) @p(e)da,
with 10 1 0
, -1 <x<
““”_{ 1, 0<z<I,

)

then the respective Sobolev polynomial S3(z) = 22 + %x - % has a real zero outside of (—1,1).
Even more so, if we consider the Sobolev inner product

(@), q(0))g = / p()q(x)dpo(z) + A / P (@) @) (z), A >0,
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(studied in [93]) where {po, p1} is a so-called symmetric coherent pair, (this concept will be defined
in the next section), then the Sobolev polynomials Sg‘n can have complex zeros. Maybe these
differences with the standard orthogonality have contributed to make the Sobolev orthogonality
so attractive and interesting for researchers in the last two decades. Of course, there exist many
other powerful reasons that justify the study of Sobolev orthogonality: coherent pairs, spectral
theory for ordinary differential equations, search of efficient algorithms for computing coefficients
in Sobolev-Fourier expansions, extension of Gauss quadrature formulas, among others. Notice that
in the introduction of this manuscript we have made a brief account of both historical development
and the state of the art Sobolev orthogonality.

The first result about asymptotics of Sobolev orthogonal polynomials was given in [85] for the
Sobolev inner product

(2, q(x))g = / p(@)(@)dpu(z) + MP(OF(Q), C€R, M >0, (2.2)

with g in the Nevai class M(0,1), (see [103]), which consists of all positive Borel measures u for
which the corresponding OPS {p,(z; 1)},,5( satisfies the TTRR

TPn (.CI}; M) = an—i—lpn—&-l(x; ,U) + bnpn(xS ,U) + anPn—1 (37? M)a

where a,, — 1/2 and b, — 0 when n — co. Indeed, in [85] is proved the next result that deals with
outer relative asymptotics when p € M(0,1).

Theorem 38.
Sa(@) _ (p(@) = 0(¢))?

nh—{goLn(x) - 20(z)(x =)’

uniformly on every compact subset of C\supp (i), where {Ln}, >0 is the SMOP associated with pu,
{Sﬁ}n>0 s orthogonal with respect to the Sobolev inner product

(p,a)g = /pqdu + X' (€)d'(¢), A >0, ¢ € R\supp (1),

and ¢ is the conformal mapping ¢(x) = x + Va2 — 1, with the convention vVz? —1 > 0 for x > 1.

Notice that the product is a particular case of the very special case so-called Discrete
Sobolev inner products or Sobolev inner products of the second type. Namely, it is obtained from
(2.1) when ug, k = 1,2,....,m, is an atomic measure, i. e. such measures are supported on finite
subsets of the real line. This kind of Sobolev inner product can be written as

Doae)e = | p@a@duo@ + S [ p® (@)g® @)z
(p(z),q(z))g /Rp( )a( )dﬂo()‘F;/RP (2)¢" (z)dpx (),

where often, for k = 1,...,m, dug(z) = Ard(x — ¢), ¢ € R and Ay > 0. Contributions on particular
cases when g has unbounded support can be seen in [38] and [53]. The references [§] and [86]
are highly recommendable surveys on analytic and asymptotics properties of Sobolev orthogonal
polynomials in both discrete and continuous cases.
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2.2 Coherent Pairs and Symmetric Coherent Pairs

In [55] the concepts of coherent pair and symmetric coherent pair are introduced in the Sobolev
orthogonal polynomials framework.

Definition 39. Let {uo,1} be a pair of positive Borel measures and let {F, (;po)},>q and
{Pn(5 1) }s0 be the corresponding SMOP. The pair {uo, pu1} is called a coherent pair if there
exist non-zero constants o, such that

Posa(@ipo) o Py(x; o)

I L A (2.3)

If o and py are symmetric then the pair {po, p1} is called a symmetric coherent pair if there exist
non-zero constants v, such that
BPho(ipo) | Pl po)

> 1. 2.4

Poy1 (x5 1) =

Remark 40. The above definitions can be formulated equivalently in terms of quasi-definite linear
functionals instead of positive Borel measures. In fact, if {u,v} is a (symmetric) coherent pair,
then the corresponding SMOP will be denoted as {P, (.;u)},~o and {Py(;v)},~q, respectively.

A (symmetric) coherent pair of measures {p, ¢11} determines, in a natural way, a Sobolev inner
product on P. Indeed, for real polynomials p and q we get

(@), q())g = / p()a(z)dpo(x) + A / P (@) @)du(2), A >0, (2.5)

and {S,)L‘}n>0 denotes the SMOP associated with 1}

In [55], the algebraic connection between the Sobolev polynomials and orthogonal polynomials
with respect to one of the two measures in the coherent pair is studied. More precisely,

Theorem 41. If {jig, p1} s a coherent pair then there exists a sequence {n,(\)},,~o such that

S7)L\+2(x) + 77n(>\)5ﬁ\+1<3«") = Pn+2(£L‘; ,UO) + Unpn—i-l(x; Mo)v n > 0. (2'6)

Notice that the converse of the above result is not true, i.e., if holds, then the pair {puo, 11}
is not necessarily a coherent pair. However, under the assumption , it is possible to obtain
an algebraic relation between {P, (.; 1t0)},>¢ and {Py(.;11)},,>0 - Such a relation will generalize
the concept of coherent pair in order to define the so-called (1, 1)—coherent pairs, which will be
discussed in the next chapter.

Under a suitable non-monic normalization of Sobolev polynomials orthogonal with respect to

({gé} . denotes such a normalizated sequence), in [55] a natural and special algebraic
n

connection with the sequence {P, (.; 10)},>0 is obtained. Namely,

Theorem 42. If {10, 11} is a coherent pair such that holds, then

n—1
Sy (@) = (N Pul; p10) + > (A Pr(w: o),
k=0

where, for 0 <k <n —1, ax(A) does not depends on n. In addition, the sequence {ag(A)/A}>;
satisfies a TTRR in the standard sense.
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On the other hand, in [55] the relation (2.6) is fundamental for the implementation of an
algorithm that allows to evaluate efficiently expansions of functions on the Sobolev Space

W2 E, po, ] = {f : E = R|f € L*(E; o), f' € L*(E; )},

in terms of the Sobolev polynomials orthogonal with respect to , without the explicit knowledge
of the Sobolev polynomials.

Since Sobolev orthogonality is nonstandard, in general, the corresponding Sobolev orthogonal
polynomials will not satisfy a TTRR. However, the polynomials {S;L\}n>0 can still be obtained
recursively.

Proposition 43. ([29]). If {uo, 1} is a coherent pair, the Sobolev polynomials {S,’)}n>0, orthog-
onal with respect to , satisfy a four term recurrence relation. -

With respect to the nature and location of zeros of Sobolev polynomials, in [93] is proved that
if {410, 11} is a coherent pair, A is sufficiently large and n > 1, then the zeros of S; are real and
simple, and they are interlaced with the zeros of P,,_; (x; po) and with those of P,_1 (z; u1) .

On the other hand, in order to identify all coherent pairs, in [8I] the coherence is studied
in a more general framework. In that work the functionals u and v are quasi-definite and the
corresponding MOPS must satisfy
Pl o(w;u) Pl (w5 u)

n n

n 2.
n 42 n+1 (2.7)

Py (z5v) =
Then, with the assumption that one of the two sequences of polynomials is fixed, for instance
{Py (;;u)},>0, the problem of determine all possible sequences { P, (.;v)},~, and all the sequences
of compatible parameters {’Yn}nzo that satisfy is solved. From that general perspective, in [78]
is proved that all coherent pairs can be described in terms of semiclassical orthogonal polynomials,
i.e., both polynomials are semiclassical and the quasi-definite linear functionals satisfy a rational
relation. Namely,

Theorem 44. ([78]). If {u,v} is a coherent pair, then u and v satisfy

D (mpv) = ”M“’ nzl
where P, (x;0) Py (z;v)
. n \L;V _ n—1\1;V
) = P ) o P2 (5 0))

Finally, in [96] the classification of all the coherent pairs and symmetric coherent pairs is given,
being always classical one of the two measures. The next results summarize and formalize this
achievement.

Theorem 45. ([96]). Let {u,v} denote a coherent pair. Then
wDv = 7mv, pu= Bv, mu = BDuv, (2.8)

where @, m, and B are polynomials such that degp < 3, degm < 2 and deg B = 2.
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Theorem 46. ([96]). If the polynomial B has a double zero &, then u is classical and
Pu=(z—&)v, degF<2.

The corresponding coherent pairs {u,v} are exhibited in Table .

Coherent Pair {u,v} ‘ Restrictions
CP1
u= L) xz € 0,00, @ > —1,
v—xigﬁ(aﬂ)_,_M(g(w_g) §<0, M >0.
CP2
u = J(h) re[-1,1], a, B > —1,
v — |1£‘j(a+1»5+1) M — €) €] >1, M > 0.
x —

Table 2.1: Coherent pairs, u classical

Theorem 47. ([96]). If the polynomial B has two different zeros then v is classical, and there
exists ¢ such that
ou=(x—Cv, degyp <2

The corresponding coherent pairs (u,v) are ezhibited in Table[2.4

’ Coherent Pair {u,v} ‘ Restrictions
CP3
_ z €[0,00],a>0
u:(a:—C)[,(a 1) ) ) )
v = L@ (<0,M>0
CP4
u=LO 4+ Ms(x) z € [0, 00].
CP5
_ _ (a—1,6-1) € [_L 1]7 O‘a/B > 07
Ll ES
v = j(a»ﬁ) — °
CP6
u:j(075—1)+M(§($_1) xe[_j\}vi]’oﬁ>07
v = j(ozﬁ) =
CP7
w=J0 10 Mi@+1) | TS [—]\;,i],oa >0,
v = j(avo)

Table 2.2: Coherent pairs, v classical

Analogously, in the case of symmetric coherent pairs we get the next results

Theorem 48. ([96] ). Let {u,v} denote a symmetric coherent pair. Then

wDv =mv, u= Bv, mu = BDuv, (2.9)
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where @, m and B are polynomials such that degp < 4, degm < 3 and deg B = 4.

Theorem 49. ([96]). Let B be of the form B(z) =k (2* — §2)2. Then w is classical and
ou = (ac2 - 52) v, degp <2.

The corresponding symmetric coherent pairs {u,v} are exhibited in .

’ Symmetric Coherent Pair {u,v} ‘ Restrictions ‘
— __1 2
SCP1. u-?—l,v—m2+€2% x eR, & #0.
— (A= _ A
SCP2. u=¢gWX 1), ”*x2+gg() rel[-1,1], 240, A >1/2.
SCP3
— -1
. “;g( ), €[-1,1], |¢] > 1, A > 1/2, 7 > 0.
v= 59" + 5 0@~ ) + o +1¢)

Table 2.3: Symmetric coherent pairs, u classical

Theorem 50. ([90]). If the polynomial B has two different pairs of zeros then v is classical, and
there exists ¢ such that

pu = (x2 — Cz) v, degp <2

The corresponding symmetric coherent pairs {u,v} are exhibited in Table|2.4).

’ Symmetric Coherent Pair {u,v} ‘ Restrictions ‘
SCP4. u:(x2+C2)H, v="H x € R.
SCP5. u= (22+¢)GP D, v=¢W | ze[-1,1], x> 1/2.

SCP6. u= (2 —a2)GAD, v=gW c[-1,1], A > 1/2,

> 1
SCPT
u:g(1/2)+g(5(x—1)+6(x+1)) z€[-1,1],7>0.
v =g/

Table 2.4: Symmetric coherent pairs, v classical

In order to see additional results on algebraic properties of the Sobolev orthogonal polynomials
with respect to coherent and symmetric coherent pairs, the reader can also refer to [80].

2.3 Asymptotics and coherent pairs

As soon as the paper [55] appeared, the study of asymptotic results for coherent pairs and symmetric
coherent pairs was almost completely solved throughout the next decade. In this section we will
describe the main achievements in this direction. The first result about outer relative asymptotics
for coherent pairs is given in [91], where the coherent pairs {uo, 1} with supp (uo) = [—1,1] are
investigated.
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Theorem 51. ([91]). Let {po, p1} be a coherent pair of measures, with supp (ug) = [—1,1]. Then
Sh(x) 2

lim = ,
n—oo Py(ws 1) @' (1)

uniformly on compact subsets of C\[—1,1]. ¢ is defined in (1.29).

In [74] the authors extend the validity of above result to the symmetric coherent pair setting,
when supp (no) = [—1,1], (Gegenbauer case). In the same way, in [98], additional relative and
strong asymptotics are deduced in both C\[—1,1] and (—1, 1) respectively. In the next theorem we
summarize some of these results.

Theorem 52. ([98]). Let {uo, 1} denote a coherent pair and let {Sf;}n>0 be the sequence of
monic polynomials orthogonal with respect to . Also {Péa’ﬁ)} . will denote the classical
n>

monic Jacobi polynomials
i). If dpuy = (1 — 2)*(1 + 2)Pdx on (—1,1), then

Sa(@)

im ——n
n—)oopqga_lﬁ—l) ($)

uniformly on compact subsets of C\[—1, 1], moreover, if 0 < 8 < m, then

SMcos ) = P15V (cos0) + O (n*5/2> ,

uniformly on compact subsets of (0, ).

1

i). If dpo = (1 — )*(1 + x)%~dx on (—1,1), (as a consequence duy = m(l —x)° T 1+
x)Pdx + M(x —€)), then R
s
uniformly on compact subsets of C\[—1, 1]. In addition, if 0 < 6 < m, then
S (cos 0)
MPrgavﬁl)(cos 6) + MCn_lPéi’lﬁ_l)(cos 0)+0O (n*5/2> 7

uniformly on compact subsets of (0, 7). Here

. :{ 1/o(€)+ 0 (n71), if M =0,
" ) +0 ("), if M>0.

Complementary results on asymptotics in the Jacobi case can be found in [I04]. Finally, in the
Gegenbauer case, asymptotic results are analyzed in [14] where duyg is the Gegenbauer measure and

K2 2 , 1 , 1
— + 1— + koM 4= _
dlu/l <I‘<I:1 1 [1}2) ( €T ) d,LL(] Ro Vg (5 <.T N) ) <x ﬁ)) s

holds, besides k1,k2 >0, ¢ > —1, My >0 if =1 < ¢ < 0 and M, = 0 if ¢ > 0. This case should be
considered as an extension of symmetric coherence because when k1 = 0, ko > 0, and g # 0 we get
that the pair {ug, 11} is a symmetric coherent pair.
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We now describe some important asymptotic results in the case of unbounded support measures.
With respect to coherent pair CP3, (Type I in the literature), in [I05], by using potential theory,
both the root asymptotics of the Sobolev polynomials and the zero distribution with respect to the
zeros of Laguerre polynomials are studied. Asymptotic expansions, (see [26]), of Sobolev polynomi-
als for pairs CP1 and CP3 are studied in [97]. With respect to coherent pair C'P1, and the outer
relative asymptotics for the corresponding Sobolev orthogonal polynomials we get the next result.

Theorem 53. (See [97]). Let {S,)L‘}TDO be the sequence of polynomials orthogonal with respect to

a+l —x
with dpg = x%e *dx and duy = %dm + Mé(x — €), and the leading coefficient of S;
_ A2V 44

equal to the leading coefficient of LS. If n 5 then

1 13 . _
SA() 1_77(14-\/;), if M =0,

lim 2=y 4
Ln™ " (2) (1—\/E>, if M >0,
1-—n z

uniformly on compact subsets of C\[0,0).

The Mehler-Heine and Plancherel-Rotach type formulas for Sobolev polynomials in the case
CP3 are obtained in [I0]. More precisely,

Theorem 54. (See [10]). Let {Sﬁb‘}n>0 be the sequence of polynomials orthogonal with respect to
o+l -z
= %dw + Mé(x — &) where the leading coefficient of S
Tz —

with dug = x%e~*dx and dupy
is (—1)"/n!l. Besides, we define

a©={ V=2 A

V=E if M >0,
and
s(z) = (@2, _ 1(2vx) — (+1)z%2J, (2vz) .
Then,
a). (Mehler—Heine). It holds
A
lim Sul(@/n) =— d(&) 2], (2vz), ¢<0,
n—oo N 1/2 1— 1
0 (%32)
A
th(x/ln): 11 s(x), £€=0, M >0,
n—oo N 1—
v (*3?)
and \
n—oo N
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all uniformly on compact subsets of C.
b). (Plancherel-Rotach).

z—2
2

_l’_

lim =

Sp(nx) @ (
oo Ly(nz) |z
2

)+

v (

uniformly on compact subsets of C\[0, 4].

The paper [9] deals with asymptotics for symmetric coherent pairs when one of the two func-
tionals is the classical Hermite functional, in particular the cases SCP1 and SPC4 in tables 12 and
13. The authors provided relative outer asymptotics for the respective Sobolev polynomials. A
Plancherel-Rotach type formula for scaled polynomials is deduced. Indeed, for the pair SCP4 we
get the next result.

Theorem 55. ([J]). Let {u,v} be the symmetric coherent pair given by u = (24 (*)H and
v="H and let {ST)L\}n>0 be the Sobolev polynomials orthogonal with respect to the inner product

o) ae)s = [ pl)ate) (4 ) e da A [ )i (@) e
Assume that the leading coefficient of H,, and S,)l‘ is 2. Then
). (Outer Relative asymptotics).

lim S,)L‘(:U) o op(2A+1)

holds uniformly on compact subsets of C\R.
i1). (Outer Relative asymptotics for scaled polynomials).

N OV I C2 % o Ve CIAE)
n=oo Hy(Vnw) — o(2X + 1)p2(x/v2) + 17

holds uniformly on compact sets of C\[—v/2,v2].
ti3). (Plancherel-Rotach type formula).

(2" )1/2 S(y/n) :<x2—2>‘”“ p(2X + 1) (x/V2)
VT kﬁf(\/i‘”) z* A+ 1) (z/V2) + 17

uniformly on compact sets of C\[—v/2,v/2].

lim
n—oo

In order to complete the description of the asymptotics for the symmetric coherent pair { (:1:2 + ¢ 2) H, 7—[},
the next result gives Mehler-Heine type formulas.

Theorem 56. ([30]). (Mehler-Heine type formulas).
)RS (a/@V) | el2A+ 1) cos(x)

n—c0 27 Cp2A+ 1) -1 7

and
(—1)" S5, 11(x/(2/n)) ¢(2A+1) sin(z)

li =
nroo 2ntlpl e(2A+1) -1 /7~

both uniformly on compact subsets of C.
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The references [28] and [76] are highly recommended surveys on asymptotics for Sobolev Poly-
nomials in the unbounded support setting, (Hermite and Laguerre), as well as for properties and
asymptotic behavior of the corresponding zeros.
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Chapter 3

(1,1)-Coherent Pairs

The concept of Coherent Pair admits a natural generalization as we will see now. Assume that
{10, 111} is a coherent pair of measures, i.e., the corresponding SMOP satisfy

P ; P! (x;
P, (x;m) = n1 (73 1) + o, ”(%NO), on #0, n>1,
n+1 n
and consider the Sobolev inner product
@) a(@)s = [ paa@duo+ A [ )i @, A>0, (3.1)

p,q € P. Then, as it was described in the previous chapter, it is possible to prove that the SMOP
{Sé}n>0 associated with 1) and { Py, (.;f10)},>0 are related through the algebraic relation

Sr)z\+2(x) + nn<)‘)sr)z\+1($) = Pn+2<x§ MO) + O'nPn-i-l(x; NO)? n > 0. (32)

The proof is based on the fact that, for every n, the coefficients of Sﬁ are rational functions in the
variable A\ where the degree of the numerator it is not greater than the degree of the denominator
and, as a consequence, it is possible to define the sequence of polynomials {W,}, -, where

Wy(z) = lim S)z), n>0.

- A—00

In addition, for every n, W) ,(x) = (n + 1)P,(x;p1). Then we get the question that arises in
natural way, is the converse statement true?, i.e. (3.2)) implies the coherence? The answer is no.
Indeed, if (3.2) holds, then it is not difficult to prove that there exist constants d,, not necessarily
zero such that the sequences { Py (:; t0)},,50 and {P (5 p1)},5q satisfy

Pq;+2(l‘; o) i Pr/z+1($; 1o)

n+2 n nt 1 :Pn+1($;ﬂl)+5npn(x§ﬂ1)a n >0, (3'3>

which is not a coherence relation unless 4,, = 0 for every n. This result gives rise to a natural
generalization of the concept of coherent pair, generalization introduced in [33] and that motivates
the contents of this chapter. In section 3.1 we formalize this topic and we present the main results.
We also exhibit the full classification of all pairs {ug, u1} whose SMOP satisfy . The end of
the chapter will be dedicated to show the extensions of the concept and the main contributions.
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3.1 (1,1)—Coherent Pairs and Classification

Definition 57. Let {u,v} be a pair of quasi-definite linear functionals with {Pn},~q and {Qn},>0
as the corresponding SMOP. {u,v} is said to be a (1,1)—coherent pair if there exist sequences
{ant,>o and {bn}, 5, such that

Pr’z+2($)
n+ 2

P/z+1($)
n+1

+ by = Qni1(z) + anQn(xz), n>0, (3.4)

holds, with b, # 0.

This concept was introduced in [33]. There, the associated inverse problem is solved. This
means that assuming the (1,1)— coherence relation (3.4)), then an algebraic relation between the
linear functionals is found. To be more precise,

Theorem 58. ([33]). If {u,v} is a (1,1)—coherent pair given by (3.4]), such that ag # by, (or
equivalently Q.,, # I:LTII, forn > 1), then

_i). Bither u is a semiclassical linear functional of class at most 1, i. e. there exist polynomials
B and ¢ with deg(B) < 3 and deg(y) < 2 such that

D[pu] = —pu.

11). Or v is a semiclassical linear functional of class at most 1, i. e. there exist polynomials E

and ¢ with deg(B) < 3 and deg(p) < 2 such that
D[Bv] = —pv.
Besides there exists a constant ¢ such that the pair {u,v} satisfies

(z — Qv = Bu. (3.5)

Furthermore, in [33] all (1,1)— coherent pairs of linear functionals were determined. In each
case i). and ii). of the above theorem the pair {u,v} is called either type I or type II, respectively.
In Table the (1,1)—coherent pairs of type I are described when w is classical. In Table
the (1,1)—coherent pairs of type I are described when u is semiclassical of class 1. Here and
in the sequel, up and p; are the measures associated with u and v, respectively. In Table |3.3
the (1,1)—coherent pairs of type II are described when v is classical. Finally, in Table we
write the (1,1)—coherent pairs when v is semiclassical of class 1, according to [20] where the full
classification of semiclassical functionals of class 1 is given as well as their integral representation
in the positive-definite framework.
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o1

{u,v} Restriction and support of u B(x) in (i

J

1,1 o j(a’ﬁ) o, 8> -1

g T C—1/21>1/2, lE—1/2/>1/2, | a(a— &)z~ 1)
v — é _ C|j[éo‘1'}'1’ﬁ+l) + Mé(z —¢) If¢=¢ then0< ¢ <1,z€l0,1]
Bl’l oy . 2
w= B,y = x — gB(O‘”) + Moz — ) No positive- definite (x — &z
x J—

L

1,1 r—¢ a>—1,(,£<0, (- Oz
uw= L y= ?_C,c(a“) + Mé(x — ) If ¢ = € then ¢ > 0,z € [0, 00).
iz (a+1,8+1) «p > -l

a+1,6+

_ e Y01 ¢ —1/2[>1/2 z(z—1)
w=Jo V= lz — (] +Mo(z — () z € [0,1]
Bio
w= By = 1 CB(a+2) + Moz — ) No positive-definite z?
Lz 1 a>-1, (<0, .
uw= L y= T—Q“E(a+l)+M6(m_<> x € [0,00)

Table 3.1: (1,1)-Coherent pairs of Type I, u classical
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Restriction and support =, .
{10, 1} support of Jiq B(x) in (3.5

S11 a, B,y > -1, [A—3|>1,

dpg = (1 —2)a? |z = A]" dz afy #0, [(—3]>3 w(z —1)(z = N)
dpiy = (1|—Iffi)c| 2841 |z — A" da + Mé(z — C) x € 1[0,1]
S1,2 | aB#0, v>0, a>—1

duofl(l—:v)“xﬁe_id:n C—3|>3 23 (z —1)
duy = 7(ll;w_)c| P2 de + Mo(z — ¢ ) z € [0,1]
S13 ,
2
o = %= 2 dy No suppo_rted on the 23

. g B2 the real line.
duy = |x—§|$a+ er 22dx+ Md(x — ()
5174 R a, 8> —1,

o (L= a)tale da aBA A0, |c— 3] >} ola—1)

dpy = %e_/\xd:n + Mé(z —¢) + No(x) z € [0,1]
515 0 1

duozxae_”gdx, Bv C< y Q> — I’Q
G 1 ot *’”Jrﬁd I x € ]0,00)
H1 = x_gx € zax + (J,‘ g)
51,6 <0, p>-1/2, u#0

d,u(] — x2y€fx27)\zdx C ) ME [0 /)7 2 T
dpy = %aﬁ““e*ﬁ*)‘xdx + Mz — ) v o

Tr—

Table 3.2: (1,1)-Coherent pairs of Type I, u semiclassical of class 1
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{u,v} Restriction and support of v | S(z) in )
J2,1 a, B> —1
(a+1,8+1) ’
j{ C=3[>5l6=3]>5 [a@-O@-1)
||i g\lj[o ,6) +M5( — ) or (=¢€0, 1] € [0,1]
J2,2 B> -1
_ 7(0,5+1)
= o €—2l>3 w(x =€)z 1)
u= |x3§|j[g?{f> + Ms(x — &) + Né(z — 1) x € [0,1]
Bs 1
v =5 o :
" mga(,;_og) B 4+ Myd(x) + My (x) No positive-definite (x =&
+M360¢6" (z) + No(x — §)1p_0y(§)
Lo a>-1, (<0
v =Ly = 26L0) 4 M§(x — ) z€[0,00) (z =&
Lo _
v=LO SRATN (o~ &)
1 p(0) S [0,00)
u= LY+ Mz —¢)+ Ni(z)
Ja23 - a, B> —1 s —1)
v =Ty Y u= e~ | T ¢4 > haefo]
Bs o
v =B No positive-definite 22
u =8B 1 Myd(x) + My (z)
L2’3 a>—1, C <0 "
v=L0t) 4= (z—-¢) L z € [0,00)
L2’4 C <0 -
v="LO u=LO0 4 M) € [0,00)

Table 3.3: (1,1)-Coherent pairs of Type II, v classical
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{0, p1} Restriction and Support of B(x) in 1j
S2,1 OZ,B,’Y> _1a 0557750
dpg = |z — ¢| (1 — 2)%2P |z — \|Y da 0<A<l [¢—3]>3 x(z—1)(x — N)
dpp = (1 — z)o B+l |z — N\ de x € [0,1]
S2,2 a, B> -1
_
duoz\m—(](l—x)o‘xﬁewwdm aB#0, [(—3>3 22 (z —1)
dpp = (1 — z)*Haf2e "z dy v>0, z€[0,1]
S2.3
dpo = 2Pe”zdx + Mé(z — 1) ﬁ>>0_1; g[#()ol] 2?(x —1)
duy = 2Pt2e 2 da T ’
Sa4 ,
2
dpg = (x — ()x%e= 22dx No positive-definite 3
dpy = xa+3€§*z%dm
S a,B8> -1
duo = (z — Q)x®(1 + z)Pe " dx, \ :g 720< 0 z(x+1)
— potl B+1 _—Ax )
dpp =z (14 2)P e de 2 € [0, 00)
g a>-1, a#0
2,6
dpg = 2% dx + M§(z + 1) A>0 x(z+1)
dus = x0tle=A% s (<—-1lo(¢<0.
HL = x € [0,00)
5127 B > —]-a ﬁ 7é 0
duo = vPe dx + MS(z — 1) A>0 x(z—1)
dus = rPtle= 2y (<—-1lo(¢<0.
H x € ]0,00)
528 0,0> -1, (<0
dpy = (z — C):L‘o‘e_“gd:z p< ’ae 0 7)C 2
duy = $a+26—x+§d$ v » &0
529 8 B8 <0
dpg = e *Tadx + M(x) ’ x?
duy = ze= 5 da @ € [0,00)
52,10 1/2, ¢ <0
d,“fO — (CL’ _ C)x2ue—x2—)\a}dx > = / , €< T
d,ul — :L.Q,qulefof)\xdx x € [O> OO)
Sa11
' <0
dpo = e " dy + M§(x ¢ x
" dpy = e A0y () z € [0,00)

Table 3.4: (1,1)-Coherent pairs of Type II, v semiclassical of class 1
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3.2 (M, N)—coherent pairs of order (m, k)

The work of A. Iserles et al, (see [55]), where the concept of coherent pair is introduced in connection
with Sobolev Orthogonality, was the reagent of an important series of investigations that have not
only contributed to solve problems associated with the concept itself, as the asymptotic behavior or
the classification of all coherent pairs, but have contributed to extend and generalize the concept.
We are going to start from the end. Let {u,v} be a pair of quasi-definite linear functionals and
{Pn},>0 and {@Qn}, >, the corresponding SMOP.

Definition 59. {u,v} is a (M, N)—coherent pair of order (m,k) if the corresponding SMOP sat-
1sfies

M
m k
Zaz nP’r[z—l—]m z sz ”QL-]l—k i ) (36)
i=0
where m,k, M, N € NU{0}, Py (z) := CFIR and {ain}t, >0 {Ojmtpse: 051 <M, 0<j <N
are sequences of numbers with ag, = bon _ 1. If k = 0, then we will say that {u,v} is an

(M, N)—coherent pair of order m

The notion of ”(M, N)—coherence” was introduced in [60] for order one, where the natural
connection with Sobolev polynomials orthogonal with respect to a Sobolev inner product like is
presented. Notice that the coherence defined in [55] occurs when M =1, N =0, m =1 and k =0,
i.e. a coherent pair is a (1,0)—coherent pair of order 1, and the (1,1)—coherence defined in the
above section occurs when M = N =1, m = 1, k = 0, then in such a case we get a (1,1)—coherent
pair of order 1. In the context of inverse problems the question is how functionals that form a
(M, N')—coherent pair of order (m, k) are related. The answer is given in [59] under certain natural
conditions imposed on the M x N sequences {a;n},~q and {bjn},~., 9,7 > 1. In fact, the authors
prove that there exist polynomials ¥nim+; and dprikri, ¢ = 0,1, with degrees defined by their
subscript such that if £ > m, then

DM (YN i) = Grrrriv,

holds. In such a paper the relation between the formal Stieltjes series associated with the functionals
u and v is also determined. In [58] this general approach is also studied. There, when m > k+1 it is
proved that the functionals v and v are related through a rational relation and they are semiclassical.
To be more precise we present the next

Theorem 60. ([58/ ). Let {u,v} be a (M, N)—coherent pair of order (m,k) given by (3.6]), with
m >k, and let Appan = [aw] L be a square matriz with entries

1,7=0
aj_z-,j, ifOSiSN—landiSjSM—Fi,
ij=1q bj—itng, YIN<Ii<M+N-1andi— N <j<i,
0, otherwise.

We assume that ag j, = boj, =1 for0 < j1 < N—1and0 < jo < M —1, besides |Arryn| # 0. Then
there exist polynomials ¢ariprn and YNimin of degrees M + k +n and N + m + n, respectively,
such that

Dmik (¢M+k+nv) = wN—i-m—l—nuv n = 07
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and each one of the functionals u and v is a rational modification of the other one, i.e., there exist
polynomials ¢ and p such that

p(@)u = pla)o.
Moreover, we have the following.

(i). If m =k, then u is a semiclassical linear functional if and only if v is semiclassical.
(ii). If m > k, then u and v are semiclassical linear functionals.

In addition, and as usual, the inner product
aal@)s = [ pda@din + 3 [ p @™ @i, A>0, (37)
is considered when k& = 0. In this way, a generalization of (3.2)) is obtained.
Theorem 61. ([58]). Let {uo, p1} be a (M, N)—coherent pair of measures of order m with { Py},

and {Qn}nzo as the respective SMOP, besides, let {Sé}n>0 be the monic Sobolev polynomials
orthogonal with respect to . Then -

el Tn’Sz)\x — TnaPz
<AX@S?( Z HPH P (),

‘ Z)\HS i=m
for n > m, and S} = P, for n < m, hold, where Ty (x) = /\lim SMx), n > 0, and (p,q
—00

S (z) +

i=m

>/lo ’

Jep(x)q(x)dpo, being ||.|,, the norm induced by this inner product.

Flnally, the algorithm proposed in [55] for (1,0)—coherent pairs of order 1 is generalized in a
natural way for (M, N)—coherent pairs of measures of order m. We are going to see now what are
the contributions that allowed to reach the state of generality presented in . We have already
mentioned the importance of the work [55] as the genesis of coherence and we already described the
extension so-called (1,1)—coherent pair in [33]. However, before this last work, a generalization of
the concept of Coherent Pairs was proposed in [29] where, given a pair {po, 1} of positive Borel
measures, the existence of constants A,,, B, such that

Py (s ) = Loer @00y Pawino) g Buoa (@)
n+1 n n—1
holds was assumed. Notice that then {pg, 11} is a (2, 0)—coherent pair of order 1, if B,, = 0 we get
the coherence and if A, = 0 and pp and py are symmetric then we get the symmetric coherence.
In order to describe the next extension, in [75] the generalization called k—coherence is proposed.

n>1,

Definition 62 (k—coherence). Let p; , i = 0,1, be two positive Borel measures. Then {po, p1} is a
k—coherent pair of measures (k > 0) if for everyn € N, n > k+1, there exist a,(f,)m,m, - ,aﬁﬁ%’f&l €
R, with 0,%:0]21 # 0 such that
Pria(@50) S~ gy Paoj@imo)
Po(z; 1) = a1 + jZO Uniluo],m ﬁ
This is a (k4 1, 0)—coherence of order (1,0). Of course, the 0—coherence is the coherence defined
in [55] and the 1—coherence is defined in [29]. With respect to this generalization, the 1—coherence
is studied again in [65], but from a more general approach considering pairs of quasi-definite func-
tionals, and proving that if (u,v) is a 1—coherent pair, then u and v must be semiclassical, of class
at most 6 and 2 respectively. In the paper [3] the next result is obtained for the (1, 1)—coherence
of order 0.
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Theorem 63. ([3]). Let {u,v} be a pair of quasi-definite linear functionals with {Py},~, and
{Qn},>¢ as the respective SMOP. Then

Pn(x) + SnPnfl(x) = Qn(x) + thnfl(l‘% n>1,
holds for sequences {sn},>q and {tn},q such that with si # t1 and spt, # 0 for n > 1, if and only
if for everyn > 1, P, # Q, and there exist complex numbers \, a, a such that
(x —a)u = Az — a)v. (3.8)

In [4] the corresponding direct problem is studied, i.e. under the assumptions that holds
for two functionals u and v, and that w is quasi-definite, then the conditions under which v is
quasi-definite are deduced.

As for the solution of the inverse problem for the (M, N) coherence of order 0, the natural
conjecture that arise is that the degrees of the polynomials in the rational relation that v and v
should satisfy, depend on M and N. Indeed in [I06] the next theorem is proved.

Theorem 64. ([106]). Let {u,v} be a (M, N)—coherent pair of order 0, i.e., the respective SMOP
{Pn}nZO and {Qn}TLZO Satisfy

M N
Pn(x) + Zri,npn—i(x) - Qn(x) + Z Si,nQn—i(‘r)? n > 07
i=1 1=1

further assume that vy pNSNM+N # 0, and |[Apren| # 0 for Ayyn = [ai7j]%ijlv_1 with entries
Tj—ij—1, fO<i<Nandi<j<M+1i
Q5 = Sj—i+N,j—1, fN+1<i<M4+Nandi— N <j<i
0, otherwise.

with the convention roy = sop =1 for 0 <k < N and 0 < h < M. Then there ewist polynomials ¢
and ¢ of degrees M and N, respectively, such that

ou = Y.

Later on, in [5] a direct problem associated with the (M, 0)—coherence of order 0 is studied.
Indeed, given a SMOP {P,}, -, and the sequence of polynomials {Qn},~, defined by

M
Qn(x) = Pu(x) + Y aiPai(z), n> M, ay #0,
i=1

the authors studied necessary and sufficient conditions for the orthogonality of {Q,},~,, and the
families {Q,},~, are characterized explicitly when M = 2. Notice that this is a particular case
of (M,0)—coherence of order 0 given that @, is a linear combination of polynomials of {P,}, -
Without these particular conditions the author returns to the problem in [6]. Additional studies
on (2,0)—coherence of order 0 appear in [23]. Finally the inverse problem associated with the
(2,1)—coherence of order 0

Pn(x) + rnPnfl(l') + snpan(x) = Qn(x) + thnfl($)y

is studied in [II], where the interesting topic about when the (2,1)—coherence algebraic relation
is non-degenerate is analyzed, i.e. the conditions that the sequences {r,},~q, {Sn},>0, and
{tn},>o must satisfy in such a way that the (2,1)—coherence relation can not be reduced to a
(M, N)—coherence relation with either M < 2 or N < 1, are given.
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Chapter 4

S-coherence

The concept of symmetric coherence, presented in [55], is extended in [34] through the coherence
relation
Pris(@ipo) | Py (s o)

>0
n—+3 " on+1 "

9 - 9

Ppyo (fﬂ;/“) + 0n Py ($§N1) =

where pg and pp are positive symmetric Borel measures. Such generalization also arises in a natural
way as a necessary and sufficient condition for an algebraic connection with Sobolev polynomials
like

Sn2(®) +1a(N)Sp () = Poya(w; o) + 00 Pa(a; o), n >0, (4.1)

holds. In the sequel, this extension will be called symmetric (1,1)—coherence, (also, it is called
s—coherence). In [34] the authors deal with the particular case when pyg is classical, (Hermite and
Gegenbauer), in such a way that the respective inverse problem is studied and the connection be-
tween the recurrence and coherence coefficients is analyzed. In addition, the respective companions
of po are given. This chapter begins with the analysis of the inverse problem associated with the
Symmetric (1, 1)—coherence. In section 4.2 a classification of symmetric (1,1)—coherent pairs is
stated by using the symmetrization process. In section 4.3 we study how through this symmetriza-
tion process we can arrive to a non-coherence algebraic relation. Then the corresponding inverse
problem is analyzed exhaustively.

4.1 Symmetric (1,1)—coherent pairs and the inverse problem

We begin with the definition of Symmetric (1, 1)—Coherent Pair introduced in [34]. From now on in
this manuscript we assume that any moment functional u is normalized by the condition (u,1) =1

Definition 65. Let u and v denote two symmetric quasi-definite linear functionals and {Pyn}, <,
and { Ry}~ will denote their respective SMOP. Suppose that there exist sequences of non-zero real
numbers {an},>q and {bn},q, with apby, # 0, such that

P/@+3($)
n+3

é+1($)
n—+1

+ an, = Rpi2(x) + by Ry(x), n >0, (4.2)
holds. Then the pair {u,v} is said to be a Symmetric (1,1)— Coherent Pair. Furthermore, if u and
v are positive-definite and py and py are the respective positive Borel measures then { o, u1} is said
to be a Symmetric (1,1)— Coherent Pair of measures.
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Remark 66. In connection with the Sobolev inner products, in [21] a particular case of sym-
metric (1,1)—coherent pair was studied when u is classical. Indeed, a relation of the type 18
obtained, which is a necessary and sufficient condition in order to obtain the respective symmetric
(1,1)—coherence relation.

With the condition a,b, # 0, n > 0, we are assuming that the relation (4.2)) is non-degenerated.
Moreover if a; # b;, i = 0,1, we can avoid dealing with trivial cases. Namely

Proposition 67. ([35]). Let {u,v} be a Symmetric (1,1)—coherent pair satisfying (4.9). The
following statements are equivalent.
Z) a; 75 bl’, 1= 0,1.
/

it). Rp(x) # P:L:_l(f), forn > 2.

We will deduce some tools that will be important later on describing how the symmetrization
process allows us to take the current problem to simpler case. For m > 0 and by using (4.2)
inductively, we can obtain

PénJrS(x)
2n+3

n J
= Ronpa(x)+ ) (=1) (H H2n—2(k—1)) (82n—2j — U2n—2j) Ron—2j(2),
=0 k=0

where .
~ _ Uon—2(k—1)s 1<k <y,
U2pn—2(k—1) = 1 k=0

and for n > 1

P2/n+2($)
2n + 2

n—1

- J
= Ropyi(z) + Z (H Ugp— 2k+1> (S2n—1-2j — Uan—1-2;) Ron—1-2;(x),
7=0

where
o _ ) unokgr, 1 S k<7,
Let us define ro,41(x) := Ropt1(z) + Aapt12, n > 1. Then
P .4
0 = <(R2n+1 + Agny17) v, 257:54>
= (S2nt+1 — Uzns1) (v, R34 1) + Aony1(— (H Ugp 41— 2k> (s1 —u1) (v, R}),

if and only if
(32n+1 - U2n+1) <U» R%n+1>

Aopt1 = — , n=>1,

(—1)n+t <H U2n+1—2k> (s1—w1) (v, RY)

k=0
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and, inductively, we can prove that <(R2n+1 + A2n+1x)v,P2’n+2k> = 0 for kK > 2. On the other
hand, for n > 1, we define 7o, () := Ra,(x) + Agy,. Then

P2/n+3
<T2n7j7 m + 3>

= (s2n —ugn) (v, R3,) + Asn <U7 (-n” (H 172n—2(k—1)> (50 — U0)> =0
k=0

if and only if
(82 — u2y) <U, R§n>

A2n = n .
(=1)ntt (kl_[ u2n—2(k—1)> (50 — o)
=1

Furthermore, <r2nv, PT’Q> =0, kK > 2n + 2. On the other hand, let consider the linear functional

. . . . = . . P!
ron+1v and its expansion in terms of the dual basis {Uy, }n>0 associated with {#ﬁl}nzo- Namely,

o _ P!
Ton4+10 = Z)\nkUlm Ank = <7’2n+11)7 k’i:11> =0, k>22n+2,

k=0

/

~ P ~ ~
where A\, = <7“2n+1v, ﬁ> =0,if k+1isodd. If ropp1v = )_oA2k+1U2k+1, then we can
apply the distributional derivative in both sides and we obtain

Dlrons1v] = =Y Anokr1(2k + 2) Uz,
k=0

where {Up},,5( is the dual basis associated with {F,},~. Since Up, = u, then

Py,
(u,PR)

LA P,
D [T2n+1’0] = — (Z )\n,Qk—i—l(Qk + 2)2k+2>> u

2
k=0 (u, Paia

In an analogous way, for n > 1, we consider ro,v and, as above,

/

e AN P
ronl = kZ_OAnkUk, )\nk = <7’2n?), k]j:11> = 0, if k Z 2n + 3,

and A\, = <r2nv, %> =0, if £+ 1 is even. Then D [ro,v] = — > p_g An2k(2k + 1)Uspy1, and

n
P. T
D [ronv] = — (Z Aok (2k + 1)7< 2’“;21< ) ) u
k=0 u, 2k+1>
Next we summarize the above results.

Proposition 68. Form > 2 there exist polynomials rp,, ¢m+1 with degry, = m, deg dpmy1 < m+1,
such that
D [rpv] = —pmeru, m>2, (4.3)
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with
(=)
Tm(x) := Ry (x) + Az 2 ,
A — (Sm — Um) <U,R?n>
(=1)lm/2+1 <H Upn+2— 2k> (81—<—1>m - U1—<—1>m) <U7R21—(—1)m>
k=1 2 2 T2
Moreover,
"\, 2k + 2
Gont2(x) =) 2i+1{ )P2k+2(37)» n=1, (4.4)
k=0 <u k+2>
and
An, 2k +1)
P2n+1(w Z i ) P2k+1($)7 n > 1. (4.5)
k+1

Besides, the associated inverse problem is solved in [35], namely

Theorem 69. Let {u,v} be a symmetric (1,1)-coherent pair. There exist polynomials A, B and C
with deg(A) = 4, deg(B) < 5 and deg(C) < 6, such that

A(z)Dv = B(z)u, (4.6)
B(xz)v = C(x)Dwv, (4.7)
zC(z)u = zA(z)v, (4.8)
where
) = o) ~ o) (1.9
C(z) = ra(z)¢s(w) ; T2($)¢5($). (4.11)

Depending on the nature of the zeros of A, it is possible to refine the rational relation .
Besides, according to , A is an even function. In this way, either A(z) = 2(2? — £2)(2® — £2),
€2 £ €2 or A(z) =2 (ac2 — 52)2. In the sequel, we will assume that &2, &7, €2 € R. Next, we study
each case. Before that some technical lemma that describes how the symmetrization process allows
us to take the current problem to a simpler case.

Definition 70. Given an even polynomial p of degree n, the polynomial p¥, with of deg(p”) = n/2,
is defined as p¥(z?) := p(x)

Lemma 71. i). Let u and v be the symmetrized of u and v, respectively. If ¢ and 1p are even
polynomials such that ¢pu = v, holds, then ¢¥u = Fv. Besides the converse also holds.

i1). If u and v satisfy D (x¢u) = v, where ¢ and 1 are even polynomials, then D (md)Eﬂ) =
1. ,E>
§¢ V.
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4.2 A classification of symmetric (1,1)—coherent pairs

4.2.1 Case A(z) =2 (2? — 52)2

If A(z) =2 (2* — 52)2, then can be written as zC(z)u = 2z (2* — 52)21) as well as ro(z) =
2?2 — a? and ry(x) = 2* + f2° + g. As a consequence, A(x) = 2x* — 422¢2 + 2¢*) where ¢2 = a?
and fa? + g = &*. Thus, ro(z) = 2% — €2. Since (zA(x)) = r{(x)r2(z) — ra(z)rf(z), we deduce
) ()r2(§) — 2ra(€) = 0. From this expression, taking into account r2(§) = 0, we get r4(§) = 0. As
a consequence, r4(x) = r2(x)p2(z), where pa(z) := 22 — . From ,

cw) =@ — )™ 1y (o) ()2 - 2) @) (0),

According to (£.10), B(z) = 2¢5(z) — 2 (p(z) + r2(z)) ¢3(z), then from we get
r3(z)Dv = (¢5(x) — (2% + r2(2)) ¢3()) .

For m = 2, multiplying (4.3 by ro(x) we deduce, 73(x)Dv = —7r9(z)p3(z)u — 2zr2(z)v. On the
other hand, from the above expressions we get

(05(x) = (p(x) + r2(2)) §3(x)) u + r2(2)Pa(w)u + 2wra(2)v = 0,

ie.
(65(2) — p(2)da(2)) u + 23 ()v = 0.
Thus, we get
zoy(z)u = 2zry(z)v, (4.12)
where
x x
o4(x) = p(m)¢3( ) _ s ) (4.13)
x x
If a symmetric (1,1)—coherent pair (u,v) satisfies (£.12)), then
22oy(z)u = 22°re(x)v. (4.14)

Through the symmetrization process, we can find pairs (u,v) of symmetric linear functionals such
that (4.14]) holds. Among such pairs, we will identify all the symmetric (1,1)— coherent ones later
on.

Lemma 72. i). For m = 2n, implies
xD (Tfn(a:)'ﬁ) = —

where ¢oni1(x) = ().

i). Form =2n+1, yields

- - 1 ~
D (957"51(33)@) = —§x¢2En+2(x)U,

where rop41(x) = 272 ().
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Proof. We will prove ii). The proof of i) is similar. The Pearson type relation is equivalent to
D(zron(z)v) = —poni2(x)u. (4.15)
For every polynomial p,

(D (a75,(2)0) ,p(x)) = —(T,a75,(x)p(x))
= — (v, 2% (2)p (7))

= 7<D (z7ron(x)v) , p(x )>

and from
(D (@ 0)0) p(@) =~ (Ganralx)us pla)
= %<¢2n+2( Ju 7p(x)>'
Thus, our statement follows. ]
From the previous lemma, we get that D(ra(x)v) = —¢3(x)u implies
xD (TQE(:L‘)ﬂ) = —%TQE(x)ﬁ - %:E(?SQE(:B)Q (4.16)

On the other hand, D(r3(z)v) = —¢4(z)u is equivalent to
DT (@)D) = 56 (@) (.17
and D(r4(z)v) = —¢s(x)u = —xds(z)u yields
2D (rE(2)7) = —%rf( o — %xaf(x)a. (4.18)
On the other hand, let u and v be the symmetrizations of @ and v, respectively. Then,
Lemma 73. u and v satisfy if and only if w and v satisfy
zo¥ (x)u = 220 (2)7. (4.19)

Proof. We assume that x204(z)u = 22%r3(x)v. Let p be any polynomial. Then

(zof (2), p(x)) = (u, 2°p(x)?0 (2%)) = (227 (2)7, p()) -

n [n/2]

On the other hand, assume that xo¥ (z)u = 227 (2)v. I p(z) = Y apa®, then pP(2?) = . agpz?*.
k=0 k=0

As a consequence, (z?04(z)u,p(z)) = (22%ro(z)v, p(z)). O
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Taking derivatives in both hand sides of and by using (4.16]) we get

D(zo¥ (2)0) = 2D (ar¥7) = r¥ (2)0 — 2¢% (2)a.
If we multiply by x, then from
eD(arb(@)i) = orf(@)i - 23 @) = (oot () - 3 (@) ) @
and, equivalently,
D(z%0¥ (2)0) = <;QZ0'4E(QJ> + 2o (z) - :L'QQgQE(m')) U= (;xaf(x) - $2$2E<1')> u.

Next we summarize the above results.

Proposition 74. If A(z) =2 (ac2 — {2)2 and (u,v) is a symmetric (1,1)—coherent pair, then (u, )

satisfy and

D(¢(x)u) + ¢(x)u = 0, (4.20)
where
é() :~x2af(xz,
oy (x) = 2% (x) — 97 (),
and

9(w) =235 (@) — Swof @) = — 522 @) + Sadh @)

Moreover degzr/; <3 and deg% < 4. As a consequence, u is a semiclassical linear functional of class
at most 2.

In the sequel, given a linear functional U and its symmetrized U, {ﬁf{ }nzo and { Y }nZO will
denote the corresponding moment sequences. From 1) we get ¢3(z) = <:‘1P°2>x + <i)‘]1322> Ps(x),
"1 "t 3

with Ao = (v,72) = py — £2. After some straightforward calculations, we get
A v 2 } u 1 u v j u u
2= py = (&g 3% e+ 5 (0 +2),

where {y,}, 5, are the coefficients of the three term recurrence relation that the MOPS {P;},>0
satisfies. Then

~ 3)\1 2 /\1 0 3>\1 2

O3 () = 7250t + o~ e (1 +18) | -

(u, PF) (u,PE)  (u, P)

In particular,

v 2 3u¥ — 3 2_|_lu+lu v+2 u+u
py— & 3uf =3 (€ + 504 +398) s+ (o 72)(71%75”). (421)

%0 = 1) P2

From (4.19) and taking into account u is a linear functional of class s < 2, according to the
above classification we can find its companion v. As a consequence, we can deduce all the candidates
(u,v) to be symmetric (1,1)—coherent pairs. From (4.20]) we get

220 (2)D(10) = — ({E(x) + (x%f(x))’) . (4.22)

In the sequel we consider s < 1. The case s = 2 will not be considered. From the classification
of the semiclassical linear functionals of class s < 1, we will analyze the semiclassical character of
 taking into account the algebraic structure of of’(z).
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u of class s=0

In order to arrive to a classical case, we start the discussion by considering the following situations

i). of(x) = 22, P(z) = (¢2 () —3 ) . From (4.20) we get D(z%u) = —a2? (5]25@) — %x) u

or, equivalently,

1 ~
D(2%7) = <¢2 (z) + 2:E> U+ N16(x) + Nod'(z).
It is easy to see that N7 = <u ¥ (z) + > and Ny = <u z?)— <u mqf)E(m > Thus, if <1~L, $§($)>+
- <ﬂ, a:gZQE(x)> = 0, then u is the Bessel classical functional since
2 ]. ~
D) = — (@) + 2o ) 7

i). oF (2) = 2(z-1), P(z) = 22 <~2E(x) — 3z 1)). Then D(z3(z—1)1) = —a (}%) — 3z - 1)) 03
This yields

D(z(x — 1)u) = — <¢~5§(£B) + %(SL‘ - 1)> u+ N16(x) + Nod' (),
where Nj = <a S8 () + Lz — 1)> and Ny = 1 (@, :):(x - 1)>—<a, quQE(x)>. 1t <a $§(x)>+%(ﬁzf—

1

2
1) =1(ay — ) — < % (z )> =0, then u = \7[0 1’} , 1.e. the Jacobi classical functional on [0, 1],
such that

D(w(x — 1)) = — <$§<x) o 1)) i
iii). o (z) = =, P(z) = 22 (55(3:) - %) From (4.20) we get 23D (u) = — (:1:2 <$2E($) - %) + 3:62) u

and

xD(u) = — <<;~52E(33) + 2) U+ N16(x) + Nod'(z).

Then (zD(@),1) = — <a, (qEZE(x) + g)> + Ny and (zD(@),z) = — <a S (z)+3 > — Ny, If Ny =
<17,¢~5§(:C)>+% =0 and N2:—<ﬂ,gg§(3:)>+%ﬁzf:0we get D(zu) = (¢2( )+ )u ie. wis
the classical Laguerre linear functional.

Remark 75. We do not consider o (z) = 1, since in such a case u is the classical Hermite
functional.

uofclass s =1

In order to analyze the semiclassical case when s = 1 we will discuss two possible situations in
order to reduce the degrees of the polynomials involved in the initial Pearson equation.

a).
0). of (z) = 22, d(z) = (¢2( ) — ) From (4.20

PD(@) = — (B(x) +42) i = ((55@:) - ‘;x> + 4x) i+ Mo(),
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' JW:(#D@LD+<xQ%@o+;QaJ>:<mx£%m>—;gzm

then you can reduce the Pearson equation to

D(23%) = —x <$§(:ﬂ) + Zaz) U+ 32°U = <—m5§(az) + ;a:2> w,

and you have here ¢(z) = z¢¥(z) — sa2, $(0) = 0 and ¢/(0) = ¢F(0). If $¥(0) # 0, then
u corresponds to the case Aso of the Belmehdi’s classification in [20], and, as a consequence,

u=2"'"B 4 Ms(z).

ii). oF(z) = x(z — 1), (x) = 22 ((7557(:13) —3(x— 1)) In this case

2*(z —1)D(u) = — (xag(:r) — §m2 + §m + 422 — 33:) u+ Mid(x).

2 2
Then
M, = -3(a, ZE2> +2(u,z) + <ﬂ,x$2E(:c)> + g (u, :c2> - % (u, )
= (@0dF @) - 5+ 57t

If My = 0, then D(z%(z—1)u) = — <x¢~5§(az) + iz — %x2> u, and, according to the case Ag in [20], u

has an integral representation with weight function w(z) = (1 — 2)® 2%e~z, on [0, 1], with ay # 0,
>0, a>—1.

iii). of (z) = (x —1)(x =), (£0,1,¢(x) = x (m%f(a:) —3(e—1)(z - C))- Then,
D(z(z —1)(z — Qu) = — <$$§(l’) - %(55 - 1)(z - C)) u+ Mé(x).
. . 1., (1. 1\, 1
M = <U,UC¢2 ($)> —gHe <2C+ 2) By — §C =0,

this corresponds to the case A in [20] with @(x) = (1 — 2)* 2% |2 — ¢|” on [0, 1] with the conditions
OLB’}/ 7& 07 aaﬂa’)’ > _17 C S (07 1)

i). of(z) = 2, Y(x) = 22 (ggg(a:) — %) As above, if M = <ﬁ, $<E‘25> — 1% =0, then

D) =~ (¥ () - 3 ) &

and, according to the case By in [20], we obtain an integral representation of @ in terms of the
weight function

w(z) = 2% (14 z) e*”g,

on [0,00), with 8 <0, a, 8 > —1.
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i).08(z) = 21, 9(x) = (xasg(x) —3(a— 1)). Then, D(z(z—1)T) = — (xgEQE(x) ~la— 1)) 7,
when M = <17, :Jc&;(x)> — 1%+ 3 = 0. This is the case By in [20] with &(z) = (1 — z)* T ghtle—Ae
on [0,1] and the conditions af # 0, o, 8 > —1.

i), of(z) = 1, ¥(z) = w(xgzg(x)—g). It M = <a,x$§> — 1 = 0, then D(2) =
— <x¢~52E (z) — %) u, and, according to the case Bs in [20], we get that u is represented in terms

of the weight function w(x) = :L'Q“e_x2_/\x, on RT, > —1/2, A € R.
As the classical case, it is possible to reduce (4.19). Indeed, the general form of the Pearson
equation is

D(aot @) = - (o7 () - 3o (@) ) @

Taking derivatives in (4.19) and using (4.16), we get 2D (xrf (z)v) = — (51:5125(3:) - %af(m)) u. In

other words,

B (@) — 2 (2)ii = —xdF ()i + S0P ()i,

and as a consequence, 2r5'v = o (z)u.

Remark 76. Notice that according to Theorem we get U(z) = ((Uf)/ () + 2;55(3:)), and as

a consequence, the class of u is s = 2.

4.2.2 Case A(z) =2(2" - £})(a* - &), §#&
In this case, the following result is obtained in [35].
Theorem 77. Suppose that A(x) = 2(x? — £3)(a? — £3), €2 # &3, Then there exist odd and even
polynomials 1 and ¢, respectively, with degy < 3 and deg ¢ < 4 such that
D (¢v) + v = 0. (4.23)

As a consequence, v is a semiclassical linear functional of class at most 2. Besides

zo(x)u = x(z? — ), (4.24)
holds, where € € {&1,&}. Also, (2 — €2)Dv = — (¢ (x) + ¥ (z)) u.

Multiplying in (4.23) by =, if we define (z) := a:{bv(x), where ¢ is an even polynomial of degree
< 2, and using the symmetrization process, after straightforward calculations you get

D (26" (2)7) = —% (20" (2) ~ 6" (@) . (4.25)

265 )D() = § (07() + 20) 7 (2065 (0) + ged(0) +65(0) ) 7, (420)

e (@)D(E) = () — 2o (267) (@) + 75 ())& (4.27)

. P (2)U = x(x — £2)0. (4.28)

Notice that v is semiclassical of class 5 < 1. Next, the class of v will be analyzed according to the
zeros of ¢F.
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v semiclassical of class s =0

Al. ¢¥(z) = 2% In this case (4.25) can be written as D (2%0) = —1 (szE(a;) — x2> v. Since v
is classical, we can reduce the degree of the polynomials involved in this relation in one degree,
namely D (2%0) = — (UJE(QC) + x) v+ No(z). Since

0= (D (2%),1) = 7% ((95@) +2)5.1)+ N,

if N =0, equivalently, <'17, VE(z) + x> =0, then D (2?0) = —5 (@E(x) + x) v. In such a way, it is

well known that o = B(®). ~
A2. ¢P(z) = z(x — 1). (4.25) reads D (z(z — 1)v) = —3 [wE(x) + (z — 1)} v+ Né(x). Since

0= (D (a(z — 1)) ,1) = _% (7,9P@) +2 1)+ N,

if (0,9F(x)4+x—1) =0, then D (x(x —1)7) = —% |¢F(z) + (¢ —1)| 7. This means that 7 =
2

‘7((003? as well as the integral representation

1
@, p(x)) = /0 p(z)(1 — 2)°sP da.

A3. ¢F(z) = 2. If N = <'z7, VE (z) + 1> =0, then D (20) = —1 (QZE(JZ) + 1) v. As consequence,
T =L,

On one hand, from the symmetrization process and since the class of v is 0, the class s of v is
determined by the polynomial ¥(z) := ((bE)/ () + QZE(I') — @ Indeed, if ¥(0) = 0, then s = 0.
If ¥(0) # 0, then s = 1. In Table we describe the conditions leading to ¥(0) = 0.

v PF U (z) Conditions for ¥(0) =0
B —(2a+5)x —4 (—2a —4)z —4 T(0) # 0 always
To) | Ca+28+3)3—(28+1) | 2a+28+4)2—(26+1) B=—1/2
£ 2z — (2a + 3) 2 — (2a + 3) a=-3/2

Table 4.1: Conditions for v to be classical

Next, we will prove that we can reduce (4.28) in order to obtain
¢" (x)i = p® (z)v,

where pP(z) := 2 — £€2. In general, the Pearson equation is
p g

~ By
D(¢F (2)7) = —% (1[)E(x) + 4 x( )) 7, (4.29)

or, equivalently,

E X /
P (2)Dv = —% <1Z)E(x) + qﬁx() +2 (") (:n)> 7, (4.30)
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under the condition <5, ’QZE(.CL‘) + @> =0.

The case Al, where v is the classical Bessel functional, reads as
9~ _ 1 /~g ~
D(z*v) = ((a+2)x+2)v = —3 (zp (x) —HL‘) v.

Then ¢F(z) = (=2a — 5) 2 — 4, and the above differential relation can be written as
22D(®) = (azx + 2)7, (4.31)

with the condition (v, (a+ 2)x 4+ 2) = 0. Also, in this case, the linear functionals w and v are
related by 234 = 2p”(2)? and, as a consequence,
E

~_ pi(z)

u= 7’17—1— K16(x) + K8 (x) + K38" ().

From (4.27)) and (4.31) we get

<a:n +2+ ;pE($)> v —E%D@) = —%3} (—2a—1)z —4)u.

The action of the linear functionals of both sides on p(z) = x yields

~ 1 1, .
<v, ax? + 2z + gacpE(x) + 2x§2> = 5 (u, (2a + 1) 3+ 4x2>
1 ~
= 3 (pP ()0, (20 + 1) @ + 4) + 8K3.
As a consequence,
~ 1 1
8K3 = <v, ax? + 2z + izxpE(:L‘) + 2262 — B (2a + 1) zp¥(z) — 2pE(m)>

- <5, ax® 4 2z + 22E% 4 (—az — 2) PE($)>
= &@2+a)r+2).

Thus, K3 = 0. In a similar way, in the case A2 we get

~_&~+K(5( ) 4+ K28’ (x) + K3d(z — 1)
YT @ T o .

The action of the linear functional of both hand sides on p(z) = x — 1 yields

<(QZE(:L‘)+:E—1—|—4x—2—x+§2)1~),(1‘—1)>—(1—{2)<33D5,x—1>

<ﬂ,m(m -1) (4x -2 —|—1ZE(3:)>> ,

N — DN

or, equivalently,
<5, —%(m -1) (JE(QL') +4xr — 3+ {2) —(1-€%)(2z — 1)>
<5, pF () (4:E -2+ JE(JJ))> + %Kg <—2 + JE(O)) :
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Then ) )
L (—2 n JE(O)) — (£ —1) <5, DB (x) + 1z — 1> .

2
(a,8)

0.1) 7 it is well known that

In this case, since v = J(

%@E(x)ﬂx—n) —(@+B+2e—(B+1).
In other words, B
PE(z) = 20 +28+3)z— (28+1).

If 1) (0) = 2, then B = —3/2. Notice that this up to for this value Ky = 0. In the same way, for
the case A3, (4.28), becomes

ru = (IL‘ - 52)57

when 2 + JE(O) # 0. This means that o # —%.

v semiclassical of class s =1

From (4.25)) the following situations appear.
A. deg (2¢P(x)) =3, 1 < deg (:U{EE(Q;) - ¢E(g;)) <2.
Al. ¢P(x) = 2%, V(z) = %(WZE(@_JCQ) and D (2°0) = —% (miZE(m) — 3:2) v. This corresponds

to the case Agq in [20], where
D (z%) =z ((a +2)x +2) 7,

~ ~ /
with the condition ¥/(z) # 0. Since ¥'(z) = 3 (1/)E(x) +a (@bE) () — 2x>, the above condition
means ¥'(0) = 2¢7(0) and ¢7(0) # 0. In addition, ¥ = 2~ 'B(®) + MJ(z).

A2. ¢F(z) = z(2-1), ¥(z) = § <ZE’QZE(£L‘) —xz(r — 1)) and D (z*(z — 1)0) = —3 (:mZE(x) —xz(r — 1)) .
It corresponds to the case Ay in [20], where ¥ satisfies D (2%(z — 1)v) = —z (= (a + B+ 3)z + B+ 2) 1,
and
6226_1 (Tl/gohl/g) j(a’ﬁ-H) +85($), S 7&0,
taking into account that for every polynomial p and o, 5+ 1 > —1,
1

(7m0 @) = [ pla)(1 =)@+ 1) e
-1
The affine transformation 2t = x + 1 yields
(a,f+1) - ' 1 1 o B+1
<(T1/20h1/2)j ’ ap($)> = D §$+§ (1—2)%(z+1)"" dx,

-1

= (I (@)

As a consequence, U = ‘7[(00‘1’?) + s6(x), s #0.
A3. ¢F(z) = (2 —1)(z — (), U(z) = 3 (mZE(x) —z(x — 1)) It corresponds to the case A4; in
[20], where v satisfies

D (z(z = 1)(z - ()v)
= —[-(@+B8+7+3)2”+((a+B8+2)(+a+v+2)z—((a+1)],
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and it has the integral representation

1
@) = [ pla) (1= o) o~ ¢ da,
0
with the conditions a8y # 0, o, 8,7 > 0, ¢ € (0,1).
B. deg (z¢”(z)) < 3, deg (amz (x) — ¢E(a:)) =2.
Bl. ¢P(z) =2 -1, ¥(z) = & )P (z) — (x — 1)) It corresponds to the case By in [20],

where U satisfies D (z(z — 1)v) = — (2\2® + (—a — 8 —2XA = 2)x + S+ 1) U, and has the integral
representation

1
(@, p(x)) = /0 p(a) (1 — 2)*H 2P ey,

with the conditions af # 0, «, 5 > —1, and deg Q,ZE =1.
B2. ¢F(z) =z, ¥(z) =3 (x@ZE(x) - w) This is the case By in [20], where v satisfies
D (xzﬁ) =—z(r—a-—2)0.
Besides, for a > —1 .
@pla)) = [ plaae e+ 5p(0)

s # 0.
B3. ¢F(z) =1, ¥(z) =3 <x7;va(a:) - 1). It corresponds to the case Bs in [20], where v satisfies

D (20) = — (227 — Az — 2u — 1) 7,
and it has the integral representation

@, p()) = /0 " p(@)athe Nay,

with the conditions > —1/2, A € R and deg @ZE = 1.

Now, we will analyze the reduction of in the positive-definite case in order to get integral
representations of such linear functionals. Then, we assume that v has an integral representation
in terms of a weight function wy on an interval [a,b] with a > 0, that is

b
(@, p(z)) = / p(z)wde.

First, we analyze the A2 and B2 cases. We get the rational relation 2201 (z)u = x(x — £2)v with
o1(x) =x —1in A2 and o1(z) = 1 in B2. Besides

b ~
(1.0 = [ o) A5 e+ Mip(0) + Marf 0) + Np(1).

where N = 0 in B2. By using (4.27) and (4.28]) we get
~ ~ !/
(2p"(@)D¥,p(x)) = — (5, (xp"p)")

b E /
pT¢” (2)wy
[ v Py

/ “p(o) (75 () + 20 (67)') %daz -3/ (@)

1
2
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Since
o) Pt
= —% <ﬁ,p(m) (:Irfzfva(x) + 2z (¢E)/)>
+5Mop(0) (57(0) +2 (6) ) + S V() (§7(1) +2 () (1))
you get

Map(0) (57(0) + 2 (67)' (0)) + Np(1) (97(1) + 2 (¢7)' (1)) =0,
for every polynomial p. In particular, for p(x) =z — 1
My (65(0) + 2 (67) (0)) = 0.

Next we deal with ¥ (0) + 2 (ng)/(O) # 0. When ¢¥(x) = x(x — 1), ¥ is positive definite if
a, (B4 1) > —1. Taking into account that in this case ¥ (z) = — (2 + 28 + 5) = + 23 + 3, then

$E(0) +2 (¢F) (0) =28 + 1,

and My = 0 if § # —1/2. In a similar way, we get {/;E(x) = 2z — 2a— 3 and v is positive definite if
a > —1. After straightforward calculations, we obtain

B2(0) +2 (%) (0) = —2a — 1.

Thus My =0 if a # —1/2.
In A3 and B1 we get

b ~
(icp(o) = [ ) A5 e Mipl0) + M (1) + M),

where M3 = 0 in B1. An iteration of the above procedure yields
b ~ N PP (z)ws(z
—;/ p(x) (:m/zE(x) + 2z (¢%) ) pg(bE)(;)()dx
= —% <ﬁ,p(x) (m;E(x) + 2x (¢E)/>>
5 Map(1) (F5(1) 42 (67) (1)) + 5 Msp(Q) (CFP(0) +2¢ (67) (©))
Then ] N 1 N
SMap(1) (VE(1) +2 (67)' (1)) + 5Map(0) (GO (Q) +2¢ () () = 0. (432)
On one hand, in A3
2 ()
= —(20+28+42y+5)a?

—I—2((a—|—5+2)(+a+7—|—2—;(1+()>x—2§(0¢+1)+§.
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Then o = —%. In this way, the case A3 will not be considered. On the other hand, in the case Bl

P (2) = 4?4+ (=20 — 28 —4X —3)z + (28 + 1),
and, thus, 8 = —1/2 and & () = 4\z — 2a — 4\ — 2. Then ¥ (1) = —2a — 2 and

PP +2(¢") (1) = —2a.

Therefore, Ms = 0 if o # 0.
In the case B3 we cannot simplify the factor x. However, we get

2P () = 42 — 222 — 4p — 1,

and, as a consequence, (i = —%. Then ’(ZE(I’) = 4x—2) and v satisfies D (zv) = —% (4:L'2 — 2 \x — 1) U,
as well as

(3, p(a)) = /Ooopmxl/?ex”wdx.

4.3 Positive-definite symmetric (1,1)—coherent pairs (u,v)

According to the functionals % and ¥ obtained in the previous section when A(z) = 2(2? — ¢2) (2% —
€2), €2+ 2 or A(z) =2 (:L’2 — 52)2 , respectively, the symmetrization process allows us to recover
the original symmetric functionals v and v and, as a consequence, we get a classification of sym-
metric (1,1)—coherent pairs. Of course, if we recover one pair (u,v), we must also prove that it is
symmetric (1,1)—coherent one. For this purpose, we state the next results.

Theorem 78. ([35]). Let u be a symmetric, semiclassical and quasi-definite linear functional of
odd class s satisfying

D (¢u) + pu =0,

where degp < s+ 2, and degy < s + 1. Notice that, ¢ and v are even and odd polynomials,
respectively. {Pn}nZO will denote the corresponding SMOP, We assume that the linear functional
w = z¢(x)u is quasi-definite, with {Wy}, 5, as the corresponding SMOP. Then

P’ 1(1‘) (s+1)/2
n+ _
n+1 = ”n(x) + 321 nn,n72k” n72k(x)a n>s+1,

with Mn,n—(s+1) # 0.

Theorem 79. Let u be a symmetric, semiclassical and quasi-definite linear functional of even class
s satisfying
D (¢u) + ¢u =0,

where degp < s+ 2, and degy < s+ 1. Notice that ¢ and 1 are odd and even polynomials,
respectively. {Pn}nzo will denote the corresponding SMOP. We assume that the linear functional
w = ¢(z)u is quasi-definite, with {Wp,}, - as the corresponding SMOP. Then

P i (z 5/2
n+—|1—(1> = Wa(@) + > -2k Wan2k(z), n> s,
k=1

with Npp—s # 0.
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. P! . .
Proof. Tt is enough to expand the sequence {an} o terms of the basis {W,}, -, and to
n >

consider its quasi-orthogonal character described in Theorem B). O
As a consequence of above theorems we get the next result.

Corollary 80. Let u be as above with class s either 1 or 2. Let v denote a symmetric and quasi-
definite linear functional such that there exist even polynomials p and q, with 0 < degp < 4 and
deg g = 2 such that

p(z)u = q(z)v,
holds. In addition, let {Qn},>o be the SMOP associated with v. Then (u,v) is a symmetric
(1,1)—coherent pair.

Proof. We consider the above theorems with s = 1 and s = 2, respectively. In both cases, we get

Qn(l') = Wn(l‘) + 6an72(l')7

and )
Pn—&—l(x)
n+1

where B, A, # 0. From the above equations we obtain

= Wh(z) + \Wh—a(x),

PT,L+1(x) ()\n - Bn) qu,—l(x) o ()\n - Bn)
ni—l—l + Bn—2 Oz — Bna) n—1 = Qn(x) + /\n—2<)\n_2_—5n_2)Qn—2(1’),
where 3, # \, for every n. O

Case A(z) =2 (2% — 52)2

According to Theorem if the class of @ is s = 0, then the class of u is either 0 or 1. The classical
cases (Gegenbauer, Hermite) have been analyzed in [34]. We suppose that s = 1, i.e.

U(0) = (oF) (0) + lim ”i(x) +265(0) # 0.

z—0
i). If oZ(z) = 22, assuming that ¢¥(0) # 0, then u = B satisfies
D(z3u) = -2 (52(.%) + x2> u.

ii). If 0¥ (2) = z(x — 1), assuming that ¢£(0) # 1, then

D(x (mQ —1)u)=— (252(:3) + %(:pz - 1)) u.

Notice that v = 7%1’?)

iii). If of (x) = , assuming ¢4 (0) # —1, then u = £ and

1

D(zu) = — (2&52@) + 2) u,
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On the other and, if u is of class s = 1, then from the symmetrization theorem we deduce that

the class of u is s = 2. Next we will describe u according to of.

i). If 0¥ (z) = 22 and &SQE(O) £ 0, then D(z*u) = —2z¢o(z)u. Thus u = «2B + Mé(z).

ii). If o¥(2) = a(x — 1), then u satisfies D(2%(22 — 1)u) = —2x¢(z)u and it has the integral
representation

1
(u,p(x)) = / pz) (1 - $2)a ‘93|25+1 ele?dx,
-1
with the conditions ay # 0, v > 0, a > —1.

iii). If oF () = (x—1)(x—(), with ¢ € (0,1), then u satisfies D((z?—1)(z%—()u) = — 229 (x)u.
Moreover,

1
(u, p(z)) = / p(w) (1= 22)* o2 |22 = ¢ da,

-1
with the conditions a8y # 0, o, 8,7 > —1.

iv). If 0¥ (x) = z, then u satisfies D(z2u) = —2x¢s(z)u as well as

upte) = [ pl) e (e a2) e

—00

with 8 <0, o, 8 > —1.

v). If 0¥ (x) = v — 1, then u satisfies D((z% — 1)u) = —2x9(x)u. Moreover,
1
() = [ po) (12" a2 e,
~1

with the conditions aff # 0, o, 5 > —1.

vi). If ¥ (z) = 1, then u satisfies Du = —2x¢y(x)u and it has the integral representation

(u,p()) = / p() |2+ e~ g,

—00

under the conditions p > —1/2, A € R.
Since in the previous cases v and v are related by

o4(x)u = 2re(x)v,

then according to Corollary in each case the pair (u,v) is a symmetric (1,1)—coherent pair.
Next, the corresponding symmetric (1,1)—coherent pairs are described in the positive-definite
framework.

Theorem 81. Let {u,v} be a symmetric (1,1)—coherent pair satisfying
os(w)u = 2(2® — ),

such that o4 is an even polynomial with degoys < 4 and u is a semiclassical linear functional of
class at most 2. In addition, u and v are positive-definite and A(x) = (2? — £2)? in @
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A. u of class s = 1.

Sy1. If oa(z) = 2%(2? — 1) and either €2 =0 or €2 =1, then

1
(u, p(z)) = / D)1= ja da,

and
1 (1 . x2)a+1 \x|25+3
-1 (352 - 52)
M
+5 (0@ + 1€ + oz — [¢l))

dzx,

Syo. If o4(z) = 2% and €2 = 0 then u = £ and v =2 + Mé(z).
B. u of class s = 2.

Sy3. If ou(z) = 2%(2® — 1), ay #0, v > 0 a > —1, and either &2 =0 or &2 = 1, then

1
(u, p(a)) = / p(z) (1 - 22)° 2P+ e da,

-1

and
a+1

1 1— 22 _a M
e = [ o) bl e F e+ B ol + - D).

Sy 4. If o4(z) = (2% — 1) (22 = ¢), with ¢ € (0,1), afy # 0, o, B,7 > 0, and either €2 = 0 or
€2 =1, then

_ ! _ 2\ X 28412 Y
{u, p(z)) p(@) (1 —2%)" |27 [2* = ¢[ da,

-1

(=)

opla)) = [ o) g

Sy 5. If oa(z) = 2%, B € (=1,0), a > —1 and £2 = 0, then

and

o2 2 — ¢ d + (D) + p(~ 1€])

> B
op@) = [ pla) o (1401 e R,

—00

and
(v, p(a)) = / " pa) a2 (14 22) 7 e g 4 Mp(0).

—00

S16. Ifoa(z) =1, u >0, A € R and &2 = 0, then

<uap(l')> :/ p(;l;) |$|4,LL+1 6_$4_Ax2d1"

—00

and
(v, p(x)) = / p() [~ e 0 4 Mp(0).

—00
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Si7. Ifou(z) =2 -1, aB #0, o, B > —1 and either £ =0 or £2 =1, then

1
(u, p(x)) = /_120(36) (1- x2)a+1 2|25+ = i,

and

1 _ 22 a+2 )
<mmm>—/;mm(@2_g)\w””e*w¢w+fkmmo+m—mm.

4.3.1 Case A(z) =2(2" - &)(2* - &), & #&.

When v is a semiclassical linear functional of class s = 0, the class of v is either 0 or 1. When the

class of v is s = 0, we get \7((0(3)_1/ ) and £(-3/ 2) which are nonpositive-definite linear functionals.

Next, we describe the cases when the class of v is s = 1, and according to the expression of ¢¥.
i). If ¥ (x) = 22, then v = B and it satisfies D (z%v) = — (zZ(x) + xz) v. Notice that this is

not a positive-definite case.

ii). If ¢F(x) = 2(x — 1) and B # —1/2, then v = 7%8”1%), moreover D (z(z? — 1)v) =
~ (¢ + @ = 1) v
Notice that

1
(%M@>=/¥M@U—wﬂﬂw%“¢n

iii). If ¢¥(x) = z, then v satisfies D (2v) = — ({/;(a:) + 1) v and as a consequence v = £,
Thus,

<umm>=/mpunﬂhﬂe*%m

—0o0
If v is a semiclassical linear functional of class s = 1, notice that, according to Theorem v
must be semiclassical of class s = 2. Next we describe the possible choices for v.

iv). If ¥ (z) = 2%, then v satisfies D (z*v) = —z(z)v, ie. v = 2B 4+ Mo(x). Notice that
this is not a positive definite case.

v). If ¢F(x) = z(z — 1), then v = 7%31?) + s0(x), s # 0, and v satisfies
D (2%(z® — 1)v) = —zp(z)v = -z (— (200 + 28+ 5) x + 28 + 3) v,
with 5 # —1/2.
vi). f pF(x) =2 — 1, a #0, a > —1, A # 0, then v satisfies
D ((z* = 1)v) = =2z (2Az® —a — 2\ — 1) v,

ie.
1
(v,p(x)) = / p(z) (1 - 332)a+1 22e N dg.
—1
vil). If ¢F(z) =2, a > -1, a# —1/2 and s # 0, then

p) = [ pl) e e e 4 sp0),

—0o0
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and D (x%) = (23:2 —2a — 3) .
viii). If ¢¥(z) = 1, then v satisfies Dv = —z(42% — 2)\)v and

(.0} = [ " p@)e

—00
Moreover,

(w, p(2)) = / T p@) (@ — ) e de 4 Mp(0).

—00

In Cases from i) to v) and vii) we will assume that ¢2 = 0. From (4.26)), we get

3~_

2 (z)D(W) = 520 <2x(¢E)’(aj) + %x{/;E(x) + ¢E(x)> u.

Taking into account ¢ (z)u = xv, then
Dlad®@)1) = ( 30°(0) - (@0 @) - 520"(@) ) &

As a consequence, u is semiclassical of class at most 1. According to Theorem |30] and Corollary
since ¢¥(0) = 0, then the class of u must be at most 2 and the pairs (u,v) are symmetric
(1,1)—coherent. For Cases vi) and viii) we get z?u = 2%(2% — €2)v, and 2%u = x?v, respectively.
Then it is enough to apply the arguments of the above lemma but by using the fact that v is of
class s < 2.

For the positive-definite case, the previous analysis is summarized next
Theorem 82. Let {u,v} be a symmetric (1,1)—coherent pair satisfying
zp(z)u = x(z® — v

such that ¢ is an even polynomial with deg¢(x) < 4 and v is semiclassical of class at most 2. In
addition, let assume that u and v are positive-definite as well as in (@ A(x) = (2? = €3) (22 - £3),
& # &

A. v classical.

Soq1. If ¢(x) = 2*(2® — 1), then v = 7%84,’1_)1/2) = GW, X > —1, A # 0, ie. the classical

Gegenbauer functional. Thus

1
(wsple)) = [ pla)(1 a2 da o Mip(0) + 52 (0(1) + (1)

B. v of class 1.

Soo. If p(z) = 22(22 — 1), B # —1/2, then

1
(v, p(x)) = / D)1 =2 ja? da
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and

1
(u, p(x)) :/1p(m)(1—x2)al |+ da + Mip(0) + = (p(1) +p(=1)).

2
2
So 3. If ¢(x) = 22 then

(v, p(2)) = /OO p(@) e[ e da,

and

(u, p(z)) = / " (@) 22 e da + Mp(0).

C. v of class 2.

So4. If ¢p(x) = 2*(2® — 1), B # —1/2, then

1
(v, p(x)) = / p(a)(1 =) P dn M),

and

1
(@) = [ pla)(1 =) ol o+ Mp(0) + 5 (1) +p(-1).

Sos. If p(x) = 2% o> —1, a#—1/2 and M # 0, then

p@) = [ pl) e e+ 21p0),

and

(wp(o) = [ " (@) 22 e da + Mp(0).

Sog. Ifp(x) =22 —1,2=1,a#0,a>—1, \#0, then

1
(v, p(z)) = / ple) (1 =) e
and X
(u, p(x)) = /1 p() (1—2%)" e " dz + Mp(0).
So7. If () =1, then
(v, p(z)) = / p(x)e==" =" dz,

as well as

(u, plz)) = / " p(@)[e? — 2le N 4 Mp(0).
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4.4 Inverse problem associated with a non-coherence relation

Let {u,v} be a symmetric (1,1)—coherent pair satisfying (4.2]). By using the inverse process to the
symmetrization, we can obtain

A;z () A/n (x) - _
SIS 4 by =S = B () + b Bu(a), n2 0,
and N N B .
224511 (2) + Apia(2) 20 A (x) + Ay ()
2n+3 b on+1 +1(~75) + a9 (3}) ( 33)

n > 0, where

Py, (z) = An(:v?), P2n+1(:v):xAn(x2),
Ron(z) = Bn(2?), Ropii(z) = 2Bp(2?).

Notice that the first one is related with the concept of (1,1)—coherent pair. However, the second
one is not a coherence relation and as far as we know, this kind of algebraic relation has not been
still studied. Then, in order to give an equivalent expression of , it is well known that, (see
1)),

An+1(0)

xgn(x) = Apta(z) - A,,(0)

An(x), n>0.

Taking derivatives

2B (@) + An(t) = Ay () - 222D g1 ), (431)

and replacing in (4.33]) we obtain
Ans2(0 Y
240, 5(x) — 292HBAL L (2) — Ay (2)
2n +3

An e

240, (x) — 2253 Al (2) — Ay ()
2n +1

= Bpy1(z) + aznBu(z),

+b2n

or, equivalently,

bgn <2TL + 3)

/ Ap O) /
a0+ (T - ) A )
bon (20 +3) A1 (0) 1~ bon (20 + 3) ~
Tna D Ay ) A @) - Sy A
= P (B (w) +asBae))

The above relation leads us to define, in a general approach, the non-coherence relation
P (@) + al P (@) + a2 P2 (@) (4.35)
+bp (Qn+1(2) + cnQn(z))

= (1+by) Rut1(2) + dnRn(2),
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where the sequences {P,},,~o, {@n},,>¢ and {R,},~, are SMOP with respect to the quasi-definite
- - - (4) ,
linear functionals u, v and w, respectively, with Pk[ﬂ(:c) = (lfi:(l))’ 1=20,1, and a%]bncndn # 0,
i
n > 0. Besides, the functionals v and v are related through the rational relation

p(x)u =, (4.36)

where p is a monic polynomial of degree m.

4.4.1 Case:1=0

In this section we consider (4.35)) with i = 0, and therefore we study the algebraic relation

Poii(x) + aLﬂPn(a:) + ag]Pn_l(a:) + b (Qnt1(x) + cnQn(x)) (4.37)
= (1+4bp) Ruyi1(x) +dpRp(z), n>0,

where (14 by,) # 0. Here the sequences {Pp},,~¢: {@n},>¢ and {R,},~, are SMOP with respect
to the quasi-definite linear functionals u, v and w respectively, as well as the linear functionals u
and v are related by the rational relation

p(x)u = v,
where deg p > 0. If we define the sequence {1}, },~ as
Tht1(x) == (14 by) Rpt1(z) + dnRn(x), n >0, (4.38)

then let {tn}, >0, {Pn},>0: {Antpso, and {rn},5¢ be the corresponding dual bases associated

with the sequences {T,,(z)},,5 {Pn_}nzm {Qn}nzg and {Ry},,~¢ , respectively. First, from (4.36]),
if a4 = - (dn, pr(2)) Pi, then

X)) = Qn(x)’l) x :# ( T T

and (qu, pr(z)) = 0 for k < n. Here |Q,|? := (v,Q%(z)) . Moreover, if k > n,

(an, Pr(@)) (u, P (z)Qn(z)p(z)) -

1

o 112
1@nlly

If £ > n 4+ m, by orthogonality of u we get (q,, Pr(z)) = 0. In this way, we get

n+m

an = Y WPk, (4.39)
k=n

where we have defined 7, j, := (qy, Px(x)) . In particular, for n > 0,

2
_ HPn—&-mHu

mn+m = <Qna Pn—l—m(x» >0

1
o 12
1@nlly
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On the other hand, expanding gy, in terms of the basis {tx},, it is clear that (qy, T(x)) =0
for n > k . Now, if k£ > n, by using (4.39) we get

<qn7Tk(x)>
= <qn7 Py(z) + ag]_lpk—l(x) + af}_lpk—2($)>
+bk—1(an, Qr(7) + ck-1Qk-1(x))

n+m
= < Z MnjPj» Pr(x) + GE}_lpkq(ﬂC) + GE]_Isz($)>
j=n

+br—1 (dn, Qr(T) + ck—1Qk—1(7)) -

If £ >n+m+ 2, then
n+m ) .
< 3" tgpss Pole) + all Py (@) + aLllPk_z<x>> — 0.
j=n

Besides, (qn, Qk(x) + ck—1Qk—1(x)) =0 if k # n,n + 1. In this way

n+m-+2
an = Z En kb (4.40)
k=n
e 1] 2 :
Here &, 1 :=( Y. 7n,;Pj, Pe(z) + ak_lPk_l(x) + ak_lpk_Q(.T) ifn+2<k<n+m-+2. On the
j=n

other hand &, n41 = nnyna,[ll] + N1 + bpen and &, = M + bp—1. Notice that &, ; depends on
m. In particular, for n > 0

5n,n+m+2
n+m
1 2
= < Z M, Pjs Prtm2(z) + aLl—m+1Pn+m+1(x) + a’)['L—]‘y-m+1Pn+m(l‘)>
Jj=n

= nn,TLeraE—]i-m—&-l # 0.
If we assume that r, = Y (r,,, Tx(z)) tg, then
(rn, Ti(2)) = (rp, (1 + bp—1) Ri(x) + di—1 Rpp—1(2)) -
If Kk #n,n+1, then (r,, Tx(x)) = 0 and as a consequence
r,=1+byp_1)t, +dptni1, n>0. (4.41)

If we consider the above relation for n = 0,..,m + 1, and (4.40|) for n = 0, we obtain a system
of m + 3 linear equations with the m + 3 unknowns {tk}?;[f, namely

r
to r(l)
t )
Dm . = : )
t 'm+1
m+2

d0
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m—+3
where the entries of D,,, := (h%}) are

i,j=1
0, if m+3>i>jandi+ 1<y,
h[m}_ 14 b;_o, ifi=j#m+3,
hi djfZa Zf 1+ 1 :jv ’
§0,j—1, if i=m+3,

where b_; := 0. If we suppose that |D,,| # 0, then we can find a matrix (,u”) +2 such that if
k=0,...,m+ 2, each t,,+ can be written as

tr = fr0Q0 + k170 + ME2T1 + T Lk 1Tm + ke mt2T ] (4.42)

Now, multiplying (4.40), (with n = 1), and ([£.41)), (with n = m + 2), by dpt2 and &g ==
§1,m+3, respectively, and then subtractmg, we obtain

m+2
dm+2d1 = Om43Tm42 = Z Em kb

where €5 = dmiobig, for 1 <k <m+1, and Emmia = dmr21mi2 — Emss (14 bmi1) . Now,
replacing (4.42)) in above relation, we get

m+2 m+1
Ami2d1 — Em43Tmy2 = § gm,k HE,0do + E Hep+1Tp |
k=1 p=0

or, equivalently,

m+2 m+1 /m+2
dm+2d1 — Z Em k040 = EmiaTmia + Y <Z Em kuk,pﬂ)

= p=0 k=1

From ((1.12)) and (4.39) we get the next

Theorem 83. Let u, v and w be quasi-definite linear functionals and let {Pn}, o, {@n},>o and
{Rn}nZO be, respectively, the corresponding SMOP. Assume that the functionals u and v are related
by

p(@)u =,
where p is a monic polynomial with degp =m > 0. Also, suppose that the relation holds. If

m+3
the matriz D,, = <h[7?]> ¥ with entries
) i ]_

0, if m+3>i>j7andi+ 1<y,
pliml 14 bi_a, ifi=j7#m+3,
b dj_o, if i+1=j, ’
507]‘_1, zfz:m-i-B

is non-singular, then there exist polynomials ¢py2, @1 with deg(dmi2) = m+2, deg(v1) =1, such
that

Pmt2(r)w = p1()v = p1(z)p(T)u.
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Here
d +2 m+2
o1(z) = m Em,klk,05
1Q:()ll, Z
Emts ot (Zk 7 Em bt p+1>

M

pm+2(@) = T 2@ B, )

p=0
For instance, when p(z) =1, i. e., u = v, (4.37)) becomes
Poyi(z) 4+ alPo(z) + aP P, 1 (2) = Rpya () + d R ().

Of course, this is a (2, 1)—coherence relation. According to the above theorem, since

1 do 0
0,0 o1 o2

where §p0 =1, 1 = ag], and {po = al , if | Dol = dody — ag]dl +a[2](1 +bo) # 0, then the pair
(u,v) satisfies
2 (x)w = @1 (z)u.
This is the same result obtained in [106] for the particular case M = 1 and N = 2. Notice this case
has been deeply studied in [11].
Now, we assume p(z) = = and u with orthogonality interval [a,b], a > 0. We also suppose that
the TTRR, (three term recurrence relation), associated with {P,}, - is

$Pn($) = Pn—i—l(w) + Oénpn(l') + ﬁnpn—l(x)y n >0,

and that {Qy},,> satisfies Qy,(v) = Poy1(2) —0nPo(x), n >0, where oy, = Pf;’(lé)) If the TTRR

associated to {R, ()}, is given by 2Ry () = Rpt1(z) + MRn(z) + Y Rn-1(2), n > 1, from
- we get the algebraic relation

( +b ) n+2( )+ |:Oén+1+&[}+b ( Un+1) Pn+1(x)
+ [,Bn+1 + aLl]an + ag} — bncnan} P,(x)

+ [ﬁnam + amanfl} Po1(z) + Bn1adl Py _o(x)
= (1+0by) n+2( )+ [Pnt1 (1+bn) + dn] Rns1(2) + [Yng1 (1 + bp) + Anda] Rn(2)
Assuming b, # —1 for every n, as a consequence {P,},~, and {R,}, . satisfy a (4,3)—coherence
relation, namely B -

4 3

Pupo(®) + > AnkPora k(@) = Ruya(@) + Y BurRota k(@)
k=1 k=1

with Aj,, 4By, 3 # 0. Besides, according to [106], v and w must be related through
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for certain polynomials 5 and 1; such that deg({pv) =4 and deg(&) = 3. Here

1 do 0 0
b |0 1+by dy 0
=10 0 1+ b ds
2 1 2
1oa) + P2 o + P2 el P2 e
From the above theorem, if
| Dy
= (do—af! —1P2) drda + ((af + 1PLIZ ) do = P BT (14 61)) (14 o)
£ 0,

then the pair {u,w} satisfies
o3(x)w =z ()u.

Thus, under the conditions of such a particular framework, it is possible to improve the result
obtained in [106].

4.4.2 Casei=1

In this section we consider the relation (4.35) with ¢ = 1. Then

Py () [1]P1,1+1($) Q}Pé(x)
— +a, 1 a n +bn(Qn+1($)+0nQn(m))

o
= (1+4by) Ruyi(x) +dpRp(z), n>0,

holds. We assume that (1 4 b,) # 0. Here {P,},~q, {@n},>0 and {R,},~, are orthogonal with
respect to u,v and w, respectively. Besides, let p be a polynomial such that degp = m > 1 and
p(x)u = v. Additionally, in the sequel we assume that u is semiclassical of class at most s. Under
these conditions (see Theorem there exists a polynomial o, with degree ¢t < s 4 2, such that

n—+t
n+1
Py( 4.43
o(x) n+1 kz B Pr (2 (4.43)
n—s

<u, U(x)%ﬂc(x»

1P|
Tt1(x) = (1 + by) Ryt1 (@) +dn Ry (), and {t,},,5( be the dual basis associated with the sequence
{Tn}nZO . Now, we consider the expansion of oq,,, in terms of the basis {tn}nzm where

where 3, = , and fBpp—s # 0. As in the previous section, let us define

<an7Tk>
Pio(@) g Piz) g Pro(@)
- <Uq”’ PR IS >

+br—1(0An, Qr(z) + ck—1Qr—1(x)) -



4.4 Inverse problem associated with a non-coherence relation 87

As a consequence of (4.43]) we get

Plé 1($) [1] P/(x) 2] Pl;ﬂ( )
TG e @ T Felie@n Ty
k+t k+t—1
1
= | X Bk | +d, B, Pi(@)
Jj=k—s j=k—s—1
) k+t—2
tag > BraiPi(x)
j=k—s—2
k-+t
= Z BZ,jPJ (z)
j=k—s—2
where
Bk, j» if j=k+t,
Br,j + ag],lﬁk_m, ifj=k+t-1,
Brj =19 Pri+ agglllﬁk—l,j + af],lﬁk—z,j, ifk+t—2<j<k-—s,
(lg],lﬁk—u + aELﬁk-Q,j, ifj=k—s—1,
a? Br_ai, ifj=k—s5—2.
Then
P Pk( ) o Pi(@)
<an7 ﬁ + ak*l + akfl E—1 >
1 k+t
= oz <Ua > ﬁZ,an(m)Pj(l’)>
I\
1 k4t
Ny j=k—2—s
as well as

R g

k-t
- <||czn|| 2 AP >

k+t

= Y Biylu Pi(@)p(2)Qn(x)).

u@nuw =

<qupé+1($)+ n Pr(x) 42 Pé-1($)>

Thus, we have proved the following

Lemma 84. Fork<n—tandk >n+m-+s+2

Pia(@) oy Pi(x) | g Ba(w)
<aqn, k1 +a,_y 2 +a,” o >—0.
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On the other hand,

(odn, Qr(z) + ck—1Qr—1(x))
(v, Qn(z)o(2) (Qi(T) + ck-1Qk-1()))

1
2
1Qnll;
and, as a consequence, the following result holds.

Lemma 85. Fork<n—tandk>n+t+1

(odn, Qr(z) + ck-1Qk-1(x)) = 0.
Since t < m + s+ 1, from the above lemmas we deduce

Proposition 86.
n+m-+s+2

oqn = Z Hon ks n =1, (444)

k=n—t

where fin k= (Qn, 0T}) .

Since By i si2mit = aﬂm+5+15t+m+s,m+t # 0, we point out that in the particular case n =t
we get
P1€/+m+s+3($) 4 a[l} Pt/+m+s+2(93) 4 a[z} Pt/+m+s+1(95)
t+m+s+3 T2 DT s 4 1
+bitmts+1 (0t Qramts+2(2) + Cramts+1Qi4mis+1(2))
1 2t+m+s+2

= Z /8:+m+s+2,j <U7PJ(95)p(‘T)Qt(x)>

2
||Qt”v j=m-+t

B erams (1 Pra(2)p(2) Qu(2))

Q12
£ 0.

We consider (4.41)) withn =0,1,....,t+s+m-+1, and (4.44)) with n = ¢. Thus we get a system
of linear equations for the t 4+ m + s + 3 unknowns {t;}:""*"*  Indeed,

Mt t+m+s+2 = <UQt,

k=0
to :0
t1 !
Dm,s,t . = ;

by Titm+s+1
m-rSs th

m+s+t+3

where the entries of Dy, s+ = (hy;’s’tg . are
’ l’]:
0, if m+s+t+3>i>jandi+ 1<y,
plmstl _ ] 14052 ifi=j#Fm+s+t+3,
wioo di—1, if i+1=j,

Mt -1 ifi:m—l—s—i-t—i-?),
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with b_q := 0. Assuming that |D,, s # 0, the system of linear equations has solution and, as a

consequence, there exists a matrix (Ck,i)fjizarsﬂ such that each tg, £k =0,...,m + s+t + 2, can be

written in terms of the functionals {ry};"*""*! and the functional oq; as follows

t+m—+s+2
tr = Gr00qt + Ck1T0 + CroT1 + - + Crttmtst2Tt+s+m+1 = Cko00dt + Z Che,jTj—1-
=1

If we consider (4.44) with n =t + 1, (4.41) with n =t + m + s+ 2, multiplying them by d;ym+s+2
and ft441 t+m+s+3, respectively, and subtracting the corresponding expressions we get

t+m—+s+2

Attm+s+20Qt4+1 — P41 t+m+s+30t+m+s+2 = Aitmtst2 Z 1 kb,
s}

where figy1x = pyp1p for 1 <k <t+m+ s+ 1 and feg1t1mtst2 = depmtst2bttl t+mtst2 —
(14 beme-s+2) f+1,t+m+s+3- Finally, replacing ty, with £ = 0, ..., t+m+s+2, in the above relation,
we get

t+m—+s+2
ditm+s+20(T)Qes1 — < Z dt+m+s+2ﬁt+17k5k,0‘7($)> at
k=1

t+m—+s+2 [t+m-+s+2
= [t+1t+m+s+3Ti+m+s+2 T Z E diymtsr2lli1,kChyj | Ti—1-

j=1 k=1

Thus,

Theorem 87. Let be u a semiclassical linear functional of class s. Assume that the relation
holds and there exists a monic polynomial p, with degp = m > 1 such that p(z)u = v, as well as

m-+s+t+3
the matrix (hgn;’s’ﬂ) with entries
’ ij=1
0, if m+s+t+3>i>jandi+ 1<y,
st _ ) 1+bj2 ifi=j#m+s+t+3,
P, j—1 ifi=m+s+t+3,

is nonsingular, then there exist polynomials ¢i1, Vitmts+2, with deg(pir1) = t+1 and deg(Vi4mtst2) =
t+m+ s+ 2, such that

Gr1(x)o(2)v = i1 ()0 (@) p(@)u = Vegms+2(T)w, (4.46)
where . )
_ diimyst2 Qe [l (=T
bri1(7) = ———5 | Qura(x) — ——35° E fi1,kCro | Qi) |,
”Qt-i-luv HQtHv k=1
and
Vttm+s+2(T)
Ptt1,t +3 T B g
= I Rt sta()  dipmasiz Y, oS R (x),

2 2
|Revmrssel? = IRl

where o is the polynomial satisfying .
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Remark 88. The above result is based on the choice n =t in andn=0,1,....t+s+m+1,
in . In a general way, we also could consider n = t+i in andn =1,1,...,t+i+s+m+1
in forie ZTU{0}. Thus becomes

Prrit1(2)0 (@) p(2)u = Vetipmst2()w. (4.47)
Remark 89. When m =0, can be written as
n+®¢ s
oQn =Y fingtr, N>t (4.48)
k=n—t
where ®; ¢ = max {t + 1,5+ 2} . As above, we can consider withn =0,1,...., P 5 and

with n = t. In this way, we get the t + ®; s + 1 unknowns {tk}?j)t’s , namely, we have the system

T T
Ds,t (t07t17"‘7tt+¢’t75) = (I'(),rl,...,rt+¢;t75_1,0'qt) )

where D3 has the same structure as in with @y s instead of m + s + 2. In this way, we get

Prr1(x)o(2)u = ris,  ()w. (4.49)

Now, we want to study the relation between the formal Stieltjes series associated with the

(1]
k

functionals v and w. Let p;.’ be the k — th term of the dual basis associated with the sequence

n+1
get

P! . . . .
{ ”*1} o’ Then we expand the linear functional op,, in terms of such a basis. From ([1.16|) we
n>

P/ k+t
<0pn7 Z:l-<1m)> = <pn7 Z 61@,ij(1’)> ) Bk,kfs 7é 0.

j=k—s

If either K+t < nor k—s > n, then <Jpn, P’““(x)> = 0,. Therefore, from A, ;, := <apm Pk]:ﬂx)> =

k+1
K+t
Pn, Z 5]6,]-[?7(‘,1:) , We get
j=k—s
n+s
1
opn = 2 )\mkpgg]. (4.50)
k=n—t

2t+s
In particular, A¢ 145 = ( Pt, Y Bits,jPj(z) ) = Biyst # 0. For n =t and taking derivatives, in the

j=t

distributional sense, from ([1.11)) the above relation becomes

D (opt) = &Ettsv1(@)u, (4.51)
t+s ~ k1 ~
where &4 o41(2) = Y MpPrri(z) and Ay = —”1(3+ ﬁz At - In particular, notice that \; ;1 =
=0 k+1l3,

M}\t7t+s # 0 and, therefore, deg(&4s4+1) = t + s + 1. Multiplying both sides of (4.51)) by

I Prystalls

Pr+1p, from (4.46) we get

br41(2)p()D (H];,ZPt(a:)a(m)u) = G111 (2)p(@)er o1 (@)

As a consequence, from (4.46)) we obtain
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Theorem 90. The linear functionals w and u are related through the differential relation

D(P(@)trmrst2(®)w) = worsmtst2(2)u, (4.52)

where
wartms+2(T) = | P12 ¢rg1 (2)p(2)Ep541(x) + (G141 (x)p(x)) Pylz)o (),
and deg(waitmtst+2) = 2t +m + s+ 2.

From (4.46) and (4.52) we can deduce an upper bound for the class of w. Indeed, after straight-
forward calculations we get

Corollary 91. The linear functional w satisfies the differential relation
D(¢w) = Yw,
where 5(55) = ¢r1(x)o(2)p(z) P (2)Yt4m+s+2(x) and
$(x) = Yrrmisa(@) (e (@)o(@)p(x)) Po(x) + wartmsta(@)) -
Thus, w is semiclassical of class at most 2m + 2s + 3t + 3.
Remark 92. As above, when m = 0 we get
D(Py(x)rra, (2)w) = warrsia(2)u,
with
wartst2(t) = | P2 i1 ()41 (2) + Gy (2) Po(w)o ().

Remark 93. Notice that we can write the differential relation obtained in the above theorem as
follows

D(Pryi(2)Vrtitmssi2(2)w) = worroigmesso(x)u, i€ ZTU{0}. (4.53)
Let Su(z) = — > uj:l and Sy (z) = — > wﬁl be the formal Stieltjes series associated with
n>0 2" n>0 2"

u and w respectively. Here {uy},-, and {wn_}n20 denote the corresponding moment sequences of
such a functionals, respectively. Taking into account the particular cases i = 0 and i = 1 in (4.53))
and, as a consequence of Theorem 7 we get

Corollary 94. Under the same conditions of the above theorem, the Stieltjes series Sy(z) and
Sw(z) satisfy

wartantmts+2(2)8u(2) = (Wegnimrst2(2) Prn(2)Sw(2)) = Al (2),
where
Almbs)(2) = (who (PrpnWtinsmst2)) (2) = (Wbowatsanimasiz) (2).
On the other hand, S,(z) satisfies the following first order non-homogeneous linear differential
equation
Bi(2)8,,(2) + Bo(2)Su(2) = C(2),
where, for j =0,1,

Bj(z)
1 . .
= (3) (@i Pa @12 2) — s a ) P (2)).

and
C(z) = w2t+m+s+4(2)A([)m’t’s] (z) — w2t+m+s+2(Z)A[1m’t’S] (2)-
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In order to illustrate the results of this section, we consider p(x) =z, s =0, and u = £ the
classical Laguerre functional with o > —1. Notice that o(x) = x. Thus,

(1 (2]

Lot (@) + WL::%) L L) = Rua(@) 4 1 Bao) n= L (450)
Also, the SMOP {Lgi}}nzo satisfies the TTRR
L8 (2) = Lo (2) + 2n+ a4+ 2) LS (2) + n(n+ o+ 1) LT (z), n > 1, (4.55)
and ||L2||* = n!T(n + a 4+ 1). We also assume that
TRy (x) = Rpt1(x) + MRy (2) + Ru—1(z), n >0, (4.56)

with R_1(x) =0, is the TTRR that {Rn}nzo satisfies. From (4.54)), (4.55)) and (4.56) we get
(1] [2]

ap_1 + bnflcnfl a+1 ap=q a+1
- L s = Y
1 4 bn—l T n—l(w) 1 + bn—1$ n—Z(x)
(1] 2]
an' + bpep il an atl

d dp_
The comparison of the coefficients of ™ and 2" ~! in both hand sides yields explicit expressions for

the recurrence coefficients of {R,}, . Indeed, for n > 0, and after straightforward calculations,
we get

A =0p_1—0,+(2n+a+2) (4.57)
and
Tn (4.58)
= A1 — Ay —n(n+a+1)2n+a+1)
dn dn—l
>\n - Qn 79717 )
+< 1+bn> +1+bn—1 !
where o "
Wy e —d an —(an —i—bncn)n(n—i—a—i—l)
g, =T ontn = n : (4.59)
1+b, 1+ 0,
and
Qp=nn+a+1)—0,_1. (4.60)
it 1 2 3 1
ag]: aag]:n_‘_ , by = aCn:dn:n+ , n=>0,
n+1 n+1 2n+1 n-+2
with a[_l]l = a[_z}l =b_1 =c_1 =d_q:= 0, then the recurrence coeflicients {Anﬁ’n}nzo are completely

determined by (4.57)), (4.58), (4.59) and (4.60). For instance, if « = 0 we get

3 17 299 9799 6073 35551
)\0257)\1:17)‘2: =

487 % T 12000 T 6000 0T 2040
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d
o 19 13559 59518523 4003607 254335129

240 %7 7384 BT THre00 0 T 20000 T 705600
In this way, from (4.56) the elements the sequence {R,}, -, can be deduced. As an example, from

the above data we get

4!

3
Ro(w) =1, Ri=z-"%
23 67 575 . 2339 41899
_ 2 23 67 _ 3975 5
Ry(z) =a” — ot 5, Ra(@) =2" = 0™+ oo+ S0,
o 4020 5 2431 , 239311997 125968831

Ra(w) = 2" = 55572 + 350 460800 184320
and
Ryl — g5~ B0y0 L3515 32662826503 , 1979414728109 1812077996999
15 960 11520 000 276 480 000 552 960 000

On the other hand, according to Theorem 12 u and w are related through

b2 (z)z?u = Yy(x)w,
and from Theorem 15 satisfy
D(LY (z)¢a(w)w) = ws()u.
As a consequence, for a fixed value «, we can explicitly obtain the polynomials ¢2, ¥4 and ws. On
one hand, according to definitions of ¢o, 14 we get
2
125"

= <£(a+1), zLy ™ (z) ((1 + 1) L (z) + (GEL + bk—l%—l) Lpti(x) + af] 1L}§f21($)>> ;

On the other hand, let consider

1 2 0 0 o0
04 2 0 0

5 3
(h29) =0 0 2 & 0
VoWl g 0 oo 24
|81 109 b %
2 6 30 4

This matrix is non-singular and, as a consequence, the numbers (Ck,i)i i—o are given by

4859 2707 134 2175 15
2437 2437 2437 9748 2437

n
Finally, and as it is well known, (see [31]), HRnH?U = [ 7, with 70 := 1. Besides, the polyno-

k=0
mials R;(x), ¢ = 0,1,2,3,4, will be needed. On the other hand, according to definitions of ws,
(LD, Lot (z) Ly ()

g

through straightforward calculations you can deduce the values 3, =

and ||L|° A g = (LD, L2 (2) L8 () .
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Chapter 5

Asymptotics for Sobolev polynomials

The aim of this Chapter is to study asymptotic properties of Sobolev polynomials {Sﬁ;}nm orthog-
onal with respect to the inner product a

2
L +ae_:”’?d:(:, A >0,

(), a(@))g = /R p(2)g(w)e " dz + A / P (@) ()

R CC2+b

where the pair {uo, 1}, duo = e dx, duy = ﬁii‘geﬂ”de, is a symmetric (1,1)—coherent pair

found in [34] when py is classical. In order to do this we deduce a connection formula between the

Hermite and Sobolev polynomials, namely, we get

n+3

manyH_l(l'), n Z 0.

A A
Sn+3(x) + nn()‘)sn-‘rl(x) = Hn+3($) +
In first section we analyze, in a general way, the recurrence properties of the Sobolev coefficients

{m(N)},,>0 as well as the Sobolev norms {HS%HZ} o In section 5.3 we study the limit behavior
- n

of ,(\) and in section 5.4 the relative outer asymptotic is deeply studied .

5.1 Sobolev Polynomials and Sobolev Coefficients

Let {u, v} be a symmetric (1, 1)—coherent pair with {P,},~, and {R,},~ as their respective SMOP
and satisfying (4.2)). We assume that u and v are positive-definite with jio and p; as the respective
positive Borel measures and let {u,},~, and {v,},~, be the respective moment sequences. Then
we consider the Sobolev inner product -

(P a)g = /R p()q(@)dpo(z) + A /R P (@) (@) (2), A> 0. (5.1)

Besides let {Sfl\}n>0 be the Sobolev orthogonal polynomials associated with |D The above
product also will be written as

p.a), = 0,0, T2, ),
= (u,pq) + A(v,0'¢).

For n > 1, we consider the expansion S (z) = z" + Z?;ol c;\ljxj, and let Ag, = det [u; ]! _,

be the principal submatrix associated with the moments p; ; := <xi, xJ > g+ According to 1} if
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i+j=0,1, then pij = uiy;, and if i + j > 2 we have
pg = (g = [ dpo(e) + i [ 22 @)
R R
= Uipj +ij i 2,

and if 4 + j is odd or ¢j = 0 then p; ; = u;4;. It is well known that

1 0 U9 e Up
. 0 11 0 SRR V5
Sn(@) = 3 L Lo,
e Up—1 fn—11 fn-12 -+ 0O
1 T x? R

mg AS,nfl
the (n + 1) — th row of the matrix [ ;]

and moreover ¢ ~! Where Ag n—1 is obtained deleting the j — th column and

n
ij=0"

Example 95. For n =1 we get S;'(x) = x. Moreover,

‘ 0 us
() :x2+“11’100 — 22—, (5.2)
’ 0 M1l
50 C3 o = —Ua.

Using properties of the determinants and cumbersome calculations yields

1 0 . Up—1
5T R (S s |
AS,n—l = . . .
Un—-1 HMHn-1,1 *°° Hn—1n-1
1 0 .. Up—1
0 ug + Mg e Up + (n— 1) Avp—2
Up—1 Up+ (n—1DAvp_2 -+ uzp2+ (n—1)%2Avg,_4

= (n=1N2AY_ A"t AL

So every coefficient of S} can be seen as a rational function in A where the degree of the
numerator is at most as large as the denominator. Then it makes sense to define the sequence
{Wh},>0 in the next way:

Wy(z) == lim S)(z),

A—00

where, as consequence of the symmetry, if n is even, (resp. odd) W,, is a even function, (resp.
odd).
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On the other hand
A ! /
Sty = [ Sa@a@du@) + [ (1) @ @i @) =0,

if deg(q) < n. And when A — oo we obtain,

/ z)dpy (z) =0,

ie.
roi(@) = (n+1)Ry (). (5.3)
Moreover, for n > 0
Shant) = [ Sha(e)dolz) =0
Then, when A\ — oo we get
/R Wi or (2)dto () = 0. (5.4)

From (4.2) and by using (5.3|) we have

Whs() b Whti(z) _ Pags(z) Py ()

= k > 0.
n+3 " n+1 n+3 " n+1 + R, =

Integrating respect to the measure pg, and using (5.4), we get k, = 0, as well as

Wits(2) + bnWig1(2) = Poas(a) + @nPoyi(x),  n>0. (5.5)
where 5 5
an:aniv ~n:bni; n=>0
n+1 n+1
Now we consider the expansion of W,, by using the basis {Sﬁb‘}n>0
n—1
Wi(x) = Sp(x) + > oniS)(x). (5.6)
§=0
Notice that
A / A !
(Wai$)) S Wale)S)@dpo(w) + ) Wi 2) () (@)dpn ()
Onj = 5
ETH )
Tlls

2
and HS;‘HS = <SJ’-\,S]>-‘>S. In the same way Wy13(z) = S, 5(z) + ]+§ 0n+37]S’\($), and multi-

n
plying by En in 1' we get:

ba W1 () = bpSpy1(2) + Y ot 557 ()
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As a consequence,

Wais(@) + aWai1 () = S2a(@) + Onrsns2Sha(@) + (Gnssnin +n ) i (2)

n
+ Z (Un+3’j + ann—i-l,j) S;‘(l’)
=0

Taking into account the polynomials W, 13 and W,,1 are either even or odd functions, necessarily
On+3n+2 = 0. Then

n+1
Wass(@) 4+ bpWhaa(z) = S 5(x +Z77ny

where every coefficient 1, ; (A), j < n, can be written as:

.5 ()‘)

= Op+3; + bn0n+1,j

i (Wasa@) + BalWars(@)) $)@)dno(@) + A Jy (Wis(@) + BaWiaa (@) (83) @)dpr (@)
s3],

)

and oy, 41041 := 1.

By using we obtain
/ (Wn+3($) +gan+1(x)) Sj‘(:c)d,uo(x) = / (Pn+3(x) + anPpia (7)) Sj‘(m)d,uo(x) =0,
R R

for j =0,...,n, and the relation (5.3)) allows us to deduce

/R ( nr3(@) +EHW;L+1($)) (S}\)/ (#)dpa (z) = 0,

for 5 =0,...,n, and, as a consequence,

Whys() —|—5an+1($) = 5’7)1‘+3(m) + 77n,n+1(/\)87/z\+1(x)- (5.7)
Equivalently,
524—3(30) + 77n,n+1()‘)57>z\+1(55) = Ppy3(w) + anPota(x), n>0. (5.8)
Taking derivatives
(SA+3)/ (z) (SA 1), (z)
~nae L2 nn )\L:Pn nPr(x). 5.9
2 1 (V) — P (@) + anPa(a) (59)
Notice that
Mnn+1(A) = 024-3 n+1 +E

_ fR n+3(® n+1( )dpo(x +>‘fR el )(Sﬁ+1)/($)dﬂl($)+g

15241l
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and, again, using (5.3)) we obtain

[ Wiist@) (82) @) <o

thus
Sz Wass(2) Sy (z)dpo(x)

M (X) = nns1(N) = + by (5.10)

ISl

We summarize the above results in the next

Theorem 96. Let {uo, 1} be a symmetric (1,1)—coherent pairs of measures with {Pn},~, and
{Rn}nzo as their respective SMOP satisfying and let {S{I\}n>0 be the Sobolev polynomials
orthogonal with respect to . Then B

Sp3(z) + 10 (N) Sy 1 (2) = Prys(@) + @ Py (@), (5.11)

holds with
Jo W (@) Sp o (2)dpo(x)

15245
The coefficients n,(\) will be called Sobolev Coefficients.

M(A) =

+ bn.

Lemma 97. Forn >0

by (n + 1) (v, R2Y X+ ayp (u, P2, )

() = (5.12)
[Exaeje
Proof. From (4.2]), multiplying by R,, and using the measure p; we get
P’ P’
by (v, R2) = < s (@ ),Rn(x)> +ap < w1 (2 ),Rn(x)>
n+ 3 M1 n+ 1 M1
! / Pl Pl
_ n+3(x) + bn n+1(x) —a, TL—‘rl(x) ’ Rn(x) + an TL—‘,—I(:E) ’ Rn(x)
n+3 n+1 n+1 i n+1 i
n+3 n+1 "
_ 1 Wiy () +b Whii(z) Wiga(z) _ Whis(z) s Whii(z) Wiga(z)
A n+3 "n+l n+l /4 n+3 " n4+1 7 n+1 o

57/)—&-3('%') +77 ()\)SQ-H( ) Wn+1($) - Pn+3(x) + Pn+1(x) Wn+1(x)
n+3 " n+3  n+1 n—+3 "n4+1 n+1 40

] R (w.720)).

Then

Mo (4+1) (0+ 3) (0, 1)+ 25 (0+3) (s P = i) 1S 3

and the result follows. O
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On the other hand, we use 1' 1' 1) and the notation (u,p(z)q(z)) = <p(:c),q(a:)>“0,

(i.e. we express u in terms of the associated bilinear form) in order to obtain

(Wasa(@), 82 (@)
= <Pn+3(x) + 8n Pos1(2) = buWai1(2), Por1(2) + @n-2Pr-1(z) — 77n—2(/\)52—1(90)>

= Gn (u, P2 = by (u, PL) = bpdin—z (W1 (2), Paci(2)),,
a2 (W1 (). 524 (@)
HO

Ho

Ho

and

(Whi1 (), Poc1(2))
= (Pos1(@) + Gn-2Po-1(2) = b2 W1 (2), Buoa (1))

= (boo—n2) (uP2).

Then, from to above relations, for n > 2 we get

Ho

- (a’n —5n> {(u, P21} — bpdp_2 (Zinq _/gn72> (u, PY_1)

a2 (V) (Waeir (@), S} (2))

(Wisa(@). S (@)

Ho
Ho .
If we denote I(\) := (Wy(x), S’i\—?(x»uo , the above relation can be written as

Lns(\) = (a’n fEn) (1, P2,1) = bytin o (a“H fZH) (u, P23) + bt oW s (V). (5.13)
Moreover, from ([5.12]) we get

~ ~ 2
Lnes(N) = bu(n+ 12X (0, B2) + @ (u, P2} — by S’AL“HS' (5.14)

Taking into account the expressions of I,,11(\) and 7,—2(\), by using (5.13) we obtain

[n+3()‘)

= (Zin —En) <u, P3+1> —Enan_Q <Zin—2 - gn—?) <u, Pr%—1>
2

+bpin—2(N) (%—2(/\) —En—2> ’ Sﬁ-lHS
and from we get
(5n —En) (u, P2}) = bytin—2 (5%2 —gnﬂ) (u, P2_0) + buin—2(N) <77n—2()\) —gn—2> ‘ S{}_lHZ

= B+ A (o B2 G P~ T 520

We have proved the next
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Lemma 98. Forn > 2
NL
‘ S"“Hs (5.15)

= (4 DA (0, B2) + (u, P2y )+ s (G2 = buoa) (u, Py

“n-2(N) (-2(3) = bu2) | Sé_le :

S

The above formula is useful in order to compute the norms HS’,’}HE if the Sobolev coefficients
are known. We are going to describe the initial conditions which are needed. When n = 0 we get

_ goA +ap <u, P12>

(A)
" B[R

But <u, P12> = <u,a:2>. Moreover, we know that Si\(:z:) = x. Then,
2
s, - (st
H His b= s
= /xQdug(m’)—i-)\/dm(x)
R R
= (u,P})+ A
and, as consequence,

2 boX + do (u, P?
R R

(5.16)

On the other hand, for n =1,

_ 4by (v, R2) X + Gy (u, P2)
1535

m(A

)

and we know that P(z) = 22 — \g, (here {)‘n}nzo are the recurrence coefficients of the sequence
{Pn}n20)7 but since ug = A\ = 1, we get <u,P12> = <u,x2> = MA2 = Ag. Therefore, Py(z) =
z? — <u, P12> and from 1) we get

Jsill, = (sposi),

= / [x4 — 22%ug + ug] dpo(x) + 4)\/ z2dp ()
R R

= /]R [(x2 - <u,P12>)2 + 227 ((u, P12> —ug) + u3 — (u, P12>2] dpo(z) + 4X <U,R%>
= <u, P22> + <u, P12>2 — 2ug <u,P12> + u3 + 4\ <U, R%>
= 4(v,R}) A+ (u, P5).

As a consequence

4by (v, R3) X + @y (u, P§)
4 (v, R}) A+ (u, P3)

HS%HZ = (v, R A+ (u, P2) + ((u, Py — us)”, m(\) = (5.17)
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In this way, using and for n =2 in we obtain HS§\H2 , and then by using of @I)

we find 72(X). In the same way successively for n = 4,6, 8, 10, .... in (5.15)) we obtain HS%HHS and

M2k (A), for every k € N. Similarly, using (5.17) we can obtain recurrently HS2k+2HS and Mogy1(N),
for every k € N. In the next section we study a recurrence formula for the coefficients 7, (\).

5.1.1 The Sobolev Coefficients

We define Tpi1(x) = Whai(z) + bp_oWy_1(). Through straightforward calculations it is not
difficult to prove that

Ty I

mn(A) = Tna(2), Tors1(2))s . (5.18)
(Tni1(2), Tny1(2)) g = Mn—2(A) (Tn-1(2), Tnya(2)) g

This expression is well defined since the denominator is non zero. Indeed

(Tota1(z ) Trs1(@) g = M—2(A) (Tn—1(2), Tn1(2)) g
Thoi1(2) = 2N Tam1(2), Sy () + a2 (VS 1 (@)

= (Sa(@).S)a(@) 70 (S2@). S0 @) =02 o) (Tam @), 8) 1 (@)
= <Sr)z\+1('r)75n+1( )> # 0.
We will express each term in ([5.18) in a more simple form.

<Tn+3(x)aTn+3<x)>S
= <Pn+3($) + anPn—H(x)> Pn+3(x) + anPn+1(x)>uo

FA(Wia (@) + oW s (@), Wi 3(2) + 5 Wi (2))

= (u Pys) + a5, (u, Py)
FA((1 4 3) o2 (@) + B 4+ 1) R2), (14 3) R 2(2) + b+ 1) R(2) )

S

p1

I
= (w0, P2y) + @ (u, Py )+ A (0 +3) (0, R20) + Ba(n + 1) (v, R2))
= pasa+ @bt + A (04 3)rns0 + B0+ 1)%r)
Here we have used the notation r, = <v, R,%> and p, = <u, P,%> . Also
(Tht1(x), Thas(z)) g
= <Tn+1(f’7)>anpn+l($)>uo
A0+ D Ra(@) 4+ buoa(n = 1 Roa(@), (04 3) Ruga(@) + buln + 1) Ra(e) )
1
= Zinanrl + )\z;n(n + 1)2rna

and replacing in (5.18)) we get for n > 1,

Nn(A)
UnPnt1 + Abp(n + 1)2r

Pt + A+ )2, 4 G2 _opp1 + A2 _y(n — 1215 — np_a(N) [5n_2pn_1 - Nbn_a(n — 1)27“n_2]

)
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where a_, = b_,, =0 for n € N. Furthermore

Nn(A)
~ a
B (n1)2ry, _ OnPrt1
bn(” + 1)27’n
~ 'd _ B
2\ (n—1)2r_ | 2P 21 H}
= bn—Q(n — 1) Tn—29
2 ~2 72 12 -
[(n+1) Tn+an72pn71+bn—2(n 1) Tn72:| |:)\+ [(n+1)2rn+ai_2pn_1+g%_2(n1)27.71_2]:| B 1

Mn—2(AN)bn_2(n—1)2r,_o |:~ CLn—2pn—21 +)\:|
bn—2 (n - 1) T'n—2

AN+ B,
Cn)\ + Dn - 7771—2()\) [An—Q)\ + Bn—2] '

where we have defined for n > 1
ATL = gn(n + 1)2Tna Bn — ziinH»la

Cn = (n + 1)27’n + 572172pn—17 D, = Pn+1,

C1 = 4r1. With this notation we can prove the next

Theorem 99. There exist sequences of polynomials {Qn(\)},,> and {Qvn()\)} " with deg(Qy) =

deg(@n) =n for every n, such that satisfy the three term recurrence relations
Qn+1()\) = (CQn)\ + D2n) Qn()\) - (A2n—2)\ + B2n—2)2 Qn—l()‘)v (519)
and N N N
Qn+1()\) = (02n+1)\ + D2n+1) Qn()\) - (Aanl)\ + BZn71)2 anl()‘)a (520)

respectively and with the initial conditions Qo(\) = @0()\) =1, Q1(\) =2+ <u, P12> , and @1()\) =
4 <v, R%> A+ <u, P22> Furthermore, the Sobolev coefficients are rational functions in terms of such

polynomzials, namely

Qn(A)
n(A) = (A2pA + Bon) 5— =, 5.21
n2n(A) = (A2 2)Qn+1()\) (5.21)
and B
@n(N)
Non+1(A) = (Agnt1A + Bopt1) =————. (5.22)
Qn-‘rl()\)
Proof. The initial conditions are obtained according to the definition of 79(A) and 71 (\). Suppose
n—1(A
that 772n—2()\) = (AQn_g)\ + By, — 2) QQn(l)(\)), then
Ao A+ Boy,
nn(A) = : : 5 Qn1(N)
ConA + Doy — (A2n—2A + Ban—2) ani(k)
(A2n)\ + B2n) Qn()\)

(ConA + D2p) Qu(N) — (Agn—2A + Bop2)* Q1 (V)
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then (j5.19)) holds being the denominator @,,+1(\). In an analogous way 12, —1(\) = (A2p—1A + Baop_1)
and we get
B (A2n 11X + Bang1) Qu(N)
N2n+1(A) = =~ 2~ )
(Cony1A + Dang1) Qn(N) — (A2n—1A + Bap—1)” Qn-1(})
and if the denominator is defined as Qny1(\) we get (5.20)). O

Remark 100. The relations and[5.20 are well known in the literature as Ryy type recurrence
relations and they were studied for the first time in [56]. On the matter, the references [22], [57]
and [113] are highly recommended.

Remark 101. Notice that B, = Enrn+1 # 0, and if a, = 0 then A, = 0, for every n, as a
consequence turns into

R;L+3(‘T) b R;L+1(x)
n—+3 " n+1

and, according to Favard’s theorem the recurrence relations and mean that {Qn(N) },0
and {@n()\)} 2o OT€ orthogonal in the standard sense.
n>

Pryo (x) =

9

5.2 Asymptotics for Hermite (1,1)— coherent pairs

In this section we study asymptotic properties of Sobolev polynomials {Sﬁ}n>O orthogonal with
respect to the inner product B

a2 2’ +a a2
(o) ata))s = [ Pl de ) [ ) @)D pe e A> 0,
R R 2+ b
where the pair
2
dpg = e~ dz, g = izizeiwzdw' a,bERT, a#b, (5.23)

is a symmetric (1,1)—coherent pair presented in [34]. As a consequence there exist sequences
{an}, > and {by},(, such that the algebraic relation

Hn(x) + bn—QHn—2($) = Qn(x) + an—QQn—Z(x)) n > 2, (524)

is satisfied, where {Hn}nzo represents the classical sequence of monic Hermite polynomials and

{Qn},>¢ is the MOPS associated with dyy = izi‘ge_ﬁd:n. In [I0T], some outer relative asymptotic

results of the sequence {Q,},,~, With respect to the classical Hermite polynomials are obtained.
With respect to the sequences {an},,~, and {b,},~, in [34] it is proved the next

Proposition 102. One of the following situations holds

1. If ag = by then Hy(z) = Qn(z) and a, = b, for every n € N.
2. If ap # bo and ay # by then H,(x) # Qn(x) for n > 2.
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3. If ag # by and a1 = by then Hap(x) # Qan(x) for n > 1, H3(z) = Q3(x) and if there exists
N > 1 such that Hon41 # Qan+1 then Hopy1 # Qont1 forn > N.

It is well known that the monic Hermite polynomials satisfy the recurrence relation
n
Hpii(x) = aHy(z) — §Hn_1(x), n>2, (5.25)

with Ho(z) =1, Hi(z) = x, as well as

(u, Hy) =

™!
on

The zeros of H,, are real, simple and symmetrically located around the origin, i.e. if H,(xg) =0
then H,(—z¢) = 0. Let {xnk}gl:/?] be the positive zeros of H,, on increasing order. Also it is well
known that the zeros of H, and H,_; interlace. Moreover, taking into account that J, has a
countably infinite number of real and positive zeros if a > —1, as a consequence of Mehler-Heine

formulas and the Hurwitz’s theorem if n — oo and k > 1 then
2/ NTank = J-1/2% 2V NTam g1k = J1/2,k5 (5.26)

. c .
ie. xpp ~ —kn, where ¢ > 0 and {jqx} are the zeros of J,, a > —1.

n>0

We will assume the recurrence relation for the sequence of monic orthogonal polynomials

{Qn}nzo is
Qn+1(2) = 2Qn(2) — WQn-1(z), n >0, Qo(z)=1, Q-1(z)=0 . (5.27)

Explicit relations between recurrence coefficients and the sequences {a},~o and {b,},>, can be
seen in [34].

On the other hand, according to (5.11)) there exists an algebraic relation between {H,}, -, and
{Sn},>0 - Indeed, there exists a sequence {nn(A)},50, (the Sobolev coefficients), such that

n+3

Snva(@) + 0 (N)S5 11 (2) = Hups() +

Moreover, from (5.12]) we get

(n+1) B
mﬂn( )=

A(n+ 1)2 an <v, Q?) + by, <u, H§+1>
(Spi1:841) g
As an important tool that we will need for the purpose of this paper, we define the positive
2

- . . e " ~
definite symmetric linear functional v, associated with the measure du} = mdw and let {@Qp }n>0

n>0. (5.29)

be the corresponding SMOP. Taking into account the algebraic connection of this sequence and
Hermite polynomials, the next result is proved in [9].

Lemma 103. There exists a sequence of real numbers {oy,}n>0 such that

@n(x) = Hn(‘r) + O'an_Q(.%'), n > 27 (530)
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with
(7.03)
n . 5.31
7 ) 30
Moreover
. n 20, _
Jim /5] <n‘1>— Vb, (5.32)
and
on 1
lim — = —. .
= (533

Concerning relative asymptotics the next result is proved in [102].

Theorem 104. It holds

. n ~n x —iT \f, x
JL%\/E?InEx; - { i ++\/I;l,) x eegj, ' (5:34)

uniformly on compact subsets of half planes C1 and C_, respectively.

5.3 Asymptotics of Sobolev coefficients

In order to obtain an algebraic relation between the sequences {Qy, }n>0 and {Qvn}nzo we have

(2 + a)Qn(®) = Qni2(x) + cnQn(),n > 0, (5.35)
— <E7(x2+a)Qn@n> o <'U7Q31> . o _©n+2(l\/a)
where ¢, = T = e If z = iy/a, then we get ¢, = N-NOVo8

[LH] Qn+2(iv/a) 2Hn1o(iv/a)
2 1 Hpyo(iva) nHn(iva)

n
5 n én ia
V) 5

Lemma 105.

, and from (1.31)) and (5.34]) we get the next

1
lim < = —. (5.36)

n—oo N 2

With respect to the functional v and the recurrence coefficients {¥, }n>0, we get the following

Lemma 106. The recurrence coefficients v, satisfy

lim = = —. (5.37)
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<va Q%> _ <57 Qn(xz + a)Qn>
<’U, Q%,1> <57 Qn—l(xQ + G)Qn_1>

(5.0 (@urate) + (o)) )
<U, Qn—1 (@nﬂ(?ﬁ) + Cn—lé”‘l(x>>>
Cn <5 @%>
Cn— 1<U Qn 1>
E %) (nin) (u 1)

Proof. From 7,, = and by using (5.35)), we get

Tn =

ot (w2 (3,02, ) ()
c 1 (n—2
= g, ).

Thus, from (5.33)) and ([5.36)) the result follows. O

As a consequence of above results, if we define 6,, = Z’?;; S <UQ;ZI%“ )

_~ = w H?
5.35)), 0, = cn@(ffi;}gy = ¢, 22%35(1); <<;1Hf15>2> = 4%%@21)' Thus, from (5.33]) and (5.36)) we get
stin Ay o st n

and taking into account

the next

(v, Q%)
(u, H3)"

If we consider the relation

Lemma 107. Let §,, = n > 0. Then, the sequence {,}n>0 converges to 1.

Qvn(m) = Qn(x) + gnQn—Q; n>2, (5'38>

#.3) (@) (wmy)

where &, = = = 0,01, then as a straightforward consequence we
t (0,Q0-)  (w Hi o) (0,Q7 ) !
ge
. &1

Notice that from ([5.24]), (5.30)) and (5.38]), for n >0
Qni2(x) = Hppo(x) + 0psoHy(2)
= Qni2(7) + anQn(z) — bpHn () + o2 Hn(z),
and then, Qni2(x) + &nr2@n = Qni2(x) + anQn(x) — by Hy(x) + opt2Hp(z), or, equivalently,
(En+2 = an) Qn() = (Ont2 — bn) Hn(x).

Thus, £,42 — an = opy2 — by, = 0, and, as a consequence we get the next

<:57 @2 +2>
Theorem 108. The sequences {an}n>0 and {by}n>0 can be defined as a, = &nro = ﬁ ,
> > 0, Q2
2" (5,Q2.)
and bn = 0pn42 = W Then
b 1
lim &% = lim % = - (5.40)
n—oo N, n—oo n 2
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On the other hand, for every n from the extremal properties of orthogonal polynomials with re-
spect to the positive definite linear functional v we get (u, H2) = (v, (z® + b)H2) = (U, (zH,)?) +

~ ~ A2 2
b(v,H2) > (v, (xH,)?) > <5, Q%+1>. Then b, = <12qu§§> < <1ZUH;I§>1> = 2+l and, as a conse-
quence, for every n > 0
b 1
n : 152 (5.41)
A similar argument yields
<57 @2+2>
In . <1. (5.42)

nt 1 (1) (v, Q)
On the other hand, from the above section, and in the Hermite case we get

An(A)

n(A) = , n>2, 5.43
K ( ) Bn + >\An - nan()‘)Aan()‘) " ( )
where,
Ay =(n+1)?(v,QF +ar_,Q%_5) >0, n>2, (5.44)
with Ag = A; = 1, as well as
B, = <u,H§+1 +5§_2H§_1> >0, n>1, (5.45)
and ~
An(N) = (n+3)(n+ Day (v, QYN+ by (u, H2 1), n>0, (5.46)
1 A 1) + bg (u, H?
i.e. A, is a polynomial of degree one in the variable A. From (|5.29)), gno(/\) — 240 v <>a: x>0 <u 1> =
%) g
NagF1 + by~ 1 ay (0, Q%) + by (u, HEY  dhai”7? + b
@1—4—327 and, —n1(A) = @ <v Q§\> S ! <u 2> = fawl +0y . As a consequence, we
T M 2 (55:93) s M+ 4X (v,Q3)

also get the next result.
Theorem 109. There exist sequences of polynomials {Q,(A) }nzo0 and {Q,(X) }nso such that

AQn()\) Qn(A)
= >
77271()\) A2n Qn_t,_l()\)’ = 1’

and _
Aoy, Qn
Mania () = 22t ) )
A2n+1 QnJrl()\)
3aoTA + by 2T A+ b
with no(N\) = aojl i \/077 2 and m()\) = Baa A+ 1\/;. On the other hand, the above two
’)’1)\—1'7 4<U,Q%>)\+7
sequences are defined recursively by
BQn A%n—2<)‘)
Q1N = 1A+ —]Q2,(N\) — =——=0Q,-1(N), >1, 4
A= (A ) - 52220 L0, (547
and It \
= Boy, P n— O
Qni1(N) = <>\+ A“‘ “) Qn () — Mgn—lw’ n>1, (5.48)
2n+1 2n+1442n—1

with Ag = A1 =1, Q) =N\ =1, ©(N) =FIA+ % and D (\) = 4 (v, Q2) A + ¥~
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We will study the asymptotic behavior of the functions p,(\) = A+ 1

rst, Ha) _ ongr (HR) _ onp1 (wHR) (5QL.a) _ i ay
First, <v,Q%>1 == eXeL) L<§,§%+2> (%ng = "5-3%. Then

- n+3 <Uan% 1>
An(A) = (v,Q}) ((n+3)("+1)a”)‘+n+1b” <U,Q;:> )

(0,Q2) <(n £3)(n+ Danh+ " 3an>

3
~ <’U, Q721> %)‘7

2
and, 4, = (n+1)? (v, Q%) (1 + %) ~2(v,Q%)n% As a consequence,

ALY
AnJrZAn

(@) ¥

2(v,Qny2) (n+2)2 (v, QF) n?

n6

4 2
= A
U:Q%L U:Q%L
B o RURE

n2

4 2
VnYnt1

On the other hand,

B, = (u,H;

2
Taking into account A,, ~ 2 <v, 31> n? we get

& <u7H7%+1>
A, 2 (v, Q%) n?
L (@) )
on2 M <v,ng+1> <5, ©%+3>

I
277/2%1 bni1
1

%7

Bn and ga(3) = 22
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An(A QYN A
n() <U Q"> 22 _ A We summarize the above results in the following

d, finall ~
A Y T, T 2(,Q2)n? 4

Proposition 110. For A > 0 and according to (f5.44|), 45.45]) and 45.461) we get Ay ~ 2 <v, QEL> n?
B, ~2 <u +1> and Ap(X) ~ <U,Q%> "73)\. As a consequence,

A2(N) 1
li = -\ A4
e, T (5.49)
B, _
and ALY A
M nA, ST (51

For our purpose it is very important to study the asymptotic behavior of the ratios of polynomi-
als associated with the recurrence relations and . Indeed, the next theorem describes
the asymptotic behavior of the ratio of the solutions of general three term recurrence relations
whose coefficients are analytic functions in a prescribed region.

Theorem 111. ([18]). Consider the sequence of functions {wy }n>0 satisfying the recurrence rela-

tion

Wnt1(2) = pu(2)wn(2) = ¢ (2)wn-1(2), (5.52)
a(

where pn(z) — p(z) and ¢n(z) — q(z) locally uniformly on a domain G, besides pp(z) # 0 for
z € G. We define, 1(z) := p(z), and A(z) := ¢*(z). From

r={ze0||I(z)+ VPE) 5G| = [1(z) - V() ~ 45|}

I(z) + /T?(z) — 4A(2)

and E = {z € G | P(z) =0}, the ratio Lntl
of G\ (T U E) to the zero of greatest absolute value of the equation x* — p(2)x + A(z) =

converges locally uniformly on each compact subset

From (j5.49) and (5.50) we get p(z) = z and ¢(z) = % However, we can not use directly the

above theorem taking into account I(z) = z, I?(z) — 4A(z) = 0 for every z € C. To solve this
problem, for £ > 0 let {¥,,(z;&)}n>0 be the sequence of monic polynomials defined by

By AS (A
U1 (€)= (A + A%) T, (A €) — Aj;i_l%_mm, n>1, (5.53)

with Ag = A1 =1, \I’o()\) =1, ‘111()\) =AM+ @ Moreover

£

4 (2TL - 2)4 <’U, Q%n—2>2 :

AS, 5N = Ad, 5(\) —

In such a way, for n fixed we get
Hm W, (A €) = Q,(N).
£§—0
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Since A3, ,(

)\2
A) ~ T (v, Q§n72>2 (2n — 2)8 then for X # 0, &1/ we get that

Aua(3) - §<2n - 2)6 (0, Q3 )?
o 7 (@3, 2) (2 (2n —2)6(v,Q3, ,)"
Mua ) §<2n—2>6 (0. Gh 2’
/f (v,Q3,_5)° (2n — 2)6 : )f (v,Q3, )" (20— 2)
! N é(?n -2 (0,8, 0)”
Z(u,an 2> (2n — 2)6
AN 3
A: (v,Q3,_,)" (2n —2)° s
_ - %

<U, Q%n—2>2 (2TL -

The above expression tends to 1 when n — oo and, as a consequence, Agnq()‘) ~

2 J—
2)6M. Thus,
4
o)
AgpAop o
<U7 Q%n72>2 (2n — 2)6@
<U Q%TL> <U Q%n 2> (2n)2(2n — 2)2
_ < QZn 2> 2n — ()\2 5)
4 <U’ Q2n> (2”) 4
= 1 (2n —2)4 ()\2 _ §)
s Gnon 1) 1
and we get
3 Kgn—Q()‘) )\2 5

With this result in mind, we will use the above theorem in the next step. Taking into account

AS

5.53), we define ¢5(z) = LZ(Z) and ¢%(2) = % % In this way, I(z) = p(z) = z,
AogpAon—2

Az) = () (z) = 22— &, and

I(2) £ Iz(z)—élA(z):z:I:\/z2—4(122—i> =z+4/C
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Then, P(z) = Zj;\/g

it is clear that,

. We consider the region G = C\ {0, £/¢} . If we define I' = {iw | w € R},

1)+ VPR 15| = [1(:) - VP~ 150)

I(2) + /I%(2) — 4A(2)
2

)

if and only if z € T'. Also, P(z) =

= Z+2‘/E, and then E = {—/} . Finally,

+
2?2 — 22+ A(2) = 2% — 2z + (izQ - %), i.e. their zeros are x = 22\/5 As a consequence of above
theorem we can state
. . Ut (%5€) ¢ _
Theorem 112. Given the sequences {¥,(z;&)}n>0, the ratio Un(6) converges to h%(\) =
B n\%;

A+ V¢
2

We can do an analogous work with a convenient sequence of polynomials {Eln()\; n)}n>0, 1 > 0,

uniformly on compact subsets of C\ ({£v&} U{iw | w e R}).

~ ~ v, ; A
such that im¥,,(A\;n) = Q,(\) and the convergence of ﬁ to h1(\) = AtV follows. As
70 Uy (23€) 2
a consequence,

Theorem 113. For A > 0 we get

lim M = lim < lim w) = lim M = lim | lim \IILL—H()\’ n) = &
n—oo (,(A) £—0 \n—oo W, (X;§) n—oo 0 (N) n—=0 \n=ee W, (\;n) 2
~ Q,

As above, we can also work with the sequence {€2,(\) }n>0. Then for A > 0 we find, li_}m (;z)(\;\)

A
5 According to the above results and from (5.51)) we get

Theorem 114 (Sobolev coefficients). For A € RT

lim ) _ L (5.55)

n—o0 n 2

5.4 Asymptotics of Sobolev Polynomials

5.4.1 Relative Outer Asymptotics

From (5.28)) and its successive application it is not difficult to prove the next lemma that gives us
a connection between the Sobolev and Hermite orthogonal polynomials.

Lemma 115. Forn € N,

+

[2£2]
Spia(®) =Thaa(@) + Y (1) pp (N Ths2—2k(2), (5.56)

v ‘

B
Il
—

k
where, pp k() := Hnn+1_2j(/\), k>1, and
j=1

bn—l

Tnra(z) = Hupa(z) + (n +2) = —Hy(2) = Sns2(@) + 101 (N) 57 (). (5.57)
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On the other hand, for every n € N
PR _ Ao\ e oYY #ta
<Sn,Sn> - /R (sn(g;)) e dx + /\/R <<Sn(x)> ) e e
(u, HT2L> + An? (v, Q%71> .

By using (5:29), (B-A1) and (5:42) we get

v

7 (M)
n+3
C L A a0, Q)+ Pl (u HE )
- (n+1) (Spi1s Sﬁ\+1>s
|an|
o 0 (o2 + B2
<
- (u, H 1) + A(n+ iy <v,Q%>
< 1.
Summarizing, we get the next
Lemma 116. For every n
(A
[N (5.58)

n+3
Thus

Theorem 117. The Sobolev polynomials { S (z)}n>0 satisfy

A
Jim Gy =0
uniformly on compact sets of C\R.
Proof. If [ ] >k > 1, then from
(n—2(k—-1))

Th—ok—1)() = Hp_oe—1)(z) + bn—ok—1Hp ok ().

n — 2k

If we define 6,, == (n—1)(n—3) - - - (n—2k+1) and { f,, k(2) }n>0 as far(z) := (—=1)*pp ke (N) Ty 22k (),
then

To—o(k—1)()
pn,k()\)ﬁ

Hn+2 (CL’)
pn,k(/\)w 4 pn,k(A) (n - 2_(]{72; 1)) by ok 1 }11;;;4_2;((1’))
pn,k(A)
= o X

k
H, oi-1)(z)  (n—2(k—1))2F1p,_
k n—2(i—1) n—2k—1 n21
29”7’“1_[21{ oo @ T =2k n—2k—1 ”k+1H2H a(io1) )
=1 (i=2)
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When n — oo and using (|1.31)), (5. 40[) and ([5.55)), we get fp, x(z) — 0 uniformly on compact subsets

of C\R. Moreover since {(n 2j —1—4)%}”20 is uniformly bounded on every compact subset

Hn2(z)
of C\R and from

k
Thy2—2k(2) [1n+1-2;(A)] Ty2-2k(2)
(A n—2j+4)————=| < M,
pus N " ) Hyi2() 1;[ (n—2j+4) 1;[ J Hyi2()
where M does not depend on n (but it depends on the compact subset) and 11_>m };’%22(()) = 0,
n oo ttn
T,
uniformly on compact subsets of C\R, then nh_}n(a)<> fli((i)) = nh—)nolo I—;f;(?) + > nli_{glofn,k(x)» and
the result holds. O

In general, the above result does not provide a precise information about of relative outer
asymptotic for Sobolev orthogonal polynomials. However, we will improve this result. First, the

sequence {1, (x)}n>0, defined in (5.57)), satisfies
Lemma 118. (See [29], [102)])

x) —iz 4+ Vb, rzeCyp
i = . (5.59)
n—oo\| L21 H,(z) iz + /D, xeC_,
uniformly on compact subsets of the half planes C and C_, respectively, and
Ty
lim @)y (5.60)

n—oo n+2 ($)

uniformly on compact subsets of C\R.

D) | s SH)
Tn+2 (‘T) Tn+2(x>

Now, from ([5.57)) we get . Next we study the asymptotic behavior

A
of the sequence {%_IO\)S"} . From (|5.56|) we get
Tn+2 n>1
Ty 12(z) Tupa(w) e PR ()
T CI YE k’“ﬁ Tsoa0mp (@)
n Topo(z) = n+l Onp ns 2k—5) (%)

(=" pn,k( Th2-2(k—j) . .
then as above, we can show that the sequence { S R N On+1,k H spy— is uniformly
n>1

bounded on compact subsets of C\R. Moreover, from , it converges to 0. Then,

Lemma 119. N
o 1 N)S@)

_ 5.61
B Tpa(a) (561)

uniformly on compact subsets of C\R.
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As a consequence, we can state

Proposition 120.

lim 57/}+2(9U)

=1
n—o0 2T, 1 o(x) ’

uniformly on compact subsets of C\R.

R RO R e \/@ Ta(2)

Hypo(2) - Thsa(w) Hy, p0(2)
theorem that constitutes the main result of this section

Since , from the above lemmas we get the next

Theorem 121.

[5]85(x) _ { —iz +vb, weCy (5.62)

iz + /D, xeC_,

uniformly on compact subsets of half planes C; and C_

5.4.2 Scaled relative Asymptotics

In this section we obtain asymptotic properties when we scale the sequence {S)(z)}n>0 based on
the corresponding results of scaled Hermite polynomials described in ([1.38)).

Toto—ok(x)  Hpio—ok(z) br—1-2k Hp—or(x)
From (5.57)), = +(n+2—-2k
o ] Hyo(2) Hyio(2) ( ) n—2k Hpio(x)
. ) we O aln

. By using (1.38) and

i (\/ﬁ)% Thyo—2k(v/nx)

n—00 Hn+2(\/ﬁx)

) ok Hyyo—op(v/nx) . (n+2—-2k) .. byq1ok .. ok+2 Hy_op(yv/nx)
= 1 ——+ 1 1 1 —

A V) T T e VT )

- (i) ()

Thus,

Lemma 122. For j € Z4

2% Ty y5-on(y/) 2\ (V) +1
. - n+2—-2k\VNT) €T
7}13()1@( n+]> Hyio(Vnz) <cp2 (x/\@)> ( 02 (2/v/2) ) ’ (5.63)

holds locally uniformly on compact subsets of C\ [f\/ﬁ, \/5] .

Now, from {' if1<k< [”TJFQ] , then we define for n € N,

k
Inr2(x) == (=1)F jl_[177”+1_2j()\) m7
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with £ > 1. If K is a compact subset of C\ [—\/i, \/ﬂ , then the sequence {gn42%(v/nx)}n>0 is
uniformly bounded on K. Namely, if j > 2, then from (5.58) we get

|gnv20 (V)]
k
1 2\ 2k Ty 02k (V/nx)
= [T imerasl —— |(Va+) —2ote
j];[l T (i) Vit Hypo(v/nz)
k
- e (et L2 |y Tesatyn
i (’I’L+1—2]—|—3 =1 n-{—] Hn+2(\/ﬁ$)
< M,
S (V)
where the constant M only depends on K. Besides, since, H MInt1-2

L (n+1-2j+3)

k
1-254+3
H nt J + )<1,Weget

e (n+7)

gr(z): = nli_>m9n+2k(\/ﬁﬂf)

k
. . k NIn+1-25 ’I’L+1*2j+3)
N JL}H;O —1) Hn+1—2j+3nﬁoo1;[ (n+7)

. N2k Ty o _op(v/n)
xdm (Vi) e

- (‘ o (xl/\/é) ) | (i(f(ﬁ)g 1) ’

locally uniformly on compact subsets of C\ [—\/5, \/5] , and

[32]

S)\
lim Snial@) = lim Toea(x) + lim Z Itk (V)

n—oo Hy 4 o(x) n—oo Hy, 10 x)

Since, < 1 we get,

22(/f)

Theorem 123.

locally uniformly on compact subsets of C\ [—ﬂ, \/§] .
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5.4.3 Mehler-Heine type formulas

In this section we obtain Mehler-Heine type formulas for scaled polynomials. Taking into account,

[nJlr2]Tr,z+2( 2) = Hyy1 (@) + by_1Hy_1(x), for n € N, we get Qn(z) = T"Jﬁx). By using a result in
102

Proposition 124. It holds

7}520(2 —1)1) Q2 (2\/ZTJ> - \/Ecos(x)’ (5.64)
and
nllnéo(l)T;!/WQQ”“ <N7%> - \/Esin(x), (5.65)

both locally uniformly on compact subsets of C.

Then, in the even case we get

| .
(n—1)! 2n
_ E)ie+s z
- S e ()
n—1 k

n—1—2; (A —1 nikil\/n—i‘ T
+Z Ten-1 ?J( ) Qk( ) ]QQ(n k—1)+1 <>
=\ 2n — 2542 (n—Fk—1)! 2y/n+j

Notice that the sequence

k ke
on—1-2(N) | o (D)"Y g g ig
L on =25 +2 (n—k—1) CHnk-bHl 2\/n+

n>0

is uniformly bounded on compact subsets of C. Moreover,

k

an-1-2j(N) | o ()" 5 5
nvoo | L4 20 —2j 42 (n—k—1) Hnk=DH 2«/n—|—

-ty () () Esote) (5.6
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The odd case follows in a similar way taking into account that

i () (5555)
(n—1)! 2n+1

N G A

k k .
M2n—2;(A) [T (n—j+3/2)(n—k— 1) (n—k+1/2)
2 HQ”Q—;J'H% 2 (n+1/2)(n— 1)

k=1 =1

~ x
X——t———Qop_ok | ——— | .
(n—k— 1)!Q2n 2k (2\/71 +j>
As a consequence of (5.64]) we get

(e (53) (oA b
nh_}ngo(i_ ] o 521\/T> = \/;cos(x). (5.67)

Since in ((5.66|) and (5.67)) the convergence is uniform, integrating on every compact subset we get
the next

Theorem 125. It holds

. (=D)"/n+7 T _\/3.
nh—>Holo—n! Sont1 i) 71_s1n(fL’), (5.68)

and

Tim ((;1_)711;5% (2 V%) — —\/E cos(z), (5.69)

both locally uniformly on compact subsets of C.

According to Hurwitz’s theorem, from ([7.12)) and ([7.13]) we obtain information about the behav-
ior of positive zeros of Sobolev orthogonal polynomials when n — oo. Indeed, if {5;\1 k}};;l, n* <n,

are the positive zeros of the polynomial Sf;(a:), in an increasing order, then

Corollary 126. Let {Sg,k}z*:l be the positive zeros of S)\(x). Then for 1 < j <n*

lim 2/783, ;1. = 7, lim 2v/7s3, ; = (2) — 1)%

n—o0 n—oo

Notice that in [28] the behavior of zeros of Sobolev orthogonal polynomials as well as their
asymptotic properties for companion measures of the normal distribution are studied.



Chapter 6

Applications

In this chapter we present an application of the techniques and results used throughout of above
chapters. We exhibit an algorithm to compute Fourier coefficients in expansions of functions that
belong to the Sobolev space W [R, g, j11] by using Sobolev polynomials. We follow the ideas
presented in [55].

6.1 Algorithm for Sobolev-Fourier coefficients

In this section we will describe an algorithm to compute the Fourier coefficients in expansions of
Sobolev polynomials orthogonal with respect to

P a)g = /R p()a(x)dpo(x) + A /R P(@)d (@)dp(z), 2> 0.

For f € Wy [R, po, 1] = {f|f € L*(mo), f" € L*(11) } we can expand f in terms of Sobolev orthog-
onal polynomials {Sé}n>07 namely

o] f7 ST){
fla)~Y wéﬁ(:ﬂ)-

n=0

To avoid making the text more cumbersome we define p,, := <u, Pg> e <v, R?L> , si‘L = HS;I\‘ Z,
f2={f, S;»S and F := f}/s,. F is said to be the n —th Sobolev-Fourier coefficient. To prepare
the tools necessary to implement the algorithms, we deduce the following result.

Lemma 127.
Favo F 1 (N £2 = wa(f), n>0, (6.1)

holds, where

n-+ 2 n-+ 2

Pn(x)> +A <f/7 Prio(x) +an—1
Ho

P,’L(x)> , (6.2)

M1

wn(7) = ( Pasa(o) + 0
with the initial conditions n—1(\) = 0, fé\ = (f,1)g = (f, 1>“0 ) f1>\ _ (f,x}m) FALF 1>u1 and

wo(f) = {f, Pa(2)) 1 + A (S, Po(x))

pr’
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Proof. By using (5.8) and (4.2) we get

Pr’z+3($)+ sz+1($)
n+3 "n+1

57)1\—4-3(33) + nn(A)SﬁH(ﬂU) = Poy3(z) + an Pt ()

n+ 2

FrSuizds = —tar (s Subs + <f, Paya() + ans

n-+2

= —Tn-1 <f7 Sn>5’ + <f> Pn+2(x) + an—1

n+ 2

+A <f’,P,’L+2(x) + p_1 P,'L(x)>

1
n-+ 2

= —Nn-1 <f7 Sn>s + <f, PTH_Q(CC) + Ap—1

+A(n+2) <f/, Ryyi1(x) + bn_an_l(x)>

75

and the result follows.

O]

Now we will summarize the necessary results that, together with (6.1), constitute the structure

of the algorithm.

e Forn>1

An = bn(n + 1)2Tn7 B, = anpn+1a D, = Pn+1,

and for n > 2

Cp=(n+ 1)27“71 +Zii72pn—1,
. - n+3
with a_,, = b_, = 0 for n € N, C; = 4rq, furthermore, for n > 0, a, = ——"
n+1
e With the initial conditions Q_1(N) = 0, Qo(\) = Qo(N) = 1, Q1(A) = A+ p1, (N
boA + aop1 and 71 () = 4b1m A + ai1p2
A+pr ! 4ri A + po
@n(N)
n(A) = (Agp A+ Boy) ———+~, n > 1,
TN = A+ Bon) g O
and _
Qn(N)
Nont1(A) = (A2nt1A + Bopy1) =————, n>1,
Qn-i—l()‘)
with
Qn-{—l()\) - <C2n)\ + D2n) Qn()\> - (A2n—2)\ + B2n—2>2 Qn—l(A)y
and

Qni1(N) = (Coni A + Dopi1) Qun(N) = (A2n—1A + Bon1)> Qu_1(N).

a, and
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e With initial conditions s7 = A + p;

37/}0+1 = (n+ 1)\, + Ppg1 + dn—2 (5n—2 _En—2> Pn—1

_nn—Z()‘) (nn—Z()\) _gn—Q) 5271- (69)

In order to describe the algorithms, it is assumed that the sequences {an},q and {b,},~, are
known as well as the sequences of monic orthogonal polynomials {P,},~, and {R,},~,-

A S,
Algorithm 128 (Even order). For n even, the Fourier—Sobolev coefficients F;l\ = f—z = W
s 5

can be computed using the following algorithm. "

Starting data. Initial conditions A, f§, n-1, 53, @_1, éo,wo(f),A_l,B_l,Cl and D;.

Step 1. Using the starting data to compute f3 with the relation and n = 0, s3 through
with n = 1 and finally F3.

Step 2. Using the starting data and the information in step 1 compute: @1 taking n = 0 in
(6.8) , Ay, By with and n = 0, n1(\) taking n = 0 in , we with n = 2 in f2 through
|| with n = 2, and finally sjl\ taking n = 3 in . Then to compute F4>‘.

Step k. For k > 3, using the starting data and the information in steps 1 to kK — 1 we can
compute Asi_3, Bog_3, Cop_1 and Doj_q with n = k — 1 in and @k taking n = k — 1 in
(6.8), Aok_1, Bog_1 Withand n==k—1,nk_1(A\) takingn =%k—11in , wop with n = 2k in
f2’\k+2 through with n = 2k, and finally 3§k+2 taking n =2k + 1 in . Then, compute

F2k+2‘

A S,
Algorithm 129 (Odd order). For n even, the Fourier—Sobolev coefficients Fé‘ = f—’;\ = w
sp 5

can be computed using the following algorithm. "

Starting data. Initial conditions A, f7, no, 57, Qo, Q1, wi(f), Ao, Bo, C2 and Ds.

Step 1. Using the starting data compute f?;\ through with n = 1, s?))‘ through with
n = 2 and then to compute F3.

Step 2. Using the starting data and the information in step 1, compute Q)2 taking n = 1 in
(6.7), A2, By with and n = 1, n2(\) taking n = 1 in , w3 with n = 3 in f5>‘ through
(6.1)) with n = 3, and finally sg\ taking n =4 in . Then compute F5)‘

Step k. For k > 3, using the starting data and the information in steps 1 to kK — 1 we can
compute Agp_o, Bop_o, Cor and Do, with n = k in and Qr+1 taking n = k in , Aog,
By, with and n = k, nor(A) taking n = k in , wopt+1 with n =2k + 1 in f2)‘k+3 through
with n = 2k + 1, and finally 5§k+3 taking n = 2k 4+ 2 in . Then, compute F2)\k+3'

6.1.1 Numerical examples

Next, with the help of MATHEMATICA 10, we carry out some numerical experiments where the
algorithms described above are implemented.
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Example 130. (Gegenbauer Polynomials). In [5]] the Symmetric (1,1)—coherent pairs, when u
1s the classical Gegenbauer functional, are exhibited. In particular the pair

2
_ 2\n—1/2 _ " +ta 2\n—1/2
duo = (1 — )" Y2dz, dpy = $2+b(1—x V1124,
a,b € RY, a #b,n>—1/2, x € [-1,1] is found. As it is usual, let {Cq(zn)} . be the momnic

sequence of Gegenbauer polynomials, orthogonal with respect to the inner product

1
<n®n—/‘M@ﬂ@U—x%"V%m

—1
Also, the Gegenbauer polynomials satisfy the TTRR
nn+2n—1) C(n)

(n) — M
CnJrl(x) ‘rCn ($) 4(”‘1‘77 _ 1)(n+17) n—1

(x), n>1,

and C’én) () =1 and an) (x) = x. The corresponding norm is defined as

‘ ‘2 = il (F(”+77+1/2))2F(n+277)
1 2 (n+ 1) (T(2n + 21))*

According to results of the above sections, if duy = (1 — x2)’7*1/2dx, then we have the symmetric
(1,1)—coherent relation

C (@) + by 2O (2) = Qu(@) + an-2Qn2(x), 0 >2.

Moreover, from (@ we get
n+3
Spia(@) + (NS (z) = Cﬁg(»fv) + 1

Explicit relations between recurrence coefficients and the sequences {an},~o and {b,},~, can be
seen in [34)]. To be more precise, we get

o

n

nl.

an’fﬁgl(aﬁ), n > 0.

1

by — ———
" 2n+1)

:ao_ﬁlv
n(n+2n—1)
A4n+n—1)(n+n)

L (n—2)_(n+27]—§) :bn—3< n(n+_27]—1)
dn+n—-3)(n+n—2) dn+n—-1)(n+n)

+bp—2—byp1 = %/n +ap—2 —ap—1, N >2,

+ bn—2 - bn—l) , N > 57

and
an—2Yn—2 = an-3 (Yn + @n—2 — Gp-1), n >5.

In addition, the sequence {b,},~ satisfies the quadratic difference equation

bn+1
B 1 ((n+1)(n+277) (n+2)(n+2n+1)>
 4An+n+1) 4(n+n) (n+n+2)
N bs—2 | n(m+1)(n+2n)(n+2n—1)
1— 3 16(n+n)2((n+n)* — Dbyt

2bo
forn > 3.
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With an initial value for by we can compute the sequences of parameters {ay},~, and {b,},,~¢
as long as the recurrence coefficients are known. A priori we do not know the recurrence coefficients
{¥n},>0, however it is possible to compute them with the desired precision through an efficient
algorithm. For instance, the algorithms 1 and 4 in [47] meet this specific case, where there is a

rational perturbation.

We will use the function f(x) = e~100(z=02)* 1t can be seen that f € W4 [R, pio, p11]. On one
hand, in order to see the graphic behavior of some partial sums, we choose n =5, A = 0.001, a = 1,

b = 2. In Table we get the first 16 Fourier-Gegenbauer-Sobolev coefficients.

n | an bn, (A | s 7 F)

0 [1.003 |1 3 0.71 0.1391 0.1963

1 [1.5062 | 1.5 3 0.051 0.0263 0.5195

2 [2.0084 | 2 3.3 0.0059 —0.004 —0.7336

3 |221 2.2 3.073 | 0.00086 —0.0036 —4.221

4 122084 | 2.1985 | 2.94 0.00014 —0.0001 —0.691

5 122199 | 2.21 2.03 0.000026 0.0005 20.22

6 |2228 |[2.2177 | 1.57 5.09 x 1075 | 0.0001 22.253

7 12234 2224 [0.051 [1.44x10% | —0.00007 —48.261

8 [2.2387 [2.2288 [ 0.038 | 3.77 x 10~ | —0.00003 —81.427

9 |[2.2427 [ 2.2328 | 0.018 | 2.457 x 107 | —0.00005 —20.938

10 [ 2.246 | 2.2361 [ 0.019 | 7.243 x 10~7 | —0.00004 —48.874

11 | 2.2487 | 2.2388 | 0.02 3.395 x 10~7 | 0.00002 62.233

12 [ 2.251 [ 22411 ]0.021 | 7.26 x 10=% | 0.00002 268.769

132253 22431 0.0211 [ 1.59 x 10~% | —=5.21 x 1077 | —32.765

14 | 2.2547 | 2.2447 | 0.022 | 3.521 x 1077 | —3.71 x 107% | —1053.25

15 | 2.256 | 2.2462 | 0.0221 | 7.92 x 1010 | —5.47 x 1077 | —690.56
Table 6.1: Fourier-Gegenbauer-Sobolev coefficients with n =5, A =0.001, a =1, b = 2.

Furthermore, in Figure we show the partial sums for n =4,7,11,15 and 17.
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Figure 6.1: Partial sums for n = 4, 7, 11, 15 and 17, moreover n = 1, A =0.5,a=1,b=2. f in
red.

On the other hand, in order to analyze the variation of the partial sums with respect to the
parameter 7. In Figure [6.2) we set A = 0.7, a = 2, b = 1 and n = 16. In particular we show the
partial sums for n = 0.5,1,2 and 2.5.

Figure 6.2: 16 — th partial sums for n = 0.5 (magenta), 1.5 (blue), 2 (green) and 2.5 (siena), when
A=07,a=2,b=1, f in red.

Finally, setting n = 1, n = 16, a = 1, b = 3, in Figure we exhibit the partial sums for
A=0.1, 0.8, 1.8 and 10.
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Figure 6.3: 16 — th partial sums for A = 0.1 (purple), 0.8 (cyan), 1.8 (green) and 10 (blue), when
n=1,a=1,b=3

0.7765 T

0.7760

0.7755

0.7750

0.7740 —+— f —t + F—r f —t + 1 —it + {
0192 0194 019% 0198 0200 0202 0.204 0.206 0).(208

Figure 6.4: 16 —th partial sums, (Zoom), for A = 0.1 (purple), 0.8 (cyan), 1.8 (green) and 10 (blue),
whenn=1,a=1,b=3
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Chapter 7

Conclusions and Open Problems

Let u and v denote two symmetric quasi-definite linear functionals and {P,}, 5, and {Ry}, 5 will
be their respective SMOP. Suppose that there exist sequences of non-zero real numbers {a,},~
and {bn},~q, with a,b, # 0, such that

/
+an, Z:l_(f) = Rpi2(x) + bpRy(z), n >0, (7.1)

T,L+3(90)
n+3

holds. Then the pair {u,v} is said to be a Symmetric (1,1)— Coherent Pair. This concept is the
main topic of this dissertation. In this chapter we summarize the main results and present some
open problems as a result of this work.

7.1 Conclusions

e It is possible to give a partial classification of symmetric (1,1)—coherent pairs in the positive
definite sense. Indeed, in [35] is proved that there exist polynomials A, B and C with
deg(A) =4, deg(B) < 5, and deg(C) < 6 such

xC(x)u = zA(x)v, . (7.2)

Notice that depending on the nature of the zeros of A it is possible to refine (7.2). Namely, on
one hand, if A(z) = 2(2% —£2)(z—£€32), &7 # &2 in [35] is proved that v is a semiclassical linear
functional of class at most 2. In this way, through the symmetrization process described in
Section we can transform the relation [7.2] into

rf (2)u = z(x — £2)7, (7.3)

where u and v are the simmetrizated of @ and v, respectively. Then, according to the class of
v, we obtain pairs {u,v} such that is satisfied. By using Theorem it is possible to
obtain the corresponding pairs {u, v}, and through Collorary 80| we identify which ones are
(1,1)-coherent. In such a framework, in Theorem [81f we present the classification of positive-
definite symmetric (1,1)—coherent pairs. On the other hand, if A(x) = 2 (x2 — 52)2, again,
by using symmetrization process we show that wu is a semiclassical linear functional of class at
most 4 and, as a consequence, the class of @ is at most 2. Then, only when class of u is either
1 or 2, and by using the same techniques as in the above case, in Theorem we obtain the
classification of symmetric (1, 1)—coherent pairs in the positive-definite framework.
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e The symmetrization process described in Section plays an important role in the search of
symmetric (1,1)—coherent pairs. In this way it is possible to obtain the interesting general
non-coherence relation

PEL (@) + dDPI) + P (@) 4 by (Quer (@) + 0 Qul@)  (74)
= (1+bp) Rug1(@) + dnRn(2),

where the sequences {P,}, 5, {Qn},>0 and {R,}, >, are SMOP with respect to the quasi-
Pi()
. (k+1);
az]bncndn # 0, n > 0. Besides, the functionals v and v are related through the rational
relation

definite linear functionals u, v and w, respectively, with P,Ei} () = 1 =20,1, and

p(z)u =wv, (7.5)

where p is a monic polynomial of degree m. In Section [£.4] the inverse problem associated
to [7.4] is studied for the cases ¢ = 0,1. Thus, for the case i = 0 we prove that there exist
polynomials ¢, 42, ¢1 with deg(pm+2) = m + 2, deg(p1) = 1, such that

Pm2(T)w = p1()v = @1(x)p()u.

Anagously for the case i = 1 there exist polynomials ¢yy1, Vi ymtsio with deg(dry1) =t + 1
and deg(Yi4m+s+2) =t +m+ s+ 2 such that

Pr1(x)o(2)v = dri1(2)0(2)p(2)u = Yipmpsia(T)w. (7.6)

So, a relation between the formal Stieltjes series associated with the functionals v and w is
described in the Corollary 94} Of course, the rational relation between the functionals u and
v, the standard Christoffel formula or the assumption of their semiclassical character, turn
into a coherence relation in the terms discussed in [106], however in such a case, notice
that the number of terms is not optimal in order to determine the degrees of the polynomials
involved in the relation between v and w.

e A particular case of a symmetric (1,1)—coherent pair {ug, p1} is given by {uo, 1}, duo =

e—e’ dx, dpu = ﬁii‘ge*ﬁ dz. This pair is deduced in [34]. If we consider the inner product
pa)s = 4p($)q(x)dﬂo(w) +>\/Rp/($)q'($)du1(m)7 A >0, (7.7)

then we can obtain asymptotic results for the corresponding SMOP {S;L\}n>0' First, if
{@Qn},>( is the SMOP corresponding to du;, and the s—coherence is given by the relation

Hn(l') + bn72Hn72($) = Qn(x) + aanan2(x)a n=>2, (78)
then, it is possible to connect the Hermite and Sobolev polynomials through

n+3

Sps(x) + 0 (N)Spy 1 (2) = Hyps(z) + nrl

bnHpt1(z), n>0. (7.9)

In Section [5.3 we deduce the limit behaviour of Sobolev Coefficients {1nn(A)},,>q, namely
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7.2

lim 2N _ L (7.10)

n—oo N 2

Through this result and the well known asymptotic behavior of classical Hermite polynomials,
in Section [5.4) we obtain the outer relative asymptotics

[5]85(x) _ { —iz+vVb, weCy (7.11)

iz + /D, xeC_,

uniformly on compact subsets of half planes C; and C_, as well as

5o (Vi)

lim —22 V2

n—00 Hpy2(v/n)

locally uniformly on compact subsets of C\ [—\/i, \/ﬂ and, finally, the Mehler-Heine type

formulas

1"/ j b

lim ()—HHSQ’\HH <x> = \/>sin(a:), (7.12)
n—»00 n! 2vn 4+ T

and

lim ﬂS)‘ T )= —\/gcos(:c) (7.13)
n—oo(n— 1) 72" \2y/n+j5) T ’ '
both locally uniformly on compact subsets of C.

In [55] the concepts of coherent pair and symmetric coherent pair are introduced in the Sobolev
orthogonal polynomials framework. Indeed, the concept of symmetric (1,1)— coherent pair
is both inspired by and represents a generalization of the symmetric coherent pairs. In
particular, it is implemented an algorithm that allows to evaluate efficiently expansions of
functions on the Sobolev Space

WY E, po, ] = {f : E = R|f € L*(E; o), f' € L*(E; )},

in terms of the Sobolev polynomials orthogonal with respect to , without the knowledge of
the Sobolev polynomials explicitly. We show that it is possible to extend the algorithm to the
symmetric (1,1)-coherent framework. Indeed, in Sectionwe accomplish its implementation
in Algorithm and Algorithm In addition, we present some numerical examples by
using Mathematica Software.

Open Problems

An inverse problem arises in a natural way from . Given a sequence of monic polynomials
{Py},,>0, orthogonal with respect to a certain quasi-definite linear functional, we define the
sequence of polynomials {Rn},>0 through , with Ro(z) = 1 and Rj(x) = z. Find
necessary and sufficient conditions in order to the sequence {R,},~ is a SMOP with respect
to a quasi-definite symmetric linear functional v. Notice that the problem can be also raised
assuming that {R,},~ is orthogonal with respect to v.
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e In Chapter 5, asymptotics for Sobolev polynomials are studied when the particular symmetric
(1,1)—coherent pair {ug, p1}, dug = e dz, duy = zQiZ'E_IQd{L‘, is considered. Find asymp-
totics for other cases, when u is not classical, is an interesting problem. Other symmetric

(1,1)—coherent pairs are obtained in Section 4.3 when u and v are positive definite.

e Taking into account the generalization of a coherent pair given in [59] through the so called
(M, N)— coherent pair of order (m,n), to extend the concept of symmetric (1,1)—coherent
pair. In that sense, for instance, consider, with the natural assumptions, the algebraic relation

M
Zainpy[gf]m 0i (@ sz an[f—]i-k 2(7),
i=0

where {P,},~, and {Qy},~, are orthogonal with respect to symmetric quasi-definite linear
functionals v and v, and to solve the associated inverse problem.

e In Chapter 4 we deal with the inverse problem associated with the non coherence relation

P () + all P () + a P () + by (Qnia (2) + €aQu(2)) (7.14)
T R ) o),

where the sequences {P,}, 5, {Qn},>o and {R,}, 5, are SMOP with respect to the quasi-

definite linear functionals u, v and w, respectively, and a%}bncndn # 0, n > 0. Besides, the
functionals u and v are related through the rational relation p(z)u = v, where p is a monic
polynomial of degree m. It will be interesting to consider this kind of non-coherent relation
from a more general perspective, for instance, consider the relation

v v—1
] =1
- (1 + b Z Cn iLin— z

under similar conditions associated with Of course, with the assumptions of the ratio-
nal relation between functionals u and v, besides their semiclassical character, through the
corresponding structure relations it is possible to arrive to coherence traditional. It seems a
hard and interesting challenge to consider the inverse problem associated to the non-coherent
relation without such assumptions.

e Study properties of the zeros of the Sobolev polynomials {Sﬁl }n>0. In particular, their location
with respect to the zeros of the polynomials orthogonal with respect to uo and the distance
between consecutive zeros, as well as the asymptotic behavior of the respective zero counting
measure.
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