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Nomenclature

We write down the principal notation of this document. We have used letters for various

concepts.
Symbols Use
AB,C, ... XYW Z V.. vector spaces or random variables
O zero vector space
dim (A) dimension of a vector space A
codimy (A) difference between the dimension of V and A
A alphabet
F finite field
char (F) characteristic of a field
fiag, ... function, coding function
f partition
ker (f) partition into pre-images or kernel of a function f,
F = ( ﬁ’)vev family of partitions indexed by V'
H(X) entropy
H(X|Y) conditional entropy
[(X;Y) mutual information
cl closure operator
M matroid
r rank of a matrix, matroid, closure operator
B basis of X in a matroid M
M J matroid obtained by deletion of J
[n] {1,...,n}
V+W sum of vector spaces
VeWw direct sum of vector spaces
[, ml, (n,m), interval notation with integer numbers
(n,m], [n,m)




Use

Symbols
V(A4 :ieX), .
( ‘ ) finite sums of entropies of A;, i € X
the function that counts all the
¢ (n,p)
powers of p less than or equal to n
€; vector with 1 in the i-component and 0 in otherwise
es vector with 1 in the components indexed by S and 0 in otherwise

len], {ei}

{e1,...,en}

[en, €m], (€n, €m),

(€ny €mls [€nsem)

interval notation for set of vectors

it is also used to denote a binary matrix

B
B’ in a binary matrix, the set {eg, : 1 < |S;| < n}
B’ in a binary matrix, the set {eg, : |S;| = 1}
B" {C}or®
B., in a binary matrix, the set {esj ¢ Sj}
D= (V,FE) digraph
N =(D,7) network
N =(D,S,T) multiple-unicast network
Num = (V,Ery) index-coding network from a matroid
b optimal solution of a linear programming problem
B inverse multiplicative of b
C capacity of a network
Clinear linear capacity of a network
C4 (cl) capacity of a closure operator
o(X information ratio of a secret sharing scheme

linear information ratio of a secret sharing scheme

information ratio of an access structure

linear information ratio of an access structure







Abstract

Abstract:

In this work, we develop some methods for producing characteristic-dependent linear rank
inequalities and show some applications to Network Coding and Secrets Sharing. We propose
two methods that take advantage of the existence of certain binary matrices. The first
method is based on the construction of certain complementary vector spaces and has direct
applications to Network Coding. Using linear programming problems, for each finite or co-
finite set of primes P, we show as application that there exists a sequence of networks (N;)
in which each member is linearly solvable over a finite field if and only if the characteristic
of the field is in P; and the linear capacity over fields whose characteristic is not in P,
— 0 as t — oo. The second method is based on the construction of certain spaces that
behave in a certain way as a linear secret sharing scheme and has direct applications in
Secret Sharing; we calculate lower bounds on the linear information ratios of some access
structures. Additionally, we propose an extension of the solubility problem of a closure
operator. We study the capacity of a closure operator and a class of linear programming
problems whose optimal solutions are upper bounds on this capacity; this problem is related
to the calculation of capacities of multiple-unicast networks.

Keywords: linear rank inequality, matroid, network coding, secret sharing, index coding,
complementary vector space, binary matrix.

Mathematics subject classification: 94A15, 94A60, 62B10, 94A17
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Resumen:

En este trabajo estudiamos como construir desigualdades rango lineales dependientes de la
caracteristica y sus aplicaciones a la Teoria de Codificacion de Redes y a la Teoria de Repar-
ticion de Secretos en protocolos criptograficos. Proponemos dos métodos que aprovechan
la existencia de ciertas matrices binarias. El primer método estd basado en la construc-
cion de ciertos espacios vectoriales complementarios y tiene aplicaciones directas a la Teoria
de Codificacién de Redes. Presentando asi, entre las aplicaciones y usando problemas de
programacion lineal, que para cada conjunto finito o cofinito de ntimeros primos P, existe
una sucesion de redes (N;), en la cual cada miembro es soluble linealmente sobre un cuerpo
finito si, y sélo si, la caracteristica del cuerpo esta en P; ademas, la capacidad lineal sobre
cuerpos cuya caracteristica no esta en P, tiende a 0, cuando t tiende a infinito. El segundo
método esta basado en la construccion de ciertos espacios que se comportan en cierta forma
como un esquema de reparticiéon de secretos y tiene aplicaciones directas en la Teoria de
Reparticion de Secretos; calculamos cotas inferiores de radios de informacion lineal de al-
gunas estructuras. Adicionalmente, proponemos una extensién del problema de solubilidad
de un operador de clausura. Estudiamos la capacidad de un operador de clausura y una
serie de problemas de programacion lineal cuyas soluciones son cotas superiores sobre esta
capacidad; este problema esta relacionado al calculo de capacidades de redes de uniemisién
multiple.

Palabras clave: desigualdad rango lineal, matroide, codificacién de redes, reparticién de
secretos, codificacién de indices, espacio vectorial complementario, matriz binaria.

Clasificacion por temas segin AMS: 94A15, 94A60, 62B10, 94A17



Introduction

In Linear Algebra over finite fields, a linear rank inequality is a linear inequality that is
always satisfied by ranks (dimensions) of subspaces of a vector space over any field. Infor-
mation inequalities are a sub-class of linear rank inequalities [45]. The Ingleton inequality is
an example of a linear rank inequality which is not information inequality [22], other inequal-
ities have been presented in [I3, 24] among others. A characteristic-dependent linear rank
inequality is like a linear rank inequality but this is always satisfied by vector spaces over
fields of certain characteristic and does not in general hold over other characteristics [14]. In
Information Theory, especially in network coding and secret sharing, all these inequalities
are useful to calculate bounds of rates (capacities, ratios of information) that measure the
efficiency of communication [II, 4], [IT], 14], 12} 17, 26]. We are interested in linear rates of
communication in these areas.

The linear rate or linear capacity of a network depends on the characteristic of the scalar
field associated to the vector space of the network codes [12, 8, [I4]. Therefore, when we
study linear capacities over specific fields, characteristic-dependent linear rank inequalities
are more useful than usual linear rank inequalities. The use of characteristic-dependent
linear rank inequalities in secret sharing is to date unknown; but we do know that there
exist access structures that show efficiency in linear secret sharing schemes according to the
choice of the characteristic of the fields where the schemes are defined [23]. Some results in
secret sharing use linear rank inequalities with techniques of linear programming [17], 26];
this indicates that this type of inequality can be useful.

Characteristic-dependent linear rank inequalities have been presented in [5], 10, 18]. Dough-
erty, Freiling and Zeger have produced these inequalities used as a guide the network flow of
some matroidal networks to obtain restrictions over linear solubility; these restrictions imply
the inequalities. This technique has produced many inequalities [10, [I8]: for each finite or
co-finite set of primes, it is produced an inequality that is only true over fields whose char-
acteristic is in that set. Blasiak, Kleinberg and Lubetzky have produced two inequalities
from the dependency relations of the Fano and non-Fano matroids [5]. We remark that
the technique used by Dougherty is different from the technique used by Blasiak. So we

ask ourselves, can new inequalities be obtained from other suitable representable matroids
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or using other techniques? In this dissertation, we answer affirmatively and produce many
inequalities.

Characteristic-dependent linear rank inequalities have been used to demonstrate, among
other things, that for any finite or co-finite set of prime numbers, there are networks that
are linearly solvable over fields whose characteristic is in that set; and they are not solvable
over fields with other characteristic [18]. In [5], using these inequalities and techniques
of linear programming, there exists a sequence of networks (N;) in which each member is
asymptotically solvable but is not linearly solvable; and the linear capacity tends to 0 as ¢
tends to infinity. Other related results are in [10].

Contributions. In this dissertation, we propose two methods for producing characteristic-
dependent linear rank inequalities. We show two theorems that establish how to build these
inequalities according the existence of binary matrices whose rank or determinant change
depending on the characteristic of the field where its entries are defined. Each method can

n—1

produce two types of inequalities for each n > 7: {?J — 2 inequalities that are true over

finite sets of primes and other VT_IJ — 2 inequalities that are true over co-finite sets of
primes. The two inequalities of Blasiak et al. can be obtained combining some information
inequalities with the inequality obtained by the first method and the usual representation
matrix of the Fano matroid. In the context of applying these inequalities, we help enrich
the theory. For each finite or co-finite set of primes P, we show that there exists a sequence
of networks (N;) in which each member is linearly solvable over a field if and only if the
characteristic of the field is in P; and the linear capacity, over fields whose characteristic is
not in P, tends to 0 as ¢ tends to infinity. The consequences of this result improve known
results in [0, I8, B3]. The closure solvability problem of a closure operator is studied in
[19, 20, 36]; this concept is associated to the research of solvable multiple-unicast networks
and p-representable matroids (which are related to secret sharing [28] 43), 44]). We extend
that problem to the notion of (k, n)-fractional solvability problem of a closure operator. This
allows defining linear programming problems (adding inequalities) in order to study which
is the best partition solution of a closure operator over specific alphabets or finite fields.
Using multiple-unicast network coding, we give some examples in which the (k, n)-fractional
solvability problem is interesting. By last, in secret sharing, we calculate lower bounds on
the ratios of linear information over some fields of ports of some representable matroids.
Organization of the work. In Chapter 1, we introduce the basic concepts of Information
Theory, Matroids, Network Coding and Secret Sharing that are necessary to understand this
document. In Chapter 2, we show our first method for producing characteristic-dependent
linear rank inequalities; some inequalities are produced and some properties are derived. In

Chapter 3, we show our second method for producing characteristic-dependent linear rank



inequalities; some inequalities are produced and some properties are derived. In Chapter 4,
we introduce the (k, n)-solvability problem of a closure operator; a linear programming prob-
lem associated to this and some examples of application are presented. Later, we introduce
some concepts of Index Coding in the context of Network Coding; we study some properties
of the linear programming problem associated to these instances. We show some results of
application to network coding using some inequalities of the first method. By last, using
linear programming problems in Secret Sharing, we show some applications of the second

method. In Chapter 5, we give some conclusions and possible work for future research.
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1 Basics

In this chapter, we introduce some subject of Information Theory and matroids in order to

understand this thesis.

1.1 Topics in Information Theory

Definition 1.1.1. [49] An alphabet A is a finite set with at least two elements. Let X be
a discrete random variable, and let p be the probability density function of X over A. The
entropy H (X) of a random variable X is defined by

=Y p(z)logp (z

€A

The joint entropy H (X1, ..., X,,) of a set of random variables X7, ..., X, is defined by
H(Xy, ..., X,) = — Z p(z1,...xn) logp (z1,...2,) .

For random variables X and Y, the conditional entropy of X given Y is defined by
HX|Y)=H(X,)Y)-H().
The mutual information between X and Y is denoted by
[(X;Y):=H(X)-H(X|Y),
and the conditional mutual information between X and Y given Z is denoted by
I(X;Y | Z)=H(X,Z)-H(X|Y,Z2).

Let A, B, Ay, ..., A, be vector subspaces of a finite dimensional vector space V over

a finite field F. Let > A; be the span of A;, i € I. There is a correspondence between
icl

inequalities satisfied by dimensions of spans of vector spaces and inequalities satisfied by

21



22 Chapter 1. Basics

entropies of certain class of random variables induced by vector spaces [45, Theorem 2]. We
explain that: let f be chosen uniformly at random from the set of linear functions from V'
to F. For Ay, ..., A,, it is defined the random variables

Xl = f |A17

X, = f ’An .
For I C [n]:={1,...,n}, we have
il

The random variables X, ..., X,, are called linear random variables over F. For simplicity,
we identify the entropy of linear random variables with the dimension of the associated

subspaces, i.e.

H(A;:i€l):=dim (ZAl) .

iel
With this notation, the mutual information of A and B is given by
I[(A;B) =dim (AN B).

The codimension of A in V is given by

codimy (A) = dim (V') — dim (A) .
We have

H(A| B) = codimy (AN B).

In a similar way, conditional mutual information is expressed.

We give the following definition in order to fix ideas about inequalities.
Definition 1.1.2. Let P be a proper subset of primes, and let I, ..., I; be subsets of [n].
Let a; € R, for 1 <7 < k . Consider a linear inequality of the form

k
ZO&Z‘H(X]‘ ] S ]z) Z 0.
i=1

o The inequality is called a characteristic-dependent linear rank inequality, if it holds for
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A1 A2 Ag Bl BQ Bg C

1000111
01 01011
0011101

Figure 1.1.1: A matrix over GF (p)

all jointly distributed linear random variables X, ..., X, finite fields with characteristic

in P, and does not in general hold over other characteristics.

o The inequality is called a linear rank inequality, if it holds for all jointly distributed

linear random variables over all finite field.

o The inequality is called an information inequality, if it holds for all jointly distributed

random variables.

By definition of linear random variables, we note any information inequality is an inequal-
ity which is also satisfied by dimensions of spans of vector spaces. It is known that any
unconstrained information inequality in three or fewer random variables can be written as a

linear combination of instances of Shannon’s inequality: I (X;Y | Z) > 0.
Example 1.1.3. [49] Some important inequalities:
o H(X) < |X]|; with equality if and only if X is an uniform distribution.
« H(X)<H(Y),if XCY.
e HIXUY)+H((XNY)<H(X)+H(Y).

The following inequality is the first linear rank inequality which is not information in-

equality.

Example 1.1.4. (Ingleton’s inequality [22]) For any A;, Ay, Az, A4 subspaces of a finite

dimensional vector space,

Remark 1.1.5. We can think a characteristic-dependent linear rank inequality like a linear

rank inequality that is true over some fields.

The following example shows two characteristic-dependent linear rank inequalities ob-

tained by the Dougherty’s inverse function method.
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Example 1.1.6. [14] Let Ay, Ay, A3, By, By, By and C' be vector subspaces of a finite di-
mensional vector space V' over a finite field F. The following inequalities are characteristic-

dependent linear rank inequalities:

o If char (F) # 2, then
2H (A1) + H(Ay) +2H (A3) <H(B1)+ H(By) + H(Bs) + H(C)

+OH (Ay | By, C) +H (Ay | Ba, C) + 2H (43 | Ay, Bs)
+3H (B, | By, Bs) + 3H (C | As, Bs) + 5H (Bs | Ay, As) + 5H (By | Ay, As)

+5(H (A1) + H(Ay) + H(A3) —H (A, A, A3)) .
o If char (F) = 2, then
2H (A1) + 3H (Ay) + 2H (A3) < H(By) + H(B2) + H(B3) +3H(C)

+2H (Ay | B;,C) +3H (Ay | By, C) +2H (A3 | Bs, C)
+2H (B3 | A1, Ay) +4H (By | Ay, As) +3H (B | Az, Ag) + 6H (C' | Ay, Ag, As)
+H (A3 | By, B2, B3) + 7T(H(A1) + H(Ay) + H(A;) — H(A, As, A3g)).
These inequalities do not in general hold over other fields whose characteristic is different to
the described characteristic. A counterexample would be in V' = GF (p)3, take the generated
subspaces by the columns of the matrix in Figure [I.1.1 If p = 2, the first inequality does

not hold; and if p # 2, the second inequality does not hold. It is remarkable that these

inequalities are true over any field when dim (V') < 2.

The following example shows other two characteristic-dependent linear rank inequalities

obtained from Fano and non-Fano matroids.

Example 1.1.7. [5] Let Ay, Ay, As, By, Ba, Bs and C' be vector subspaces of a finite dimen-
sional vector space V' over a finite field F. The following inequalities are characteristic-

dependent linear rank inequalities:

o If char (F) = 2, then
H(A;,C)+H(A,C)+H(A;,C)+4H (A4, As, As)

F3H (Ay, Ag, ) + 3H (Ay, Ay, C) + 3H (Ag, Ay, C) + H (B, B, By) <
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OH (A,) + 2H (A;) + 3H (Ay) + 11H (C) + 3H (Ay, As) + 2H (A4, Ay) + 2H (Ag, Ay)
+H (A;, A, Bs) + H(A;, A3, By) + H(Ay, A3, By)

+H (A, B1,C) + H(Ay, By, C) + H (A3, B3, C).
o If char (F) # 2, then
3H (A4, Ay, C) + 3H (A1, A3, C) + 3H (A2 43, C) + 12H (A1, Ao, A3) + 3H (A4, By)

+3H (Ay, By) + 3H (A3B;) < 3H (A1) +3H (As) + 9H (A3) + 6H (C) + 6H (A4, As)
+3H (A, Ay, Bs) + 3H (A4, A3, By) + 3H (Aq, By, C) + 3H (As, B2, C') + 3H (A3 B3, C)

+3H (A27 A37 Bl) + 3H (A17 A27 A37 C) + H (Bb B27 B3) .

We remark that the second inequality in previous example is slightly different to the
presented in [5]; we correct a mistake in that paper.
The following statement was independently proven in [I0] and [I8]; both demonstrations

used the inverse function method.

Theorem 1.1.8. For each finite or co-finite set of primes P, there exists a characteristic-

dependent linear rank inequalities which is true over fields with characteristic in P.

1.1.1 Partitions

To finish this section, we briefly describe a class of random variables determined by a par-
titions. Fixed ¢t € N, a partition of a set A’ is denoted by f := {H (f) : some i’s}, where
P, ( f ) denote the i-part. The common refinement of two partitions f and g is given by the
partition f A g with parts {H (f) NP;(g): P, (f) NP;(g) # qﬁ}.

The collection of partitions of the set A! and the operation A form a bounded semilattice,
where E 4, the partition with | A|’-parts, is the minimum; y {.A’}, the partition with a part, is
the maximum. The partial order f < gisinduced by fAg = f. Forany X CV = {1,...,m},

the common refinement of all partition f,, with v € X, is

fX = /\ fv-

veX

We remark fy := {A'}; fxoy = fx A fys Fxor < Fxavs fr < fx, if X C Y.
The entropy of a partition f is the entropy of the random variable X 7 over f given by the
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Figure 1.2.1: Fano and non-Fano Matroids

probability density function

£ ()]

p (Xf = i—part) = Al

The joint random variable (X 7 X g) is given by X7,.

When ‘ f ‘ < |A|", f can be seen as the partition of .A? into pre-images under some function
f: A" — A™ This partition is refereed as kernel of f, and it is used the notation ker (f) := f.
We will usually work with a family F := ( ﬁ,) ; of |V| = m partitions of A" with at most

ve

| A|"-parts. Therefore, the entropy of fx is denoted by
H(X):=H(fx),

for X C V, when we fix the family F.

Remark 1.1.9. When f is the kernel of a linear function, this coincides with the quotient
partition of f under null space. Therefore, characteristic-dependent linear rank inequalities,

which are true over a field F, hold over a family F of kernel of linear functions over F.

1.2 Matroids

A matroid is an abstract structure that captures the notion of independence that comes from

Linear Algebra.

Definition 1.2.1. A matroid M is a pair (V,Z), where V is a finite set and Z is a set of
subsets of V' that satisfy the following properties:
H0eT.
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(ii)if Il eZ, JC I, then J €.
(iii) if I,J € Z and |J| + 1 = |I|, then there exists 2z € [ — J, such that JUx € Z.

The sets in Z are called independent sets. A subset of V that is not an independent
set is called dependent. A circuit is a minimal dependent subset. A basis is an maximal
independent set and the matroid rank is the side of any base.

The rank function of a matroid is the application ry : 2V — N, with
rm (X) = [Bx],

where By (or BY!) is the largest independent set contained in X. A matroid is determined
by its rank function, we usually write M = (V,ry) or M = (V7).

A matroid can be characterized in terms of bases, circuits, closure operators (we formally
define it in chapter 7) and other objects [34].

Definition 1.2.2. A matroid M is representable or [-representable, if there exists a matrix
A with entries from some field F such that there is a one-to-one correspondence between the
columns of A and the ground set of M, and it holds that a set is independent in M if and

only if the corresponding set of columns of A is linearly independent (as vectors).

Proposition 1.2.3. [3]] If a matroid is l-representable over a field, then it is l-representable

over some finite field F and also over every extension E of F.

Example 1.2.4. We have a graphic representation in circuit terms of the Fano matroid in

Figure and a matrix representation over fields of even characteristic in Figure [1.1.1]

Definition 1.2.5. A matroid M is partition representable (or briefly p-representable) if
and only if some of its positive multiples are entropic. In other words, there exist random
variables Y;, i € V, and a > 0 such that 7y (X) = aH (Yx) for all X C V.

Equivalent definitions of p-representation are found in [46] 28] 29]. The notion of secret
sharing matroid (ss-representable matroid) is equivalent to partition representation [43].

A concept associated to p-representation is the following:

Definition 1.2.6. A matroid is ml-representable, if for some n € N there exist subspaces
A;, i €V, of a vector space V over a field such that H(A; : 7 € X) = nry (X).

If the subspaces have dimension at most 1, we have a l-representation. Obviously, ml-

representable matroids are p-representable. We have [28| [34]:

l-rep. € ml-rep. C p-rep. = ss-rep. C matroid C closure operator.
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Figure 1.3.1: network coding problem of the Butterfly network.

It is an open problem to determine, if the class of ml-representable matroids is the same
that the class of p-representable matroids [46]. An counterexample suggests the existence of

a p-representable matroid that violates Ingleton inequality.

1.3 Network Coding

Definition 1.3.1. A digraph is a pair D := (V, E), where E C V2. The elements of V are
called nodes; the ordered pair of E are called edges, and they are denoted by e = uv, where

w and v are nodes.

Associated to a digraph, we have the following sets:
v i={ueV:u e E},

vti={u€eV:vue L},

and for each X C V,

X = va,

veX

Xt .= Uzﬁ.

veX

Remark 1.3.2. For nodes u, v, s, t of a graph D, we have

o v is said to be intermediate, if v, v" # (;
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a+b

b a b=(a+b)—a a=(a+b)—>b

Figure 1.3.2: Butterfly network, left to right: a solution and its accumulation code; network
flow.

« s is said to be source, if s~ = 0;

t is said to be terminal, if tT = (.

e A path of u to v is a node sequence vy, ..., vy such that v;v;.1 € E, wherei =1,....k—1

, V1 =UY U =.

A cycle is a path such that v; = vy.

Definition 1.3.3. A digraph D is called an acyclic digraph, if it has no cycles. In this case,
there always exist source and terminal nodes; the set of sources is denoted by S, and the set

of terminals is denoted by T'.
We now define the network coding model that we will use.

Definition 1.3.4. A network is a pair N'= (D, 1), where D = (V| F) is an acyclic digraph

and 7 : T — S is a surjective function called demand function.

Fractional solutions on a network have been studied in [I1], 4] among other papers. We

now give a formalization of this concept.

Definition 1.3.5. A (k,n)-fractional code on N defined over an alphabet A (or briefly, a

(k,n)-code over A) is a collection of functions F = (f,),c of the form

o fo=m, : A% — A* the canonical projection on the components indexed by s, if

v=s5€.S,;
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e £ Im(f) € AT o Ar) where Im (f,-) == Im(fo,) X -+ x Im (fy,), v~ =
{v1,..,u}, ifveV —(SUT);

o fi:Im(fi-) > A" ifv=teT.

A message is an element of A*. We consider a tuple of messages = € A®*. Each tuple of

messages can be written as

T = (msl,...,xs‘SI) = ({L‘l,...,l'|s|> , S = {31, ...,3‘5|},

where z; = 7, (x) is the message of s;. The functions f;, t € T, are called decoding functions.

A (k,n)-code is linear, if A is a finite field and each f, is a linear function.

Remark 1.3.6. The source s has the message x5 and has no information about the messages
Ty, with §' # s.
The following concept is given as an auxiliary definition to express when a code is a

solution.

Definition 1.3.7. The accumulation code of a (k,n)-code F is a collection of functions
F* = (f))pey of the form

v

e fri=fi,ifv=5€5;

o fr@) = fo(fi @) = fo ((£5 () e, ) for cach z € ABF ifv eV — g,

Remark 1.3.8. Each f; is defined in an inductive way from each node of v~. Also, the vector

f¥(x) is the message of v in the code F for the tuple of messages x.

Definition 1.3.9. A (k,n)-code over A is said to be a (k, n)-fractional solution on N defined

over A (or briefly, a (k,n)-solution over A), if for every tuple of messages = € A5,
Ii (@) =x.4 VEeT.
The parameter more important in a network is the capacity:
Definition 1.3.10. The capacity of N respect to a class of codes D over A is

Ch (N) := sup {i : Ja (k,n)-solution in D} :

The class of codes D is usually though as the collection of all codes (denoted by C (N)), in
this case the capacity is usually refereed as non-linear coding capacity. Also D can be taken

as the collection of linear codes over determined finite fields (or over any finite field).
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The network coding problem of N consists in finding some alphabet and an efficient
solution over this alphabet; the efficiency is measured by the rate % Therefore we are

interesting in the value of Cs () and solutions that can achieve this.

Remark 1.3.11. [11, 12] A network is defined to be:

o Solvable over A, if there exists a (1, 1)-solution over A4; and solvable, if the network is
solvable over some A. In this case, C (M) = C4 (N) = 1 and the capacity is achievable.

o Scalar linearly solvable over F, if there exists a (1, 1)-linear solution over F; and scalar
linearly solvable, if the network is scalar linearly solvable over some F. In this case,

C(WN)=CE (N) = 1 and the capacity is achievable.

scalar linear

o (Vector) Linearly solvable over F, if there exists a (k, k)-linear solution over F, for some
k > 1; and linearly solvable, if the network is (vector) linearly solvable over some F.
In this case, C (N) = Cf, .., (N) = CE (N) = 1 and the capacity is achievable.

linear scalar linear

o Asymptotically solvable over A, if for any e > 0, there exists a (k,n)-solution over
A such that % > 1 — €; and the network is asymptotically solvable, if the network is
asymptotically solvable over some A. In this case, C (N) = CA(N) = 1 but we do not

know if there exists a solution with rate 1.

o Asymptotically linearly solvable over F, if for any € > 0, there exists a (k,n)-linear
solution over [ such that % > 1 —¢; and the network is asymptotically linearly solvable,
if the network is asymptotically linearly solvable over some F. In this case, C(N) =

CF(N) = 1 but we do not know if there exists a linear solution with rate 1.

A multiple-unicast network is a network N whose demand function is bijective. In such a
case, 7 (t;) = s;, for i = 1,...,r := |S|, and we simply write N := (D, S,T). A (k,n)-code
is a solution, if for every z = (21,...,2,) € A", f (z) = x; for each i. In other words,
f7 =1id 4. It is known that the problem of determining whether a network is solvable can

be reduced to the study of a multiple-unicast network as shows the following theorem.

Theorem 1.3.12. [I5] For every network N, there exists a multiple-unicast network N’
such that
- N s solvable over A if and only if N is solvable over A.

- N s linearly solvable over F if and only if N is linearly solvable over F.

We next write the solvability network coding problem in terms of partitions for multiple-

unicast network.
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Theorem 1.3.13. Let N be a multiple-unicast network. We have that N has a (k,n)-
solution over A if and only if there exists a family of partitions F = (fv) oy 07 A such
that

(i) |f.
(ii) | f,
(iii) fs; = fi,, for each i.

(iv) fo- < fo, forveV -5,

(v) |fr| =A™

Proof. Let F = (f,),cv be a (k,n)-solution over A, and define f, := ker (f;). We have to
show that F = (ﬁ’)vev
the definition of code; (iii) and (v) are also true because the code is a solution. It remains
to prove item (iv), let z,- € fi- (A’”k) and take y € f=' (z,-). So, f* (y) = x,~. Since
F is a code we have f¥(y) = f, (f= (y)) = fo(x-). So, we can define z, := f, (z,-) to
obtain that y € f;~!(z,). In other words, f='(z,-) C f:~!(x,). Therefore, foe < fo.
Reciprocally, let F = ( ﬁ,)vev be a family of partitions that holds the described conditions.
(i), (iii) and (v) imply that f, = ker(m,) for each v € S U T; in these cases, we define
f¥:=m,. (i) implies that each f,, v € V — (SUT), is the kernel of a function f* from A™

v

= A, forv=s€S5.

< |A|", forv eV —(SUT).

is the desired family of partitions. (i) and (ii) are immediate from

to A™. The proof is completed showing that F* = (f;),c is the accumulation code of a
(k,n)-solution over A. From (iv), for any v € V—S and z,- € f}- (Ark), there exists unique
Ty € f (.A”"’) such that f*=' (z,-) C f:~'(x,). Define the function f, by f, (z,-) := z,.
Note that f} (z) = f, (fi- (z)) and f; (z) = 7, (x) = z,,, for all 2 € A™ and i. Therefore,

F is a solution. ]

Example 1.3.14. [36] In Figure is shown the Butterfly network. In Figure (left),
there is a solution and its accumulation code over A = GF (2), where f* is the sum function,
m; is the ¢-projection on GF (2)2; the functions of the solution are shown to the right of each
node, and its accumulation code is shown to the left of each node. In the same figure (right),
it is shown its flow information. One can check that the associated partitions to this solution

hold the conditions of previous theorem as presented in Figure [1.3.3]

1.4 Secret Sharing

Secret Sharing is an area of Information Theory and a useful tool that appears as a important

component in many kinds of cryptographic protocols [44], 6, 35, 17]. In a secret sharing
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T :y,

f+:={{(0,0),(1,1)},{(0,1), (1,0)}}

7

m:= {{(0,0),(1,0)},{(0,1),(1,1)}} = {{(0,0),(0,1)}.{(1,0),(1.1)}}

m:={{(0,0), (0, 1)},{(1,0), (1, 1)}} 0),(1,0)},{(0,1), (1,1)}}

Figure 1.3.3: A solution of the Butterfly network in terms of partitions

scheme, a secret value is distributed into shares among a set of participants in such a way

that only the qualified sets of participants can recover the secret value.

Definition 1.4.1. An access structure, denoted by I" on a set of participants P, is a monotone
increasing family of subsets of P. Consider a special participant p ¢ P, called dealer. A
secret sharing scheme on P with access structure I' is a random vector X := (5;),o, where

@ = P U p, such that the following properties are satisfied:

(i) H(S,) > 0.
(ii) If AeT, then H(S, | Sa) =0.
(iii) If A¢ T, then I(5,;S4) =0.

The random variable S, is the secret value, and the shares received by the participants
are given by the random variables S, x € P. A set of participants A is said to be qualified
or authorized, if A € T'; and it is said to be non-qualified or non-authorized, if A ¢ T'. A
minimal qualified set is a qualified set such that any proper subset is non-qualified. It is

clear that an access structure is determined by the family min I" of its minimal qualified sets.

Definition 1.4.2. The information ratio o (X) of the secret sharing scheme ¥ is given by

H (S.)
o (X) = max
( ) zeP H (Sp)
The optimal information ratio o (I') of an access structure I is the infimum of the infor-
mation ratios of all secret sharing schemes for I'; the optimal information ratio, when the

random variables are linear, is denoted by A (I').

Definition 1.4.3. A secret sharing scheme X = (S,),, Is said to be ideal, if its information
ratio is equal to 1. An access structure that admits an ideal secret sharing scheme is called

ideal access structure.
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Figure 1.4.1: Fano matroid defines a access structure on six participants

Matroids are related to secret sharing:

Definition 1.4.4. Let M = (V,r) be a matroid. The port of the matroid M atp € Q :=V
is the access structure on P = () — p whose qualified sets are the sets X C P satisfying
r(XUp)=r(X).

The following result connects ideal secret sharing and matroids.

Theorem 1.4.5. Let ¥ = (Sx)er be an ideal secret sharing scheme on P with access

structure I'. Then, the mapping given by f (X) = I;I{((i,:)) for each X C @Q is the rank function
of a matroid M with ground set (). Moreover, I' is the port of the matroid M at p.

As a consequence, every ideal access structure is a matroid port. In fact, the matroids in
Theorem [1.4.5| are p-representable. It is known that VaAmos matroid is not p-representable.

Therefore the ports of the Vamos matroid are counterexamples for the converse [43].

Example 1.4.6. [28, 23] The port of the Fano matroid at ¢, according Figure [1.4.1} is given

by the minimum authorized sets:
min F := {(1151, agbs, azbs, ajazas, a1bybs, biasbs, b1bza3}-

We can check that the columns of a matrix of representation of Fano matroid define a ideal
linear secret sharing scheme over fields whose characteristic is two, and therefore the ports
of the Fano matroid are ideal. We have o (F) = 1. It is more hard to show that A (F) = 3

for fields whose characteristic is other than two.
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In this chapter, we show a method to produce characteristic-dependent linear rank inequal-
ities using as guide binary matrices whose rank is different according to the choice of the
characteristic of the field where its inputs are defined. We first introduce some important
concept about complementary vector spaces. Next, we present a particular case of the
method: we exhibit a 10 x 10 binary matrix whose rank is 8 over fields with characteristic
2; 9 over fields with characteristic 3; and 10 over fields with characteristic neither 2 nor 3.
Then, we produce three inequalities: the first is true over fields with characteristic 2; the
second is true over fields with characteristic 2 or 3; and the third is true over fields with
characteristic neither 2 nor 3. By last, we summarize the method through a theorem with a
proof that is valid for any binary matrix whose rank is as we have described; we show some
consequences and produce additional inequalities using some specific families of matrices.
We remark that this method is deeply based on the technique used by Blasiak et al. for
producing two characteristic-dependent linear rank inequalities using as a guide the Fano

and non-Fano matroids [5].

2.1 How to use a binary matrix

Definition 2.1.1. Let A and B be vector subspaces of a finite dimensional vector space V.
We say that A + B is a direct sum, denoted by A® B, if ANB =0 :=(0).

In case that V = A @ B, the members of this sum are called (mutually) complementary
subspaces in V. Alternatively, Ay, ..., A, are mutually complementary subspaces in V, if
every vector of V' has an unique representation as a sum of elements of Ay, ..., A,. In this

case, 7y denotes the I-projection function V- — @ A; given by
el

n
=1

el

Definition 2.1.2. Let V = A; & --- @& A,,, and take a vector subspace C' of V such that
Aj+-+ A 1 +C+ A+ -+ A, is a direct sum for all i. We say that (Aq,..., A, C)

35



36 Chapter 2. Method I for Producing Inequalities

is a tuple of complementary vector subspaces in V.

Example 2.1.3. In V = GF (p)°, take A; = (e, e4), Ay = (ea,e5), A3 = (es,e6) and
C = (e1+ey+e3,e4+e4+eg). Then, (Ay, Ay, A3, C) is a tuple of complementary vector

subspaces in V.

Proposition 2.1.4. For any tuple (A, ..., A,, C) of complementary vector subspaces in V.,

we have

for alli and ) # I C [n].

Proof. Let x € C such that m; (z) = O. So, Y x; = O. Hence, x € @ A;. By definition of
i€l it 1
tuple of complementary vector spaces, x = O. In other words, 7; (C') and C' are isomorphic

or have the same dimension. It remains the last inequality. We note
H(C)+H(Ay, ..., A1, Air . A) =H (A, . A, C AL AY)

<H(A}, Ay, ..., A)
<SHA) +H(AL . A, A An).

So H(C) < H(A,). O

Corollary 2.1.5. A non-zero ¢ € C' can be uniquely written in form a, + --- + a, where

each a; is non-zero.

Proposition 2.1.6. For any Ai, ..., A, and C wvector subspaces of a finite dimensional

vector space V', there exists a tuple of complementary vector subspaces (f_ll, A, C_’> such

H (AZ- ] /L-) =1 (A[zel]; Ai)

H(C|C) <H(C|Ap)+ > 1(Ap-i:C).
i=1
Proof. We first build mutually complementary subspaces A;,..., A, in Apy from Ay, . Ay,
Define A, := Ay, and for i = 2, ..., n denote by A; a subspace of A; which is a complementary
subspace to Ajj_y in Ap). Then Ay, ..., A, are mutually complementary and the following
equations hold:

H (Ai | fli) =1 (A[zeu; Ai) ;
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where Ay = O. Second, we built a subspace C' of C'N /_1[”] such that C' and f_l[n}_i form a
direct sum for all . Let C©) := C'n A},. Recursively, for i = 1, ..., n denote by C a
subspace of C~V) which is a complementary subspace to Ap,_; in CC~Y 4 A, ;. We denote

C := C™, this space satisfies the required condition and the following equation:

H(C|C®) <H(C| Apg),

H(Cc®|C) gioj (A C),
=1

which implies,
n

H(C|C)<H(C|Ap)+ > 1(Aw-iC).

=1

Remark 2.1.7. The tuple is not unique but we will fix one of these.

The inequalities of the following lemmas, that we will use later, are valid for linear random
variables that hold some additional conditions. We remark that we use the following notation
of intervals:

.kl ={ieN:j<i<k},
k] = [1,k].

The sum A; + --- + Ay, is denoted by Ay, and A := Ay := O.

Lemma 2.1.8. For any subspaces Ay, ..., A, Al, ..., Al of finite dimensional vector space
V' such that A, < A;, we have

H (A | Afy) < STH(A | A),

1€[n]
with equality if and only if Aja N Ay = Ajy N Ay for all i

Proof. By induction over n. In case n = 2, we have

H (A | Aly) = H (Ap) — H(Ap)
—H(A, | A) +H(Ay) —H(A) —I(Ay; Ay) + T(A]; Ab)

= H (A1 | A) + H(Ay [ A) + (1(A7; Ay) — 1(Ay; Ay))
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<H(A; | A) +H(Ay | A,) [because A, < A;].

The equality holds if and only if I (A;; A2) = 1(A}; AS). In other words, A; N Ay = A| N A

because A, < A;. Now, we suppose the case n — 1 is true. We have
H (Apy | Afy) = H (Ap-1on | Afyjon)

<H (A[n,l] | A/[n—l]) +H(A, | 4) [from case n = 2]
< Y H(A;| 4)) [from case n — 1].

1€[n]
The equality holds if and only if I (Ai+1; A[i]) = I(A; Iy A’[i]). Since A, < A; for all i, we
have AZ'Jrl N A[Z] = A;—‘,—l N A/[Z] ]
Lemma 2.1.9. For any subspaces A, B , C' of a finite dimensional vector space V' such that
B < A, we have

H(ANC|BNC)<H(A|B),
with equality if and only A+ C = B+ C.
Proof. We have

H(ANC|BNnC)=H(ANC)-H(BNC)
=1(A4;C)-1(B;0)
=H(A)—H(B)-H(A,C)+H(B,C)
<H(A| B) [because B < A|.

The equality holds if and only if H (A, C) = H (B, (). That is equivalent to A+ C = B+ C
since B+ C < A+ C. O

2.1.1 A particular case

We obtain three characteristic-dependent linear rank inequalities using as a guide the matrix
in Figure 2.1.1] We only write some demonstrations because in the other section, we will
present and demonstrate stronger propositions.

Let B be the 10 x 10 binary matrix in Figure 2.1.1 We calculate the rank of the matrix
B over different fields to find:

8, char(F)=2.
rank (B) = ¢ 9, char(F) = 3.

10, otherwise.



2.1. How to use a binary matrix 39

by bs bg b7 bs by big

3
1
1 Osxs Osx4
0

0111
1 011
1110

Figure 2.1.1: A 10 x 10 binary matrix.

We choose this matrix because it is the smallest binary matrix, which we find, whose rank

is different over at least three different finite fields.

For a column b; of B, the set { jibl = 1} C [10] is denoted by b;; if there is no confusion,
by abuse of notation, we identify b; and b; (for any binary matrix, we also make this). For
row and column vectors, the notation is the same.

The following lemma is derived of the dependence of the rank of B to the choice of the
characteristic of the finite field. We show a direct proof.

Lemma 2.1.10. If (Ay,..., A1, C) is a tuple of complementary vector subspaces of V', then
8H(C), char(F)=2.
9H (C), char(F) = 3.
10H(C),  otherwise.

H (m, (C) : i € [10]) =

(3

10

Proof. We consider the case char () = 2. For any v =Y v; € V, taking into account that
i=1

2=0inT, we get m, (v) = m, (v) + m, (v) and m, (v) = m, (v) + 7, (v). Hence,

Ty (C) + Ths (C) < Ty, <C> + T, (C> + T, (C) + Tos (C) + ; Mo, (C) :

10
Furthermore, the subspaces of the right side form a direct sum. In effect, let v; = v] € C,
j=1

€ [10] — {3,6} such that

Ty, (V1) + Mo, (V2) + Ty (Va) + 5 (V5) + 7o, (V7) + T (Us) + T (Vo) + 7oy (V10) = O,
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we have to show that v; = O for all 7. From the equation, we get the system of equations:
U%:v%:vgl:vi:ﬂ—f—vg’:vg%—vg:(),
vl + vl + vl =8 + 0§ + ol = 0 + 0 + 0l = v + i + g = 0.
From Corollary [2.1.5] this implies the system of equations:

Ul:UQ:’04:U5:Ug—|—1}9+U10:U7+U9+Ulo:U7+U8+U10:U7+U8+U9:0.

Solving this system of equations in characteristic two, we get v; = O for all 7. Now, applying

proposition [2.1.5] we get
H (m, (C) i € [10]) = H (m, (C) : i € [10] — {3,6}) = 8H (C).

For the rest of the cases, we can apply a similar argument: for char (F) = 3, we can get

2 (€) <P 7, (©),

and for char (F) # 2,3, we can get the sum of all those subspaces is direct. O]

The following lemma is guided by the dependence relationship presented in the columns of

B. We omit the proof because a more general statement will be proven in the next section.

Proposition 2.1.11. Let Ay, ..., Ay, Bi, ..., B and C vector subspaces of a finite
dimensional vector space V' over a finite field F such that (Aq,..., A, C) is a tuple of

complementary vector spaces. Consider the following conditions:

3 6 10
J=1,j#i J=4,j#i J=T.g#i

10 3 10
(i) Bi<C+ At S A i€ [3; Bi<C+ At > At S A, i€ [4,6];
=4 j=1 =7
6
B, <C+ A+ S A, i€[7,10].
j=1
10 3 10
j=4 Jj=1 J=7

6
C<B;+A+ Y A, ie[7,10].
j=1

We have the following implications:
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1. If conditions (1) and (ii) hold, and the characteristic of F is 2, then H (B[lo]) <8H(C).
2. If conditions (i) and (ii) hold, and the characteristic of F is 3, then H (B[m]) < 9H (C).

3. If conditions (i) and (iii) hold, and the characteristic of F is neither 2 nor 3, then
10H (C) < H (Byg))-

Define the following values:

A (A[w]) =1 (Ay; Ay) + 21 (A[3]; A[4,1o]> +1 (A[2]; A[s,m])
+21 (A[G]; A[zm]) +1 (A[4}; A5> +1 (A[5]; A[am}) + io: I (A[i—l]; Ai) ,
i=8

V(Apg) = > Z[ (Ay—u; Ay H (Ag; Aprrn)]

(J,k)eS =7

where S is the set of the three points (1, 3), (4,6), (7,10). We have the following inequalities.

Theorem 2.1.12. Let Ay, ..., Ay, Bi, ..., Big and C be vector subspaces of a finite
dimensional vector space V' over a finite field F. The following inequalities are characteristic-
dependent linear rank inequalities:

- If the characteristic of F is 2, then

H (B[lo}) < 81 (A[lo}; C) + H (31 | A[2,3]> +H(By | Aius) +H (BS | A[2})

+H (By | Ajsg) +H (Bs | Aase) + H (B | Ajg) +H (Br | A1) + H (Bs | Ao )
+H (Bg | A[?,S]Ulo) +H (310 | A[7,9]) +H (31 | Aiuja,10]5 C) +H (Bz | Asua,10]; C)
+H (Bs | Asua,i0], C) +H (34 | Ap gjuauzao)s C) +H (35 | Ap gjusupzao)s C)
+H (Bﬁ | Ap.sjusurr, 10 O) +H <B7 | Ap7, C) +H (Bs ’ A[1,6]us70) +H (Bg | Ap.guos O)
+H (B10 | A[l,G]ulO; C) + 10 [H (C | A[lO]) —|— io: I (A[lo]—i; 0)1 + A (A[10]> + V (A[m]) .
i=1

- If the characteristic of F is 2 or 3, then
H (B[lo}) <9I (A[10}§ C) +H (Bl | A[2,3]) +H(By | Ajus) +H (BS | A[z})

+H (B4 | A[576}) +H(Bs | Ays) + H (BG | A[475]) +H (B7 | A[&m]) +H (Bg | A7U[9710])

+H (Bg | A[?,S}Ulo) +H (310 | A[7,9]) +H (31 | A1uja,105 C) +H (Bz | Asua,10]; C)
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+H <B3 | Asua,i0, C) +H (B4 | Ap gjuaugzao)s C) +H (35 | Ap sjusuizao)s O)

+H (B6 | Ap sueupz,io)s C) +H (37 | Ap7ps C) +H (BS | Apgjus, C) +H (39 | A ejuo, C)

+H (Bio | A g, €) +10 lH (C'| Angy) + i I (Apop—s; C)] + A (Apg) + V (Apg) -
i=1

- If the characteristic of F is neither 2 nor 3, then

H(C) < 110H (B[w]) +H (Bl | A[2,3]> +H(By | Aius) +H (B3 | A[z})

+H (B4 | A[5,6]) + H (Bs | Asus) +H (BG | A[4,5]) +H (37 | A[s,w]) +H (Bs | A?u[g,lo])
+H (39 \ A[?,S]UIO) +H (Blo | A[7,9]) ++H (C | A1upa,0)s 31) +H (C | Aoupa,0)s B2)
+H (C | Asupa,10) B3> +H (C | Ap,sjuaur,0)s B4> +H (C | Ap sjusuz,i0)s Bs)

+H (C | Ap gjueurz,ao)s BG) +H (C | Ap7ps B?) +H (C | Apeus, Bs) +H (C | Apeuss Bg)
+H (C | Apgluios B10> +H (C \ A[IO]) + f: I (A[lo]fi; C) + A (A[10]> +V (A[w]) :
i=1

We remark that these inequalities do not in general hold over other fields whose character-
istic is different to the described characteristic. A counterexample would be in V' = GF (p)lo.
Take the vector subspaces: A; = (e;), the span of each vector of the canonical basis in V;
B; = (bi), the span of each column of the matrix B; and C' = ((1---1)), the span of the
vector with 1 in all entries. Then, if p = 2, the first inequality does not hold; if p #£ 2, 3, the
second inequality does not hold; if p is equal to 2 or 3, the third inequality does not hold.

Proof. To prove the inequality 1, we take a tuple of complementary vector spaces
(Alv s 7A10a é)

as obtained in Proposition We remark the inequalities:

H (C | é) <H (C | A[10]> + iO: I (A[lo]—z‘§ O) ,
=1
H(Ai| A) =1(Ap_y Ar) .

Applying Lemma [2.1.8 several times, we get

H (g | Aga) =1 (Ap-1; Ay for all ji &,
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(A[g Wi | Ajr— ) <I (A[j—1]§A[j,i—1]) +1 (A[i]; A[i+1,/<;]> for (j,k) € S,i € [j,k],

H (Ao | Aivag) < T(Aiz; A2) +1(Agg; Auag) for i = 1,2,
H (Awuprao | Aorao) < (A Aag)
H (Asugormo) | Asusora) < T (Aw; As) +1(Aw; Apag)
H (Ao | Agusao) < T (Ag; Ao
H (A | Aie) < T(Ap-y; A;) for i =8,9,10.

One can use all these inequalities to obtain:

H (A1U[4,10] | A1U[4,10]) +H (Azu[4,1o] | 1212u[4,10}> +H (A[3,10] | A[a,w])

+H (Ao | Apaorae) + H (Ao | Apgosorio)
+H (A oo | Angiosao) +H (Apm | Apm) +H (Apgus | Apeos)
+H (Ao | Apgs) +H (Apgoo | Apguio) < A (Ang) .
H (Apa | Apg) +H (Aiss | Aws) +H (A | Ap)
) +H (Aug | Aug)
H (A0 | Ao)) + H (Argoa0) | Azupo) + H (Ao | A son)
(

+H (A[7,9] ! A[?,g]) <V A[10)

+H (A[5,6] | A[F),G]) +H (A4U6 ‘ A4U6

Also, define
Bi = Bz N A[g},i N (é + Aiu[4’10}) s for ¢ € [3] X

Bi = B,L N A[4,6]—i N (é + Aiu[iﬂu[?,lO}) s for i € [4, 6] 3

Bz‘ = B; N /_1[7710}_1' N (é + Azu[G]) , for 7 € [7, 10] .

We have the subspaces Ay, ..., Ay, By, ..., By, C satisfy conditions (i), (i) of Proposition

2.1.11, and the following inequality holds
H (Bl | Bl) <H (Bl ‘ A[z,s}) +H (Bl | Alu[z;,w}, é)

H (Bl | A[z,za]) +H (Bl | A1upa,0) C) +H (A1U[4,10] | A1u[4,10})
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+H (A[2,3] | 14_1[2,3]) +H (C' | A[IO}) + i [ (A[m}—i; C) :
=1

With an analogous argument, we can obtain upper bounds on H (BZ- | BZ-) for each i € [2,10].

Then, using Lemma [2.1.8] we can derive an upper bound on H (Bi i € [10] | By :i € [10]).
The vector subspaces Ay, ..., A, B, ..., B, C satisfy Proposition [2.1.11| with condition
1 if the characteristic of the field F is 2. We have H (B[m]) < 8H (é) . We can note H (C) <

I (A[m}; C), and derive a lower bound on H (B[lo}) using again Lemma|2.1.8|to get the desired

inequality. The inequality 2 is obtained in a similar way; and from the inequality 1, it is
easy to note that the inequality 2 also holds over fields whose characteristic is 2. To prove
the inequality 3, define

BZ- = B;N A[g]_i, for i € [3] ;

Bi = Bz N /_1[4,6}—1'7 for i € [47 6] )
Bi = Bz N 121[7710],“ for i € [7, 10] )

C.=Cn ﬂ (Bz + Aiu[4,10]) N ﬂ (BZ + AiUB}U[ZlO}) N ﬂ (BZ + Aiu[ﬁ}) :

1€[3] 1€[4,6] 1€[7,10]

We have the subspaces 4y, ..., A, él, - Z%lo, C satisfy conditions (i), (iii) of Proposition
2.1.11, and the following inequality holds

H(C|C)=H(C|C)+H(C|C)

<H (C' | A[m}) + i I (A[loH; C’) +H (31 | A[z,g}) +H (B, | Aws) +H (B:s | A[z])
i=1

+H (By | Apsg) +H(Bs | Ause) + H(Bs | Aps) + H(Br | Agao) +H (Bs | Arpoao)
+H (B | Apzguno) +H (Bio | Agg) + +H (C | Ao, Br) +H (C | Aajaio, Ba)
+H (G | Aspa0), B3> +H (C | A sjuau(7,10] B4) +H (C | Ap gjusulz o) Bs)
+H (C | Apgueorr.o Bs) +H (C'| Apz, Br) + H(C'| Apgus, Bs) + H (C | Apguo, Bo)
+H (C' | Apguio, Bio) + A (Apg) + V (Apg)) -

So, the vector subspaces Ay, . . ., Ay, él, cee Elg, C satisfy Propositionwith condition
3 if the characteristic of the field F is neither 2 nor 3. We have 10H (C’) <H (B[m]) . We
can note H (B[w]) <H (B[w]) and derive a lower bound on H (C’) from the upper bound on
H (C’ ] C’) to get the desired inequality. O
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2.1.2 Producing inequalities

In this section, we show the theorem that produces characteristic-dependent linear rank
inequalities using suitable binary matrices. In order to gain a better understanding, the
theorem is divided in several lemmas and propositions; we are going to show them in three
sub-subsections or steps as follow:

- Finding an equation: We specify the form of the matrices that can produce inequal-
ities.

- Conditional characteristic-dependent linear rank inequalities: We describe lin-
ear inequalities that depend on the characteristic and some conditions of the involved linear

random variables using as a guide the matrices described in previous step.

- Characteristic-dependent linear rank inequalities: We finally produce inequali-

ties.

2.1.2.1 Finding an equation

Consider any binary n xm matrix B, with columns denoted by b;. Let 7, be the I;-projection

of V=A & - --® A,, where

Take
b, ==Y ble; €V,
j

where (e;); is the canonical basis in V; and

' 1 if e; € Ay for some k such that b, = 1.
T, T ) .
0 in otherwise.

If z = 3 z;e;, then we have
J
m, () = by, - = Z@ixjej.
J
We have the following proposition.

Lemma 2.1.13. Let V=A1®---® A,, A; # O, and let B be a n X m binary matriz. For

all v and I, we have b; = 3~ ayb; if and only if my, = 3 a;my,.
jel jel
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Proof. We note b; = " ayb; if and only if b7, = >~ a;b;,. Now, let by = > ;0. For v € V,
jer 7

jel jeI

Zajm,j () = Zaj (b]j . a:) = Z (Oéjblj . x)

Jjel jel Jjel

B (Z@jbﬂ) x=byx=m, ().

jel

The other implication is obtained from

m,l.(1---1):Zajwbj(y-&).

jel

Example 2.1.14. Take
by by bg
011
1 01
110

B =

InV =GF (2)5, we define Ay = (e, e4), Ay = (€9, ¢e5), A3 = (e3). We have

>
gl
|
_ O =) =) O
>
ol
|
O = = O
>
~
w
|
[ = e

One can check that b; = by + b3 and by, = by, + by,.

Theorem 2.1.15. Let (Aq,...,A,,C) be a tuple of complementary vector subspaces in V
over F with C # O, and let B be a n X m binary matriz with columns denoted by b;. We

have {b;},c; is an independent set if and only if Y- m, (C) is a direct sum.
iel

Proof. We suppose that {b;},.; is a dependent set and prove that Y m, (C) is not a direct
i€l

sum. There exists k € I such that by = > «;b; for some a; € F not all zero. By Lemma
icl—k
2.1.13 we get m, (¢) = > aym, (¢) for some ¢ € C'— O. In other words, Y7, (C) is not a
i€l—k icl

direct sum. Reciprocally, we suppose that Y, (C) is not a direct sum, and we prove that
iel

b;}._, is a dependent set. There exist c¢q,...,c € C not all zero such that > m, (¢;) = O.
el 1] i
iel
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Thus,

iel icl

O=Y (b,-ci)=> (Zbﬂ}fg@j) =

which implies that

for all 7. By Lemma [2.1.13]

el

for all j. Since not all ¢; is zero, we obtain that {b;},., is a dependent set. O

We have the following statement.

Corollary 2.1.16. Let B = (B') = (es,) be a n x m binary matriz over a finite field T,
m<mnandt; > 2, fori=1,...,8, m >mg > -+ >m; > --->mq > 1 integers. We
suppose that rank (B) = m; if char (F) divides t;, and rank (B) = m in other cases. Then,
for any tuple of complementary vector subspaces (Ay,--- , A,, C) holds

mH (C) if char () | t;.
H(mg, (C):i € [m]) =

' msH (C) if char (F) | ts.
mH (C) if char (F) { t = []t;.

Proof. In case char (F) does not divide ¢, Y m, (C) is a direct sum by Theorem [2.1.15]
i€[m]

Then, we have

H(ms, (C) i€ [m])= > H(mg, (C)) =mH(C) [from Proposition [2.1.4].

1€[m]

Fixed k, we now suppose that rank B = my, if char (F) divides t;. There exists I C [m] such
that the rank of the submatrix B; of B is my. Then,

H(7s, (C) 24 € [m]) =H(ms, (C) : i € I) [from Theorem [2.1.15]
=) H(ms, (C)) [from Theorem

el

= myH (C) [from Proposition [2.1.4].
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2.1.2.2 Conditional characteristic-dependent linear rank inequalities

Definition 2.1.17. For a binary matrix B, we denote B = (B') = (es,), with S; =
{j : By = 1}, and we define the sets:

B = {es, : 1 <|Si| <n},

B = {es, : |Si| =1},
B {C} if there exists eg, in B such that |S;| = n.
0 in other case.
We assume without lost of generality that eg, = e; if |\S;| = 1.

We introduce the following notation:
len,em] = {e;i:n <i<m},

[en, em) ={e;:n <i<m},
len] == le1,en] ={ei:i < n}.

From now on, we consider vector subspaces indexed by the columns of some matrix B.

The described conditions in the following two lemmas are derived from the dependency

relationships of the columns of B.

Proposition 2.1.18. For each ty, let F be a finite field such that char (F) divides t,. For any

vector subspaces Ae,, ..., Ae,, Besj1 e Besj‘ . and C of a finite dimensional vector space
B

V over F, such that (Ae,, ..., A.,,C) is a tuple of complementary vector subspaces and
(1) Ae; < Alej—e, ® C fori such that e; € B”,
(i) Beg, < @ A, fores, € B,
! JES;
(iii) Beg < @ Ae; © C fores, € B
‘ J¢Si

We have
H(Ac, Bey,,Cies, € Be; € B',C € B") <mH(C).

Proof. Since the characteristic divides t;, applying Corollary 2.1.16] we get

H(mg, (C) i € Im]) = meH(C). (2.1.1)
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On the other hand, we have
s, (C) = (C’+ @Aej) N (@Aej) , for all 4. (2.1.2)
JES; JES;
In effect, let v € C such that v = > v;, where v; € A;, and fixed j € [n + 1]. Noting that

ms. (V) = v =v— X v;, we get
! i€, i#S;

T, (v) € (C+ EBAQ) N (@Aei) :

’L'%Sj iGS]‘

To prove the other containment, let u € (C’ + @ A&.) N (@ Aei>. Then, there exist

7,¢S] iESj
v € C' and v; € A;, for all 7, such that u = v — Y v; = > v;. Thus v = > v; and
Z'¢Sj iESj 7

u =g, (v) € mg, (C). It follows that equality is true. Therefore, using hypothesis (ii),
we have that
A., < g, (C), e; €B” [from hypothesis (i)],

B, <ms, (C), es, €B’ [from hypothesis (ii) and (iii)],
which implies

( > Aei) + ( > Bk) +(C)pepm < Z?TSZ. (C) [also, note that C' < my...4 (C)].

e; B €s; en’ 7

From equation (2.1.1]), we get H (Aei,BeSj,C' res, €BLe; € B0 € B”’) <mH(C). O

Proposition 2.1.19. Let F be a finite field such that char (F) does not divide t = []t;. For

i
any vector subspaces Ae,, ..., Ae, Besj1 e Besj| , and C of a finite dimensional vector
B

space V over F, such that (A, ..., Ae,,C) is a tuple of complementary vector subspaces and
(i) B, < @ A, fores, € B
(ii) C < éeiiej + B, fores, € B.
We have 7w
mH (C) < H(Ae,, Bey,,C e, € Be; € B',C € B") .

Proof. Since the characteristic does not divide ¢, applying Corollary [2.1.16] we get

H(7s, (C) i€ [m]) =mH(C). (2.1.3)
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On the other hand, g, (C) < By, for all k such that es, € B'; g, (C) < A, for all k such
that es, € B”; m..1 (C) < C if C € B”. The last two affirmation are trivial by definition
of projection. To prove the first affirmation, fixed k € [m] and let v = >v; € C, where
v; € A;. By condition (ii), there exist a}, € A.,, i € [m] — Sy and by EzBesk such that

v= Y al +0b. By condition (i), there exists a; € A.,, for each i € S, such that by = 3 a;.
Z%Sk iESk
Then, v = Yv; = 3 a; + Y a, but v has unique writing in terms of A;, in particular,
i €Sk 1¢Sk
a; = v;, for each i € S,. We get

s, (V) = Zvi =b, € B, .
1€Sy
In other words,
'/TSk (C) S B

6Sk .

Hence,
Zﬂ—si (C> S ( Z Aei) + Z BESZ»' + (O)in case CeB"
% e; B! 65]. e’
Therefore, using equation (2.1.3)) we get,

mH (C) < H (A,,, B, ,C:es € B e;€B',C e B").

2.1.2.3 Characteristic-dependent linear rank inequalities

We now show three lemmas that will help to the demonstration of the main theorem. We
remark that for any A.,, ..., A, and C vector subspaces of a vector spaces V', by Proposition
2.1.6| there exists a tuple (Agl, .
A., <V which holds:

LA C_’) of complementary vector subspaces in A, +. ..+

H (Aek | A;k) =1 (A[ek_l]; Aek) , for all k, (2.1.4)
H(C|O)<V(O)=H(C| Ap) + 2 I(Ae-aiC). (2.1.5)
e;€len]
Additionally, for T' C [e,], it is straightforward to take some elements ey, ..., e, with

ki <ks<--- <K
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such that it is possible to built a partition in intervals [eki, ek]}, with maximum length, of

T. Using Lemma we get

H(Ac:e€T|Al:e€T)<V(A.:e€T)

=1 (A[el,ekl);A[€k1:€k2]> +---+1 (A[el,ekll); A[ekl—l’ekl]> . (2.1.6)

Lemma 2.1.20. Let A.,,...,A., and C be vector subspaces of a vector spaces V. Define

Ae i=AL N (C_'—I— PA+ P A+ P A;) , for e, e B".

e ¢B" e;€B i<k e, €B" i>k

A, = A, , fore, ¢ B"

Then, ([161, e ,Aen,é’> is a tuple of complementary vector subspaces that satisfies (i) in
Lemma [2.1.18 and

H(A.,) —H(C)+V(C), fore, € B". (2.1.7)

Proof. We obviously have

A, <C+ P A+ P A+ P A..

e gB" e €B i<k e; €8 i>k

Now, for any k such that e, € B”, we have

C<PA+ P A+ P A (2.1.8)

e ¢B" e, €B" i<k e, €B" i>k

In effect, we show case k =1 := min{i : ¢; € B"}, i.e. we have to show that

Al

C < (@A;) + A,

The general case is proved by induction, we omit the proof. We note case C' = O is trivial.

So, we suppose that there exist ¢ € C' — O, then from Corollary [2.1.5, ¢ = >_a; for some
a; € A, — O. Thus,

CL[ZC—ZCLiE

il

N A,

Ca (@A;)

Al
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Therefore, a; € A,,, which implies ¢ € <EBA’61> + A,,. So, (2.1.8) is true. Taking
il
k = max{i:e; € B"}, we obtain that C' < @ A.,. Hence, the described tuple is a tuple

of complementary vector subspaces that satisfies (i) in Lemma [2.1.18 We also have the

equation:

H(AEI«)ZI( 0O DA, D A D A;i)

eigB" e B i<k e €8 i>k

= H (Alek)_H ( @ Alei’ @ Aei’ @ A,ez) +H (Oa @ A/e,n @ Aeiv @ A/el)

e, ¢B" e, €B" i<k e, €B"i>k e, ¢B" e; B i<k e; B i>k

[from definition of mutual information and (2.1.8))]

=H (C_’) : [definition of complementary subspaces]
This can also be used to obtain the described upper bound on H (Aek | flek). O
Lemma 2.1.21. Let A,,,..., A, Besj e ,Besj and C' be vector subspaces of a vector
1 |BII

spaces V. For each eg, € B', we define

b (@) @.00).
s €i¢ Sk

., Beg

]'1’“ J\B/|

We have the subspaces A, ..., A, , B,
and

and C' satisfy hypothesis in Lemma

H (Beg, | Bes,) <H (Beg, | Ao i € S) + H (Beg, | A, C i ¢ Si) + 3 H(A

e; B
YV (A, i€ Spei € B) -V (A i d See ¢ B+ (IB"] +1)V (C) — [B'|H(C)

Proof. The conditions in Lemma [2.1.18|are obviously true. To prove the inequality, we have
PA.,eC

H(B.., | Buy) < ( |(@A) )+H B nBesk)
1€Sk igsk
mBeSk)

(1) 0 o5 [ 1,00
1E€SE _igsk

H ((‘ZAQZ.) N B, | (@A) ﬂBeSk)
1€Sk 1€S}
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o )

<H(Beg, | A, 10 € Sp) +H(Bey, | C A, w0 ¢ Sp)

Y A, @C

NBe, | |PA, &C

¢Sk,

+H( > Al P Aei)+H( > Al P A;i)+
i€S),e; B i€Sy,e; B i€Sk,e; ¢ B i€Sy,e;¢B"

H( S oAl @D Aei>+H( oAl D A’ei)+H<C|C‘)

¢Sy ,e;€B” 1¢Sy,e;€B” 1¢Sy,e;¢B" 1¢Sk,e;¢B"

SH(Beg, | Ay 10 € Si) +H (B, [ Ae,Ci g Si)+ Y H(AL)

1€Sk,e;€B”

e €B i€ S (V(C)—H(C)+V(Ae 1i € Spes € B)+ S H(A,)

z‘géSk,eiEB”
+H{e;eB":i¢ S} (V(C)—H(C)+V (A, :i ¢ Sk,e; ¢ B')+V(O)
[from Lemmas [2.1.8 and [2.1.9] inequalities (2.1.6)) and (2.1.7])].

=H (B, | Ac, 11 € S5) +H(Beg, | A, C i@ S) + > H(AL)

e, B

+(|B"+ 1)V (C)— |B"|H(C)+V (A, :i € Sy,e; & B")+V (Ae, 11 ¢ Sp,e; ¢ B')

]

Lemma 2.1.22. Let A,,,...,A.,, B , B, and C' be vector subspaces of a vector

ESjl,... S

7|8

spaces V. For each eg, € B', we define Besk = Besk N @ A’ej and
JESk

C:=CN (@A’ej + Eesk> :

es, \J&Si

We have A, ,..., A, , l%es_ e l%es_ and C' satisfy hypothesis in Lemma|2.1.19 and
J1 J‘B/l
H(Beg, | Beg, ) <H(Bey | Ar, 11 € Si) + V (A, 10 € Sp), (2.1.9)

H(C|C)<V(CO)+ Y [H(C| A, Bs, i ¢ S)+H(Bey | A, i € S)]

€sy, enB’

+ Y [V(Aq i ¢ S+ V(A i€ Sp)]. (2.1.10)

€sy, en’

Proof. By definition, we remark that (A’e e AL C’) is also a tuple of complementary vec-
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tor subspaces and the other conditions in [2.1.19|are also true. We only show last inequality:

|

H(C|C)<H(C|O)+ > H(C|Oﬂ DA, + B,

eskEBl i¢ Sk
:H(Cyé)+ > H<C\Cﬂ DA, + Beg, )
eSkEB/ i¢5k
—+ Z H(Cﬂ ZAei‘i‘Besk |Cfm @Aéi_‘_éesk )
s, €8 5 ifSi

<H(C|0)+ ¥ H(O| @Aei—i‘Besk) + > H(ZAEZ- | @A;)

eSkEB/ 1€ Sk esy, en’ 1¢Sy 1Sk

+ > H (Besk | Besk) [from Lemmas [2.1.8]and [2.1.9] and inequality (2.1.9))]

€sy, eB’

<v(Ee)+ ¥ {H(C|AeipBSk ;¢¢Sk)+H(BeSk |Aei:z'eSk)}

€sy, eB’

+ Z [V (A, :i ¢ Sp)+ V(A :i€Sk)] [from (2.1.6))]

€sy, eB’
0

The following theorem finally shows our first method for producing characteristic-dependent

linear rank inequalities.

Theorem 2.1.23. Let B = (B') = (es,) be a nxm binary matriz over a finite field B, m <n

and t; > 2, m > mg > -+ >m; > ---mq > 1 integers. We suppose that rank(B) = m;

if char(F) divides t;, and rank(B) = m in other cases. Let A.,,..., A.,, B B,
|87

and C be vector subspaces of a finite dimensional vector space V over a finite field F. Then

esjl7..., s

(i) For each k = 1,...,s, the following inequality is a characteristic-dependent linear rank
inequality over fields whose characteristic divides []t;,
i<k

H (A, B.y.C:es, € Ble, € B'.C € B") + (BB + |B') H(C) < myI (Ay:C)

+ 3 [H(Beg, [ Ae, C1i ¢ Si) +H (Beg, | A, i € Si)| + (1B +1) Y H(AL)

eskEB/ e, €8

(B |8+ 1B"| + (B +1B) [H(C | Ay) + 3 T(Agye:C)

ei€len]
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+ Z [V (A, 11 € Sp,e; ¢ B")+V (A, 11 ¢ Sk,e; ¢ B")].

esy, eB’

(ii) The following inequality is a characteristic-dependent linear rank inequality over fields

whose characteristic does not divide t = [[t;,

H(C) < ;H (Aejs Bes, Cies, € B e; € B',C € B") + H(C| Ag,)

+ 3 1(Ap-eiC) + > [H(C| A, Bs, i ¢ Si) + H(Beg, | Ac, i € Si)]

ei€len) es, €8

+ Z [V(Ael’L%Sk)—i-V(AelZGSk)]

€sy, eB’

The first inequality does not in general hold over vector spaces whose characteristic does
not divide ¢ and the second inequality does not in general hold over vector spaces whose
characteristic divides t. A counterexample would be in V' = GF (p)™, take the vector spaces
A, = (i), i € [m], Beg, = <65j>, es; € B, and C = (¥ e;) Then, when p does not divide ¢,
the first inequality does not hold; and when p divides ¢, the second inequality does not hold.

We prove the theorem.

Proof. By Lemmas [2.1.20| and [2.1.21} the subspaces flel, ..., A, . B, ...,Bes_ and C

Sjp 18|

satisfy hypothesis of the Proposition[2.1.18|in a finite field F whose characteristic divides t;,

we get
H (Besi,[lej, C:es,eB,e;eB' Ce B’”) < mH (é) . (2.1.11)

On the other hand,
H (C’) <I (A[en}; C') [from C < C), (2.1.12)

H( S Bs | 3 le> < Y H(Be, | Beg,) [from Lemma 2.135].

€sy, e’ €sy, eB’ €sy, e’

Therefore,

H( > Bs,+ Y A, +C| > Bs, + ZA%JFC*) < ¥ H(Besk|Aei:i€Sk>

€sy, enB’ e, €B" eskEB’ e, B €sy, eB’

+ 3 H(Beg, | A, Ci @ Si) + (1B +1) Y H(A)

€sy, en’ e; B

+ (BB +|B"| + [B'| +1) V(C) = (IB"]|B'| + |B"]) H(C)
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+ Z [V (A, 11 € Sp,e; ¢ B")+V (A, 11 ¢ Sk,e; ¢ B")].

€sy, eB’

From (2.1.11)) , (2.1.12)), (2.1.5)) and last inequality, we can obtain that the inequality in item

(i) is true over fields whose characteristic divides t;. We can do this for any & = 1,...,s.
Noting that inequality is also true for fields whose characteristic divides to t, with
ms < my, we get that the inequality in item (i) is also true when []t;.

To prove the inequality in item (ii), using Lemma the \if:tor subspaces A , ...,
A, B " Besj
5]

characteristic does not divide ¢, we get

and (' satisfy hypothesis of Proposition [2.1.19|in a finite field F whose

eg. 3+
SJI

mH (C) <H (AL, By, C i es, € B e; e B',C € B"). (2.1.13)

es;s
On the other hand,

H (AL, B, Cies € B e;eB,C€B") <H (A, B, Ces, € B e, B,CeB”).
(2.1.14)

From (2.1.13)) , (2.1.10) and last inequality, we can derive the inequality (ii) over fields whose

€5 €5,
S] SJ

characteristic does not divide ¢. O

Corollary 2.1.24. If the dimension of vector space V is at most n — 1, then inequalities
implicated in Theorem [2.1.23 are true over any field.

Corollary 2.1.25. If some vector space in Theorem is the zero space, the inequalities

implicated are linear rank inequalities.

In case that the dimension of V' is at most n — 1, equation in Corollary [2.1.16| is trivial
and therefore in the demonstration above there exists some A, = O and ' = C = O. This
implies Corollary [2.1.24] The other corollary is also obtained in a similar way.

2.2 Two classes of inequalities

n—1

3 J — 2 inequalities that are true over finite sets of primes

Below, it is shown a class of {
(i.e. sets of the form {p:p|t}), and another class of VT_IJ — 2 inequalities that are true

over co-finite sets of primes (i.e. sets of the form {p: p{t}).

Example 2.2.1. Let n > 7 and t integer such that 2 <t < VT_IJ —land M (n,t) =n—t—2.
In Theorem [2.1.23) we take square matrices Bj, , as described in Figure with column

vectors of the form B; := B =c—e;, A=A, =¢;, withc= > e;. The rank

E[M(n,t)]—i .
JEM (n,t)]
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1 10 0

; 0
1 10 0
1 0 0 :
1 11 0
1 .0 0
1 1 0
1 10 1

Figure 2.2.1: Matrix B},
teristic.

) whose rank is M (n,t) or M (n,t) — 1 according to the charac-

n,t

of By i8 M (n,t) when char (F) does not divide ¢ and is M (n,t) — 1 in other case. We

n,t)
/ _ 1 _ . 11 _
have BBfww,t) =t+1, Bl =M (n,t)—t—1, B 0 and
M(n,t)
V(C)=H (C | A[M(n,t)}) + > I<A[M(n,t)]—i; C)
i=1

V(Ag) =1 (A[k—l]; Ak) ,
\Y (AZ RS [t + 1] — k) =1 (A[k]; A[k+1,t+1]) ,
V(A€ [M(n,t)] — k) =1 (Ap; Aprrarnay) » for each k € [t +1].

Then, for any Ay, A, ..., Ayny), B, Ba, ..., By and C subspaces of a finite dimensional

vector space V' over a finite field F, we have:

(a) If char (F) divides t,

H (Bys1), Ajrarnay) + (E+2) (M (n,t) —t — 1) H(C)

M(n,t)
< (M (1) = DI (Apra C) + (£ +2) > H(A)

i=t+2

M(n,t)
Fl(t+2) (M (nt)— 1) — 1 (H (€1 Ausuan) + 2 1 (Ao 0))
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t+1

+3 (H(B: | Ai,C) +H (Bi | Aprgnay—i) + 1 (Aw; Apprasy) +1 (Ao A) ).

(b) If char (F) does not divide t,

1 M(n,t)

H(C) < H (B[tJrl}aA[tJrZ,M(n,t)]) +H (C' | Appr(n,y) )+ Z I( (M (n,t)— Z,C)

— M (n,t)

t+1

+ Z ( (C'| Ai, Bi)) + H (B | Apps(n,t)— z) +1 (Am; A[H—l,M(n,t)}) +1 (A[i—1}§ Al» :

Corollary [2.1.25 shows that each inequality presented in Example [2.2.1] cannot be deduced
from a higher order inequality by nullifying some variables. In fact, using Corollary [2.1.24],
we can say more about the class (a) of these inequalities: for n € N and p prime, the

function that counts all the powers of p less than or equal to n is denoted by ¢ (n,p). In

Example [2.2.1] for each power p* less than or equal to VT_IJ — 1 is determined an inequality

in n variables which is true over fields whose characteristic is p. Thus, ¢ (VTAJ — 1,p)
inequalities in n variables, which are true over fields whose characteristic is p, are produced.
By Corollary each of these inequalities holds over any characteristic if the dimension
of V is at most n — p* — 3. Hence, inequalities implied by the inequalities determined by p,

.., p~! are true over any vector space when the dimension is at most n — pi~! — 3 while the
inequality determined by p’ does not hold over vector spaces of dimension n — p'~! — 3 and

characteristics other than p. We have the next corollary.

Corollary 2.2.2. For eachn > 7 and p prime. There exist p (VT_IJ — l,p) characteristic-
dependent linear rank inequalities that are true over fields whose characteristic is p, such that

the inequality determined by p' is independent of all inequalities determined by p’, j < i.



3 Method Il for Producing Inequalities

This method is developed with helping of the technique of the kernel presented in [23]. That
technique was used for producing lower bounds on the information ratios in linear secret shar-
ing from ports of Fano and non-Fano matroids over fields where these are not ideal. We note
that this can be improved in order to produce characteristic-dependent linear rank inequal-
ities that also imply lower bounds on the mentioned ratios. So, in this chapter as previous
one, we show a theorem that produce inequalities. Initially, using a port of the Fano matroid
as guide, we adapt some propositions of [23] in order to deduce a conditional characteristic-
dependent linear rank inequality that we later turn into characteristic-dependent linear rank
inequality; this is a particular case of the method. We then show the described theorem that

produces inequalities using as guide non-singular matrices over some fields.

3.1 How to use access structures

We start by proving.

Lemma 3.1.1. Let W, X4, ..., X,, be vector subspaces of a finite dimensional vector space
V' over a finite field ¥, such that
-W S ZXM

-Wn (ZX}) =0 for all k.
i#k
Then, there exist subspaces X; < X;, fori=1,...,m, such that
ik

(i7) (Xl, o X, W) is a tuple of complementary vector subspaces,

Proof. In case W = O, we can take X; = O for all i. Otherwise, we can assume

W, X1,...,Xm #O.

99
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Let (e;) be a basis of W. We remark that each e; can be written as e/ with e/ € X; by
J

hypothesis. Define
X, = <e{ g > .

To prove item (i), we take x € X} N <ZXZ~>. Then z = Ya;el. So,
ik j

>ajej =D iy el
J i J
= Z&jef; + Zaief.
J

itk
Thus,

Zozjej eWn (ZXZ> ,

i#k
which implies that > aje; = O by hypothesis. Since (e;) is a basis, o; = 0 for all ¢. In other
J
words, x = O. Hence, (i) is true. In particular, this implies that X N (Z)_Q> = 0, and
T

since by definition W < ZX'Z-, it follows that (ii) is true. We also note X is generated by at

most H (W)-vectors; therefore, by Proposition and (ii), we have (iii) is true. O
Lemma 3.1.2. For any vector subspaces X1, ..., X, of a finite dimensional vector space V

over a finite field F, we have

STH(X,) = [(Xp; -+ 1 X,) < STH(X, X)),
i 1<i
Proof. The proof is by induction. The case n = 2 gives a straightforward information

identity. We suppose the case n — 1 holds, and we show the case n,

i

i<n—1

<HMXiN---NX,1,X,)+ > H(Xy,X;) [from cases n =2 and n — 1]

1<i<n—1

<HX,X.)+ >, H(X,X)

1<i<n—1

=Y H(X;, X))

1<
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]

Remark 3.1.3. It can be used software such as Xitip to note that inequalities in previous
lemma are in fact Shannon-information inequalities; nevertheless the vector space structure

provides a simple proof in the class of linear random variables.

3.1.1 A particular case

We next define a characteristic-dependent linear rank inequalities using as guide a certain
properties of the port of the Fano matroid at ¢: This port is given in Example [1.4.6l The

following set is a subclass of authorized set:
{aiby, azba, asbs, arazas} ;
and the following set is a subclass of non-authorized set:
{brasag, aybsas, ajasbs, bibabs} .

The following lemmas abstract these properties:

Lemma 3.1.4. Let Ay, Ay, A3z, B1, By, Bs and C' be vector subspaces of a finite dimensional
vector space V' over a finite field F, such that

(i) C is a subspace of each Ajg, Ay + By, Ay + By, A3 + Bs.
(i) C'n A[273] =CnNnAus=0Cn A[g] =0,

(i) CNB,=CNBy,=CNBs=O0.

Then
4H (C) < H(A;) + H(A2) + H(A3) + H (kerg) , (3.1.1)
where the linear mapping ¢ : C' — AﬁlAl &) Aj‘]iig Asﬁsﬁs s given by

¢ (c) == ¢ (a1 +ax + a3) = [a1] 4,04, + a2] 1m0 4, + (03] 2504, »

when we take X; = A; with m = 3 and X; = A; in Lemma ' and we take X, = flz with
m =2, X1 = A; and Xy = B; in Lemma|3.1.1, for each 1.

Proof. We remark that in case C' = O, the inequality is trivial and therefore ¢ = 0. When

some A; or B; is null, it is easy to prove that C' = O. We thus assume that all subspaces are
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not null. So, we have the inequality

C A
H <H|—= —
(kenb) N (Al N Al)

_l_

(k) ks
Ay N Ay Az N As

Then,

Therefore,
4H (C) — H (ker) < H (Ay) + H (Ay) —T(Ay; Ay)

+H (Az) +H (Ay) = T(Ag; Ay) + H (As) + H (A3) — 1 (As; 4s)
[from (iii) in Lemma
4H (C) — H (kerg) < H (Ay, Ay) + H (Ay, Ay) + H (43, As)
[straightforward information equality].
Noting that H (AZ-, flz) < H (A4;), we get the desired inequality. ]
Now, we produce a conditional characteristic-dependent linear rank inequality.

Lemma 3.1.5. Let Ay, Ay, A3, By, By, By and C be vector subspaces of a finite dimensional

vector space V' over a finite field F with characteristic other than two, such that
(i) C is a subspace of each Ay, Ay + By, Ay + By and Az + Bs.

(ii)) C N (Apg + Bi) = CN (Aws + Ba) = C N (Ag + Bs) = O.

(iii) C N B = 0.

Then,
AH(C) < H (A)) + H (Az) + H (43).

Proof. From (ii), we can derive
CﬂA[Zg} =CnNAs :CﬂA[Q] =0

and
CNB,=CnNBy,=CnNB;=0.

From this and (i), Lemma can be applied. Hence, the inequality is true, and it is
enough to show that ker (¢) = O. We take ¢ = a; 4+ as + a3z € C such that ¢ (¢) = O, where
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a; € A; and we check that ¢ = O. By definition, a; € A; N A;. From (i) in Lemma m,
there exists b, € BZ for each 7 = 1,2, 3 such that a; + b; € C. Hence,

ag+a3—b1:c—(a1+bl)GCH(A[273]+Bl>,

a; +az — by = c— (azg +b2) € C'N (Aiuz + Ba),
a1 +as—by=c— (a3 +b3) €CN (A[2]+Bg),
but from (ii),
az + az = by,
ai + az = by,
a1 + ag = bs.
Then,
by + by +bs = (az + a3) + (a1 + az) + (a1 + az) = 2c.
From (iii), 2¢ = O. As the characteristic of F is other than two, it follows ¢ = O. O

We produce a characteristic-dependent linear rank inequality that is true over fields whose

characteristic is other than two.

Theorem 3.1.6. Let Ay, Ay, As, By, By, B3 and C be vector subspaces of a finite di-
mensional vector space V over a finite field F. The following inequality is a characteristic-

dependent linear rank inequality over fields with characteristic other than 2:

1
H(C) < (H(A) + H(A2) + H(Ag)) + H(C | A1, Az, Ay)
+I (Ov BlaBQ7B3) +H(C | AlaBl) + H(O | A27B2) + H(C | A3yB3)
+I (C;AQ,Ag,Bl) + I (C;AbAg,BQ) —|—I(C, Al,AQ, Bg) .

Proof. Let
CO=CNnAgN (A +Bi)N (A2 + Ba) N (As + Bs);

we have
H(C'|CO) <H(C|Ag)+H(C|A,By)+H(C| Ay, By) + H(C | As, B) .
Recursively, define CM | a subspace of C(©) which is a complementary subspace to Apg + B

n

CcO 4 (A[z,g] + Bl) )
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we also have

H (C(O) | C(l)> = I (C(O Agg Bl)
<I (C; Az, Bl) ;

define C®, a subspace of C") which is a complementary subspace to Ays + Bs in
CY 4 (Ays + By);
we also have
H (C’(l) | ) (C(l);A1u3,BQ>
<I(C; Awus, Ba);

and define C®, a subspace of C'® which is a complementary subspace to Ap + Bz in
c® 4+ (A[z} + Bg) :

we also have
( c® | 0(3)) ( ;A[2]7B3)
<1(C; Ay, Bs);

Now define by C, a subspace of C® which is a complementary subspace to B3 in Cc® + B3;

H(CW|C) =1(C%; By)

<1(C:Bm)

we also have

Using all these inequalities we can derive
H(C|C)=H(C|CO)+H(CO|cW)+H(CM]|c®)

+H(C® | C®) +H(CP | C)
[definition of |
<H(C| Ay) +H(C | Ay, By) + H(C | Az, Bo) +H(C | Ay, By)
+1(C; Ay, Br) +1(C; Aws, Ba) +1(C;5 Ay, Bs) +1(C; Byg)) -

By definition of C, we also have that A;, Ay, As, By, By, By and C satisfy Lemma .
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Hence

4H (C) < H (A1) + H (Az) + H (43) .

From this and previous inequality, we obtain the desired characteristic-dependent linear rank

inequality. [

We remark that inequality does not in general hold over fields with characteristic two, and
of course taking the columns of a representation matrix of the Fano matroid, we can check
it.

3.1.2 Other access structures

For a m X m binary matrix B = (B') = (eg,), with S; = {j : Bijay = 1}, we again use the
sets:
B = {es, : 1 <|Si| <m},

B":={es, : |Si| = 1},
and in this charter we always take

B" = {es, : |Si| = m} = 0.

We suppose that |det (B)| =t > 1, for some ¢t € N.
This type of matrices can be used to define matroid ports which are ideal over some fields

(representable matroids). We consider an access structure on
P = {bes, s es, € B} U{ac, i€ [ml},
such that the following set is a subclass of the collection of minimal authorized sets:

{(ac)igs, bes, = €5, € B} U{ac, -+~ ac, }

and the following set is a subclass of the class of non-authorized sets:

{(aei)iesj besj Leg, € B'}.

Let Pp be the subset of participants indexed by the columns of B. When we can add Pg to
the subclass of minimal authorized sets or the subclass of non-authorized sets; we produce at
least two different classes of access structures. In the following sections, each participant is

associated to a vector spaces: a., is associated to a vector subspace A.;; b, is associated to a
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vector subspace B,,; the dealer p = c is associated to a vector subspace C. Then, the classes
defined above are used as a guide to determine the properties that must be satisfied by the
vector spaces in order to derive some inequalities. The following proposition is obtained using
Lemma . We note that it expresses the fact that ac, - - ac,,, (ac)gg, beg, are minimal

authorized sets.

Proposition 3.1.7. Let A.,, fori € [m], Beg . fores; € B', and C' be vector subspaces of a

finite dimensional vector space V' such that

-C <A, N < > A+ Besj> , for each j,
i¢S;

-CNApe,—, =CN > Ae, + Bes) =0, forallj, es, € B and k ¢ S; .
JESiitk ' .
Then, we have vector subspaces A.;, < A.,, 1 € [m]; A < Ae, for eachi & Sj and Beg < B
for each es, € B’ such that
- (flel, o A, C’) is a tuple of complementary vector subspaces,
- (Afj, Eesj ,Cii ¢ Sj>, for each es, € B', is a tuple of complementary vector subspaces,
- the dimension of any of these subspaces is H (C'),

- these subspaces are unique except isomorphism.

3.1.2.1 A convenient linear mapping
We can ensure that the following mapping is well-defined by Proposition [3.1.7]

Definition 3.1.8. We define the following linear mapping

A,
o O B o,

c— pp(c) = pp (;al) = zz: [ai](ﬂAei)ﬂAei |

where

A, = {A‘;ﬂ' i ¢ S; for some j};
we take A., as {O}, in case that ¢ € S; for all j.

Remark 3.1.9. There is a correspondence between A., and the subset of columns of B given
by

B, = {esj i ¢ Sj};
again, we take B, as {O}, in case that i € S; for all j.

Lemma 3.1.10. For any vector subspaces Ae,, ..., A, , B ., Be and C' of a finite

S

7|

eq. 3+
SJl

dimensional vector space V over a finite field F such that
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(i) C <A N <% Ae, + Besi>, for each eg, € B'.
JE2d
(i) CN A, —c, = O, for each i.
(iii) Cﬂ( > A, —l—BeS) =0, foralles, € B and k ¢ S, .

J¢Si,i#k

Then,
1 X8| H(0) < STIBLIR(AL) + H e (o)

Proof. By definition of ¢, we can derive the inequality
ker (op) i (NAe,) N A,

H(C) — H (ker (pp)) Z[ ( )—I(/_lei;ﬂflei)]

So

then

H(C) - H(kerpp) + > > H(AT) <Y

7 65]. EBE'L i

H(A,)+ Y H(A%) -1(A;NA,)

65]. EBe,L-

<M M H (Ae“ Afz?) , [from Lemma [3.1.2].

7 es; €L,

Since H (Afj) =H(C), > 1=|B,|and flei,Aij < A.,, we get

eSjGBei
H (C) — H (ker (pp)) +Z]B[H <Z|B|H ) s

which implies the desired inequality. O]

Lemma 3.1.11. For any vector subspaces Ae,, ..., Ae,,, Bes v, Beg  and C of a finite

J B!
dimensional vector space V' over a finite field F whose chamctemstic does not divide t, such
that

(i) C < Ae, N ( % A, + Besi>, for each eg, € B'.
JESi

(i) CN Ape, =C1 (erJ +Bes> =N ( > A +Bes> =0, foralles, € B
¢ JES; Jj¢S;,j#k
and k & S; .
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(i) C N B = O, where B is the sum of all vector subspaces indexed by the columns of B.

Then
ker (pp) = O.

Proof. We take ¢ = > a; € C such that ¢p(c) = O, where a; € A;, and we have to show

¢ = O. By definition of B,

a; € A,n| (N AS

65]. EBei

Hence, a; € Aesf for all eg, € Be,, and therefore

ZCLJ‘ € ZAE;

J¢Si JESi

From (i) in Lemma [3.1.1} there exists b; € B, for each eg, € B such that ¥ a; 4+ b; € C.
' J&S;

Hence,
Z(Ij - bz = Zai - (ZCL]‘ + bz) eCn (ZAGJ' + BeSi) s
JES; % ]§é5’1 JES;
but from (ii), this implies
> a;=0b; forall eg, € B'.

JES;

These equations define the following matrix equation

b1
aq b
. |B’]
BT | = w0 (3.1.2)
am
b‘BlI‘
where the vectors b, ..., b8’ are omitted when B” is empty; in other case, b is set to be
a; if e; € B”. Since char (F) does not divide ¢t = |det (B)|, the matrix B is non-singular.
Therefore, each a; can be written as a linear combination of by, ..., b, bt ..., bIB"l which
implies that ¢ € B. From (iii), it follows ¢ = O. O
Corollary 3.1.12. For any vector subspaces Ae,, ..., A, , Bes]. yoooy Beg and C' of a
1

dd
finite dimensional vector space V' over a finite field F, such that
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(i) C <A N < % Ae, + Besi>, for each eg, € B'.
JESs

(i) C N Ap,j—e;, =CN (é A, + Besi> =0CnN (‘gsz‘;ékAej + Besi> = O, for alleg, € B
JE9i JESI
and k ¢ S;.

Then, the mapping
ok : ker (pp) = By,

cr— @ () = 3 a; = by
JESkK

is an one-to-one well-defined linear function for each es, € B'. Also, if the k-column of B

is a linear combination of the columns of the submatriz of B denoted by Bx, k ¢ X. Then,

op (ker(pp)) € D Ag+ Y B

e;€EBxNB" ESiEBxﬁB’

Proof. We can follow line-by-line the proof of the previous lemma to obtain that there exists

an unique by € < > Aj> N Besk C Besk- So ¢% is well-defined. Since the written of each
JESk

c € ker (pp) is unique, ¢% is also an one-to-one linear mapping. Also, if the k-column of B

is a linear combination of the columns of By, from equation (3.1.2), we have that b is a

U (V) . Therefore, b, € > A.,+ X B O

e;€BxNB" eSiEBxﬁB’

linear combination of (b, )j €By ieBx

3.1.2.2 Characteristic-dependent linear rank inequalities

Theorem 3.1.13. For a m x m binary matriz B such that B” = () and |det (B)| =t € N,
t>1. Let A.,,..., A.,,, Besj e BeSj and C be vector subspaces of a finite dimensional
1 |B/‘

vector space V' over F. We have

o The following inequality is a characteristic-dependent linear rank inequality over fields

whose characteristic does not divide t:

1
HC) < ——) |B,,

H(Ae)+H(C | Ap,)) +1(C; Ay, Beg, s e € B e, € B)

3 1(Ci A —e) + > T(CiAl, Bey, 15 ¢ Shj #1)
i es, €B'i¢Sh.

+ > [H(C|Ae, Bes, 5 ¢ Si) +1(C5 Ay, Beg, 15 € Si)]

€s; enB’
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e Fized k € [m] such that es, € B'. The following inequality is a characteristic-dependent

linear rank inequality over fields whose characteristic divides t:

H(C) < 2+Z SRR [Z B, | H (A (Besk)]—kH (C'| A, Bes, e € B es, € B)
H(C| Apn)+ Y H(C| A, By :j¢Si)
es, EB’
Y (CiApe) + X 1(CiAe By, 5 ¢ Snd #1)
i es) €B'i¢Sh.

+ > 1(Ci Ay, By 1 € S)) +ZI((J Ay Beg, ies, €Ble; € B j #1) .

€s; en’

The inequalities do not in general hold over fields whose characteristic is different to the
mentioned. As in Theorem a counterexample would be in V' = GF (p)™, take the
vector spaces A., = (&), €; € [em], Bey, = <€5j>, es; € B', and C = (Y e;) Then, when
p divides t, the first inequality does not hold; and when p does not divide ¢, the second
inequality does not hold.

Proof. To prove the first inequality: let F be a finite field whose characteristic does not
divide ¢. Let

CO =N A, N [ N (ZAQJ, + Besi)

631.68/ ]%Sl

We have
H(C|CO)<H(C|Ap)+ Y. H(C|A,, By 1 ¢Si).
esiEBl
Recursively, for i € [m], denote by C'?, a subspace of C~! which is a complementary

subspace to 3 A, in

J#i '
Cl 43 A,
i
We have
H(COD | CW) <1(C3 A, j #1).
Let Cl% = C™ and recursively, for each i ¢ Sj,., denote by Cl! | a subspace of CL'

J1 J1 J1
which is a complementary subspace to >3 A, + Bes in
JES;y 370

C[ J1}+ Z A61+B€S
J¢Sj,,5#0
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We have
H(CIST | CH ) S 1(Ci A, By, 5 ¢ 8500 #1).
In a similar way, we define C’g_ = Cg:] s e C’g_ = C’f[z’:] until to find a subspace
J2 J1 9|B!| 9571

C© =™ that holds

I|s|

H(C™ [CO) < > 1(CiAe, Beg, 15 & Sni #1).

es,, €B i¢Sh,.

Recursively, for i, with eg, € B, denote by C, a subspace of C~1) which is a complemen-

tary subspace to Y- A, + Beg in
JES; ¢

o1 4 ZAEJ' + Bes, | -
JES;

We also have
H (C(i—l) | C(i)) <1 (C(i—l);AeJ_’ B, 1j€ gi) .

Define by C, a subspace of C18'D which is a complementary subspace to

eSiGB/ e; B

in
clBD + B.
We have
(O | 6) £1(C A0 By 0 B s, € ).
J
Hence,

H(C|C)=H(C|CO)+H(CO |Cm)+H(CM | CO)
+H (CO | ¢U8D) 4 H (008D | 6)

SH(C|A[em]) + > H(C’|Aej,BeSi :j§é5¢)

es; e’

(G A e) + Y 1(CiA Beg, 1 ¢ Sui # )

es, €B',i¢S},.

+ > I(C’; Aejy Beg 1 j € Si) +I(C’;Aei,BeSj re; € B eg, € B') )

es; eB’
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Since A, ..., A.,,, Besj ,...,Besj and C satisfy hypothesis in Lemma [3.1.11, we have
1 |Bl|

ker (pp) = O. Therefore, as these spaces also satisfy hypothesis in Lemma [3.1.10), it follows

[1 S |Bez.|] H(C) < X IB.IH(A,).

Using the last two inequalities, we can obtain the described inequality:

H(C) = H(C | Ap,)) = > H(C| Ay Beg, 1§ ¢ 5i)

€s; e’

— S I(CiAp-e) = Y I(CiAl Bey, i ¢ Sk #i)

i€[m] es;, €Bi¢Sp.

— Y I(C3 A, Bey 15 €S;) —T1(C5 Aey, Bey i€ B 65, € B) <H(C)
esiGB/
1

< ———— |Bo,|H(A,,).
< s B H ()

i

To prove the second inequality, let k& € [m] such that es, € B’ and let F be a finite field

whose characteristic divides ¢. Let

clol ;:CﬂBﬂA[en]ﬂ [ m (ZA6j+B€si)

esiEB’ J¢S:

We can apply to Cl% the same argument applied to space C'% in the proof of the previous
inequality, we therefore obtain a subspace C{% := CUB') Recursively, for i € [m], we denote

by C1}, a subspace of Ct~1} which is a complementary subspace to

Z Besj +< Z Aej)

es, B! j#i e €B j#i
in
i1 .
iy s e X oa);
es; €8 j#i e;€B j#i
we have

H(CU | 0W) <T(Ci A, Bey, e, € Be; € B',j #1)

We define C := C1™. We note that C < B and C' N By = O, for all By (where By is the

sum of all vector subspaces indexed by the columns of the submatrix By of B), and the
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following inequality is true
H(C|C)=H(C|C™) +H(C|C)

<SH(C|Ae, Beg, cei € B es, € B) +H(C | Ap,) + Y H(C| Ay, Bey 15 ¢ 5)

es; eB’

(G A e) + Y 1(CiA Beg, 15 ¢ Sui # )

es, €B',igS},.

+ Z I(C;Aej,Besi (jE SZ-) + ZI (C’; Acj Beg, tes; € B.e;eB" j# z) . (3.1.3)

€s; enB’

The vector subspaces A.,,..., Ae,,, Beg ,...,Beg  and C satisfy hypothesis in Lemma
J1 J|81|
3.1.10, Thus,
1 18| 1(C) = B 11 () + H e (o). 314

On the other hand, as B is singular over fields whose characteristic divides ¢, without loss
generality, we suppose that there exists a submatrix By such that eg, is a linear combination

of the columns of By. So, from Corollary [3.1.12]
H (ker (pp)) <1 (Besk;Aei, Beg, e € Bx N B’ es. € Bx N B’) )

From Lemma taking W = C, X, = A, or X; = Besz_ according to e; € By N B" or
es, € Bx N B’, we obtain

H(C)+1(Beg,; Aeis Beg, €6 € B' e, € Bi £ k) <H (Bey, ) [we note that X} N By = O]
which implies
H(C) +1(Beg,; Acsy Bes, s €i € BxN B e5, € By NB) <H (B, ) -
Hence, we have the inequality
H(C) + H (ker (95)) < H(B.g, ) -

Therefore, from inequality (3.1.4)),

24 XI5 H(0) < S IB 1 (40 +11(5.,).
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From this and inequality (3.1.3]), we obtain the desired inequality:

H(C)=H(C | Ap,)— > H(C Ay, Beg 15 ¢ 8;) —H(C| A, Bey e € B' e, € B)

(G Ae) = X 1(CiAg Beg, 15 ¢ Snd # )

7 esheB’,igésh.

_ Z I(C;Aej’BeSi 1j € SZ-) — ZI (C;Aej,Besi tes; € B’7ej € B j+ Z)

eSiGB’
<H )+ H (Besk)> .

<H(C) < 2+EIB&

(Z B,/ H

7

]

In case that there exists ¢ such that A., = O or Besi = O, then C =C =0. We can use

this to obtain that the inequalities are trivial.

Corollary 3.1.14. If some vector space in Theorem [3.1.9 is the zero space, the inequalities

implicated are linear rank inequalities.

3.2 Two classes of inequalities

Example 3.2.1. Let n > 7 and ¢ integer such that 2 < ¢t < [ J land M (n,t) = n—t—2.
We remark that the determinant of the Matrix B! M(n,y 0 Figure - 1s +t. So, in Theorem
, we take square matrices Bf\/[(n,t) with column vectors of the form B; := Beyimi—i =
c—e, A=A, =€, withec= Y e;. We have:

JE[M (n,t)]
‘det (BY )’ =,
- / f—
Birin) t+1,
/1 _ o
- Bt = M (n,t) —t—1,

-|B.,| =1 fori e [t+1] and |B,,| =0 for i € [t +2, M (n,t)].
Therefore, let Ay, As, ..., Ar(ny), Bi, Ba, ..., By and C be vector subspaces of a finite

dimensional vector space V over a finite field F. We have

o The following inequality is a characteristic-dependent linear rank inequality over fields

whose characteristic does not divide ¢:

< t—|— o Z H(A +I<C Bii11), A[t+2M nt)]) + H (C | A[M(n,t)])

1€t+1]
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+ Y (5 Apr) + X [ICB) +H(C | A Bi) +1(C: Ay Bi) |

1€[M(n,t)] 1€[t+1]
o The following inequality is a characteristic-dependent linear rank inequality over fields

whose characteristic divides ¢:

> H(A)+H(B)| +H (C’ | Bty A[t+2,M(n,t)]) +H (C | A[M(n,t)])

ic(t+1]

H(C) < —
(©) 3

3 (CA[MM)] O+ S [L(CB) +H(C | A, B) +1(C; Apsiuny—i. Bi) |

1€[M(n,t) 1€ [t+1]

+ Z I(C; By, A[t+2,M(n,t)]> + > 1 (C; Biiy ), A[t—i—?,M(n,t)]—i) :

i€[t+1] i€[t+2,M (n,t)]
Remark 3.2.2. As previous chapter, we again produce a class of VT_IJ — 2 inequalities that
are true over finite sets of primes and another class of VT_IJ — 2 inequalities that are true

over co-finite sets of primes.






4 Applications

In this chapter, we study some linear programming problems associated to closure operators,
networks and access structures. We show some application results of the inequalities obtained

by the methods presented in the previous chapters.

4.1 (k,n)-Solvability problem in closure operators

Closure operators are well known in the literature. They appear in Algebra: in Group Theory
as the subgroup generated by a set of elements in a group, the span of a set of vectors in

Linear Algebra; in Topology as topological closure; among others [7].

Definition 4.1.1. A closure operator on V is a function cl : 2V — 2V that satisfies, for all
XY CV:

e X Cecl(X).
e If X CY, then cl(X) Ccl(Y).
e cl(cl (X)) =cl(X).

The rank of cl is 7o = min {|X] : ¢l (X) = V}. If there is no confusion, we write r. A
basis B is a subset of size  whose closure is V', and a subset B that contains a basis is called
spanning set.

A matroid can be thought like a closure operator which satisfies the following property:
e Forany u,v e Vand X CV, ifuecl(XUv)—cl(X), then v € cl (X Uu).
The closure operator of a matroid can be written in terms of its rank function as follows
clp (X)) ={v:rm(X)=ruy(XUv)}.

It can be proven that cly, satisfies the property mentioned above, and any closure operator,

that holds the described property, defines a matroid.

7
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Closure solvability for network coding was initially studied in [19} 20]. In [36], we study
these papers. In the following, we propose a generalization or extension of the solvability
problem of a closure operator. Our propose presents a problem of solvability of a closure
operator on a largest class of partitions; it captures closure solvability as a particular case and
can be connected to the problem of construction of fractional solutions in network coding
and the problem of determining lower bounds on linear information ratios in ideal secret

sharing.

Definition 4.1.2. Let B be a spanning set of cl. A (k,n)-fractional partition solution
of cl related to B over A (or briefly, a (k,n)-partition solution related to B) is a family
F = ( ﬁ,) o of partitions on A"*, such that

- |l = A, if v e B.

Rl <14 ifve Vv — B

- fcl(X)‘ = ’fx ,forall X C V.
- | fv| =A™

A Dasis is also a spanning set. In case that there exists a (1, 1)-solution over A related to

some basis B, we say that cl is a solvable closure operator over A, see [42, [19] 20, 36].

Definition 4.1.3. The capacity of cl (over A related to B) respect a class of partitions D

is given by
A k : o
Csp (cl)p :=sup ok there exists a (k,n)-solution in D over A related to B ; .

We omit the subscript B when there is no confusion. The class D is usually taken as the
class of all partitions over a power of A, in such a case the capacity is denoted by C4 (cl);
we omit the superscript if there is no confusion. The class D can be also taken as the class
of all kernels of linear functions over a finite field F; in such a case, we denote Ck . (cl).

Some inequalities:

C (cl) < Cp (cl) < C(cl).
Remark 4.1.4. The entropy function of a (k,n)-fractional partition solution satisfies:
« H(v)=Fk, forallve B.

e« H(v)<n, forallveV —B.
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e H(X)=H(cl (X)), foral X CV.

Example 4.1.5. Consider the closure operator on V' = [3] given by

X, if [X] < 2.

[3] otherwise.

Uys (X) = {

In A = {0, 1}, take F, the three partitions in Example [1.3.14, We have that F is a (1, 1)-

partition solution related to any of its spanning sets. Hence, Us 3 is solvable.

The following is a partial order: cl; < cly if and only if cly (X) C cly (X) for all X C V.

We have other version of Proposition 2 in [19)].

Proposition 4.1.6. Let cl; and cly be r-rank closure operators on V. If cl; < cly and cly

has a (k,n)-partition solution related to BB, then cly has the same partition solution.

Proof. For any (k,n)-partition solution of cly, we have fyx > fch(x) > fcb(x) = fx and
thereby fch( x) = fx. Tt is easy to note that this family of partitions also holds the other

conditions of a (k,n)-partition solution of cl;. O

As shows the following theorem, solvable closure operator extends the concept of secret
sharing matroid; not all solvable closure operator is obtained from a matroid, an example is

shown in [36].

Theorem 4.1.7. [19, Teorema 2] cly, is solvable over A if and only if M is a p-representable

matroid over A.

4.1.1 Linear programming problems in closure operators

Let cl be a closure operator on V. We show a class of linear programming problems whose
optimal solutions are upper bounds on capacities of cl. For simplicity, we write Af > 0 to
mean a list A of constraints that are satisfied by a vector f. Obviously, A can be seen as a

matrix.

Problem 4.1.8. The linear programming problem of a closure operator cl (related to B)

with constraint matriz A is to determine max (f (V')) for tuples of non-negative real numbers
(f (X)) xcy such that

(i) flv)=2f(V) forallveB.
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(i) f(v) <! forallveV —B.

(iii)) f(X)=f(cl(X)) forall X.

(iv) Af>0

The optimal solution is denoted by B4 (cl) 5.

We are interested in adding many constraints to the matrix A in order to get better bounds.
When F is a (k,n)-partition solution of cl and the matrix A enumerates the constraints given

by information inequalities, we can check that

1
X):=—H(X
FX) = H(X)
is a feasible solution of the linear programming problem (see Remark [4.1.4]). Therefore, as
f (V) = £ we have

C (Cl) S B (CI)B = Binformation inequalities (CDB .

Proposition 4.1.9. Let cl be a closure operator on V. We suppose that there exist two
different basis B, and By such that By N By # 0. Then, CH (cl)B1 <1.

Proof. Let f be a feasible solution of linear programming problem with constraints

given by information inequalities. From

Yo fw+ > fw=fB)=f(B)< >, flo)+ > f(v),

veEB1NB2 vEB1—B2 vEB1NB2 vEB2—B1

we have B B B B
BB gy < 1B B

As this works for any feasible solution and |B; — Bsy| = |By — By, it follows that

Cp (cl)p, < Bia (cl)p, < 1.

information inequalities

In case of matroids, we have the following propositions.

Corollary 4.1.10. If M is a p-representable matroid over A, then
C4 (M) =B4 (M), =B4 (M) =1,

and this capacity is achieved by a p-representation of M over A.
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Before continuing, we use this notation:
« SIX]Y)=F(XUY) - f(Y);

« FXGY)=fX)+ (V)= fXUY).
Example 4.1.11. For any index set { Ay, As, A3, By, By, Bs, C'}, consider the following three

constraints:

constraint (a):

2f (A1) + [ (A2) +2f (As) < f(B1) + [ (B2) + [ (Bs) + [ (C)
+2f (A1 | B1,C) + f (Ay | By, C) +2f (A3 | Ay, Bo)
+3f(By | B1,Bs) +3f(C'| A3, B3) +5f (B3 | A1, Ay) +5f (B | Aa, As)
+5 (f (A1) + [ (A2) + f (A3) — [ (A1, Az, As)) 5

constraint (b):

f(C) <5 f(Br, By, Bs) + f(C] A1, Az, A3) + f (A, A3;C)

1
3
+/ (A1, A3;,C) + [ (A1, Ao C) + [ (C | A1, Br) + [ (C'| Az, By)
+f(C| A3, Bs) + f (B | A2, A3) + f (B2 | A1, A3) + f (B3 | Ar, A2)
+ f (A1 Ag, As) +2f (Ay, Ags As) + f (A; Az) (4.1.1)

constraint (c):

F(O)< = (f(A1)+ f(A) + f(A3))+ f(C| A1, Az, As)

e~ =

+f(C;B1,By, Bs) + f(C | A1, By) + f(C | Ay, By) + f(C'| As, Bs)
+f (O;A27A37Bl)+f(C;A17A37BQ)+f(C;A17A27B3)‘

From Example Example and Theorem [3.1.6] these constraints are true when
f is the entropy function and Ay, As, Az, Bi, By, Bs and C' are vector subspaces of a finite
dimensional vector space V over a finite field F with characteristic other than 2. If we add to
the matrix A of the linear programming problem [4.1.8] constraints given by characteristic-

dependent linear rank inequalities over fields whose characteristic is 2, then we obtain a linear

char(F)=2

programming problem in which the optimal solution, denoted by By -’ ~ (cl) is an upper

bound of Cﬁii;(lF)ZQ (cl). In analogous way, if we add the constraints given by characteristic-

dependent linear rank inequalities over fields whose characteristic is other than 2 (as the
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Ay Ay

Figure 4.1.1: Fano network.

A;

constraints (a), (b) and (c)), we obtain a linear programming problem in which the optimal

char(F)#2 char(F)#2 (Cl) .

solution, denoted by By, .. '~ (cl), is an upper bound of Cj .

4.1.2 Applications to multiple-unicast network coding

Definition 4.1.12. Let ' = (D, S,T) be a multiple-unicast network. The D-digraph of A/
is a digraph D = (V,E), where V=V and E=FEU{t;s;:i=1,...,r}.

The closure operator associated to the class of multiple-unicast networks is defined as

follows.

Definition 4.1.13. Let NV = (D, S, T) be a multiple-unicast network. For each X C V, let
R (X) = X,

c}\/(X)::XU{UEVM_QXinD},

cy (X) ==cy (cj\fl (X)) for 1 <i <|V],
and define cly (X) := % (X). The application cly : 2V — 2V, that assigns X C V to
cly (X)), is a closure operator on V| called the closure operator of N.

Consider the solvability problem of an operator of the form cly. In [36], we define the

D*digraph associated to a network deleting r-nodes of V' and creating some additional edges.



4.1. (k,n)-Solvability problem in closure operators 83

S

Figure 4.1.2: D-digraph of the Fano network.

We then define a closure operator, denoted by clp-. In [36], Definition 4.21], it was also given
a reduction of clp- denoted by clp.. It is straightforward to show that clj. = cly.. So, cly
is solvable if and only if clp« is solvable. The following theorem is a stronger version about
(k, n)-solvability.

Theorem 4.1.14. Let N = (D, S, T) be a multiple-unicast network whose closure is a r-rank
closure operator. Then, N has a (k,n)-fractional solution over A if and only if cly has a

(k,n)-partition solution related to SUT over A.

Proof. With helping of Theorem [1.3.13] we can follow an analogous argument to that pre-
sented in the proof of theorem 4.22 in [36]. O

As a consequence of the previous theorem:

Corollary 4.1.15. Let N' = (D, S,T) be a multiple-unicast network whose closure is a r-
rank closure operator. Then, N has a (k,n)-fractional solution over A if and only if cly has

a (k,n)-partition solution related to S over A.

The optimal solution of the linear programming problem for a closure operator of a
multiple-unicast network is an upper bound on the capacity of the network over codes that
hold (v):

Corollary 4.1.16. Let N = (D, S, T) be a multiple-unicast network that holds the hypothesis
of previous theorem. Then, Cp (N) < Ba(cly), where D is the class of codes that holds

constraint of A.
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Figure 4.1.3: D*-digraph of the Fano network.

The following proposition was proven in [I1, Lemma II.1]. Here we show a proof using

closure operators.

Corollary 4.1.17. Let N = (D, S,T) be a multiple-unicast network such that there exists

an unique path form some source s; to receiver t;. Then, Cp (N) < 1.

Proof. Let v; be an member different to s; and ¢; of the mentioned path. It is enough to
take By = S, By = (S — s;) Uv; and cl = clyy in Proposition 4.1.90 We emphasize that the
uniqueness of the path guarantees that s; € cl(Bs). O

We show some examples in which we use some characteristic-dependent linear rank in-
equalities. The main purpose is to show that the problem of fractional solvability of a closure

operator is not trivial and future research can be generated.

Example 4.1.18. Consider the Fano network, Figure “ In Figure [4.1.2|is shown its D-
digraph and in Figurels shown its D*-digraph. It is known that Clcl};lz;r (Fano network)
= C (Fano network) = 1, Cihar(®)#2 3
by suitable solutions. We remark that Characteristic-dependent linear rank inequality, over
fields whose characteristic is not 2, in Example implies directly the upper bound %

on the linear capacity of the Fano network over fields whose characteristic is other than

(Fano network) = £, and all these capacities are achieved

2 [14]. In [11] is shown a (4,5)-linear solution over field whose characteristic is different
to 2. Using Theorem we have Cfﬁ;r ? (clpano network) 5 = C(clpano network) g = 1,
Clcllzlael;(jg 72 (clrano network) 5 = 5, when we consider the basis B = {A;, Ay, A3}. We also remark
that we can use the linear programming problem associated to the basis {41, Ay, A3}
with the constraint (a) in Example to get directly the upper bound %, and this bound
is not imply directly by this constraint if we change the basis of problem of fractional solvabil-
ity. In effect, f (A1) = f(A2) = f(A3) = 5f (A1, A2, A3) = 3f (A1, As, A3, By, By, B3, C),
f(B1),f(Ba), f(Bs),f(C) <3, f(A|B1,0) = f(Ay| By, C) = f(As] Ay, By) = 0,
f(Ba| B1,Bs) = f(C| A3, Bs) = f(Bs| A1, As) = f(B1 | Ag, A3) = 0, then substituting
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these values in constraint (a), we have the inequality 2f (A, As, As, By, B2, B3, C) < 3.

har (F)#£2 . . .
Hence, Bﬁni;g 7 (cIFano network) < 3. Therefore, we have a non-trivial fractional partition so-

lution of a closure operator and our linear programming problem can prove that this solution

is achievable.

We study the capacity of the Fano matroid (as closure operator) over fields where it is not

representable:

Example 4.1.19. We remark that clpanonetwork S ClFanomatroid- We have the equations
char(F)=2 (clFanomatroid) g = 1, where B = {Aj, Ay, A3}, because the

C (ClFanomatroid)B - Chneal
Fano matroid is p-representable over fields with characteristic 2. We can ask the value
Cchar(F #2

lineal (Clpanomatroid) g- As Fano matroid also satisfied the constraints of the Fano network,

we have that Co2r072 (

lFanomatroid) < %. We note that the (4, 5)-partition solution that was
mentioned in above example does not work for the solvability problem of the Fano matroid.
In effect, a reason is that the accumulation functions f} and fz cannot determine the
accumulation function f& (in other words, the message of C' does not be derived from the
messages of Ajand Bj). This implies that fAl B F fcl A1,B1)- We want to recall that using

constraints (b) and (c) in Example 4.1.11|, we get the upper bounds 8 and 2

char(IF)#2
lineal

21 , respectively;

they are not obviously achievable. A lower bound on C (Clpanomatr01d> is and this is

obtained by a suitable repetition code of the Fano network (it works in this case).

4.2 Parameters in index coding and network coding

Definition 4.2.1. Let m be a natural number. A m-index coding-network is a network with
sources S and receivers T and a collection [m] of m-intermediate nodes called m-block such
that S x [m],[m] x TC E.

The network in case m = 1 is simply called index coding-network and corresponds to the
index coding instance studied in [4, 2]. In this case, the set of messages indexed by nodes
of t7— NS is known as the additional information of £. The message carried on intermediate
node is called broadcast message. In Figure is shown a general model of the digraph
of an index-coding network. We remark that the network is completely determined by
(S, E*), where E* := {(7(t),t-NS)e€ E:teT}. To refer to these networks, we write
N = (S, E*). From this, it is easy to obtain other m-index coding network N [m] = (S, E),
letting E = (S x [m])U([m] x T)UE*. The relationship between N and N [m] is established

by the following lemma.
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Ay Ajs)

Figure 4.2.1: Index coding-network model.

Lemma 4.2.2. Let m € N. A (k,n)-solution of index coding-network N, implies a (mk,n)-
solution of N'[m]. Indeed, Cp (N [m]) = mCp (N), where D can be the collection of all the

codes or linear codes.

The broadcast rate for an index coding instance is defined in [2]; this parameter is used
as measure of efficiency of transitions in index coding. It is known that it coincides with the
inverse multiplicative of the capacity of the index coding network associated to the instance.

In the following, we show some results from [5] in our network coding context.
Definition 4.2.3. Let A be an index coding-network, the following is a closure operator on

S associated to NV, for each Z C S,

(Z)=ZuU{seS:3(s,Y)E E* Y C 7},

¢ (Z):=c! (cifl (Z)) for 1 <i <|9],

we define cl (Z) := /¥ (Z).

Example 4.2.4. The butterfly network (Figure[1.3.1]) is an index coding network. Its closure
operator cl is equal to Uj 2; we note that the closure operator in previous section is different

and equals to U, 3 because these constructions are not the same.
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4.2.1 Linear programming problems in index coding-networks

We use the following linear program problems [5]: Let NV = (S, E*) be an index coding-
network. Consider a (k, n)-solution of N over A. Let Xy, ..., X|s be independent uniformly
distributed random variables (associated to messages) over A* and P be a random variable
(associated to broadcast message) over A™. Take the base of the entropy function as ].A|k
We have that the following conditions hold:

(i) H<X17"'7X|S\7P) = |S‘7
i) H(X,:i €Y | X, P:jeZ2)<|Y —cl(Z)], forall Y C Z.

Therefore, the entropic vector (H (Xy, P)) ;) is a feasible solution of the following linear

programming problem associated to A.

Problem 4.2.5. The linear programming problem of an index coding-network N is to de-

termine minf () for tuples of non-negative real numbers (f (Y))y g such that
(i) £(5) =15,

(i) vZCY f(Y)-f(2) <[Y = c(2)],

(i) YU+ f(YNZ)<F(Y)+ f(2) forall Y, Z.

The optimal solution is denoted by b (N'). The inverse multiplicative of this value is denotedE]
by B (N).

We have that B is an upper bound on the capacity of N because f (§) < H(P) < 2,
yielding C(N) < B(N). When we study the network coding problem of a network on a
determined class of codes, we can modify the linear programming problem to obtain bounds
on the capacity of the network over those codes. We are interesting in the class of linear codes
over specific fields. So, we can add constraints associated to (characteristic-dependent) linear
rank inequalities in the item (iii) of the linear programming problem . For simplicity,

we again write Af > 0 to mean a list A of constraints that are satisfied by the vector f.

Problem 4.2.6. The linear programming problem with constraint matriz A of an index
coding-network " is to determine min f () for tuples of non-negative real numbers (f (Y))y g
such that

(i) () =15,

1

in case b =10, B = o0.
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(i) VZCY f(Y)-f(2) <Y —cl(Z)],
(iii) Af > 0.

The optimal solution is denoted by b4 (N). The inverse multiplicative of this value is denoted
by]BA(Af)

We remark that when A enumerates the constraints correspond to (Shannon or non-
Shannon) information inequalities, By is an upper bound on the capacity of N; when A
enumerates the constraints correspond to (characteristic-dependent) linear rank inequalities,
B is an upper bound on the linear capacity of N over the alphabets in which the linear

rank inequalities are valid.

k
Definition 4.2.7. A linear inequality Y a;v;, > 0, I; C [n], is said to be tight, if for all j,
i=1

k
we have Y a; => «; = 0.
i=1

Jel;

For any linear inequality E a;vr, > 0, let r; be the jth residual weight, ° «;, and 7,
Jj€El;
be the residual weight, Z «;. By definition, a tight information inequality is a balanced
i=1

information inequality (r_] = 0, for all j) [9]. The proof of the following theorem is a

combination of the proofs of [5, Lemma 6.3] and [9, Theorem 1].

Theorem 4.2.8. An inequality of the form
k
daH(X;:j€l;)>0 (4.2.1)

is a characteristic-dependent (or characteristic-independent) linear rank inequality if and

only if the inequality

k

i=1 i
is a tight characteristic-dependent (or characteristic-independent) linear rank inequality and
rj,Tw > 0 for all j.

Proof. Let F be a finite field. We suppose that the inequality (4.2.2) is true over F. As
;> 0, Wegeth (X; | X;,P:j€[n]—i)>0. Therefore, Zaz (X;:j€l;|P)>0
and taking P = O this implies that the inequality (4.2.1]) is true over [F. Reciprocally, we
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suppose that the inequality (4.2.1)) is true over F. Then, it is not hard to show that the

inequality is tight. Also, fixed h, when we take n vector spaces of the form

Xi::{ 1), i=h.

O, otherwise.

We have
1 h € I,.
HX:j€el,)= ’
(X529 ) { 0, otherwise.
Therefore, from inequality (4.2.1]), we obtain that

Ty = 20@-20.

hel;

k

When we take X; := (1) for all 4, we obtain that r, =3 «; > 0. It remains to prove that
i=1

the inequality (4.2.2)) is true. In [5, Lemma 6.3], it is given a linear mapping

B R2" L r2™

Vj — Vg

with the property that each linear entropic vector in n + 1 variables over [ is assigned to

a linear entropic vector in n variables over F. Let a be the vector of coefficients of the
inequality (4.2.1)), we remark that

0 < CYTBUJ = (BT&)T’UJ = /BTUJ,

i.e. the vector § gives the coefficients of a linear inequality in n + 1 variables over F. We
affirm that § coincides with the coefficients of the inequality (4.2.2)). For commodity, we

describe BT as follows BT = B, 1B, --- B;, where

1, S=TC|n].
S=[n—iandieT.
-1, S=|[n] andieT.

0, otherwise.

and
1, S=TUn+1.

(Bn+1)ST = —1, S=n+1

0, otherwise.
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We note that Bja gives the inequality:
k
ZaiH<Xj ] - ]2) —TlH(Xl | Xj j - [2,7’LD Z 0

=1

By induction, after applying B,,, we get the inequality:
k
i=1 i

By last, we applying B, 1 to get the desired inequality. O]

Definition 4.2.9. The lezicographic product of index coding networks N; and N, denoted
by N, e Ns, is a index coding network whose source set is S; x S,. Each receiver t is indexed
by a pair (t1,t2) of receivers of Ni and N3 such that 7 (t) = (7 (t1),7 (t2)) and

£ N (S x So) = [(t7 NS1) x S| U[r () x (t; NSy)] .

The k-fold lezicographic power of N is denoted by N ¥

The broadcast rate in index coding is sub-multiplicative under lexicographic product [5,

Theorem 2.2]. So, we have that the capacity of index coding-networks is super-multiplicative.

Proposition 4.2.10. The capacity of index coding-networks is super-multiplicative under

lexicographic product, i.e., C(N7) C(Ny) < C (N o Ns).

From [5, Theorem 1.1], as the optimal solution by is super-multiplicative under the lexi-

cographic products, B4 is sub-multiplicative:

Theorem 4.2.11. Add in the item (iii) of the linear programming pmblem constraints
given by tight characteristic dependent (or characteristic-independent) linear rank inequali-

ties. Then, the optimal solution B4 is sub-multiplicative under lexicographic products.

Example 4.2.12. [5] The submodular inequality can be replaced by the following tight
inequality f (AUBUC)+ f(C) < f(AUC)+ f(BUC). The optimal solution B is sub-
multiplicative under lexicographic products i.e., B (N7 @ N3) < B (A7) B (N3).

Remark 4.2.13. Let t € N, ¢t > 2. In Example taking n = 2t + 3, we have the following
two classes of characteristic-dependent linear rank inequalities:
(a) If char (IF) divides ¢,

H (B[t+1]) <tl (A[t+1]§ C) + [t +1] (H (C | A[t+1}) + § I (A[Hl]*i; C))

i=1
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t+1

+ 3 (H(B:i | Ai,C) +H (B | Apgai) + 1 (A Ajsrsn) + 1 (Apon; 4i)) -
=1

(b) If char (F) does not divide t,

1
H(C) < - Jlr H (Bisy) + H(C'| Apgy)) + 2 I(Aps1-i:C)

t+1

+ 3 (H(C | Ai, B) + H (B | Apsai) + 1 (Apg; Ajsrsn) + 1 (Apon; Ai)) -
=1

We want to define linear programming problems, using these inequalities, whose solutions

behave super-multiplicatively under lexicographic products. We apply theorem to get
two tight characteristic-dependent linear rank inequalities:

Proposition 4.2.14. For any Ay, As, ..., A1, B1, Bs, ..., Bii1, C and P vector subspaces
of V, we get

H (B[t+1] | P) + ti H (Bi | A1), Biey—i: €, P) +(t+1)H (O | Afetys B[m],P)

i=1

<t (A[t+1}; C | P) + [t + 1] (H (C’ | A[t+1],P) + § I (A[t+1}—z'; C | P)>
i=1

t+1

+ Z: (H (Bi | A, C,P) +H (Bi \ A[t+1]—z',P) +I(A[i]§A[t+1]—[i] | P) + ](A[i—l];Ai | P))
- (4.2.3)
when char(F) divides t;
t+ 2 t+1
H (C ‘ P) + (t + 1) H (C ’ A[t+1}7 B[t+1]7 P) + m Z H (Bi | A[t+1], B[t—&-l]—iy C, P)
=1
1 t+1
L (B[t+1} | P) +H (C | A[t+1],P> + ; I (A[t—i-l}—i;o | P)
t+1
> (H (C|A;,B;, P)+H (Bi | A[t-i—l]—iaP) +1<A[i];A[t+1]_[i] | P) +I(A[i—1}§Az’ | P))
i=1
(4.2.4)

when char (IF) does not divide t.

Proof. Fixed t, we apply Theorem to the two inequalities in previous remark. We
note that r4, = 0 for all i, rg, = 1 for all 4, /¢ = t+ 1 and r, = t* + 5t + 2 in the
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first inequality; and r4, = 0 for all ¢, rp, = ﬂ—? for all i, rc =t+1 and r, = 3'52;#
in the second inequality. In Theorem , an expression of the form H(X,:j€ ) in a
inequality is turned in a expression of the form H (X, P: j € I) in the inequality (4.2.2).
Noting that for any X, Y and P vector subspaces, the following identities hold I (X;Y | P) =
HX|P)+HY |P)—-H(X,Y|P)and H(X |Y,P)=H(X,Y | P)—H(Y | P), we have
that an expression of the form H (X : j € I | X; : j € J) is turned in a expression of the form
H(X;:j5e€l|X;,P:jeJ), and an expression of the form I(X,:je ;X,;:j€ J|P) is
turned in a expression of the form H(X,:j€ I;X;, P:j € J). With this in mind, it is
straightforward to verify that the described inequalities in this corollary coincide with the

tight forms of the mentioned inequalities. ]

We use these inequalities to define two new linear programming problems adding the
constraints imply by each one of theses inequalities to the matrix A of LP with constraint
matrix given by submodular inequality. The linear programming problem which use the first
inequality, we shall call LP-A;, and the linear programming problem which use the second

inequality, we shall call LP-B;. The optimal solutions are denoted by b4, and bg,.

Corollary 4.2.15. The following inequality is a constraint which is satisfied by LP-Ay, this
is obtained from inequality and Theorem

t+1

[tQ + 5t + 2} fO)+t+2f (A[tﬂ}) )Y f (A[tJrl}fi, C) +f (B[tJrl])

1=1

t+1

+2(t+1)f (A[t+1}, Bi1, C) + Z F(A,C)<(t+1)f (A[t+1], B[t+1]) +f (A[t+1], C)
i=1

t+1 t+1

30 (A=) + (2 +30 1) £(O) + Z [/ (B, Ai, ) + f (Biy Apr—s) + f (A |

t+1

+ Z [f (A[i—l}) + f(A)+ f (A[t+1]7 B[t+1]_i70)] ; (4.2.5)
i=1

in analogous way, the following inequality is a constraint which is satisfied by LP-B;, this is

obtained from inequality and Theorem [4.2.8,

3t2 4+ 5t +3 a1
Tf @)+ 2t +3) f (C, Ay, B[t+1]) + Z f (A[t+1}—i> C) +(t+2)f (A[t—i-l])
i—1

t+1 t+ 2 t+1
+2 J(AnB) < (t+1)f (A1, Bpsy) + 1 Z f (A, By, C)
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Figure 4.2.2: Index coding-network from matroid Us 3.

+t+11f (Busy) + £ (C, Apany) + £ (C) + ; [ (C, A, By) + f (Bi, Ay )|
t+1
+ ; {f (A[t+1]—[i]) +f (A[i—l]) +f (A’L)j| : (4.2.6)

Also, the optimal solutions of our LP-problems are super-multiplicative under lexicographic

products.

Proof. By Theorem [4.2.11} the optimal solutions of these problems are super-multiplicative
under lexicographic products. Taking P = () in item (iii) of each linear programming prob-

lem, the two described constraints are implicated . O]

4.2.2 A family of index coding-networks

Let M = (S,r) be a matroid and let J be the set of coloops of M (each element is in
no circuit). Consider the matroid obtained by deletion of J, M | J = (S — J,r|;). The
index coding network associated to M is an index coding-network, denoted by N, with
source set S — J and E}, := {(s,C —s) : C' is a circuit in M | J, s € C} .This construction
is a modification of the construction given by Blasiak et al. [5, Definition 5.1]. Our network
has a smaller number of sources and receivers because it is completely determined by the
circuits of the matroid. In Figure it is show an example of the index coding-network
from matroid Us 3. We introduce the following definition in order to study the properties of

these networks.

Definition 4.2.16. An index coding network N/ = (S, E3}.) is called an indezx coding-
subnetwork of N, if Ex, C Ej}, and there exists a collection {(s, Ss)},c¢ of elements of E,
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Figure 4.2.3: Fano index coding-network

such that 7" := Useg Ss is a minimum subset of S, with the property that for all s € S,
(s,Ts) € Ejs, for some Ty C T

Proposition 4.2.17. N’ is a index coding-subnetwork of N if and only if cly < cly and

Telyr = Tely -

The definition of subnetwork guarantees that the network flow of a subnetwork behaves
like the network flow of the network. Specifically, a solution of N is a solution of N’ and
b (N’) < b (N). Furthermore, the index coding network of a matroid M is an index coding-
subnetwork of the index coding-network obtained from the index coding instance associated
to the matroid M | J of Blasiak et al. With this in mind, the following proposition (and
proof) is a rewriting of [5, Proposition 5.2 and Theorem 5.4].

Proposition 4.2.18. Let M = (S,r) be a matroid. For any index coding-subnetwork N of

the index coding network Ny,
1

EE v

Also, if M is representable over some IF, then

1
|S|—7“M

C (N> Clmear (N) =

and this capacity is achieved by a (1,|S| — ram)-linear solution over F.
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4.2.2.1 Applications to network coding

By B
0o --- 1
1 1
1 1
1 0

Figure 4.2.4: Matrix Bj; ;3 -

We use index coding-networks from matroids for proving the main theorem of this section.
Fixed t and a finite field F. The matrix L, in Figure [£.2.4] with entries in F, induces a
representable matroid M (L;) with ground set

S = {Al,...,A,H_l,Bl,...,BH_l,C},

some of these are known in [25] for n prime. If we change the field, it is possible that
the vector matroid changed. However, these matroids have some properties in common.
Specifically, certain subsets of the ground set of M (L;) are always circuits according to the

characteristic of [F divides or does not t. We classify them in two types: The collection
Ay = {Ays1C, Ay y1-iBi, AiBiC, Byyy i € [t + 1]}

is a subclass of circuits in any M (L;) over F, when char (F) divides ¢; and the collection
By = {Ajps1)C, Ays1-iBi, AiBiC, By C 1 i € [t + 1]}

is a subclass of circuits in any M (L;) over F, when char (IF) does not divide t.

Definition 4.2.19. We define N4, as the index coding with the source set S and
By, ={(s,C—=5):CeA,seC};

and Np, as the index coding with the source set S and
Eg ={(s,C—5):CeB,scC}.

Example 4.2.20. In Figure [£.2.3] the Fano index-coding network N4, is illustrated. In
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Figure 4.2.5: Solvable Fano 4-index coding-network

Figure [1.2.] it is illustrated the network N4, [4] obtained from Ny, .
Before continuing, the following statements are useful.

Lemma 4.2.21. For any N7 and Ny. If N1 has a (n,m)-linear solution and Ns has a

(k,n)-linear solution both over the same field, then N1 e N5 has a (k,m)-linear solution.

Proof. Let f be the function on the intermediate node and f;; be the decoding function
on a receiver t; of the desired (n, m)-linear solution of Nj, and let ¢ be the function on the
intermediate node and g;, be the decoding function on a receiver ¢y of the desired (k, n)-linear
solution of N5. Define

Jd ()= (g (Toyx52)) 5 e, » for o € [FFIS1 %52l

and let h = f¢' be the function on the intermediate node in N; e Ay, We obtain the broadcast
message h (x) € F™. Let t be a receiver in N e N3 such that 7 (t) = (7 (¢t1),7 (t2)) and

t N (Sl X SQ) = [(t; N Sl) X SQ:| U [T (tl) X (t; N SQ)} .
We have
ftl (h' (SU) ) (g <x81><52))sletl_ﬂsl) = ft1 (f ((g (mslxsz))slesl) ) (g (xSIXSZ))sletl_ﬂsl)

=g (wf(tl)xsg) .
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Then,
Gt (g (xT(tl)XS2) 7x'r(t1)><(t2052)) = T(r(t1),7(t2))"

These equations and h define a (k, m)-linear solution of A; e A. O

Lemma 4.2.22. For k € N. If N has a (1,n)-linear solution, then N** has a (1, nk) -linear

solution.

Proof. By induction, case k = 2, take N1 = Ny = N in Lemma and note that N;
has a (n,n?)-linear solution by repetition of the given solution of N'. We get a (1, n?)-linear
solution of N*2. Now, we suppose that case & — 1 holds i.e. A**~! has a (1, nkil)—linear
solution. Take N; = N, My = A**~! in Lemma 4.2.21| and note that A; has a (nk_l, nk)—

linear solution by repetition of the given solution of A. Then, N** has a (1,nk)—linear

solution. []

Theorem 4.2.23. For any k,t € N, t > 2. We have,
(i) N3 {(t + Q)k} is linearly solvable over a field F if and only if char(F) divides t. Also,
when char(F) t t,

<t+2)k§CF (V[ +2)"]) < <2t3+9t2+13t+6>k'

t+3 linear —\ 23+ 012+ 13t + 7

(ii) Ngk [(t - 2)k} is linearly solvable over a field F if and only if char (F) does not divide
t. Also, when char(F) | t,

2Nk " 3450249t +6\"
— =) <CE o (NSF(t+2 < .
<t+3> - l’"e‘”( Bt [( + >D— 3456249t +7

Proof. To prove (i), we have that Ny, is an index coding-subnetwork of any NMy(r,) when
char () divides t. Using Lemma [4.2.18, we have

1
= (¥ -
C (NAz) - Chnear (NAt) t -+ 2a

when char (F) divides ¢ and this capacity is achieved by a (1, + 2)-linear solution over F.
By Lemma §.2.22 with N' = N4, /\/}]f has a (1, (t+ 2)k)—linear solution over F. Finally, by
Lemma [4.2.2) N [(t + Q)k] has a ((t +2)" (t+ 2)k)—linear solution over F which implies
that g {(t + 2)k} is linearly solvable over a field F whose char (IF) divides t. We estimate an
upper bound on Cf, .. (N4,) when char (F) does not divide ¢, using the LP-B;: Let (z5)gcy
be a solution of LP-B; for N4,. From definition of N4,, we have: )
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(a) If X is a dependent set in each M (L;) (char (F) divides t), then

FX) < F(BY) < F(0) + raae (X))

(b) If X is an independent set in each M (L) (char () divides t), then

(X[ +t+2< f(X) < f(0)+]X].

(c) If X contains a basis, then
A+3<f(X)<f(Bx)<[f(0)+t+1.

We can use constraints implied by these conditions along with the constraint to get

3t2+5t+3

T FO@O) +@2t+3)°<f@)+t+1

+L(f(®)+f)+t(f(®)+1)+(t+1)(f(@)+t)+(t+1)[3f((2))+t+1].

t+1
Simplifying,
20 + 92 + 13t + 7
>
1) = 2 +5t+3
which implies that
2004+ 92 + 13t + 7
bBt (N.At) >

- 22 + 5t +3

Using super-multiplicative of bg, under lexicographic products,

23 4+ 012 + 13t +7\"
bBt(NA’f)2< + 917 + +>‘

2t2 4+ 5t + 3

Then

22 +5t+3  \"
hnear (N ) 3 2 :
2% + 962 + 13t + 7

Hence, using Lemma with m = (t + 2),

2% + 912 + 13t + 6"
h“e“(N (<t+2) >) <2t3+9t2+13t+7 <L

when char (F) does not divide ¢. To prove item (ii), we have that Np, is an index coding-
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subnetwork of any Ny, when char (F) does not divide ¢. Using Lemma [4.2.18] we have

C (M) = Gl V) = 5

when char (F) does not divide ¢ and this capacity is achieved by a (1,¢+ 2)-linear solu-
tion over F. Then, we apply an argument as in (i) to get the required linear solution of
N3k {(t + 2)k} We estimate an upper bound on Cf .. (Ngz,) when char (F) divides ¢ using
the LP-A;: Let (zg)gcy be a solution of LP-A, for N,. From definition of N3,, we have that
this network satisfies conditions (a)-(c) of part (i) when the matroid M (L;) is taken over a
field F whose char (F) does not divide t. We can use constraints implied by these conditions

along with the constraint to get
(245642 fO) +t(t+1) (2 +3)+ (2 +3) +2(t+1) (2t +3) <

E(E4+ 1) (F (0) + 1)+ (£ 43¢+ 1) (f (0) + 1) + (¢t + 1) [Af (0) + 2t +1].

Simplifying, s op s
t° 4 5t + 9t +

F0)= £243t+3

which implies that

>t3+5t2+9t+7
- #243t4+3

Then, using super-multiplicative of b4, under lexicographic products,

bAt (N Bt )

t3+5t2+9t+7)k

ba (M) 2 ( 12+ 3t + 3

Thus,

2+3t+3 \"
o ) <
tinear (N5f> = <t3 + 52 + 9t + 7) ’

when char (F) divide ¢. Hence, using Lemma with m = (¢t + 2)F,

<t3+5t2+9t+6>k X

Cllaear (V& (04 2")) < s o 7

when char (F) divides t.

To prove the lower bounds on the linear capacities over fields in which the networks are
not linearly solvable, we use the network topology in common of N4, and Ng,: We add

the message of C' to the broadcast message of the (1,¢+ 2)-linear solution of Np, over F



100 Chapter 4. Applications

when char (F) does not divide ¢ to obtain a (1,¢ + 3)-linear code which is a linear solution
of N4, over this field. Then, the solution is extended to a ((t +2)% (t+ B)k)—linear solution
of N3 [(t + Z)k} yielding

k
(555) < Clue (V2 [+ 2)))

In an analogous way, we get the respective lower bound on Cﬁnear( B [(t + Q)kD, when
char (F) divides t. O

Corollary 4.2.24. Let P be a finite or co-finite set of primes. There exists a sequence of
networks (Nﬁ)k in which each member is linearly solvable over a field F if and only if the
characteristic of F is in P. Furthermore, when char(F) is not in P, C}, (J\/','é) — 0 as

linear

k — 0.

Proof. In the previous theorem, take ¢t = [] P if P is finite and t = [] P if P is co-finite. [
pEP p¢pr

The following corollary is a straightforward consequence of the theorem [4.2.23 and it is a
generalization of [5, Theorem 1.2]. The proof is followed taking:

M - NAt b NBw
and for all k£ € N,
N—tk — N;.k; [(t + 2)211 .
Then, we apply an argument as in the proof of the previous theorem.

Corollary 4.2.25. There exists a infinite collection of sequences of networks
kY .
{(MF), i teNt>2]

in which each member of each sequence is asymptotically solvable but is not asymptotically

linearly solvable and the linear capacity — 0 as k — oo in each sequence.

The network coding gain is equal to the coding capacity divided by the routing capacity. In

[18], 33], there are two sequences of networks N; (k) (i = 1,2) such that the coding gain — oo

k 2
- " % k 42 t242t44
as k — oo. The routing capacities of N and N}* are (2t+3) and (4t2+12t+9

Hence, any sequence of networks presented previously satisfies this property.

k
) , respectively.

Corollary 4.2.26. The network coding gain of the sequences (./\/ﬁ)k and (./\ftk)k — 00 as
k — oo.
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4.3 Linear programming problems in secret sharing

Let I' be an access structure on a set P with leader p ¢ P. Given a secret sharing scheme

X = (S$>IEQ:PUp7

with access structure I', consider the random vector (S:),cq»

h(X) = H(Sx),

for every X C (). Take .

Q= —,

h(p)
and the polymatroid (@, f), with
f = ah.

The function f can be seen as a vector (f(X))xco in RP(@ that satisfies the following
constraints:
() flp) =1,

(i) f(XUp) = f(X) for each X C P with X €T,

(iii) f(XUp)=f(X)+1foreach X C P with X ¢ T,

(iv) information inequalities.

Therefore, f is a feasible solution of the following linear programming problem.

Problem 4.3.1. [17, B35] For any access structure I' on a set P with leader p ¢ P, x (I') is

the optimal solution of the linear programming problem is to calculate min (v) such that
(i) v > f(x) for each x € P,

(i) f(XUp) = f(X) for each X C P with X €T,

(iii) f(XUp)=f(X)+1foreach X C P with X ¢ T,

(iv) information inequalities.

We have
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If we add linear rank inequalities in (iv), we have a linear programming problem whose

optimal solution, denoted by «* ('), holds
K (T) < A(T).

If we add characteristic-dependent linear rank inequalities, the Problem gives a optimal
solution that is a lower bound of A (I") of linear secret sharing schemes over specific fields; we
denote this lower bounds by &3, ) (I'), and the optimal information ratio of these schemes
by Alhar(r) ().

A known result about x and matroids is as follows.

Theorem 4.3.2. [26] Let I" be an access structure. Then, I is a matroid port if and only if
k (T') = 1. Moreover, k(I') > 2 if ' is not a matroid port.

Example 4.3.3. In any port I' of the Fano matroid, we have £ (I') = Kgm— (I') =
Aehar(iy=2 (I') = 1. They are ideal, see Example Using the constraint (c) in Example
4.1.11| (this is obtained by the characteristic-dependent linear rank inequality over fields
whose characteristic is different to 2 in Theorem [3.1.6), we directly get A%, m). () =

Kenar(m)2 (1) = 3; this value is achievable by a linear secret sharing scheme [23].

4.3.1 A class of ideal access structures

a; --- at+1 bl e bt-i-l C
1 ««- 00 --- 1 1
o : 1 = 1
0 0 1 1
0 11 0 1

Figure 4.3.1: Family of matrices used to define access structures.

Let t € N, t > 1 and let F be a finite field. We use the port at ¢ of the representable matroid
obtained from the matrix in Figure ; the set of participantsis P = {ay,...,a441,01,...,b41},
with dealer p = c.

When char (F) divides ¢, the following set is a subclass of the minimal authorized set of

this matroid port:

{a1b1, Ce ,at+1bt+1,a1 s at+1,a1b2 s bt+1,b1agbg .. 'bt+1, Ce ,bl .. -btaHl}
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and the following set is a subclass of the non-authorized set:

{blaz S Qygr, Qrboaz gy, .. G "tht+1} U {bl T th} .

When char (F) does not divide ¢, the following set is a subclass of the minimal authorized

set:

{albb ooy Qb ar s, arby - - byq, biagbs b, o by btat+1} U {bl e 'bt+1}

and the following set is a subclass of the non-authorized set:

{b1a2 g, G1b2a3 - Qg Ay atbt+1}-

So, we have defined two types of access structures using matroid ports. Let F; be an access
structure of the first type and let A, be an access structure of the second type. We have the

following proposition.

Proposition 4.3.4. 0 (%) = At (Ft) = £(F) = Khaey (Fr) = 1 and o (N;) =
/\Char(]F))(t (-/\/;f) =K (-/\/;5) = I{:har(lﬁ‘){t (-/\/;5) =1

4.3.1.1 Applications to secret sharing

We now show as some the characteristic-dependent linear rank inequalities presented in
Chapter 6 are used to imply lower bounds on the linear information ratio over specific fields

of the access structures previously defined.

Remark 4.3.5. Taking n = 2t + 3 in Example [3.2.1], we remark that the following inequality
is a constraint that must be satisfied by linear secret sharing schemes over fields whose

characteristic does not divide ¢

f(C) < t—i—2 > f(A —i—f(C ’ A[t+1]) +f(0 B[t—l—l])

i€ft+1]

> £ (Ci A=) + F(CiB) + £(C| A, B) + £ (C; Ay, By 5
i€ft+1]
and the following inequality is a constraint that must be satisfied by linear secret sharing

schemes over fields whose characteristic divides ¢

f(O)<—

+3 > f(A)+ f(B)

1€[t+1]

+ f (C | B[t+1}) +f (C | A[t—i—l])
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+ Z [f (O;A[t+1]—i) + f (05 Bi) + f (C | Ay, Bi) +f (C§A[t+1}—i,Bi) +1 (CQ B[H—l}—i)] .

1€[t+1]

Theorem 4.3.6. Let F, and N; be the access structures previously defined. Then,

t+2

Achar(Fyt (Ft) = Kenar(eye (Ft) = 1

and

)‘c ar Ny) > KF N > ——.
h (F)|t( t) el ’ichar(]F)|t( t) = t+9

Proof. Taking A; = a;, B; = b; and C' = ¢ in the linear programming problem with
the constraints valid over fields whose characteristic does not divide ¢, The access structure
F; holds that f(a;) < v, f(a;) < v, f(0) =0, f(c) =1, f(c | a[tH]) = f(clay,b) =
f <C§G[t+1}—z’,bi> =f (C; bi) =f (CS a[t—l—l]—i) =f (C ‘ Cli,bi) =f (03 a[t+1]—i>bi) = 0. Thus, from

the mentioned inequality, we get

1 t+1
1=Ff(c) < —— a;) < V.
f()_t+2i6[§t£1]f( )_t+2

Therefore, £,y (Fi) > v > f‘:—f In a similar way, the other inequalities are obtained. [

Remark 4.3.7. From [23], Acharmyz (F2) = Kipareye (F2) = Achar(®)j2 (N2) = Klparmz (V2) = 3.
So, in previous theorem, the bound on F; is tight but the bound on N is not tight.
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Bl ,m) 0 0
BM(nhpl) sz
0 0 BM(”2 ,p2)

Figure 5.0.1: Matrix such that rank,, = 2M (ny,p1) + M (ng, p2) — 2, rank,, = 2M (ny,p1) +
M (ng,p2) — 1 and rank,zp, ,, = 2M (n1,p1) + M (n2, p2).

In this dissertation we study two methods for producing characteristic-dependent linear
rank inequalities and show some applications. We explicitly calculate some of them. We
remark that these inequalities are non-Shannon information inequalities. We make the fol-

lowing observations:

1. In the case of the first method, we derive some properties of the inequalities produced.
In Example are shown some inequalities but we remark that it did not show
all inequalities that the method can produce because there are many suitable binary
matrices that were not included; for example, in Figure is shown a matrix that
can be used to produce inequalities (the case p; = 2, py = 3, n; = 3, ny = 4 produces
the inequality in 21 variables that was shown in Chapter 2). We cannot ensure that
the inequalities are independent of each other; this can be very complicated, in this
direction, Corollary showed a partial result. In future work, we can study its

independence or dependence.

2. In the case of the second method, we think that the method can still reach a higher
level of presentation for producing more inequalities. A clue can be found in [23];
studying other inequalities obtained by secret sharing schemes. We can also study the

dependence or independence of these inequalities.

3. Future work can be found studying other properties of (k,n)-solvability problem of a
closure operator. A clue can be found by studying that other propositions of [19] 20]

are valid in this context.

105
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4. The linear programming problems studied in this document are used to calculate ca-
pacities or radios of information from networks, closure operators or access structures.
A computer implementation (adding the inequalities presented in this document) can
be very useful; even with the networks and access structures that we have studied. The
importance of such implementation in the classification of access structures on a small

number of participants is remarkable in [3, [17].

5. It would be interesting to construct some linear secret sharing schemes that can achieve
the bounds on the information ratios of the matroid ports in Theorem [4.3.6] The cases
F3 and Ny were fully described in [23]. The technique presented to achieve these bounds
cannot be extended in general to achieve other bounds in theorem because these
matroids do not have suitable hyperplane circuits; nevertheless, we think that the

(A, w)-decomposition for secret sharing schemes in [47), 48] can be useful.
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