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Title

Categorification of Some Integer Sequences and Its Applications.

Abstract: Categorification of real valued sequences, and in particular of integer se-
quences is a novel line of investigation in the theory of representation of algebras. In
this theory introduced by Ringel and Fahr, numbers of a sequence are interpreted as
invariants of objects of a given category. The categorification of the Fibonacci numbers
via the structure of the Auslander-Reiten quiver of the 3-Kronecker quiver is an example
of this kind of identifications.

In this thesis, we follow the ideas of Ringel and Fahr to categorify several integer
sequences but instead of using the 3-Kronecker quiver, we deal with a kind of algebras
introduced recently by Green and Schroll called Brauer configuration algebras. Rela-
tionships between these algebras, some matrix problems and rational knots are used to
interpret numbers in some integer sequences as invariants of indecomposable modules
over path algebras of the 2-Kronecker quiver and the four subspace quiver.

The results enable us to define the message of a Brauer Configuration and labeled
Brauer configurations in order to give an interpretation of the number of perfect match-
ings of snake graphs, the number of homological ideals of some Nakayama algebras, and
the number of k-paths linking two fixed points (associated to the Lindstrom problem) in
a quiver as specializations of indecomposable modules over suitable Brauer configuration
algebras. Actually, this setting can be also used to define the Gutman index of a tree
(or the trace norm of a digraph, which is a fundamental notion in the topological index
theory), magic squares, and different parameters of traffic flow models in terms of this
kind of algebras.
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Introduction

According to Ringel and Fahr [20] a categorification of a sequence of numbers means to
consider instead of these numbers suitable objects in a category (for instance, representa-
tion of quivers) so that the numbers in question occur as invariants of the objects, equality
of numbers may be visualized by isomorphisms of objects functional relations by functo-
rial ties. The notion of this kind of categorification arose from the use of suitable arrays
of numbers to obtain integer partitions of dimensions of indecomposable preprojective
modules over the 3-Kronecker algebra (see Figure where it is shown the 3-Kronecker
quiver and a piece of the oriented 3-regular tree or universal covering (7', E, ;) as de-
scribed by Ringel and Fahr in [19]). Firstly, they noted that the vector dimension of
these kind of modules consists of even-index Fibonacci numbers (denoted f; and such that
fi = fiz1 + fize, for i > 2, fo = 0, fi = 1) then they used results from the universal
covering theory developed by Gabriel and his students to identify such Fibonacci numbers
with dimensions of representations of the corresponding universal covering.

[ ] \.*).l/ [ ]
1 : NN
of——° 4
NN
SN

F1GURE 1. The 3-Kronecker quiver and an illustration of its corresponding universal covering.

For the sake of clarity, we give here a brief insight into the program of Ringel and Fahr.

First of all, we note that the road to a categorification of the Fibonacci numbers has
several stops some of them dealing with diagonal (lower) arrays of numbers of the form
D = (d; ;) with 0 < j <4 < n, (columns numbered from right to the left, see Figure for
some n > 0 fixed and such that:

di; =1, foralli>0,
di; =0 forallj>1
dopsiiot =0, ifi>1, k>0, (1)
dok,0 = 3dog—1,1 — do(k—1)0, k=1,
dig1j—1 =2d;j +d;j—2 —di—1j-1, 1,5 >2.
VI
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Besides, if i > 4 then the following identity (hook rule) holds;

i—2
Zdz‘—l—k,i—k +dai—20 = dai—1,1. (2)
k=0

Note that to each entry d;;_; it is possible to assign a weight w;;_; such that:

3.922% He if j iseven, i# j,

wii—5 =<0, if 7 isodd, i # j,
1, if ¢ =j = 2h for some h > 0.
Where |x] is the greatest integer number less than x, a € {0, —1}, a = —1 if i is even, it

is 0 otherwise.

The first stop consists of defining partitions of the even-index Fibonacci numbers in the
following form:

i

foiva = Y _(wii—j)(dii—y), (3)

J=0

to do that, Ringel and Fahr interpreted weights w;;_; as distances in a 3-regular tree
(T, FE) (with T" a vertex set and E a set of edges) from a fixed point zp € T' to any point
y € T. They define sets T, whose points have distance r to zg, in such a case Ty = {x¢},
T, are the neighbors of zg and so on. A given vertex y is said to be even or odd according
to this parity [19].

Any vertex y € T yields a suitable reflection o, on the set of functions 7' — Z with finite
support, denoted Z[T|, and some reflection products denoted ®y and ®; according to the
parity of y are introduced in [19]. Then some maps a; : Ng — Z € Z[T] are defined in
such a way that if ag is the characteristic function of Ty then ag(x) = 0 unless z = z¢ in
which case ag(zg) = 1, and a; = (®®P1)lag, for t > 0, with as[r] = a;(z), for r € Ny
and x € T}, these maps a; give the values d; ; of the array . The following table is an
example of such array with n = 12. Rows are giving by the values of ¢, P; is a notation
for a 3-Kronecker preprojective module with dimension vector [far+2 for] (see [21]).
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© At [S]at [4]&15 [3]&1} [2](115 [1]at [0]

1 f2 0
P v
1 fi 1
Py VAN
1 2 fe 2
Py v N Y
1 3 fs 3
Py v N N\
1 4 7 fio 4
P v N N Y
1 5 12 fi2 5
P6 v N v Y ¥ X
1 6 18 29 fia 6
Py v N v N v N v
1 7 25 53 fie 7
Py v N v N W N WX
1 8 33 85 130 fis 8
Py v N Y N ¥ N ¥ N Y
1 9 42 126 247 foo 9
Pio v N v N ¥ N W N WM
1 10 52 177 414 611 fa2 10
v N ¥ N ¥ N ¥ N ¥ N ¥
1 11 63 239 642 1192 foa 11
v N ¥ N ¥ Y ¥ N ¥ N ¥ X
1 12 75 313 943 2062 2965 fa6 12
SN NS NS NS NS NS
A A N N O SN
foryo t
FI1GURE 2. The even-index Fibonacci partition triangle.
For example for ¢ = 3 and t = 4, we compute fg and fig as follows;
21 = fg =0+3(3-2%) +0+1(3-2%), @
55 =flo=1-7T4+0+4(3-2)4+0+1(3-2%),
sequences a¢[0] = dg;0 and a;[1] = da;y1,1 are encoded respectively as A132262 and

A110122 in the OEIS (On-Line Encyclopedia of Integer Sequences). Actually, sequence
a;[0] had not been registered in the OEIS before the publication of Ringel and Fahr.

A second stop of the trip to a categorification of Fibonacci numbers consists of giving a
generalization of the results obtained in [19]. In order to reach such a goal Ringel and
Fahr adopted in [20] a notation ) * (>°") for the composition of all the reflections o,
with {z,y} € E and d(z,y) being even (the composition of all reflections o, with d(z,y)
being odd). In particular, &g = > *° and ®; = > *. Some Fibonacci vectors s;(z),
t > 0 and r¢(x,y), t € Z are defined recursively as follows; so(xz) = s(z) which is a

generator associated to a vertex z of the free abelian group Ky(T') generated by T and
TO(xvy) = T(‘Ta y) = S(x) + S(y)

() S ¥si(x), if ¢ is even,
spp1(x) = ==
o Ssy(x), if ¢ is odd.
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(z) S Fri(z,y), if t is even,
T €Tr) =
" S ri(x,y), if tis odd.

Note that, sot(xg) = at, Sat4+1(x0) = Pra¢ and

se(x)- = Z s¢(x)> = for,

d(z,z)Zt mod 2

St(l‘)+ = Z St($)z = f2t+27

d(z,z)=t mod 2

Tt(fb“,y)f = Z Tt(%y)z = far—1,

d(z,z)Zt mod 2

ri(z,y)+ = Z (2, y)z = fors1-

d(z,z)=t mod 2

Ringel and Fahr [20] proved that if © € T with neighbors y,y’,y” and for an integer

x

t > 1 Py(z) is an indecomposable representation of the quiver Q = (T, E,QF) (Qf is a
bipartite orientation such that x is a sink in case ¢ is even and a source in case t is odd)
with dimension vector s;(z) and R:(z,y) is an indecomposable representation of () with
dimension vector r(x, y), assuming that for even t the vertex z is a sink and for ¢ odd the
vertex x is a source then there are exact sequences:

0— P1(y) = Pi(x) = Ry(z,y) — 0
!

6
0— P1(y) = Re(x,y) = Re—1(y”,2) — 0. ©

They also proved that if zg, x1,. .., z; is a path with zg a sink. Then P;(x;) has a filtration

Po(xo) C Pi(z1) C -+ C Py(x;) with factors

7
Pi(x;)/Pi—1 = Ri(zj,i—1), 1<i<t @)

Another result regarding categorification of integer sequences found out by Ringel and
Fahr states that if zq is a source and x_1,xg, ..., T, Tey1 i a path with z; a neighbor of
x; different from z;_; and x;41 then there is an exact sequence

0— Po(Z()) D---D Pt(Zt) — Rt—&—l(xt,Xt—i—l) — RQ(ZL‘_l,xo). (8)

Exact sequences @ and and filtration are respectively categorifications of the
identities

fte1 = fio1 + fos
¢
forr1 =1+ ZfZi and
=1

t
Jor = ZfZi—l-
i1
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Finally, we also recall that the Auslander-Reiten sequences

0— P, 1 — P> P,y —0 and 10)
0= Ryp_1x— E(n,A\) = Rypix—0

where E(n,\) is an indecomposable module having dimension vector 3(dim R(n, \)) are
categorifications of the identity

Jt—2+ firo = 3ft. (11)

In a third stop of the road to a categorification of Fibonacci numbers Ringel and Fahr [21]
named the array a Fibonacci triangle and stated that its entries (nonzero entries) are
categorified by the modules P, = P, (x) (called Fibonacci modules) provided that such
entries give the Jordan-Holder multiplicities of these modules.

We also remind that Ringel in [54] made a discussion regarding the role of the represen-
tation theory of representation-finite hereditary artin algebras in the categorification of
the Catalan combinatorics, which consists of all the enumerating problems whose solution
is given by the sequence of Catalan numbers with the form %H(QS), for instance, if A,
denotes the path algebra of the linearly ordered quiver of type A then the lattice of ex-
ceptional subcategories of mod A,, denoted A (mod A,,) may be identified with the lattice
of non-crossing partitions as introduced by Kreweras in [43]|, Fomin and Zelevinsky [22]
also observed that there is a bijection between these partitions and the number of clusters
for the cluster algebra associated to a certain orientation of a Dynkin diagram which is a
Catalan number. An axiomatic point of view of the categorification of these combinato-
rial data and additional bijections associated to Catalan objects are given respectively by

Hubery and Krause in [39] and Ingalls and Thomas in [40].

The idea of using the theory of representation of algebras to categorify Catalan numbers
goes back at least 30 years, for example Gabriel and De la Pena proved in [24] that Catalan
numbers count the number of discrete subsets contained in the set of representatives of
isoclasses of indecomposable finite-dimensional modules over A,,.

Ringel argues in [54] that formulations concerning counting of modules are meant as
a short form for counting isomorphism classes of modules. In particular he introduces
Dynkin functions, which are functions attaching to any Dynkin diagram an integer (or
more generally a real number, sometimes even a set or a sequence of real numbers).
A Dynkin function f has associated four sequences f(A,), f(B,), f(C,), f(D,) and five
single values f(Eg), f(E7), f(Eg), f(F4), and f(G2). The number r(A,,) of indecomposable
modules over hereditary artin algebras A of Dynkin type A,, ¢(A,,) the number of complete
exceptional sequences or t,(A,) the number of tilting modules (multiplicity free) are
examples of Dynkin functions. Worth noting that t,(A,) is the nth Catalan number,
thus tilting modules over algebras of type A,, categorify in the sense of Ringel and Fahr
the Catalan numbers as well. Ringel also proposes to create an On-Line Encyclopedia of
Dynkin Functions with the same purposes as the famous OEIS.

Regarding results in combinatorics, we recall that recently several mathematicians have
studied snake graphs, which are combinatorial objects arising from the research of cluster
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algebras. They allowed to Canakgi and Schiffler to compute the Laurent expansions of the
cluster variables in cluster algebras of surface type. The terms in the Laurent polynomial
of such variables are parametrized by the perfect matchings of the associated snake graph
[53,56H61]. Such graphs were studied by Prop [53] in the context of the investigation of the
Laurent phenomenon, which is a problem of paramount importance in the theory of cluster
algebras. Prop proved that two examples of rational recurrences, the two-dimensional
frieze patterns of Conway and Coxeter and the tree of Markoff numbers-relate to one
another and to the Laurent phenomenon. In the program of Prop perfect matchings of
snake graphs derived from triangulations of polygons are linked with frieze patterns of
Conway and Coxeter.

Prop in [53] also reported an interesting connection between snake graphs and continued
fractions, according to him, work of Benjamin and Quinn in the context of the strip tiling
model, shows how combinatorial models can illuminate facts about continued fractions.
In [56-60] Canakgi and Schiffler go beyond Prop by proving that each snake graph §
has associated a unique continued fraction whose numerator is given by the number of
perfect matchings of a suitable snake graph. They report that snake graphs provide a
new combinatorial model for continued fractions allowing to interpret the numerators and
denominators of positive continued fractions as cardinals of combinatorially defined sets.

Regarding applications of the theory of snake graphs we recall that recently Canakgi
and Schroll [61] defined abstract string modules associating to each of such modules a
suitable snake graph, whose lattice of perfect matchings is in bijective correspondence
with the lattice of submodules of such abstract module. In this work, the number of
perfect matchings of a snake graph is interpreted as the message of a labeled Brauer
configuration. The same is done for the number of k-paths connecting two fixed points u
and v in an acyclic finite digraph.

Concerning categorification of integer sequences we follow the ideas of Ringel et al. to
categorify some integer sequences but instead of using finite-representation algebras or the
3-Kronecker algebra, we use the 2-Kronecker algebra (or simply the Kronecker algebra)
and Brauer configuration algebras (introduced recently by Green and Schroll [31]) to
obtain categorifications of sequences A005258 and A100705 in the OEIS. Such Brauer
configuration algebras are defined by configurations of some multisets called polygons.

Let us point out more clearly some differences and similarities between the work of Ringel
and Fahr and our approach. Firstly, we note that in the scenario of Ringel and Fahr, Fi-
bonacci numbers (sequence A000045 in the OEIS) are categorified by identifying informa-
tion arising from the preprojective (preinjective and regular) component of the Auslander-
Reiten quiver of the 3-Kronecker quiver with information arising from indecomposable
representations of an oriented 3-regular quiver by using the theory of universal covering,
whereas in our proposal numbers in the sequences n!(%) (A052558 in the OEIS)
and n3 + (n +1)? (A100705 in the OEIS) are categorified by identifying information aris-
ing from the preprojective components of the Auslander-Reiten quiver of the 2-Kronecker
quiver and the category rep P of k-linear representations of four incomparable points with
information arising from indecomposable modules over some suitable Brauer configura-
tion algebras. We recall here that the Kronecker problem is equivalent to the problem of
determining the indecomposable representations over a field k of the following quiver @
(2-Kronecker quiver):
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(0%
Q=090 "o (12)
B

whereas to determine the indecomposable representations of four incomparable points (a
tetrad) is a very well known matrix problem named the four subspace problem (FSP).
The solution of this problem is equivalent to determine all of the indecomposable repre-
sentations of the four subspace quiver with the following form [28.|49}|65]74]:

AN

We will see that indecomposable representations of the quivers associated to Brauer con-
figuration algebras are categorifications of polygons and if to each polygon it is assigned
a number of an integer sequence then such indecomposable representations are categorifi-
cations of the corresponding numbers in the sequence. In fact, since polygons in Brauer
configuration algebras are multisets, we will often assume that such polygons consists of
words of the form

w = a:{1$£2 . xf’“_lxik (13)

where for each ¢, 1 < i < k, x; is an element of the polygon called vertex and f; is the
number of times that the vertex x; occurs in the polygon. In particular, if vertices x; in
a polygon V of a Brauer configuration are integer numbers then the corresponding word
w will be interpreted as a partition of an integer number ny associated to the polygon V
where it is assumed that each vertex x; is a part of the partition and f; is the number of

n
times that the part x; occurs in the partition and w = ny = Ex{l

i=1
Finally, we remind that in [6] Auslander, Platzeck and Todorov introduced homological
ideals or strong idempotent ideals. These ideals arise from the research of heredity ideals
and quasi-hereditary algebras. For these ideals the corresponding quotient map induces
a full and faithful functor between derived categories. Recently, homological ideals have
been studied in different contexts, for instance Gatica, Lanzilotta and Platzeck and inde-
pendently Xu and Xi established some relationships with the so called finitistic dimension
conjecture and the Igusa-Todorov functions [26]. Furthermore, De la Pefia and Xi in [17]
and Armenta in |4] studied the impact of these ideals in the context of Hochschild coho-
mology and one point extensions. In this work, via the integer specialization of a suitable
Brauer configuration algebra and its corresponding message we give a categorification of
Fibonacci numbers by using homological ideals.
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As an example of the practical applications of our results, we define parameters in traffic
flow models by using, in particular, the dimension of the center of some Brauer configu-
ration algebras.

Main results, contributions, papers and conferences

This research regards the categorification of some integer sequences and its applications.

Contributions

The following are the main contributions:

1. The notions of message of a Brauer configuration and labeled Brauer configuration
are introduced.

2. It is given an explicit formula for the number of perfect matchings of snake graphs
via the message of some Brauer configurations algebras.

3. Suitable labeled Brauer configurations are used to define determinants, and as a
consequence, solutions of some very well known problems, as the paths problem
solved by Lindstrom, Gessel and Viennot can be interpreted as specializations of
Brauer configurations.

4. Tt is introduced the notion of Kronecker snake graph, these kind of snake graphs allow
us to build non-regular modules of the Kronecker algebra. Preprojective Kronecker
tangles and the group structure of the preinjective Kronecker snake graphs are also
introduced in this work.

5. A categorification in the sense of Ringel and Fahr is given to some integer sequences
arising from some matrix problems as the Kronecker problem and the four subspace
problem.

6. It is given the number of homological ideals associated to some Nakayama algebras
via the integer specialization of a suitable Brauer configuration algebra and its cor-
responding message. Moreover, we use the number of homological ideals to establish
an alternative partition formula for even-index Fibonacci numbers.

7. As a practical application, Brauer configuration algebras are used to define param-
eters of traffic flow models.

Papers

Results of this research allowed us to submit the following manuscripts for possible pub-
lication:

1. Brauer Configuration Algebras and Matrix Problems to Categorify Integer Se-
quences, 2021. Submitted.

2. On Some Relationships Between Snake Graphs and Brauer Configuration Algebras,
2020. Accepted in Algebra and Discrete Mathematics.
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3. Homological Ideals as Integer Specializations of Some Brauer Configuration Alge-
bras, 2020. Accepted in Ukrainian Mathematical Journal.

Conferences

The main results of this research have been presented in the following conferences.

1. Maurice Auslander Distinguished Lectures and International Conference, Woods
Hole Oceanographic Institute. Woods Hole MA-USA, 04-2017.

2. Coloquio Latinoamericano de Algebra—PUCE. Quito-Ecuador, 08-2017.

3. Isfahan School and Conference on Representations of Algebras. Isfahan-Irdn, 04-
2019.

4. Primer Encuentro de Estudiantes de Posgrado en Matematicas, Medellin-Colombia,
02-2020.

Research stays

The author is indebted with the following institutions and academics for his warm hospi-
tality during his several research stays.

1. Bielefeld Representation Theory Group and seminar (BIREP), Faculty of Mathe-
matics, Universitat Bielefeld, Bielefeld- Germany, Professor Henning Krause.

2. Algebra seminar IMERL at Instituto de Matematica y Estadistica Rafael Laguardia
(IMERL), Montevideo-Uruguay, Professor Marcelo Lanzilotta Mernies.

3. Representation theory seminar at the Centro de Investigacién en Matematicas A.C.,
CIMAT, Guanajuato, México, Professor José Antonio Stephan De la Pena Mena.

4. Algebra seminar at the Instituto de Matemaéticas, Universidad de Antioquia,
Medellin-Colombia, Professor Herndn Giraldo.

This thesis is distributed as follows:

Chapter [1] aims to present a theoretical introduction to the Brauer configuration algebras,
matrix problems, snake graphs, binomial trees and tangles, as well as, definitions and
notation to be used throughout the work.

In Chapter [2] message of a Brauer configuration and labeled Brauer configurations are
introduce. These concepts allow us to obtain an explicit formula for the number of per-
fect matchings of a snake graph and establish a connection between Brauer configuration
algebras and path problems as the Lindstrom problem. Besides, we introduce the notion
of Kronecker snake graphs, which are useful to describe in an alternative fashion the non-
regular Kronecker indecomposable modules. Regarding the preprojective Kronecker snake
graphs, the message of a suitable Brauer configuration algebras allow us to obtain the
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preprojective Kronecker tangles and the group structure of preinjective Kronecker snake
graphs is described as well.

In Chapter [3] some integer sequences arising from some flat matrix problems are categori-
fied, to do that, we define Brauer configuration algebras whose indecomposable projective
modules are in bijective correspondence with some solutions of these matrix problems.
In this chapter, the energy value of some preprojective trees is given via the message of
some suitable Brauer configuration algebras. Moreover, we define parameters in traffic
flow models by using the dimension of the center of some Brauer configuration algebras.

In Chapter [4, an introduction to homological ideals is presented. Besides, we prove some
combinatorial conditions which allow to establish whether an idempotent ideal in some
Nakayama algebras is homological or not. We also give the number of homological ideals
associated to these algebras via the integer specialization of a suitable Brauer configura-
tion. Moreover, we use the number of homological ideals to establish an alternative version
of the partition formula for even-index Fibonacci numbers given by Ringel and Fahr in
[19] attaining in this way a new algebraic interpretation for these numbers.

Finally, in Chapter [5| we present an application of Brauer configuration algebras in com-
binatorics. In this part of the work following the ideas described by Ringel and Fahr the
Brauer configuration algebras and some suitable specializations are used to categorify the
magic squares of order n for 3 <n <9.



CHAPTER 1

Preliminaries

In this chapter, we present basic definitions and notations to be used throughout this thesis.
Section is devoted to matrix problems, in particular we remind the Kronecker problem
and the four subspace problem. Some facts regarding quivers of finite representation
type and Brauer configuration algebras are given in sections and respectively.
Binomial trees, cluster algebras and snake graphs are described in sections
Finally, some classical definitions and results regarding tangles are also given in section
[3,/5,224(23], 125,41, 53L|57, /58, 65].

1.1 Matrix problems

The role of matrix problems in the research of the theory of representation of algebras
has been remarkable. We recall that according to Simson [65] matrix problems were in
the road map of the solution proposed by Roiter of the second Brauer-Thrall conjecture.
Roiter’s idea consisted in transforming the original problem to a suitable matrix problem
therefore to a problem of classification of posets. Worth noting, that according to Gabriel
and Roiter [25] if a matrix involved in a classification problem is partitioned into vertical
stripes and some admissible row and column transformations are allowed between them
then the corresponding matrix problem gives rise to a representation of a poset which can
be of finite, tame or wild representation type according to the Drozd’s theorem.

We also recall that a matriz problem is a pair (G, M) formed by an underlying set M C
k™" and a group § C GL,, x GL, such that XAY ™! € M whenever A € M and
(X,Y) € G (here k is a field, £™*™ is the space of all m X n-matrices and GL,, is the
corresponding general linear group). Among all the matrix problems there are the linear
matrix problems (G, M) where G is the group D' of invertible elements of a subalgebra
D C Em™X™ x E™*™. The aim of the study of a given matrix problem is classifying the
orbits of M under the action of § defined by (X,Y)A = XAY ! [25,65].

The Kronecker problem which consists of classifying all pairs of linear maps between two
finite-dimensional vector spaces over a field k, and the four subspace problem (FSP) of
giving a complete classification of the indecomposable representations of four incompara-
ble points (a tetrad or quadruple) over k are examples of linear matrix problems. The

1
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Kronecker problem was solved by Weierstrass in 1867 for some particular cases and by
Kronecker for the complex numbers field in 1890, whereas FSP was solved by Gelfand and
Ponomarev in 1970 for an algebraically closed field k and by Nazarova (1967-1973) for the
arbitrary case. Afterwards, in 2004, an elementary solution of this problem was given by
Medina and Zavadskij [251[28,/49./50,52,74]. Zavadskij himself and Djokovi¢ found out a so-
lution of the semi-linear Kronecker problem, which consists of classifying indecomposable
pair of matrices (A, B) of rectangular matrices of equal size over a division ring k with an
automorphism o with respect to transformations of the form (A, B) — (X ~1AY, X ~!BY7)
where X and Y are non-singular square matrices [18,76].

Another classification of matrix problems was inspired by I.M. Gelfand who in the In-
ternational Congress of Mathematicians which was held at Nice in 1970 presented the
talk, Cohomology of Infinite Dimensional Lie Algebras, Some Problems of Integral Ge-
ometry. In such a talk Gelfand proposed to obtain a description of the indecomposable
representations of the quiver;

A C

0o S0l o (11)
B D
AB=CD

The solution of this problem corresponds to the classification of the Harish-Chandra mod-
ules for Slp(R). Nazarova and Roiter [51] found out a solution of in 1973. Another
solution and generalizations of this problem were given by Bondarenko [9], to do that, he
defined a suitable flat matrix problem of type Gelfand these kind of problems are in fact of
tame representation type. Since the Kronecker problem and the FSP are flat matrix prob-
lems of type Gelfand, we can deduce that these problems are both of tame representation

type.

1.1.1 The Kronecker problem and the four subspace problem

In this section, we give detailed descriptions of the solutions of the Kronecker problem,
which consists of classifying all pairs of linear maps between two finite-dimensional vector
spaces over a field k, and the four subspace problem (FSP), which consists of giving a
complete classification of the indecomposable representations of four incomparable points
(a tetrad or quadruple) over k.

1.1.1.1 Kronecker problem

The classification of indecomposable Kronecker modules was solved by Weierstrass in 1867
for some particular cases and by Kronecker in 1890 for the complex number field case. This
flat problem of type Gelfand is equivalent to the problem of finding canonical Jordan form
of pairs (A, B) of matrices with respect to the following elementary transformations:

(i) All elementary transformations on rows of the block matrix (A, B).
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(ii) All elementary transformations made simultaneously on columns of A and B having
the same index number.

If k is an algebraically closed field then up to isomorphism every indecomposable Kronecker
module belongs to one of the following three classes:

0: | I, F,

where F), is a Frobenius matrix or companion matrix of a minimal polynomial p*(¢) with
n = sop(t), Op(t) denotes the degree of the polynomial p(t).

I=1% (a) | I, |Jn(0)

(b) [In(0)] In

where J,,(0) € {J;F(0),J,(0)} and J¥(0) denotes a corresponding upper or lower Jordan
block. Whereas, I* denotes the dual case defined by the classification problem.

1
N

IT = IIT*: I, | I,

II1 = IT*: I 3

In this case, I_; (I:, respectively) denotes an n x (n+ 1) matrix obtained from the identity
I, by adding a column of zeroes in fact the last column (the first column, respectively) in
these matrices consists only of zeroes. In the same way, I (I#, respectively) denotes an
(n + 1) X n matrix obtained from the identity I,, by adding a row of zeroes.

If n =0 then Uy = k, and V[ = 0. Cases II and III constitute the non-regular case of this
classification, whereas cases 0 and I constitute the regular case.

Figure shows the preprojective component of the Auslander-Reiten quiver of the 2-
Kronecker quiver, which has as vertices indecomposable representations of type III. The
preinjective component has indecomposable representations of type III* as vertices.

................ | e [65]

avavwa

F1GURE 1.1. Preprojective component of the Auslander-Reiten quiver of the 2-Kronecker quiver.
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Henceforth, we let (n+1,n) ((n,n+1)) denote a representative of the class of all indecom-
posable preprojective (preinjective) Kronecker modules obtained from a representation of
type III (II) via elementary transformations of type (ii).

Remark 1. Several generalizations of the Kronecker problem have been posed and solved
throughout the years. Perhaps, the semilinear Kronecker problem is one of the most
remarkable generalizations of such a matrix problem [27.(76].

1.1.1.2 Four subspace problem (FSP)

The four subspace problem is another example of a flat matrix problem of type Gelfand,
in this case a quadruple of finite-dimensional k vector spaces is a system of the form
U = (Uy, Uy, Uz, Us, Uy) where Uy is a finite- dimensional k vector space and Uy, ..., Uy is
an ordered collection of four subspaces of Uy. Two quadruples are said to be isomorphic
if there exists a k-space isomorphism ¢ : Uy — Vj such that ¢(U;) = V; for all i. And
a quadruple U is decomposable if (U = U’ @ U") the identity U; = (U; N Uy) @ (U; N Uy)
holds for any i and direct sum Uy & UJ.

The four subspace problem consists of classifying all indecomposable quadruples up to
isomorphism.

FSP was solved by Gelfand and Ponomarev in 1970 for k algebraically closed and by
Nazarova (1967-1973) for the arbitrary case. An advance to this problem was given

by Brenner who described the indecomposable quadruples with non-zero defect 9(U) =
4

> dim U; — 2dim Uy (called non-regular) in particular she extended the results of Gelfand

i=1

and Ponomarev to the case of an arbitrary field k. Afterwards, in 2004 Medina and Zavad-

skij gave an elementary solution of this problem. According to them all the indecompos-

able matrix representations of the quadruple can be reduced up to isomorphism and block

permutations to one of the following six types of representations [10}/11},28.49.|50} 52, 74].

Representations ITI-V with negative defect are preprojective, whereas representations I1T*-
V* with positive defect are preinjective.

Regular Component
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1.2 Quiver representations

In this section, we recall some facts regarding quivers and its representations [5].

A quiver Q = (Qo,Q1,s,t) is a quadruple consisting of two sets 9 whose elements are
called vertices and Q1 whose elements are called arrows, s and ¢t are maps s,t: Q1 — Qo
such that if « is an arrow then s(«) is called the source of «, whereas t(«) is called
the target of o [5]. A path of length [ > 1 with source a and target b is a sequence
(a|oq,9,...,a;|b) where t(a;) = s(a;41) for any 1 < i < [. Vertices are paths of length
0 [BL[71/65].

If Q is a quiver and k is an algebraically closed field then the path algebra kQ of @) is the
k-algebra whose underlying k-vector space has as basis the set of all paths of length [ > 0
in @, the natural graph concatenation is the product of two paths [5.,|7},54].

A k-algebra A is said to be basic if it has a complete set {e1,es,...,e;} of primitive
orthogonal idempotents such that e; A 2 e; A for all i # j.

A relation for a quiver @) is a linear combination of paths of length > 2 with same starting
points and same end points, not all coefficients being zero [5,7,|54].
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Let @ be a finite and connected quiver. The two sided ideal of the path algebra k@
generated by the arrows of @) is called the arrow ideal of k() and is denoted by R, RlQ is
the ideal of kQ) generated as a k-vector space, by the set of all paths of length > [. A two
sided ideal J of the path algebra k@ is said to be admissible if there exists m > 2 such
that Ry CJ C Rp,.

If J is an admissible ideal of k@, the pair (@,J) is said to be a bound quiver. The quotient
algebra k@ /J is said to be a bound quiver algebra.

The following theorems regarding the classification of quivers of finite representation type
were proved by Gabriel [5]:

Theorem 1. Suppose that k is an algebraically closed field. Let A be a basic and connected
finite dimensional k-algebra. There exists an admissible ideal I of kQa such that A =

kQa/J.

A k-linear representation or representation M of a quiver @) is a system of the form:

M = (Mz,¢a) | z € Qo, 0 € Q1),

where M, is a k-vector space for each x € Qg and ¢ : M, — M, is a k-linear map
associated to each arrow a:a — b € Q.

Theorem 2. Let QQ be a finite, connected, and acyclic quiver; k be an algebraically closed
field; and A = kQ be the path k-algebra of Q.

1. The algebra A is representation-finite if and only if the underlying graph Q of Q is
one of the Dynkin diagrams A, with n > 2, D, with n > 4, Eg, E7 and Eg.

2. If Q is a Dynkin graph, then the mapping dim : M — dim M induces a bijection
between the set of isomorphism classes of indecomposable A-modules and the set of
positive roots of the quadratic form qg of Q.

8. The number of the isomorphism classes of indecomposable A-modules equals @,
n? —n, 36, 63 and 120, if Q is the Dynkin graph A, with n > 2, D, with n > 4,
EG; E7 and Es.

1.3 Brauer configuration algebras

In this section, we recall the definition of a Brauer configuration algebra as Green and
Schroll defined in [31].

Brauer configuration algebras were introduced by Green and Schroll in [31] as a general-
ization of Brauer graph algebras, which are biserial algebras of tame representation type
and whose representation theory is encoded by some combinatorial data based on graphs.
Actually, underlying every Brauer graph algebra is a finite graph with acyclic orientation
of the edges at every vertex and a multiplicity function [61]. The construction of a Brauer
graph algebra is a special case of the construction of a Brauer configuration algebra in the
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sense that every Brauer graph is a Brauer configuration with the restriction that every
polygon is a set with two vertices. In the sequel, we give precise definitions of a Brauer
configuration and a Brauer configuration algebra.

A Brauer configuration T' is a quadruple of the form I' = (I, I'1, u, O) where:

(B1) T is a finite set whose elements are called vertices,

(B2) T'; is a finite collection of multisets called polygons. In this case, if V' € I'y then the
elements of V' are vertices possibly with repetitions, occ(a, V') denotes the frequency
of the vertex a in the polygon V and the valency of a denoted val(«) is defined in
such a way that:

val(a) = Z oce(a, V). (1.2)

Vel

(B3) p is an integer valued function such that p : I'y — N where N denotes the set of
positive integers, it is called the multiplicity function,

(B4) O denotes an orientation defined on I'y which is a choice, for each vertex a €
Ty, of a cyclic ordering of the polygons in which « occurs as a vertex, including
repetitions, we denote S, such collection of polygons. More specifically, if S, =
{Vl(al), VQ(QQ), e Vt(at)} is the collection of polygons where the vertex a occurs with
a; = occ(a, V;) and Vi(ai) meaning that S, has «; copies of V; then an orientation
O is obtained by endowing a linear order < to S, and adding a relation V; < Vi, if
Vi = min S, and V; = max S,,

(B5) Every vertex in I'g is a vertex in at least one polygon in I'j,
(B6) Every polygon has at least two vertices,

(B7) Every polygon in I'; has at least one vertex a such that p(a)val(a) > 1.

The set (S, <) is called the successor sequence at the vertex a.

A vertex a € T is said to be truncated if val(a)u(a) = 1, that is, « is truncated if it
occurs exactly once in exactly one V € I'y and p(a) = 1. A vertex is non-truncated if it
is not truncated.

The Quiver of a Brauer Configuration Algebra

The quiver Qr = ((Qr)o, (Qr)1) of a Brauer configuration algebra is defined in such a way
that the vertex set (Qr)o = {vi,v2,...,vn} of Qr is in correspondence with the set of
polygons {V1, Vs, ...,V } in I'1, noting that there is one vertex in (Qr)o for every polygon
in I'y.

Arrows in Qr are defined by the successor sequences. That is, there is an arrow v; —
vit1 € (Qr)1 provided that V; < Viy; in (S,, <)U{V; < V1 } for some non-truncated vertex
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a € T'g. In other words, for each non-truncated vertex o € I'g and each successor V' of V
at «, there is an arrow from v to v/ in Qr where v and v’ are the vertices in Qr associated
to the polygons V and V' in I'y, respectively.

The Ideal of Relations and Definition of a Brauer Configuration Algebra

Fix a polygon V' € T’y and suppose that occ(a, V') =t > 1 then there are ¢ indices i1, ..., it
such that V = Vi, Then the special a-cycles at v are the cycles C;,, Ci,, ..., C;, where v
is the vertex in the quiver of Qr associated to the polygon V. If a occurs only once in V'
and p(a) = 1 then there is only one special a-cycle at v.

Let k be a field and I'' a Brauer configuration. The Brauer configuration algebra associated
to T' is defined to be the bounded path algebra Ar = kQr/Ip, where Qr is the quiver
associated to I' and It is the ideal in kQr generated by the following set of relations pr
of type I, II and III.

1. Relations of type I. For each polygon V = {ay,...,a;,} € T'; and each pair of
non-truncated vertices «; and «; in V, the set of relations pr contains all relations
of the form C*(@i) — C"1(@5) where C is a special o;-cycle and € is a special aj-cycle.

2. Relations of type II. Relations of type II are all paths of the form C*®q where
C'is a special a-cycle and a is the first arrow in C.

3. Relations of type III. These relations are quadratic monomial relations of the
form ab in kQr where ab is not a subpath of any special cycle unless a = b and a is
a loop associated to a vertex of valency 1 and p(a) > 1.

As an example consider a configuration I' = (g, I'1, s, O) such that:

1. To = {1,2,3,4},

2. Ty = {U ={1,1,4},V = {1,2,2}, W = {2,3,3}, X = {3,4,4}},
3. At vertex 1, it holds that; U < U <V, wal(1) = 3,

4. At vertex 2, it holds that; V <V < W, wal(2) = 3,

5. At vertex 3, it holds that; W < W < X, wval(3) = 3,

6. At vertex 4, it holds that; X < X < U, wal(4) =3,

7. p(a) =1 for any vertex a.

The ideal I of the corresponding Brauer configuration algebra Ar is generated by the
following relations (see Figure [1.2)), for which it is assumed the following notation for the
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special cycles:

Ul 1.1.1
Cy" = ajasas,

2
C{]’ 1.1.1

= aga3a;,
Oy = ajajay,
OY! = afadad,
OY* = et
! = ddatad

W1l _ 3.3 3
C3"" = ajayas,

W2 _ 3.3 3
C37" = azazay,
X1 _ 3.3 3
O3 = azajay,
X1 4 4 4
Cy 7 = ajasas,

X2 4.4 4
Cy " = asazay,

Ul 4 4 4
Cy" = azajas,

1. a?a;ﬁ, if h # s, for all possible values of i and r,

2. ()%, (6, (a)*, (a1)? a3a, d3aj, afad, aja),
3. CJU’ — ClU’k, for all possible values of i, j, k and [,

Vi Vik . o
4. C’j — C;", for all possible values of 4, j, k and ,

5. C']W’i — C'lW’k, for all possible values of i, j, k and [,

6. " — ", for all possible values of i, j,k and I,

7. C’iU’ja (C’iv’ja’) , with a (a’) being the first arrow of CiU’j (CZV]) for all 7, j,

8. " (C*d!) , with a (a') being the first arrow of C'Z-W’j (Cix’j) for all 4, j.

3 3

The following Figures (1.241.5) show the quiver Qr associated to this configuration and
the corresponding indecomposable projective modules Py, Py, Py and Pxy. The corre-
sponding heart and radical square of these modules are described as well.
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ai

2" a
V| \¢ i\
Vv w X w X U
Py = a%l a%l lag Px = a:fl a5 la%
Vv X w w U X
w X

FicURE 1.3. Indecomposable projective modules Py, Py, Py, and Px.
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U V X U % W
Heart(Py) =al l al l ai l Heart(Py) =ay l a3 l a? l
V U X U W %
Vv w X w X U
Heart(Py ) =a? l as l a3 l Heart(Px) =a;} l a; l as l
Vv X w w U X

FIGURE 1.4. Heart of projective indecomposable modules Py, Py, Py, and Px.

Rad?(Py) = V U X Rad?’(Py) = 1%
U
Rad?(Py) = V X W Rad?(Px) =

Nl A \M

FIGURE 1.5. Rad? of projective modules Py, Py, Py, and Px.

The following results give some description of the structure of Brauer configuration alge-
bras [31},64].

Theorem 3. Let A be a Brauer configuration algebra with Brauer configuration I.

1.

There is a bijective correspondence between the set of projective indecomposable A-
modules and the polygons in T.

If P is a projective indecomposable A-module corresponding to a polygon V in T,
then rad P is a sum of r indecomposable uniserial modules, where r is the number of
(non-truncated) vertices of V' and where the intersection of any two of the uniserial
modules is a simple A-module.

A Brauer configuration algebra is a multiserial algebra.

The number of summands in the heart of an indecomposable projective A-module P
such that rad® P # 0 equals the number of non-truncated vertices of the polygons in
I’ corresponding to P counting repetitions.

If N is a Brauer configuration algebra obtained from A by removing a truncated
vertex of a polygon in T'y with d > 3 vertices then A is isomorphic to A’.
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Proposition 1. Let A be the Brauer configuration algebra associated to the Brauer con-
figuration T'. For each V € I'1 choose a non-truncated vertex o and exactly one special
a-cycle Cy at' V' then

{B | pis aproper prefiz of some CH®) where C is a special o — eycle} | J{CH@) | V €
I'1} is a k-basis of A.

Proposition 2. Let A be a Brauer configuration algebra associated to the Brauer configu-
ration A and let C = {C1,...,C.} be a full set of equivalence class representatives of special
cycles. Assume that for i = 1,...,t, C; is a special c;-cycle where o; is a non-truncated
vertex in I". Then

dimg A = 2[Qo| + > |Ci|(n:]Ci| — 1),
C;eC

where |Qo| denotes the number of vertices of Q, |C;| denotes the number of arrows in the
aj-cycle C; and n; = p(oy).

Proposition 3. Let A be the Brauer configuration algebra associated to a connected Brauer
configuration I'. The algebra A has a length grading induced from the path algebra kQ if and
only if there is an N € Z~q such that for each non-truncated vertex o € Ty val(a)p(a) =
N.

Sierra [64] proved the following result regarding the center of a Brauer configuration alge-
bra.

Theorem 4. Let T' be a reduced (i.e, without truncated vertices) and connected Brauer
configuration and let Q) be its induced quiver and let A be the induced Brauer configuration
algebra such that rad®> A # 0 then the dimension of the center of A denoted dimy Z(A) is
given by the formula:

dimy, Z(A) = 14 Y p(e) + [T1| = [To| + #(Loops Q) — |Cr, (1.4)

a€cly
where |Cr| = {a € Ty | val(a) =1, and p(a) > 1}.

As an example the following is the numerology associated to the algebra Ap = kQr/It
with Qr as shown in Figure and special cycles given in (L.3)), (|r(Qr)] is the number of
indecomposable projective modules, i, 7y, rw and rx denote the number of summands
in the heart of the indecomposable projective modules P(U), P(V) , P(W) and P(X).
Note that, |C;| = val(7)):
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r(Qr)| = 4,
TU:3, TV:?), TWZB, T‘X:3,
|ICi| =3, |Ca] =3, |C3/=3, [C4]=3,
Z Z occ(a, X) =12, the number of special cycles, (1.5)
acloXel
dimy Ap = 2(4) + 3(2) + 3(2) + 3(2) + 3(2) = 32,
dimg Z(Ar) =1+4+(4—4)+4-0=09.

Remark 2. Note that, the Brauer configuration algebra Ar with quiver Qr shown in Figure
has a length grading induced by the path algebra kQr as Green and Schroll describe
in [31] section 3.3.

Green and Schroll in [30] proved the following result regarding relationships between
Brauer configuration algebras, its multiplicity function and the trivial extension of almost
gentle algebras.

Corollary 1. Every symmetric special multiserial algebra with multiplicity function iden-
tically equal to one in its defining pair is a trivial extension of an almost gentle algebra.
FEquivalently, we have that every Brauer configuration algebra with multiplicity function
identically equal to one is the trivial extension of an almost gentle algebra.

1.4 Binomial trees and integer partitions

In this section, we recall definitions of integer partitions and binomial trees as given in [3]
and [42].

1.4.1 Partitions

A partition of a positive integer n is a finite nonincreasing sequence of positive integers

T
A1, A2, ..., Ap such that Y \; = n. The \; are called the parts of the partition [3]. Often,
i=1
n is called the weight of the partition A and the symbol || is used to denote the size of the
partition. A composition is a partition in which the order of the summands is considered.

1.4.2 Binomial trees

Binomial trees appear in many fields of the mathematics, they are binary trees with the
shape [42]:
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As an example Ty has the following form:

.f/.\l‘. 2 . 3 o
AR
[ 7
lo

Note that, at each level Ty gives integer partitions of numbers 1, 2 and 3 (without taking
into account 0 as a part). Often, these types of trees are said to be partition trees which
can be used to store partitions of a given positive integer n or of all positive integers
< n |45]. In [46], P. Luschny describes partition trees for different integer numbers and
use them to define some orders on the set of integer partitions.

Remark 3. Let F(n,r) be the set of partitions \ of a fixed positive integer n into r parts,

we write A = {A\1 > Ao+ > A} € F(n,r) withn = > \;.
i=1

F(n,r) is endowed with an order < such that if A\, \' € F(n,r) then A < X provide that
either \; = X} for any ¢, 1 < i < r or there exists an index j, such that \; = X} for any 1,
1<i<jand \j <A, [3,14].

We let T(s,,) denote a partition tree whose last level contains only partitions of a positive
integer n into parts belonging to a given set S.

A subset of positive integers Gg = {c1,c2,...,cp} is said to be a generator of a set of
partitions (S, n) of a positive integer n whose parts belong to a set S of positive integers,
if there exists a set of indexes 1 < i1,49,3,...,% < h, 7; =ij_1 + 1, 2 < j < h such that

any partition \ € (S,n) can be written in the form:

r
A= {61762, ey Cip—1, Ecis7cir+17 e ,Ch}. (16)
s=1

Often, in order to generate restricted partitions of type F(n,r) several sums as defined
in (1.6) must be applied to the components of Gg in such a way that A is obtained by a
suitable association of the components without alter its order.
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1.5 Cluster algebras

In this section, we make a short introduction to cluster algebras, which allow to give a
categorification of Catalan numbers via the clusters associated to Dynkin diagrams of type
A, [22[23]44].

Cluster algebras were conceived by Fomin and Zelevinsky [22},23] in the spring of 2000 as a
tool for studying total positivity and dual canonical bases in Lie theory. However, the the-
ory of cluster algebras has since taken on a life of its own, as connections and applications
have been discovered to diverse areas of mathematics including quiver representations,
Teichmiiller theory, tropical geometry, integrable systems, and Poisson geometry.

Let us F be a field extension of Q. Typically we have F = Q(uq,u2,...,uy,) for some
algebraically independent variables ui, uo, ..., u,. The field F is called the ambient field.

A cluster is a sequence x = (x1, z2,...,%,) € F" of algebraically independent elements of
length n. We refer to the elements in a cluster x € F™ as cluster variables.

If x = (z1,22,...,2,) € F" is a cluster, then the field F must contain the field

Q(x1,x2,...,2,). Thus, if we have a distinguished cluster x = (z1,22,...,x,) € F",
then the smallest possible field, namely Q(z1,z2,...,zy), is a natural choice of an ambi-
ent field.

A seed is a pair (x,Q) where x € F"™ is a cluster and @ is a quiver with vertices Qg =
{1,2,...,n} without loops and 2-cycles.

Assume that (x,Q) and (x/,Q’) are two seeds given by clusters x,x’ € F™ and quivers
Q = (Qo,Q1,s,t) and Q' = (Qf, @}, s',t'). We say that the seeds are isomorphic, if there
exists a quiver isomorphism given by two bijections o : Qo — Q) and 7 : Q1 — Q) such
that z; = 2/ (Z.)for all indices 7 € {1,2,...,n}. In other words, two seeds are isomorphic if
they are obtained from each other by a simultaneous reordering of cluster variables and
quiver vertices. In this case we write (x,Q) = (x/,Q’). Often we identify isomorphic
seeds [44].

Let (x,Q) be a seed and k € {1,2,...,n} an index. The mutation of (x,Q) at k is a seed
pi(x,Q) = (pur(x), pr(Q)) where p14(Q) is the mutation of the quiver @ at vertex k and
pr(x) = (2], 25, ..., 2)) € F" is the cluster with z; = x; if | # k and

yci;:i H x; + H z; | €F. (1.7)

T
k ai—k B:k—j

Here the product is taken over all arrows in « € ()1 that start or terminate in vertex k,
respectively, counted possibly with multiplicity. Of course, the product is understood to
be 1 if there are no such arrows.
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Let B = B(Q) is the signed adjacency matrix of the quiver @ in a seed (x,(Q), then we
can rewrite equation [I.7) as

TR, = H x; + H xj = H x?ik + H xi_bik (1.8)

a:i—k B:k—j 1€{1,2,...,n}:b;.>0 1€{1,2,...,n}:b;.<0

Equation (1.8]) is also called exchange relation.

It is easy to see that the mutation is well-defined, i.e. the mutation of a seed at an index
is again a seed. Moreover, mutation is involutory, i.e. for all seeds (x, Q) and all indices

ke{1,2,...,n} we have (ux o pup)(x,Q) = (x,Q).

Mutation equivalence defines an equivalence relation on the class of all quivers without
loops and 2-cycles.

We say that two seeds (x, Q) and (x/, Q') are mutation equivalent if there exists a sequence
(k1, k2, -+, kyr) € Qp of indices of length r > 0 such that the seed (ug, opig, 0. . .opg, ) (%, Q)
is isomorphic to (x/,Q’). In this case, we also write (x,Q) ~ (x/', Q).

Let (x,Q) be a seed. The cluster algebra A(x,Q) attached to the seed is the subalgebra
of the ambient field F generated by the set

X(X7 Q) = U {xllgcévvxln}’
(x/,Q")~(x,Q)

a cluster algebra is of finite type if it has finitely many seeds. The following is the finite
type criterion as described by Fomin and Zelevinsky in [23].

Theorem 5. For a cluster algebra A the following are equivalent:

(i) A is of finite type,
(ii) The set x of all cluster variables is finite.

(iit) For every seed (x,p, B) in A the entries of the matriz B = (byy) satisfy the inequal-
ities | byybys |< 3, for all x,y € .

(tv) A = A(Bo, py) for some sign-skew-symmetric matriz By = (b;j) such that A = A(By)
and bi;by, > 0 for all i,j,k and py is a 2n-tuple of elements in P satisfying the
normalization conditions,

where if F is isomorphic to the field of rational functions (as described above) then x is
an n-element subset of F, P is a torsion-free semifield, F is a transcendence basis over
the field of fractions of ZP. p = (pF)ucs is a 2n-tuple of elements of P, satisfying the
normalization condition p @ py =1 for all x € © and B = (byy) g yea s an n X n-integer
matriz with rows and columns indexed by x, which is sign-skew-symmetric (i.e., for any
x,y € @, either byy = by, =0 or byyby, < 0).
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1.6 Snake graphs

In this section, some classical theorems (without proof) of snake graphs, continued frac-
tions and cluster variables are reminded [534/56{61].

Snake graphs are combinatorial objects arising from the research of cluster algebras, they
allowed to Canagi, Schiffler et al to compute the Laurent expansions of the cluster variables
in cluster algebras of surface type. The terms in the Laurent polynomial of such variables
are parametrized by the perfect matchings of the associated snake graph [53,56-61]. Such
graphs were studied by Prop [53] in the context of the investigation of the Laurent phe-
nomenon, which is a problem of paramount importance in the theory of cluster algebras,
Prop proved that two examples of rational recurrences, the two-dimensional frieze patterns
of Conway and Coxeter and the tree of Markoff numbers-relate to one another and to the
Laurent phenomenon. In the program of Prop perfect matchings of snake graphs derived
from triangulations of polygons are linked with frieze patterns of Conway and Coxeter.

Prop [53| also reported an interesting connection between snake graphs and continued
fractions, according to him, work of Benjamin and Quinn in the context of the strip tiling
model, shows how combinatorial models can illuminate facts about continued fractions.
In [56-60] Canaci and Schiffler go beyond Prop by proving that each snake graph G has
associated a unique continued fraction whose numerator is given by the number of perfect
matchings of a suitable snake graph. They report that snake graphs provides a new
combinatorial model for continued fractions allowing to interpret the numerators and
denominators of positive continued fractions as cardinalities of combinatorially defined
sets.

A tile G is a square in the plane whose sides are parallel or orthogonal to the elements in
the standard orthonormal basis of the plane (as in |60 in this work a tile G is considered
as a graph with four vertices and four edges in the obvious way).

A snake graph G is a connected planar graph consisting of a finite sequence of tiles
G1,Go,...,Gg such that G; and G;41 share exactly one edge e; and this edge is either the
north edge of G; and the south edge of G;11 or the east edge of G; and the west edge of
Git1 [56-60].

Denote by Int(G) = {e1,ea,...,eq-1} the set of interior edges of the snake graph §. We
will use the natural ordering of the set of interior edges of G, so that e; is the edge shared
by tiles G; and G;41.

A snake graph is called straight if all its tiles lie in one column or one row, and a snake
graph is called zigzag if no three consecutive tiles are straight. Two snake graphs are
isomorphic if they are isomorphic as graphs.

A labeled snake graph is a snake graph in which each edge and each tile carries a label or
weight. For example, for snake graphs from cluster algebras of surface type, these labels
are cluster variables. Formally, a labeled snake graph is a snake graph G together with
two functions

{tiles in G} — {edges in G} — F,

where & is a set. Throughout this document we only consider labels over the tiles.
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For positive integers ny,na,...,ng, we let G¢(n1,n2,...,nx) denote a snake graph with
n1 > 2 tiles in the first row, no > 2 in the first column, ng > 2 tiles in the second row and
so on up to ng > 2, in this case the last tile in a given row is the first tile in the next column
(if it exists) vice versa the last tile in a given column coincides with the first tile in the
next row. As an example, in Figure it is shown the snake graph G¢(5,3,3,2,5,4,2).

FIGURE 1.6. Snake graph G¢(5,3,3,2,5,4,2) (left) and an example of its perfect matchings.

A perfect matching P of a graph G is a subset of the edges of G such that every vertex of G
is incident to exactly one edge in P. We denote by Match(G) the set of perfect matchings
of G.

A sign function f of a snake graph G is a map f from the set of edges of § to {+, —} such
that on every tile in G the north and the west edge have the same sign and the sign on
the north edge is opposite to the sign on the south edge.

S

+

+

FIGURE 1.7. Example of a sign function defined on the set of edges of a snake graph.

Note that, on every snake graph there are exactly two sign functions. A snake graph is
determined up to symmetry by its sequence of tiles together with a sign function on its
interior edges {ej,eg,...,eq_1}. Henceforth, it will be assumed the notation ey = sw(9)
(the edge at the southwest of the first tile).

If eq € ne(9) (the edge at the northeast of the last tile) the sign function can be extended
in a unique way to all edges in G and it is obtained a sign sequence

sgn(9) = {f(eo), f(e1), f(e2),..., f(es—1), f(eq)} this sequence uniquely determines the
snake graph and a choice of a north east edge ¢4 € ne(g).
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R. Schiffler et al [48] obtained the following result giving a formula for cluster variables
by using perfect matchings of suitable snake graphs:

Theorem 6. If v is an arc in a triangulated surface (S, M), the cluster variable x., is

given by the formula:

S S 02) (1.9)

T
v crossG-,
PcMatch Gy

Where the sum runs over all perfect matchings of G, z(P) is the weight of the perfect
matching P and cross(G.) is the product (with multiplicities) of all initial cluster variables
whose arcs are crossed by ~.

1.6.1 Relationships between snake graphs and continued fractions

A positive finite continued fraction is a function

1
[al,ag,...,an]:a1+a n 1
2 a3+ﬁ (1.10)
L
on n variables a1, as, ..., an, a; € Z>1 [56.(60].
Now let [a1,ag,...,a,] be a positive continued fraction and let d = a1 + a2+ -+ a, — 1
and consider the sign sequence:
(€, .., —&,6,... &, ..., FE,..., *¢) 111
al a2 an

where € € {+, -},
+, if e=—
— =
— ife=+

—e, if7is odd,

sgn(a;) = {

g, if 7 is even.

Thus each integer a; corresponds to a maximal subsequence of constant sign sgn(a;) in

the sequence (1.11]).

The snake graph G[aj,as, ..., ay] of the positive continued fraction [aj,ag,...,a,] is the
snake graph with d tiles determined by the sign sequence (1.11)). In particular, G[1] is a
single edge and the continued fraction of the graph in Figure is [2,3,1,2,3].

Schiffler et al report the following results regarding snake graphs and their relationships
with continued fractions [56H60].:
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Theorem 7. The number of snake graphs with exactly N perfect matchings is ¢(N) where
¢ s the totient Euler function.

Theorem 8. 1. The number of perfect matchings of Glai,az,...,a,] is equal to the
numerator of the continued fraction [a1,ag, ..., a,)].
2. The number of perfect matchings of Glag, as, ..., ay] is equal to the denominator of
the continued fraction [ay,asg, ..., a,).

3. If Match(G) denotes the number of perfect matchings of the snake graph G then
__ Match(9)[a1,a2,...,an]
[al’ a2, .-, a”] ~ Match(9)[az2,a3,...,an]

For instance the snake graph §[2,3, 1,2, 3] shown in Figure has 84 perfect matchings.
For [a1,aq9,...,a,]) =[1,1,...,1] we recall that the straight snake graph § = §[1,1,...,1]
with n — 1 tiles has F),;1 perfect matchings where F,, 11 denotes the (n + 1)st Fibonacci
number.

A continued fraction [ai,aq,...,a,] is said to be of even length if n is even. It is called
palindromic if the sequences (a1, as,...,a,) and (an, an_1,...,a2,a1) are equal.

A snake graph G is called palindromic if it is the snake graph of a palindromic continued
fraction.

Theorem 9. Let § = Glay,aq,...,a,] be a snake graph and G its palindromification.
Let §' = Glag, as, ..., a,] then Match(G.,) = (Match(9))? + (Match(g'))2.

Corollary 2. 1. If N = p? + ¢* with (p,q) = 1 (i.e., N is a sum of two relatively
prime squares) then there exists a palindromic snake graph of even length such that
Match(G) = N.

2. For each positive integer N, the number of ways we can write N as a sum of two
relatively prime numbers is equal to one half of the number of palindromic snake
graphs of even length with N perfect matchings.

3. For each positive integer N, the number of ways one can write N as a sum of two
relatively prime squares is equal to one half of the number of palindromic continued
fractions of even length with numerator N.

Regarding Markoff numbers we recall the following results:

A triple of positive integers (mq,mg, m3) is called a Markoff triple if it is a solution of the
markoff equation

2? +y* + 2% = 3wyz (1.12)

An integer is called a Markoff number if it is a member of a Markoff triple.

Frobenius conjectured that the largest number in a Markoff triple determines the other
two (1913). This is known as the uniqueness conjecture for Markoff numbers.

It is also known that every Markoff number except 1 and 2 is a sum of two relatively
prime squares. And that every Markoff number is the numerator of an even palindromic
continued fraction. And except 1, it is a sum of two relatively prime squares.
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1.7 Tangles

In this section, we recall some basic concepts regarding rational knots [16,41].

Rational knots and links, also known in the literature as four-plots, Viergeflechte and
2-bridge knots, are a class of alternating links of one or two unknotted components and
they are the easiest knots to make (also for nature). The first twenty five knots except 8s,
are rational. Furthermore all knots up to ten crossings are either rational or are obtained
from rational knots by certain simple operations.

A rational tangle is the result of consecutive twists on neighbouring end points of two
trivial arcs. Rational knots are obtained by taking numerator closures of rational tangles,
which form a basis for their classification. Rational knots and rational tangles are of
fundamental importance in the study of DNA recombination.

A rational tangle is associated in a canonical manner with a unique reduced rational
number or oo, called the fraction of the tangle.

Rational tangles are classified by their fractions by means of the following theorem

Theorem 10 (Conway, 1970). Two rational tangles are isotopic if and only if they have
the same fraction.

More than one rational tangle can yield the same or isotopic rational knots and the equiv-
alence relation between the rational tangles is reflected into an arithmetic equivalence of
their corresponding fractions. This is marked by a theorem due originally to Schubert [62]
and reformulated by Conway [16] in terms of rational tangles.

Theorem 11 (Schubert, 1956). Suppose that rational tangles with fractions % and % are

given (p and q are relatively prime. Similarly for p' and ¢'.) If K(g) and K(%) denote
the corresponding rational knots obtained by taking numerator closures of these tangles,
then K(%) and K(%) are topologically equivalent if and only if

1. p=1p and

2. either ¢ = ¢’ (mod p) or ¢¢’ =1 (mod p).

An (m,n) tangle is an embedding of a finite collection of arcs (homeomorphics [0,1]) and
circles into the three dimensional euclidean space such that the end points of the arcs go to
a specific set of m+n points on the surface of a ball B3 standard embedded in S? so that,
the m points lie on the upper hemisphere and the n points lie in the lower hemisphere.

An (n,n)—tangle will be called an n-tangle knots and links are O-tangles and braids on n
strands are the most well known example of n-tangles

One can define a diagram of an (m,n)- tangle to be a regular projection of the tangle in
the plane of this great circle.

Definition 1. Let t be a pair of unoriented arcs properly embedded in a 3-ball B. A 2-
tangle is rational if there exists an orientation preserving homeomorphisms of pairs

g: (B,t) «— ((D?) x I,{z,y} x I) (a trivial tangle).
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The last definition is equivalent to saying that rational tangles can be obtained by applying
a finite number of consecutive twists of neigbouring endpoints to the elementary tangles

[0] or [oo].
(0] [o0]

F1GURE 1.8. The trivial tangles [0] and [oco].

If T{;, ny denote the set of all (m,n) tangles among all tangles, the class T(5 9 of 2-tangles
is particularly interesting fo various reasons. For one, it is closed under addition (4) and
start () product as illustrated in Figures and

Addition is accomplished by placings the tangles side-by-side and attaching the NE strand
of the left tangle to the NW strand of the right tangle, while attaching the SE strand of
the left tangle to the SW strand of the right tangle (see Figure .

FIGURE 1.9. Addition of 2-tangles.

The star (x) product is accomplished by placing one tangle underneath the other and
attaching the upper strands of the lower tangle to the lower strands of the upper tangle

(see Figure [1.10)).

FIGURE 1.10. Product of 2-tangles.

The mirror image of a tangle T is denoted by —7" and it is obtained by switching all the
crossings in 7.
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FI1GURE 1.11. Inversion of 2-tangles.

A third operation illustrated is inversion accomplished by turning the tangle counter clock-
wise 90 in the plane it is denoted T%. We note that all operations in T2,y can be generalized
appropriately to operations in T,y [41].

We defined rational tangles as being obtained by applying a finite number of consecutive
twists of neighbouring end points to the elementary tangles [0] and [oco]. Clearly the
simplest rational tangles are the [0], the [0o] the [+1] and the [—1] tangles while the next
simplest ones are:

(i) The integer tangles, denoted by [n] made of n horizontal twists, n € Z.

(ii) The vertical tangles denoted by ﬁ made of n vertical twists, n € Z

These are the inverses of the integer tangles, see Figure This terminology explains
the need for mirror imaging in the definition of inversion.

O X X O
(-2 1 [ 1 2

=1 [oc] [i %

§/><\ &3 -

FIGURE 1.12. The elementary rational tangles.

Example 1. Figure shows an example of a rational tangle T1, which is the sum of
the tangles W(3,2) and W(4,3). In Figure[1.13 on the left hand side the tangle W(3,2) is
obtained by the start product of the integer tangles [3],[—3], [—2], [2] and [3], on the right
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hand side the tangle W(4,3), which is obtained by the multiplication of the integer tangles
[4], [—4], (2], [2], [4], [2] and [-6].

The general case of this example i.e. for n > 1 the tangle T,, = W(3,2) + W(4,3) +--- +
W(n +3,n+2), where Wn+3,n+2) =[n+3]*[—(n+3)] *[—2] *[2] * [n+ 3] * [2] *
[—(n+5)]*[2] x[n+3]*[2] *[—(n+5)]*[2] x [n+ 3] *- -+ with(W(n+3,n+2)) =2n+5 is
said to be the n-th preprojective Kronecker tangle, which can be obtained as the message
of the Brauer configuration algebra introduced in Section (see Theorem @)

)
)
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FIGURE 1.13. Preprojective Kronecker tangle 7;.
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CHAPTER 2

Categorification of continued fractions and Brauer
configuration algebras

In this chapter, the notions of the message of a Brauer configuration and labeled Brauer
configurations are introduced. These concepts allow us to establish unexpected connec-
tions between different fields of mathematics and categorify some integer sequences. In
particular, in section we show how some suitable Brauer configurations and these no-
tions can be used to give an explicit formula for the number of perfect matchings of a
snake graph. Also, in section some relationships between Brauer configuration al-
gebras with path problems as the Lindstrém problem are described. In section we
introduce Kronecker snake graphs and we use them to describe the non-regular Kronecker
indecomposable modules inspired mainly in some ideas described in [75]. Regarding the
preprojective Kronecker snake graphs in section we introduce the preprojective Kro-
necker tangles as the message of a labeled Brauer configuration. Finally, in section [2.4.2]
we study the group structure of preinjective Kronecker snake graphs.

2.1 Labeled Brauer configuration algebras

In this section, we give the notion of labeled Brauer configurations, which is helpful to
define suitable specializations of some Brauer configuration algebras. Besides, the message
of a Brauer configuration is introduced.

Let I' = {I'g,I'1, u, O} be a Brauer configuration and let U € T'; be a polygon such that
U= {a{l,a£2, e ,ozf;"}, where f; = occ(a;, U). The term
w(U) :aflozgz...af" (2.1)

n

is said to be the word associated to U. The sum

Uel1

is said to be the message of the Brauer configuration T

25
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An integer specialization of a Brauer configuration I' is a Brauer configuration I'¢ =
(g, IS, u¢, O°) endowed with a preserving orientation map e : I'y — N, such that
o =ImgeCN,
'Y =e(y), ifH el thene(H)={e(w)|a; € H} € e(T"1), (2.3)
péle(a)) = p(a), for any a € T'y.

Besides e(U) < e(V) in I'{ provided that U <V in I'y.

Remark 4. A real valued sequence S = {s;} is said to be built by a specialization e of a
Brauer configuration I, if for any s; € S there is a subset G € I'y such that e(G) = s;.

We let wé(U) = (e(a1))/t(e(a2))’? - (e(ay))/ denote the specialization under e of a

word w(U). In such a case, M(I'°) = > w®(U) is the specialized message of the Brauer
Uers

configuration I" with the usual integer sum and product (in general with the sum and

product associated to Img e).

A Brauer configuration I' = ("o, I'1, 1, O) is said to be labeled if each polygon is labeled
by an element of N° for some s > 1. In such a case we write

Fl = {(Ulvnl)a (UQ,?’LQ), B (Uk:;nk)}, n; € NS’

with (Ui, n;) < (Uig1,mi41), for 1 <i <k —1if U; < U411 in T, i.e., the labeling do not
alter the orientation O.

As an example, we define the following labeled Brauer configuration X = (Ko, X1, u, O),
where:

Ko ={al, |1 <i<kwe{0,1}* 1 k> 2fixed},

) 2.4
Ki ={(Uy,n) | oy, € (Uy,n),n = (n1,n2,...,n), fixed,n; > 2}. 24)

Vertices o, € (Uy,n) € K1 are given by the following formula bearing in mind that w is
of the form w = (wy,wa, ..., wk_1).
o, = ni — g(wi—1,7) — g(ws, i) + 2, (2.5)

where g is a map g := {0,1} x Z* — {1,2} defined by

(0.4) 2, if i is even; d g(1.4) 1, if 7 is even;
, 1) = an ,1) =
g 1, if 4 is odd; g 2, if 7 is odd.

In particular, g(wg, 1) = g(wg, k) = 0. The definition of g can be reformulated by the rule
g(z,n) =2 — (x +n (mod 2)).

In this case, pu(a) = 2, for any vertex a € Ky and the orientation O is given by the relation
<.
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2.2 On the number of perfect matchings of snake graphs via
Brauer configuration algebras

In this section, formulas for the number of perfect matchings of snake graphs
G¢(n1,ne,...,ny) are given by specializations of the labeled Brauer configuration (the
results described in this section were obtained in a joint work with J.L. Ramirez, J.F.
Gonzélez, J. P. Herran and A.M. Canadas).

Firstly, we note that;
Match(G¢((n)) = Fryo (2.6)

where F,, denotes the n-th Fibonacci number.

Theorem 12. Match(G¢((n)) = Fyy2, for all integer number n > 1.

Proof. For any perfect matching of G¢((n)) there are two options: either the vertical right
edge of the last square is contained in the matching or the horizontal edges of the last
square are contained in the matching, see Figure [2.1

o

X
P4

s

Ve
P2y
\ | \

{ n \ { n \

FIGURE 2.1. A perfect matching of Gf(n).

From the definition of perfect matching it is clear that the edges labelled with red X cannot
be used. Therefore we have the recurrence relation

Match(G¢(n)) = Match(Gs(n — 1)) + Match(Gf(n — 2)).

Since Match(G¢(1)) = 2 and Match(G¢(2)) = 3, we conclude that Match(G¢(n)) = Fnio
for all n > 2. O

Corollary 3. Match(Gf(n1,n2)) = Fn,41Fn, + Fny Fuot1 for all ny,ng > 2.

Proof. Let V' be the vertex on the lower right corner of Gy(ni,n2). We consider the
adjacent edges to the vertex V. So, we have the following possible configurations:
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N2 n2
X X
X X
X X
x4 X A
| n Vv | n 14

Therefore, it holds that
Match(Gy(n1,n2)) = Match(G¢(n1—1))Match(Gs(n2—2))+Match(Gs(n1—2))Match(G(n2—1)).

Theorem [12] allows to obtain the desired result. We are done. O

The following result corresponds to the case of a Kronecker snake graph with three straight
subsnake graphs.

Corollary 4.
MatCh(gf(nla na, n3)) = Fannang +Fn1+1Fn2—2Fn3+l +Fn1Fn2—1Fn3+1 +Fn1+1Fn2—1Fn3

for all integer numbers ny,ng, ng > 2.

Proof. Firstly, let us suppose that no > 4. For the cases no = 2,3, we can use a similar
argument. Let V; and Vs be the vertices in the lower right corner and the upper left
corner, respectively. By considering the adjacent edges with the vertices Vi and V5, we
obtain the following four options:

Vs Va

D D

[ S
*—o
*—o

SC

PV
In
<

V]
P
V]
P

*—e
*—e
IV
el
IV
el
*—e

Vi Vi

Vs Vs

l

*—o
*—o
V)

V)
el
*—o

Wi Vi
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From the above decomposition, we obtain that

Match(Gs(n1,n2,n3)) = Match(Gy(n1 — 2))Match(G s (n2 — 2))Match(G¢(n3 — 2))
+ Match(G¢(ny — 1))Match(Gf(ne — 4))Match(G¢(ns — 1))
+ Match(S(m — 2))Match(Gf(ne — 3))Match(G¢(n3 — 1))
+ Match(Gf(ny — 1))Match(Gy(ne — 3))Match(G¢(n3 — 2)).

Theorem [I2] allows us to conclude the desired result. O

The following result gives the number of perfect matchings of a snake graph of type
G¢(n1,n2,...,ny) as a specialized message of the Brauer configuration . In this case,
words concatenation arising from the configuration is specialized by the usual product of
natural numbers.

Theorem 13. For all integers ni,nsy...,ng > 2, we have
Match(Gf(n1,n2,...,nE)) = M(K°),

where X is the Brauer configuration given by identities (2.4) and (2.5 . M(X) defined as in
(2.2). And e is an integer specialization of K with assocwted map e of the form e:Xog—N
such that e(al,) = F,: with Fj being the j-th Fibonacci number.

Proof. The definition of the Brauer configuration X and the corresponding specialization
e allow us to infer that it suffices to see that

Match(gf(nl,ng,...,nk)): Z H ne— g(wz 17@ g(we,@)+2'
we{0,1}k-1 (=1

Note that, for [ fixed a product of the form H ne—g(we_1,6)—g(we,0)+2 18 a specialized mes-
sage w ((Ul, n;)) of the labeled polygon (U, nl) Now, we proceed to prove the proposed
identity.

Let Vi,Va,...,Vk_1 be the vertices on the k — 1 corners of the snake graph
G¢(n1,n2,...,ng), see Figure There are 2¥71 ways to choose the adjacent edges
with the vertices Vi, Vs, ..., Vi_1.

Vo1

L[]

T,
FIGURE 2.2. Snake graph G¢(n1,n2,...,n%).
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Let e; be one of the incident edge with V;, for i = 1,2,...,k—1. For each V;, there are two
options for e;: either e; is vertical or horizontal. If e; is vertical and 7 is odd, we have to
consider the number of perfect matchings for the snake graphs Gy(n; —1) and Gf(n41 —2).
Note that for the first case we do not consider the last tile of the row that contains the
vertex V;, and for the second case we do not consider the first two tiles of the column that
contains the vertex V;. Analogously, if e; is horizontal and i is odd, we have to consider
the perfect matching for the snake graphs G¢(n; —2) and Gf(n;41 — 1). Similarly, for the
case when 17 is even.

Finally, we can encode this situation with binary words. We use 0 for vertical edges and
1 for horizontal edges. So, it is clear that the function g(z,n) encodes the subtraction of
the tiles that we must apply to each vertex V;.

Identity ([2.6]), the multiplication principle and the definition of the message M (K¢) of the
Brauer configuration K¢ allow us to conclude that

k
Ma’tCh(gf(nlanQ,' ank)) = Z HMatCh(gf(né _g(wf—lag) —g(wg,f))
we{0,1}k—14=1

k
- Z H Fne—g(we—ll)—g(wel)ﬂ = M(X°).
we{0,1} k-1 =1

O

Example 2. In this example we define a Brauer configuration algebra induced by the

Brauer configuration X for k = 3 (see, (2.3)), (2.4) and (2.5))). The relations defined

here can be adapted for all the distinct values of k in order to define the correspond-
ing Brauer configuration algebras, in this particular case, we have that w € {0,1}? =
{(0,0),(1,0),(0,1),(1,1)}, n = (n1,n2,n3) and

Ko = {0‘%0,0)7 @(0,0) O‘?o,o)a 0‘%1,0)7 O‘%l,o)v 04?1,0)7 a%O,l)? 0‘%0,1)7 0‘:(30,1)7 04%1,1)7 04?171), 0‘?1,1)}7
K1 ={U0,0),7); (U(1,0),m); U(0,1),m), (Ug1,1),n), with n = (n1,ng,n3),n; > 2}.

In Table[2.1) we compute all the vertices and polygons of X by using the values of i and w.

U (0,0) | (1,0) | (0,1) | (1,1)
1 n1 — g(wo, 1) — g(wy, 1) +2 | ng +1 ny ni+1| m
2 ny — g(wi,2) — g(we,2) +2 | ng—2 | ng—1 | ng—1 na
3 n3 —g(wz,3) —g(ws,3) +2 | ng+1 | ng+1| ng n3

TABLE 2.1. In this table entries correspond to the vertices and columns correspond to polygons
of the Brauer configuration X.

Explicitly, (U(0,0)7n) = {n1+1’n2_27n3+1}7 (U(l,O)an) = {nl)n2_1an3+1}7 (U(O,l)an) =
{n1+1,n2 — 1,n3}, (Uq1y,n) = {n1,n2,n3} and
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w((U,0,n)) =n1+1-n3 —2-n3+ 1,
w((U(l,O)vn)) =ny-ng—1-n3+1,
w((U(O,l)an)) =ny+1-ng—1-ng,
w((U(l,l)an)) =mn1-n2-Nn3.
Now, by using the specialization e(al,) = Foi defined in Theorem with F)

j-th Fibonacci number, we have:

w(U0,0:1)) = Fry+1Fny—2Fng 41,
w((Un,0),n) = Foy Frp—1Fng 41,
w((U(o,1),m) = Foy 4180y —1Fns,
we((Ull)a n)) = Fpy Fpy oy

(2.7)

being the

(2.8)

Considering the specialized message M (X€) = > w®(U) of the Brauer configuration X.

Uers

M(g{e) — Fn1+1Fn272Fn3+1 + Fn1Fn271Fn3+1 + Fn1+1anlen3 + Fannang

= Match(G¢(n1,n2,n3))

For k = 3, the Brauer configuration algebra associated to X is defined as follows:

~

10.

S A R

Ko ={n1+1,ny —

K1 ={(U0,0),n), (U(1,0),

2,n3+1,n0 —

n), (U0,1),

17 ni,n2, n3}7

TL), (U(l,l)v n)a with n = (nla na, n3)}7

At vertex ny + 1, it holds that; (Uq0),n) < (U,1y,n), val(ni+1)=2,

At vertex ng — 2, it holds that; (U ),n), val(ng —2) =1,

At vertex ng + 1, it holds that; (U gy, n) < (Un0),n), wval(nz+1) =2,

At vertex ng — 1, it holds that; (U 0y, n) < (Uq,1),n), wval(ng —1) =2,
(

At vertex ny, it holds that; (U g),n) < (Ugq, ), wal(ny) =2,

At vertex na, it holds that; (U(Ll),n), val(ng) =1,
At vertex ng, it holds that; (U 1y,n) < (Un1y,n), wval(nz) =2,

w(a) =2 for any vertez a.

The ideal I of the corresponding Brauer configuration algebra Ay is generated by the fol-
lowing relations (see Figure , for which it is assumed the following notation for the
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special cycles:

CU(070)71 _ an1+1an1+1 CU(O’I)J _ an1+1an1+1 CU(O’O)J _ an2*2

ni+1 T 71 2 ) ni+1 72 1 ) no—2 T 71 )
C,%‘jj)’l = gttt CnUS(i(i)vl = qnatlgmatt ngi?’l _ a?gflagg L 09)
Cot = ag talx T Gl = ata, M = agtal |
Cfff’”’l = af?, C’g;o’l)’l =a?ay’®, C’nUgfl’l)’ =ayay?,

1. alas, if h # s, for all possible values of i and 7,

2. <C’JU(O 0): ) ( U(O 0 ) , for all possible values of 1,7,k and [,

3. (CJU(O = Z) (CZU(O ) ) for all possible values of i, j,k and [,

4. (C’]U(l 0): ) (C’IU(1 0): ) for all possible values of i, 4,k and l,

5. <CJU(1 = Z) (C’lU(l o k) for all possible values of 1, j, k and I,

6. <C’U(O 07 > (( clon '> ), with a (') being the first arrow of C, V0.7 (CUOM)
foralli,j,

)

o2 N , .
7. <C’.U(1’°>’]a> ((CiU(l’l)’]a’> ), with a (a’) being the first arrow of CZ-U“’O)’] (C’iU(l’”’])
foralli,j.

Figure shows the quiver Qg associated to this configuration.

ny+1
ay

ns
ay

F1cURE 2.3. The quiver Qx associated to this configuration.
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The following is the numerology associated to the algebra Ay = kQx /I with Qx as shown
i Figure m 2.3 and special cycles given in , (Ir(Qx)| is the number of indecompos-
able projective modules, TU0.0)7 "U01)r TUq0) cmd TUq denote the number of summands
in the heart of the indecomposable projective modules P(U ), P(U)), P(Un0)) and
P(Uq,1y)- Note that, |C;| = val(i)):

r(Qx)| = 4,
TU(O,O) = 3, TU(O,I) = 3, TU<170) = 3, TU(LI) = 3,
‘Cnﬁ-l‘ =2, ’CTL2—2’ =1, ‘CTL:H-I‘ =2, |CN2—1| =2,
|Cn1| =2, |Cn2’ =1, ‘Cn3| =2
Z Z occ(a, X) =12, the number of special cycles,
aeXoXeXK,
dimg Age =8 +2(3) + 1(1) +2(3) +2(3) + 2(3) + 1(1) + 2(3) = 40,
dimg Z(Ax) =14+144+4-7+2-2=12.

As another example of Theorem consider the following snake graph of type
9f(5537372757472)

L] Ll

LI LI

FIGURE 2.4. The snake graph §¢(5,3,3,2,5,4,2).

In this case,

Match(S¢(5,3,3,2,5,4,2)) = 3221
= AF3FyFsFy + 12F F3FyFsFy 4+ 16y FiFyFsFy + 12F2FiFyFgFy + AF2F3 Fy Fs.

Note that, sequences (Fibonacci words) F3FyF5Fy, Fy FsFyFgF3, ... are specialized poly-
gons of the Brauer configuration ([2.4]).

2.3 Determinants and paths problems via Brauer configu-
rations

In this section, we describe the way that specializations of suitable Brauer configurations
(or Brauer configuration algebras) can be used to define determinants, thus solutions
of some very well known problems, as the paths problem solved by Lindstréom, Gessel
and Viennot can be interpreted as a specialization of a Brauer configuration and as a
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consequence of such interpretation the message described in Theorem [13]can be viewed as
a product of specialized Brauer configurations.

Let us consider a labeled Brauer configuration D(k) = {Dy(k), D1 (k), v, O} obtained from
the labeled Brauer configuration X defined by identities (2.4), and (2.5) by redefining
vertices labels and polygons as follows:

Do(k) = {ak = a(iray €G|1<i < k,m € Sk, k > 2 fixed},
Dl(k)) = {(Uﬂ,ﬂ') | ™ e Sk}, (Uﬂ,ﬂ') = {a(i,ﬂ.(i)) | e S ﬁxed}, (2.10)
v(agrae))) =1, for any vertex a; (iy) € Do(k),

where G is a field, 7 is an element of the group (Sg, =) of permutations of k elements
endowed with a linear order <, the labels in this case have the form (7w (1), 7(2),...,7(k)),
v is a multiplicity function. And the orientation O is defined in such a way that labeled

polygons (Uz;,7;) and (Ux,,,,mj+1) are consecutive in Dy (k) provided that m; and ;44

are consecutive in (S, <).

For the sake of accuracy in this case, to each word w(U,, ) associated to the polygon
(U, m) it is defined sign(w(Uy,, 7)) = sign(7) and the message M (D) of the Brauer con-
figuration D(k) is given by the identity:

M(D(k)) = sign(w)w(Ux, ). (2.11)
(Ur,m)eDy

The following result follows immediately from the definitions (2.10]) and (2.11]).
Theorem 14. M(D(k)) = |ag ;)| where | )| is the determinant with entries o, jy €
Do(k).

Now several specializations can be defined for the message ([2.11).

Henceforth, we let M (Delg’(k)) denote the specialization of the message 1' with an
associated function of the form ek : Dy(k) — C such that

1=+—-1, if s=r+1, rfixed, 1<r<k-—1,
1, if s=r—1, rfixed, 2<r <k,
1, if s=r, 1<r <Kk,

0, elsewhere.

ei];(a(r,s)) =

Then the following result holds (see [12] for the calculus of this family of determinants).
Corollary 5. M (D% (k)) = Fj.1 where F; is the jth Fibonacci number.

Proof. M (Delﬁi(k)) is a k x k-determinant whose entries are given by identities e’}(a(r,s))
then column transformations of the form C} ., « —%Cji +Cjp,for 1 <5< k-1

reduce |ef(a(,))| to a determinant with entries of the form:
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LSS if s=r, 1<r<k,
T(eg(a(ns))): 7, if s=r—1, rfixed, 2<r <k,

0, elsewhere.

k
Thus, T(eg(a(m))) is a diagonal determinant such that \T(e(f( )= H = Fiy1.

The following result is proved by Theorem [13] and Corollary

Corollary 6. For all ni,ng...,n, > 2, we have that Match(G¢(ni,na,...,ng)) =
D wefo,1}k-1 H]Z:1 M (D% (k)) where h = ng — g(we_1,€) — g(w, £) + 1.

2.3.1 The Lindstrom’s theorem

Specializations of the Brauer configuration D(k) allow us to interpret the Lindstrém’s
theorem as a message M(D(k)). To do that, let us recall such a result as Gessel and
Viennot described in [29].

If @ is an acyclic digraph with finitely many paths between any two vertices. Let k be
a fixed positive integer. A k-vertex is a k-tuple of vertices of @, if u = (uy,ug,...,ux)
and v = (v1,vg,...,v;) are k-vertices of ) then a k-path from u to v is a k-tuple A =
(A1, Ag, ..., Ag) such that A; is a path from wu; to v;. The k-path A is disjoint if the paths
A; are vertex disjoint. Let Si be the set of permutations of {1,2,...,k} then for = € Sy,
by m(v) we mean the k-vertex (vr(1), Vr(2); -« > Vn(k))-

Let us assign a weight to every edge of @), we define the weight of a path to be the product
of the weights of its edges and the weight of a k-path to be the product of the weights of
its components.

Let P(us,v;) be the set of paths from u; to v; and P(u;,v;) be the sum of their weights.
Define P(u,v) and P(u,v) analogously for k paths from u to v.

Let N(u,v) be the subset of P(u,v) of disjoint paths and let N(u,v) be the sum of
their weights, then it is clear that for any permutation 7 € {1,2,...,k}, it holds that

k
P(u,m(v)) = [[P(wi,vs). Thus the specialization with associated function of the
=1

form h : Do(k) — N such that h(a( ) = P(ui,vr(;)) and words defined by the
specialized polygons h(Ux,m) = {P(ui,vz) | 1 < i < k,m € Sy fixed} of the form

w(h(Uy,m)) = sign(m)P(u,m(v)) build the following Brauer configuration version of the
theorem of Lindstrém [29].

Theorem 15. M (D"(k)) = % sign(m)N (u, 7(v)).
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The following results are well known consequences of Theorem giving values of n x
n, t-Catalan determinants. For which, we define specialized messages M (D" (n)) with
P(uiqn,vj—p) = P(ur,vj) = Ci—14j, t > 1 fixed, 0<h<j—1,1<j<n,j—h>0,and
P(ugsi,vn—y) = P(ug,vn) = Crpntk—2, for 2 <k <mnand 0 <[l <n—k, Cs denotes the
sth Catalan number.

Corollary 7. M (D" (k)) = 1.

Proof. Consider the infinite directed graph G with Z x Z as the set of vertices and directed
edges from (7,7) to (i +1,7) and to (i,7 + 1) for every i,j € Z. Let d; denote the vertex
(i,7) in G, i € Z. Note that the number of directed paths in G from d; to d;, with j > i
is equal to the Catalan number C;_;. Let Qi be the family consisting of all £ pairwise
vertex disjoint directed paths (Ag, A1,...,Ax—1) in G such that A; joins d_; with d;y1,
i=0,1,...,k—1then M(D"(k)) = |QL| = 1, where |Q}| is the number of vertices of the
graph Q}C, see the diagram below.

O

The following is a more general result obtained via specializations M (D" (k)) and di-
graphs @} (as described in the proof of Corollary where the system of k-paths
(Ag, A1,...,Agx_1) and A; connect vertices d_; and dy4; [47].

Corollary 8. M (D" (k)) = |Q}|.

For example M (D"2(k)) = k + 1 and M (D" (k)) = w.

2.3.2 On the Brauer configuration algebra Ap(;) induced by the Brauer
configuration D(k)

Note that each vertex a; ;) € Do(k) has associated a successor sequence of the form
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S(i,j) = (Uﬂ'ilﬂﬂ-il) = (Um2>7ri2) ==X (Umkaﬂ-ik)a (2'12)

(i,j) € m; with m;; being a k-set permutation and for any j it holds that 1 < i < j.
Successor sequences S; ;) define the corresponding special cycles C(; ;). Then the following
are relations generating the admissible ideal I of Agpy).

1. If z; = (4,7(¢)) and z; = (j,7(j)) are elements of m € S}, then a relation of the form
Clim) — Clin(yy) has place,
2. If a is the first arrow of a special cycle C; ;) then a relation C(; jya has also place,

3. If v is an arrow of a given special cycle C; ;) and § is arrow of a special cycle CEi, i

with the final vertex e(a) being the initial vertex s(f) and C(; ;) # C(ij) then a
relation of the form «af holds in I,

4. The Brauer quiver Qp() has no loops.

The following is the Brauer quiver Qp(3)

(a1,1,05 1)

Rps) =
() 3,a1,3)
a
. o/—\o . . (b, a)
For the sake of clarity any cycle of the form “~~——~" is written as <«—
b

Note that in this case relations of the following form have place a’(m)a(ﬁn) mods,r and

Q1) in) mods,sr PESIAES Q(11)Q(23), Q23)Q(3,1), Q@A) A13A21) O(1,3)%(3E2)
/ / / / / / / /
as, 2)0‘(2 3 X(2,3)(1,2), A2, 2)0‘(1 3 Xe23)%1)y Yen®as)y Y13)%22) Y3)%E1)
0/( ( 3); a’(372)a’(1’3), Oé/(Lz) 2.3) for all possible values of r and s. Thus in general
the ollowmg result holds:
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Theorem 16. For the Brauer configuration Apy induced by the Brauer configuration
D(k) the following statements hold:

1.

2.

Ap(xy has k! indecomposable projective modules.
If Oé(i,j) € 'Do(k) the Val(Oé(iJ)) = (k — 1)!.

The number of summands in the heart of an indecomposable projective module given
by a polygon of the form (Ur,m) is k.

- dim Apy = 2(k! + k2t((k—1)!—1)) where tgs denotes the sth triangular number.

Proof. 1. The assertion follows from Theorem (3| (item 1) and the fact that |Dq (k)| =

1S5 = kL.

. By definition of a k X k-determinant it holds that each entry-vertex a; »(;)) occurs

in (k — 1)! summands-polygons of the form Q1,7(1) Q2,7 (2)) - - Vo)

We note that if P is an indecomposable projective Ap)-module corresponding to
a polygon (Ur, ) then rad? P # 0 and the result follows bearing in mind that any
polygon (U, ) has k vertices each of them occurring in (k — 1)! polygons (i.e., all
vertices in a given polygon are non-truncated).

Proposition [2 allows to conclude that
dimg AD(k) =2k! + Z ’Ca(i’j) ’(’Ca(i’j)’ — 1)
OZ(ZJ)GQO

where for each a(; ), |Ca, ;| = val(eg ;) = (K — 1)l Thus, the statement holds
taking into account that for any j > 2, j(j — 1) = 2¢;_;.

. Since rad? Ap(ry # 0, the statement is a consequence of Theoremwith v(agy)) =1,

for all a; jy € Do(k), |Do(k)| = k2, |D1(k)| = k!, #(Loops Qpky) = 0 and |Cp | =
0.

O

Corollary 9. For n > 2 the algebra Ay associated to the Brauer configuration D(n)
has a length grading induced from the path algebra kQppy)-

Proof. Since D(n) is connected by definition, then the corollary holds as a consequence of
Proposition |3 bearing in mind that for any «; ;) € Do(n), v(a ;) = 1 and val(a ;) =
(n—1)

O

2.4 Kronecker snake graphs

In this section, categorification in the sense of Ringel and Fahr [19-21] is given to sequences
of continued fractions. To do that, to each non-regular indecomposable Kronecker module,
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it is associated a suitable snake graph, we named Kronecker snake graphs all those graphs
associated to the non-regular components of the Auslander-Reiten quiver of the Kronecker
algebra.

The following theorem defines Kronecker snake graphs associated to indecomposable pre-
projective Kronecker modules.

Theorem 17. For n > 2 fized, the (2n + 1)—terms snake graph
Gpr(n+1,n+1,22,n+1,2,n+3,2,n+1,2,n+3,...)

builds the indecomposable Kronecker preprojective module (n+ 1,n). Moreover the corre-
sponding continued fraction of Gpr has the following form

2,1,1,...,1,2,1,1,...,1,4,A,2],

n—2 n—2

where
A=1,1,...,1,3,1,1,...,1,3,1,1,...,1,31,1,...,1,...

n—2 n n—2 n

and the length of A, I(A) is

I(A) =

nin—1)—1, ifn is odd,

nin—1)—2, ifn is even.
Proof. Let us recall that an indecomposable preprojective Kronecker module can be repre-
sented as a matrix block of the form U = (A, B) with n columns and n+ 1 rows, which can
be defined by straight subsnake graphs of G, in alternative fashion (horizontal, vertical,
etc). First horizontal subsnake graph corresponds to entries of the first row of the matrix
block in such a way that the first tile and the remaining interior tiles are labeled with an
entry in the first row of A, whereas the entry by ; = 1 is chosen to label the last tile of
this subsnake graph. Second subsnake graph is labeled by entries in the first column of
the matrix block B its last tile is labeled with the entry b,,11,1 the label of the last tile in
the next horizontal subsnake graph is a,41,, and the label of the next vertical subsnake
graph with starting tile a,11, is an, and so on until all the starting and final tiles of all
straight subsnake graphs are labeled by entries of the matrix block U.

Assuming natural ordering for the straight subsnake graphs, we apply to even horizontal
subsnake graphs and the first vertical subsnake graph an additional special labeling dealing
with orientation of row and columns, in this case we take into account that if the last tile
of a given row r; has not a special labeling, then the first tile of the next column c¢; has
not a special labeling. Moreover, these special labels determine the way that rows and
columns of a matrix block must be constructed. The procedure goes as follows:

Special labeled horizontal straight snake graphs indicates that each tile corresponds to an
entry of a row of the matrix block developed from the right to the left. Whereas, a special
labeled vertical straight snake graph indicates that the tiles correspond to the entries of a
column of the matrix block developed from the top to the bottom.

An indecomposable preprojective module (n + 1,7n) is obtained from §,; by assigning
alternatively either 0 or a 1 to the ends of the straight snake graphs constituting G.
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In this case, a 0 is assigned to the first tile in the first row, then a 1 is assigned to the
corresponding last tile, which is the first tile of the next straight snake graph, which
has assigned a 0 in its last tile, and the procedure goes on. Numbers 1’s are entries of
the identities in the matrix block, which can be completed by definition. The remaining
results hold immediately from the construction described above and definitions and
(1.11])). O

The following example illustrates step by step the arguments posed in the proof of Theorem
Considering the labeled snake graph G presented in Figure In Figure 0 and
1 are assigned alternately to the ends of each straight snake subgraph, in Figure S
is rolled up into the matrix block and finally by using the definition of a preprojective
module we complete each matrix block (see Figure [2.8)).

[ ] 1]

L]

FI1GURE 2.5. Labeled snake graph G.

Lo I It

FIGURE 2.6. Assigned a 0 or 1 to the ends of each straight snake subgraph.

0« -1
1 o ofs
e o« 0 1
e o 110 o

F1GURE 2.8. The preprojective module is completed by definition.
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o O = O
o = O O
—_ O O O
S O O
o O = O
o = O O

The following theorem is the preinjective version of Theorem

Theorem 18. Forn > 3 fized. The (2n+ 1)—terms snake graph G, (3,n,4,2,n+2,2, n+
4,2,n+2,2,n+4,...) defines the indecomposable Kronecker preinjective module (n+1,n).
Moreover the corresponding continued fraction of G;1 has the following form
2,2,1,1,...,1,2,1,3,1,1,...,1,A, 2],
N———— S———
n—3 n—1
where A =3,1,1,...,1,3,1,1,...,1,3,1,1,...,1,31,1,...,1,... and the length of A, [(A)

n+1 n—1 n+1 n—1

18
I(A) = {n(n— 2) =3, ifn is odd;

n(n—2)—2, ifn is even;

The snake graphs Gpx(n 4+ 1,n +1,2,2,...) are said to be preprojective Kronecker snake
graphs. Whereas the snake graphs G;x(3,n,4,2,n + 2,2,...) are said to be preinjective
Kronecker snake graphs.

Regarding snake graphs G, and Gjj, it is easy to see the following result.

Proposition 4. If [(G) denotes the length of a snake graph G, then

1(Spr) = (n+1)(n+2) =2, ifn is odd,
e n(n+3) -1, if n is even,

and

{n(n +2)—2, ifn is odd,

U(SGik) = L

n(n+2)—1, ifn is even.

Now, we study some interesting connections of preprojective and preinjective Kronecker
snake graphs with knot theory and Auslander algebras. On one hand, in section [2.4.]
we use the message of suitable Brauer configurations algebras to construct the rational
tangles introduced in Example [1| and a bijective correspondence between rational tangles
of type W(i + 1,4) and preprojective Kronecker snake graphs is described as well. On the
other hand, in section the set of preinjective Kronecker snake graphs is endowed of
the group structure and we proof a bijection between the elements in that group and the
full exceptional sequences of some Auslander algebras.

2.4.1 Preprojective Kronecker tangles

In this section, we describe the preprojective Kronecker tangles introduced in Example
as the message of the following Brauer configuration algebra.
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Let I's, = kQz,/M be the Brauer configuration algebra induced by the Brauer configu-
ration Ty, such that for k > 2 fixed, Ty = (Tp, T1, p, ) with:

To={(—(k+5),k+3)\ {-1,0,1}}, where the interval is consider over Z

% ={Py, P, P,,..., P}, where

Po={i+3,—(i+3),-2,2i+32 —(i+5),2,i+3,2 —(i+5),2,i +3,...},
for 0<i<k and |P;| =2i+5.

2. The orientation O is defined in such a way that:

At vertex 2; Py < P1(2) < p2(3) << P}Sk+1)'

At vertex n; Pi?;,with 3<n<k+3.

At vertex —2; o< PI< Po<P3<Pi<Py<-- <P
At vertex — 3; P.
At vertex —4; P.
At vertex —5; Ps.

n—37_
At vertex — n; P(|:rz—25)-| !

At vertex — ng anT_ﬁ
9 (n_5) 9

< P,_3,with 6 <n <k+ 3.

with k+4 <n <k+5.

3. the multiplicity function p is such that if k > 4 then,
2, ifa=-5-4,-3;
pla) = {

1, otherwise.

4. the multiplicity function p is such that if 2 < k < 3 then,

9, ifa=—7-6,-5—4,—3and k = 2,
wla) =<2, ifa=-7-5-4,-3 and k =3,
1

, otherwise.

The following is the Brauer quiver Q)s, associated to this configuration ¥ when k > 4,
for the sake of clarity we will divide the labeling of the quiver in two parts: In the first
one (Figure we use the symbol [z;;y] to denote that the vertex z; occurs y times
at the corresponding polygon (see identity ) and also draw the successor sequence at
the vertex 2 (in blue), at the vertex —2 (in red), at the vertex —k (in green),etc. In the
second one, a] is the set of loops at the corresponding polygon and j is the vertex. For

instance a1_3 denotes the loop associated to the vertex —3 in the polygon Py and ag;ljjz)

with 1 < h,, < [2$2] denotes the set of loops associated to the vertex —(k + 2) in the
polygon Pi_3. All these labels are useful to establish relations of type I, IT and III.
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(=3, 1] [~4,1] 5,11/ \8’ ) AW 2][
V2 (V2.3 \(Vol2.4] (V5 2,k + 1]
sac Po iy P, g
ol / [k +3, [421)

FIGURE 2.9. Quiver associated to the Brauer configuration ¥ = (%o, %1, 1, O).

FIGURE 2.10. Quiver associated to the Brauer configuration Ty = (%o, T1, 1, O) with cycles.

The ideal M of the corresponding Brauer configuration algebra Ag, is generated by the
following relations (see Figure [2.10)), for which it is assumed the following notation for the
special cycles:
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CPOJ _ a—3 Cpl,l _ a—4 CP2’1 -5

—4 = ap -5 = a1,

—9 —92 e -
_ fi=
ot =% e B 0 with 0 < i < k,
a; [ a; otherwise
ay"ra ift=1 —3
cPnmt = 7 ol ,with6 <n<k+3 and 2§t§{n W—l,
a;"a otherwise 2
sz—&l = a[_&f‘l_n . 'af_&Fl where 6 <n < k 4+ 3,
2 2
ay"ra ifr=1 —5
Cljr;;o,r: 1 [25 ,withk+4<n<k+5 and 2§T§{n —‘7
a;"a, otherwise 2
a---a’ ifs=1 and n>3
O = LU0 =7 with2<s< m
ay---al_y otherwise 2
2 “ e 2 .f | — O
cfw“_{a; s PITT Githl<u<j+1, 0<j<k
I otherwise
(2.13)

where t, denotes the triangular number n.

(e eyt et (e ot - (o)

[\

2 2 2
: <C’i’1> —oyt, (Ci’l) —chet (Cff) —c (Ci’1> —C for all possible
values of s and u,
2 2 2 2
3. (ch) —ofyt ()~ (efst) —cfve, (CfE') - g for all possible
values of s and u,

Pul Pyt
4. For k Z 3, C,g *C_I(Ck_;'_(ra)v

for all possible values of s, u and r,

5. (a7*)%ar®, (a7")?a7?, (a7)%a;®,

P,1 Py,s P,1 Py, 1
oii e N oli ol

P,1 Pyu P,1 Py,r

6. C7la (€T =5g/), with a (a') being the first arrow of ot (€T for all possible

n n
values of 7 and n,

7. 0fn-sly (C,I;"_?”Sa'), with a (a’) being the first arrow of CP” sl (071137,,_3,5) for all

—-n
possible values of n and s,

8. ™l (CP»"a!), with a (a’) being the first arrow of CT&1 (CF") for all possible
values of n and r,

9. C’; 7", with a being the first arrow of Cf 7" for all possible values of j and u,

10. For 3 < n <k we have a[%(? 3) 2 [%(T]l )at o With £, +1 <vip <tppq — 1,

—(n+3 2 +3 3 .
11. a[%(? 1)an+1, Qn (?L 1)a2+ with 1 < h, < [253],
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12 ap i Va; " ar Va0 for 1< <[22 -2,
13. a52afg(?+3), _2a2+3 with 1 < h, < [2437,
14. a;LQa%nH, G_QGF%%S)P a;QQj:L(nJrE’), with 1 < j, < [2£2] — 2,
15. a52a?n, a;ﬁla;%jf), with ¢, +1 <, <tpy1 — 1,
16. a?nafg(q’+3), a%na?nﬂ, a} a? a; , with t, +2 <, <tpy — 1,
17. a?naZ:B, atzna;il, a%na?%j{?l, with 1 < j, < [”7”} -2,
18. a?naj;(n+5), agnﬂa[*é;jf) with 1 < j,, < [2£2] — 2,
19. a?na;n(njLa, a?na[*,g;jil, a2 a, 1 with1 < j, < ["TH]—2 and t,+2 < iy <tpi1—1,
20. a? a2+3, a?ﬂa(_%(?ﬁ) with 1 < h,, < ["TJ“?)} and t, +2 < i, <tpy1 — 1,
21. a? a?, ajjf"%)a;%jfjl with 1< j, < [%2] 43 and t, + 1 < iy < tor1 — 2,
22. a;(n+5)a%n+1, aj_n(n+5)a;_2H, aj_n(n—i_@a;::g with 1 < A, < [”T‘Hi] and 1 < j, <
(521 -2,
23. aj_n(n%)a(_%(?ﬁ), a]n(n+5) a; , with 1 < j, < (””1 —2and t, +1 <14, <tpi —1,
24. a[‘%;f)ag”, a[‘@f)ai with 1< j, < [%2] =2 and t, + 1 <i, < 1 — 1,
25. a3 ard Y, a Ui a ) with 2 <, < [252] - 2,
321 "1yl %31 2
26. a[,SZ;T)ath, a[_%;f))a;il,
27. a2+3aﬁrl, anga?nH, a2+3a(%j]521 with 1 < h,, < ["THL
28. a2+3 ]:L(n+5) 2:3 22 , az+3a[2(1 ) with 1 <h,< VLTHL
29, ag_n” 12”, ag_n"afnﬂ, ag_n”a;%l, agn”a’,;”:?’, ag_n”a[*%ﬁ) with 1 < g, < ["775},
30. afg(?jf)ag_n”, a;2ag_n”, Z:3a;nn, a?na;n”, a2n a,” with 1 < g, < (”775],
31. a1_3a%, a1_3a1_2, afgaio, a?k+1a1_3, azoaf?’, a;flal_g’, a; 4a1 6 a1_4a%1,
32. a;4a§, a;4a§, a;4a52, a56af4, ailaf4, a%af}, af2af4, a%afl, a%aIG,
33. a;%il, a;ﬁa%, aQ_Ga%, a2_6a2_2, a1_5a1_7, a1_5a;r’w, a1_5a222, a%al_fi, a1_2a1_6,
34. af‘:’agQ, a?,}af‘r’, a%af‘r’, afmaf‘r’, a;7af5, a§2af5,af5a%, ailafq
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The following result regards the Brauer configuration algebra Ag, .

Theorem 19. For the specialization e(i) = [i] with the concatenation defined by the usual
tangle product it holds that M (%) = T, (see Example .

Proof. For k > 2 X, we have k + 1 polygons P; with 0 < ¢ < k. According to
w(P) = (i +3) 5 (= (i + 5))[21(—(i + 3))1 ()11 (=2)'=(i + 3)(—(i + 3))(-2)(2)(i +
3)(2)(—(i+5))(2)(i +3)(2)(—=(+5))(2)(i+3) - - - where the length of w(P(7)) is equal to
20+ 5.

Now, applying the specialization we have:

wé(P) =1+ 3] x[—(+3)]*[-2] % [2] x [i + 3]« [2] x [—(¢ + 5)] *x [2] x [¢ + 3] * [2] x [-(¢ + B)] - - -

=W(@i+3,i+2)

Thus, the specialized message is given by the following formula
k k

M(Z%) :Zwe(a) => W(i+3,i+2) =T,

O

Corollary 10. There is a bijective correspondence between rational tangles of type W (i +
1,7) and the preprojective Kronecker snake graphs.

Proof. 1t is enough to associate each W(i 4 1,4) the corresponding representative in the
class of the helices associated to the preprojective Kronecker module (i + 1,7) defined in
[13] or in Section The corollary holds as a consequence of Theorem O

The following results are consequences of Theorem [ and Proposition

Corollary 11. For k > 4 fized,

4 3 2 .
12n*+40n +gOn +32n+21’ Zf L= 2TL,

dimy Ag, = 4 3 2
k 12n*+64n +1§8TL +128n+57’ 'Lf k= 92n + 1.

Proof. 1t is enough to observe that for k > 4 fixed, it holds that

[=2=21, if —(k+5) <a < —(k+4);

=421, if —(k+3) <a < —6;
val(a) 1, if =5 < a < —3;

k41, if « =—2;
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According to Proposition [2] the following identity holds:

(k)
dlmkAfk = 2(k+ ].) + Z " a 5‘| 1 + Z 2t|' a— d-‘
k+3
+ 34+ 20 + 2ty 1+ Y 221,
a=3

where t; denotes the jth triangular number. The result holds as a consequence of the
following identities:

%4) 2% 4tn71, lf k = 2n,
—a—57_1 — )
a=—(k+5) = 2tp—1 + 2tn, if k=2n+ 1;

n—1
6 2(2 2t> = (=), if k = 2n;
> e =

_ T (ht3) 2<Z2t> 2t,, = 2EDEEL) i g — 9 1

n+1
k43 <Z 2, = (@IS e — o,
2ray_1 = =1
az:;)) 211 <7§1 o2, 2(n+2)(n +4n+3)

i=1

, if k=2n+1.

\_/\/

We are done. (]
Corollary 12. For k > 4 fized, it holds that:

T2 +2n+5, ifk=2n;

dimy Z(Ag,) =
1my (‘Ik) {7n2+7n+7’ ifk;:Qn—l—l.

Proof. Sincerad? Ag, # 0, the result is a consequence of Theoremwith u(=5) = p(—4) =
u(=3) =2, |Tg| =2k +6, |T1| =k+1, |Cg, | =3, val(2) =t and #(Loops Q) given by
the following formula:

n? + 3, if k = 2n;

2.15
™2 +5n+4, ifk=2n+1. ( )

#(Loops Q) = {

Formula (2.15]) can be obtained taking into account the following identities:
’f{ﬂ 20202 1), if k = 2n;
— 2| |202n24+n—1), ifk=2n+1;

D S (e

ifk=2n+1;
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2 | 2n+1, ifk=2n+1;
We are done. O

2.4.2 The group of the preinjective Kronecker snake graphs

In this section, the set 8% (nn+1) of preinjective Kronecker snake graphs of a fixed preinjective
Kronecker module is endowed with an operation, which makes of that set a finite group.

A Kronecker snake graph G, ,41), has associated a unique word wg‘ =

(apquslprqu2,pr2q52 Up,rydsg s Wprgdss Opradsys - -+ b sy lpmqsﬂ“) given by the correspond-
ing entries, such correspondence makes of the Kronecker graph associated to the fixed
preinjective Kronecker module (n,n + 1) a finite group with a multiplication

defined as follows for h, h’ € ST,

I
h * h - (ap'rl qsq bprl qsg prz ED aprqug ) apr3QS3 bp’l‘SqS4 Yty lprnqsn lp’rn(Isn+1) *
/ / / !/ /
( Ap;., ab, bprl a5y prQqéz aprz a2 i, dl, bp$»3QQ4’ T lprnqén lprn qénﬂ)
h*h/: l l ’ b, l l *b// ’ a/,/ ’
prp/Tl qs ol prp/Tl qSP§~1+ prl s, prl q32 ) prp/T2 qs Py prp/Tz q9p;2+1 Prolsy Prolss’
1 l x 1, ,
T by Uy Tl oy Prnen Praden 1
h+xh' = (d b b al N M 1
Pror do1 Pryr sl "Prpr Aol (e) “Pryy ds2(a) 777 Py st () Pry dsntd ) (1)

with I’ € {a,b} and Pr,  — Qsnti(e) = Py, — Qs,+1 OF equivalently

qsntl(x) = prplrn - p;n + Gspt1-

Theorem 20. (8% s a finite group.

(n,n+1)° *)

Proof. Closure and associativity are trivial from (1). The identity is given by:

id(n) = (@1n41D12, ba2a22, az2bsg, . . . lnn—1lpny1) if 1 is odd
(a1n+1b12’ b22a227 a32b347 cee 7lnnlnn) if n is even
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Finally, each helix h has an inverse h~! uniquely determined by

-1 __ (. / / / / / / /
h™ = <ap£«1q§1 Dy ey 00yl Wt aly > Wty Oty -0 ol lpénqénﬂ)
such that pr, = iforalll <i<n. O
T

Example 3. The elements of the group (87(% " x) are the following:
h1 = (a14b12, b22asz, az2bss)

a14b12, b32ass, az3bas
a24b23, b13a11, az1bzs

a24b23, b3zass, a13b12

~— ~— ~— —

ha = (
hs = (
ha = (
hs = (a3abs4, basagz, a12bi2

he = (azabaa, biaaii, azibas).

Some products are

hi * ho = (@14b12, b22a22, azebss) * (a14b12, b32ass, azzbo3)
= (a14b12 * a14b12, azabzs * bagass, bazass * aszzbas)

= (a14b12, b32a33, aggbaz) = ho

hs * ha = (a24b23, bigai1, az1bsa) * (agab23, bizai1, azibsa)
= (b13a11 * ag4b23, az4baz * bigai1, azibss * asibss)

= (a14b12, bagaga, azebss) = hy

hs * hz = (a34b34, baaagz, a12b12) * (ag4b23, b13a11, as1bss)
= (bagagg * a24b23, azabsa * bizaii, a12b12 * asibsq)

= (a24b23, b33ass, a13bi2) = hy

The Cayley table of (81(% " %) has the following form:

* 1 hy | hy | hs | ha| hs | he
hi | hy | he | hg | ha | hs | he
ho | ho | hi | he | hs | ha | hs
hs | hg | ha | h1 | ho | he | hs
hy | ha | hs | hs | he | ha | Iy
hs | hs | he | ha | hg | h1 | hs
he | he | hs | ha | h1 | h3 | hg

Corollary 13. (SE‘;L 1)’ %) is isomorphic to the symmetric group (Sy, o).

Proof. The result follows directly from Theorem [20| and Theorem O
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2.4.2.1 Auslander algebras

In this section, we present a connection between the group (87(’;1 1)) x) and the full ex-

ceptional sequences of the Auslander algebras A; of k[t]/(z") [38].

In this section, we consider that the modules are left modules over a suitable Auslander
algebra, and that compositions of arrows are made from right to left. This family of finite-
dimensional algebras is well-known in representation theory. It also occurs for certain
matrix problems, i.e. actions of linear groups on flags [3§].

The algebra A; is defined as the path algebra of the quiver with ¢ vertices and 2t — 2
arrows

[e% [e% (0% (e «
1 2 3 t—1 t
B B B B B

bound by a zero relation Sa = 0 at 1, and commutativity relations a8 = S« at interme-
diate vertices 2,...,t — 1. We emphasise that there is no relation at ¢, this distinguishes
A; from the preprojective algebra of the A4~ quiver.

It is well known, A; occurs as the Auslander algebra of the ring R := k[z]/(x") [36]. This
means that R has finitely many indecomposable (finitely generated) modules, these are
M(i) .= R/(X") = k[X]/(X?) fori = 1,...,t and that A; is the endomorphism algebra of
their direct sum: A; = Endp(M (1) & --- & M(t)).

Moreover, A; also occurs as the endomorphism algebra of a very special tilting object of
geometric nature (see Appendix B in [36] and [37]).
A non-zero, indecomposable thin representation of A; is a sequence of maps k — k and

k ﬁ k. Therefore, it is uniquely encoded by a word in the letters v and 3, together with
the last index of a non-zero vector space in the representation. For exceptional modules,
the encoding is particularly simple, since the index of the last non-zero vector space is
always t.

We will depict these modules using the following convention: we read the word in the
letters v and S from left to right, and « is drawn as a line going right and (5 is drawn as
a line going up. This we call a worm.

Example 4. The seven exceptional As- modules, as representations and worms:

S@E) =V()=A1)=[0 0 k] e

AR2)=[0 k-%Ek] o V) = [k k< k] £
AB) = k=" k-5 k] ooe v =[0 kw1l
k- k] od ke kk) §

Now, we define worm diagrams as certain collections of worms. Worms will always be
conflated with exceptional modules. We consider Z x Z as a lattice grid in the obvious
way.
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Definition 2. A worm diagram of size t is a graph with the following properties:

(1) the vertices exhaust the triangle {(m,n) € Z X Z | m+n <t and m,n > 1},
(2) the edges lie on the lattice grid,
(3) the connected components are t worms of lengths 1,2,...,t , respectively.

Proposition 5. Fvery worm diagram of size t gives rise to a full exceptional sequence of
A;-modules.

L. Hille and D. Ploog proved in [36] the following result:

Theorem 21. For fixred t € N, there are bijections between the following sets:

1. Full exceptional sequences of Ai-modules.
2. Worm diagrams of size t.

3. The symmetric group (St, o).

The following result follows from Corollary [I3] and Theorem

Corollary 14. There is a bijection between the full exceptional sequences of A -modules

and the elements of the group 81(1;17n+1),

Proof. The assertion follows from Theorem [20] and Theorem O



CHAPTER 3

Categorification via some matrix problems and
Brauer configuration algebras

In this chapter, we categorify some integer sequences arising from some matrix problems.
In section we give an explicit formula for the number of Kronecker snake graphs de-
fined in Chapter [2 these numbers correspond to the sequence A052558 in the On-Line
Encyclopedia of Integer Sequences (OEIS). In section we categorify the numbers of
the sequence A052558, to do that, we define Brauer configuration algebras whose indecom-
posable projective modules are in bijective correspondence with preprojective Kronecker
modules, formulas for the dimension of this type of algebras and its corresponding centers
are given as well. In section we categorify the sequence A100705, which appears in the
context of the Bert Konstant’s game and in the four subspace problem. As in the case of
the sequence A052558, we define Brauer configuration algebras whose indecomposable pro-
jective modules are also in bijective correspondence with preprojective representations of
the tetrad via some cycles associated to these indecomposable representations. Through-
out the categorification process of the sequences A052558 and A100705 we associate some
partition trees to the preprojective solutions of its corresponding matrix problem, in sec-
tion we introduce the general notion of a preprojective tree and the explicit value of
the energy of these kind of trees is computed by using the message of a suitable Brauer
configuration algebra.

3.1 On the number of Kronecker snake graphs

In this section, some relationships between preprojective snake graphs, trees and helices
defined by the author et al. |13] are described as well.

In accordance with the digression made in Chapter [2| Kronecker snake graphs define in-
decomposable preprojective and preinjective modules. Actually, the notion of Kronecker
snake graph can be generalized by admitting that rows and columns of a given snake graph
are given by rows and columns of a matrix Kronecker block (A, B) applying the same rules

as in the generic case, e.g., entries a11,...,a1, and by are used to label the first row of
the snake graph, then tiles in the first column are labeled with entries by 1,...,0b;, 1, for
some 1 < i1 < n+1, then tiles in the second row are labeled with entries b;, 1,.. ., bii17i1 the

52
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second column is labeled with entries of the form b;, ;,,..., b, , for some 1 <iy <n+1,
(i2 ¢ {1,41}). Tiles in the third row are labeled with entries of the form bj, i, ..., biy i,
tiles in third column are labeled with entries of the form bs, j,,. .., biy i, (i3 ¢ {1,41,42})
and so on, bearing in mind that there is not a row in the snake graph whose tiles are
labeled by entries of the form a,41;, 7 # n+ 1, and by41,;, 1 < j < n. Thus, general-
ized Kronecker snake graphs give place to helices associated to indecomposable Kronecker
modules defined by the author et al. as follows:

An heliz h defined on the set of entries of an indecomposable non-regular Kro-
necker module is a path (oriented graph) whose vertices are entries of the matrix
blocks A and B. Such that, arrows connect an alternating sequence of the form
{a1,5,01,1, 0011, Qry 515 Qo515 O 505 Ors 505 Qrs 55 - - - ry s, } Where starting vertices are entries
in the null row of matrix A (although, starting vertices in the matrix block B can be also
considered to build a sequence according to this selection), the r;’s visit all the rows of
the indecomposable, r; # r; if i # j, ar,s; # ar,s;, | € {a,b}, and by, 5, # by, 5,- In
particular, each horizontal arrow in a helix h visits a given row in a matrix block (4, B)
just once.

Some cases of helices are given in the following example:

Example 5. Helices associate to the Kronecker modules (3,2), (4,3) and (3,4).

D
D
o

S =
T‘—QD
&

o

G——o6—>5 0 O
1 6—8 0
0 S 1
0 0 ¥#6 0

1 0 0 016 0 0
0 1 @—6+16 1 0
0 0 86 0 1

Two preprojective (preinjective) Kronecker snake graphs in the same Kronecker module
are said to be equivalent. Therefore, the main problem regarding Kronecker snake graphs
consists of giving the cardinality of the corresponding equivalence classes.

The following result follows from the definition of helices and Kronecker snake graphs:
Theorem 22. For n > 2 fized, there is a bijective correspondence between preprojec-

tive snake graphs and helices associated to the indecomposable preprojective (preinjective)
Kronecker module (n + 1,n) ((n,n + 1)).
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Theorem [22] allows us to reinterpret Problem 1 as a labeling problem for Kronecker snake
graphs. That is, the number of helices associated to a given non-regular indecomposable
Kronecker module is equal to the number of ways that a Kronecker snake graph can be
labeled by the entries of the corresponding matrix block.

The following results solve Problem 1 for indecomposable preprojective (preinjective) Kro-
necker modules. We recall that some advances to this problem have been proposed by the
author et al. in [13].

Theorem 23. If (n + 1,n) denotes an indecomposable preprojective Kronecker module
then the number of helices associated to (n + 1,n) is hl, = n![%] where [x] denotes the
smallest integer greater than or equal to x. In fact:

(n+1,n) >~ (n'+1,n) if and only if ki, = hE,.

Proof. We note that there is only one helix associated to the indecomposable preprojective
module (2,1) and two for the indecomposable projective module (3,2). And the vertices
sequence of helices associated to the indecomposable (4, 3) with a; ; fixed are:

hiy = {a1,5,b1,1,b2,1, 021,031,033, b4.3,a43},
hly = {a1,5,b1,1,b3,1,a32,a22,b22,b42,a43}, (3.1)
hiz = {a1,;,b1,1,b4,1,043,0a33,b33,b23,a2,1},

hly = {a1,;,b1,1,ba1,a43,a23,b22,b32,a32}.

The number of helices is given by the number of vertices at the last level of the following
associated tree:

(a1,5,b1,1) (3.2)
/ \
bo.1 b3,1 ba
/ N\
as a2 ass az3
L]
by3 4,2 bo 3 b3 2

Suppose now that the result is true for any indecomposable preprojective Kronecker mod-
ule (k+1,k), 1 < k < n then we can see that in general the rooted tree T,, associated to the
indecomposable preprojective Kronecker module (n+1,n) has the following characteristics
bearing in mind that vertex by 1 gives the root node a{:

(a) af has n children enumerated from the left to the right as (al,al,... al),
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(b) For 1 < i < n —1 each vertex a} has n — 2 children enumerated from the left to
the right as (a}}l,ailg, ey a}7n72), whereas vertex a} has n — 1 children of the form
niys L <l < n—1hasn—2 children
a}” 1, With 1 <lp <n—2, in general for this particular tree a vertex an Do dsos has
n— (k: + 1) children, 1 < k < n —2. Note that the number of vertices at the last level

of the rooted tree T/l with al as root node is (n —1)!,

(a}l ,a 711 DI ,a,ll 1), each children of a vertex al

(c¢) For each h, 1 < h <n — 2, vertex az{h is a root node of the tree T),_o.
The following diagram shows the general structure of the rooted tree T,

n-children (3.3)

SN
/l\ N

Tin—2) - Tin—2) - (n—2)- (n—2)

(n — 2)-children

(1) (1) (1)

According to the rules (a) — (¢) the number of vertices L7, at the last level of the tree T,
is given by the formula

Ly, =(n—-1)(n-2)Lr, ,+L(T))=(n—1)(n—2) h"_22 + (n—1)!
o n (3.4)
=m-1t[5] =7
We are done. O

Henceforth, partition trees described in the proof of Theorem [23] will be called Kronecker
trees and will be denoted T{x11 1), in Section we will give a bound for trace norm of
this kind of trees.

The number h?, of helices whose starting points are entries @i(n+1) € A defined in the same
way as in the case for preprojective Kronecker modules are invariants for preinjective
Kronecker modules. Thus we have the following result:

Theorem 24. If (n,n+1) denotes an indecomposable preinjective Kronecker module then
the number of helices associated to (n,n + 1) is hi =n!. In fact:

(n,n+1) =~ (n',n’ +1) if and only if hi, = ht,.
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Proof. By definition, there is a bijection between the set of permutations of the no null
columns of a representation (n,n + 1) and the set of all helices associated to it. Actually

an helix i = (aprl‘Zsl Dpr, dsy > Oprydsy @pry ey s @pryaas Opryasy s -+ -5 bpr s lpr, q5n+1) defines the n-
elements permutation (p,,, Pry, Prs, - - -, Pr, ). Moreover, it indicates the order that the helix
follows to visit the rows of the matrix block. That is, the first row to be visited by the
helix is p;,, the second row is p,,, and so on. (Il

Example 6. In this example, we give all the elements of the equivalence class of Kronecker
snake graphs associated to the preprojective (4,3). In the following tables we show, the he-
lixz, the generic Kronecker snake graph and its corresponding number of perfect matchings.

Helices Snake Graph Perfect Matchings
6=6=6m 0 0 SEEEEEEE
0 1 i 0 i
00 k8 00 u
(11 G(4,4,2,2,4,2,6) = 2243
06011 0 0 BE
10 10
0 ¥ b 1
00 k6 00 N
(11 G5(4,4,2,3,3,2,4) = 1146
00611 0 0 ]
1 90 0
0 i 0 1 |
00 ¥6-8 0
1] Gr(4,3,3,2,4,3,3) = 896
G—B—&lﬁ? 00
10
ﬁiﬁj ms
[ 11
00 ¥ 1
[T Gr(4,2,4,2,6,2,4) = 2417
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Helices Snake Graph Perfect Matchings
0 0-6m4 00 T
k666 11
01 8 0 i 1]
00 143 00 u
L1 5¢(3,4,2,2,4,2,6) = 1424
0 0—9 00 HTIT
1 0 & 1 0 i
0 k J} 1 L]
00 ¥9 00 u
L1 5¢(3,4,2,3,3,2,4) = 727
0 6—6H 0 0 -
1 86 0
0 i 09 1 H [
00 ¥4 0
] G£(3,3,3,2,4,3,3) = 841
0 66+ 00
li o [TTT]
M EEEEEE
0 0 Hooo)| L
57(3,2,4,2,6,2,4) = 1551
Helices Snake Graph Perfect Matchings
00 06H 00 SRR
¥6—"° 1 (T 1]
01 i 0 ﬁ []
00 ¥6 00 £
G7(2,4,2,2,4,2,6) = 819
00 06+1L 00 [ 1]
10 0
0 1
00 0 0 —
9f(274727 3,3, 2,4) =419
00 06H 00 -
1 % 0 0 -
0 k6 1 [
00 ¥6-9 0
9f(27 37 37 2a 4, 3; 3) - 492
0 0 &i 0 0
10
ﬂm EEmEEE
00 ¥
9f(27 2747 27 6, 2; 4) = 866
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3.2 A categorification of the sequence A052558

In this section, we prove Corollary [I5|which is useful to determine the number of summands
in the heart of the indecomposable projective modules over some Brauer configuration
algebras Agn = kQgn /1. Such result and Theorem allow us to give a categorification of
the integer sequence A052558 in the OEIS via Kronecker modules and Brauer configuration
algebras [71].

For n > 3 fixed, let K™ = (K, KT, 1, O) be a Brauer configuration such that:

1.
Kg:{fﬁl,l’Q}, (3 5)
KT = {Vj = 22202y .
2. The orientation O is defined in such a way that for n > 1
At vertex z; V1(4!) < {/'2(6!) < {/3(8!) <...< Vn((2n+2)!) 50

At vertex z; V12(12) < V22(720) < V32(60480) < ... < yltmEns2))

3. the multiplicity function p is such that p(x1) = p(zg) = 1.
Where the symbol xf in a given polygon Vi means that occ(x;, Vi) = j.

The following is the Brauer quiver Q xn» associated to this configuration (numbers attached
to the loops denote the occurrence of the vertex (x; above, x2 below) in the corresponding
polygon Vi, 1 < k < n):

Qn41

8] [101]

1
1, N\ i,
ovy OVy OVsy ovy OVy_1 vV, O
2[12] /> .
I
2[720] 2[60480] [(n)(2n + 2)1]

ﬁn—i—l
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The ideal I of relations is generated by the following relations (in this case, if there are
associated [} (I2) loops at the vertex Vj associated to x1 (associated to z2) then we let
P! denote the product of j < It loops, ¢t € {1,2}), c}ls is a notation for a set of cycles

{025,17625,2’ - ’Czs,zg’t e{l,2},hed{i,j},se{1,2,...,n}t}:

11 11 . .
1. ie0Civy — CisyCina for all possible values of i, s, x, ¥y,
2. cjz-s xcgs L, c?s yc?s ,» for all possible values of i, s, z, y,
3. ¢l ¢ and ¢2 ¢! , for all possible values of i, s, z,y
T Tls,e Jsyy Js,x sy’ 3Oy Yy

2

1 .2 RS ; ;
4. Cis,zBsH’ cj, , Qs +1; Bscis,z, asCj, s for all possible values of i, s, x,y,

5. (C}S’Z)Q; (cjzs,y)2, for all possible values of i, s, x,y,

6. aparyr1; onp102; BrBr1s Bur1B2s akBr1s Biaji1y ant1B2; Buriae, for
all possible values of j, k,

7. Pl yip1; ans1Pive; BePivki1; BasiPlye; 0<j <L 0<h < 1<ik<
n? 7 6 {a7 /8}7

8. For all the possible products (special cycles) of the form:

1 1 1
1 _ l et 1L I k—1
g1 = aPloag P - anPran i Pyt ag 1 P
; 1 ! 1 i1 no—j
2 _ J lk k+1 I 1 k—1"J
e1 = PPy ak+1Pk+1 crapPrrana Pt a1 P
2 2
83 _ ﬁ Pliﬁ Plk+1 B Pl%ﬁ Pl% L. ﬁ Plk—l
2 — Pkl Pe+14, ndn Pnt+llq k—14_1 >
li—l_h

4 h I [ 2 5
Eg = Pk—lﬁkpkkﬂk-i-lkarl T BnpnnﬁnJrle T ﬁk—lPk,1 )

(3.7)

relations of the form &f —ej, r,s € {1,2,3,4}, i,j € {1,2} take place. Note that,
products of the form P,?_l correspond to suitable orthogonal primitive idempotents

ek, 1 <k <mn,

1 3
9. ejo, €505%.

The following result holds for indecomposable projective modules over the algebra Agn.

Corollary 15. For n > 3 fized and 1 < k < n, the number of summands in the heart
of the indecomposable projective representation Vi over the Brauer configuration algebra
Agn is equals to the number of helices associated to the preprojective Kronecker module
(2k+3,2k+2), 1 <k <n.

Proof. Firstly, we note that for any k, rad? V;, # 0. Thus according to the Theorem
the number of summands in the heart of any of the indecomposable projective modules

Vi equals occ(z1, Vi) + occ(z2, Vi) = (2k +2)! + k(2k +2)! = hY, , = h%’r;g’%ﬁ), which
is the number of helices associated in a unique form to the indecomposable preprojective

Kronecker module (2k + 3,2k + 2). We are done. O

The following results regard the dimension of algebras of type Agn.
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Corollary 16. For n > 3 fized, it holds that %(dimk Agn) = n+ty,—1 +t5,—1, where
n

= > kQ2k+2)!, 6, = > (2k +2)!, and t}, denotes the hth triangular number.
k=1 k=1

n
Proof. Proposition [2| allows to conclude that dimg Agn/I = 2n + > |C;|(|Ci| — 1) where
i=1
for each i = 1,2, |C;| = val(x;). The theorem holds taking into account that for any j > 2,
JG —1) =2t 0

Corollary 17. Forn > 3 fized, it holds that dimy, Z(Agn) = —n+1+ Y hb, .
k=1

Proof. Since rad? Agn # 0, the result is a consequence of Theoremwith pu(zy) = p(z) =
L, |K§| = 2, |K}'| = n and occ(z1, Vi) 4 occ(wg, Vi) = hb, . O

Remark 5. Similar results as in Corollaries can be obtained for preprojective Kro-
necker modules of the form (4k + 2,4k + 1),k > 1 by considering in the original Brauer
configuration that

K(T)Z - {xla $2}7

(3.8)
K{b _ {Vk _ 37(14k+1)!xgk(4k+1)!)}1§k§n-

and keeping the relations in the quiver without changes (bearing in mind of course the
new occurrences of the vertices for the different products). In particular, it holds that

dimk Z(AKn) =n+1+ ZthJrl.
k=1

3.3 A categorification of the integer sequence A100705

In this section, elements of the integer sequence h,, = n3+ (n+1)? are interpreted as poly-
gons of some Brauer configurations, such interpretation allows to categorify the number
of cycles associated to some indecomposable preprojective representations of the tetrad.

Firstly, we establish an identity between the number of some invariants associated to
indecomposable preprojective representations of type IV (see Figure of the tetrad
and an integer number (in the sense of (2.1])) defined by the indecomposable projective
modules (polygons) over some Brauer configuration algebras. The following is the matrix
presentation of such preprojective representations where I,, is an n x n identity matrix. n
is said to be the order of the representation.

I+ O L1 I

0 | Tnpd| Loy I

FIGURE 3.1. Representation of type IV and order n of the tetrad.
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As in solutions of the Kronecker problem (see Section [3.1)) to each indecomposable rep-
resentation of type IV it is possible to associate a finite family of directed graphs called
cycles in such a case if

A|B|C|D

Up = A TB D

is a representation of type IV, then it is associated to U,, a unique family of cycles consti-
tuted by arrows connecting the following entries as vertices:

{aLl? a{l,l? b?l_,l? b(n+1),17 C(n+l),(n+1)7 Cé,(n—i—l)’ d;’ia dj,ia Cjj» c;—b,]w b?‘b,h’ bl,h; al,l}?
h, i and j are fixed integers, 1 <i<mn,1<j<n,he€{2,3,4,...,n+1}. In this case, no
cycle has entries of the form d,;1),, 1 < s < n as vertices.

The following is an example of a cycle associated to a preprojective representation of the
tetrad for n = 4.

«0066066000100000000
10000000001 0001000
0100/0000000100[0100
0010|000 000001%6%%%10
0001/0686066666060610001
0660661 0000[100 %1?00
00000/01000[010 021 00
00000|00 100606000010
00000/00010(00010[0001
00000/00001/00001/0000

Secondly, we note that the Brauer configuration allows to see each polygon V,, as
a partition of the number h,, into two parts of the form {n,n + 1} where n occurs (n)?
times and n+ 1 occurs n+ 1 times. Assuming the classical notation for partitions 3] each
number h,, can be expressed as follows:

by = () ™) (n+ 1)) > 1 (3.9)

we let P, denote such a partition. The partition tree T’p, associated to each partition of
the form P, is obtained by assuming the notation:

l~>0—>0 (3.10)

2M.
RN
3W\/>.

PR
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In this case, Tp, has a root node with n + 1 children, n of them have n children and the
last one has n + 1 children in such a way that in the last level of Tp, , n of these children
represent a partition of the form (n)™~1 (n+1)() and the last one represents a partition of
the form (n)™ (n + 1)), Partition trees of the form Tp, are used in the proof of theorem
20

Now we consider Brauer configuration algebras of the form Ar, = kQr, /J induced by the
Brauer configuration I',, such that For n > 2 fixed, I'), = (I'o, I'1, p, O) with

1.
Ioy={1,2,3...,n,n+ 1},

Ty = {Vi = kF) (ke + D)FDY o e, oce(k, Vi) = k2 oce(k + 1, Vi) = k + 1.
(3.11)

2. The orientation O is defined in such a way that

. 5
for 2 <1 < n at vertex 1, Vl(_lf) < Vi(Z ’<), where Vx(y’<) means that the polygon V,
occurs ¥ times in the successor sequence of the corresponding vertex, in particular,
Viea < V.

3. The multiplicity function p is such that u(j) = 1, for any j € T'y.

The following is the quiver Qr, associated to the Brauer configuration I';,, worth noting
that there is no arrow connecting vertex 1 with any other vertex provided that it is
truncated (see Theorem |3| item 5), besides we use the symbol [z;;y;] to denote that the
vertex z; occurs y; times at the polygon hj = j3 + (j + 1)? (see identity ) And cé- is
a set of loops {c§-y | 1 <y <occ(xj,hj)—1,2<i<n+1}. For instance, at 17 there are

associated the loops, 0371,6%72,0%73 and 6?71’C§72'

2;4 3;9 4;16 9; 25

[(]7 [(]7 [Q] [Q]
(65) a3 Y (675

o/\o/\o/—\o/\o

5N —— 1T N7 13N\ —— 0N\ —— 61
SO

; c .
“ 22 Ty Cmg T e

The following are examples of polygons in a Brauer configuration I'y,.
5=(1)+(2+2) =11 2)%,
17=02+3)+2+3)+2+2+3)=(2)W3)®,
A3=0CB+3+4)+B+3+4)+B+3+4)+(B+3+3+4)=(3)V49,
(

89 =(4+4+4+5)+(4+4+4+5)+(4+4+44+5)+(4+4+4+5)+(4+4+44+4+5)

(3.12)
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The ideal J is generated by the following relations where for a fixed 2 <1 <n 41, P;Lj is

the product of i loops of type I (1 <1i < occ(l,h;) — 1) attached to the polygon h; with
y; — 1 being the total number of such loops (y; € {j2,j}):

1. cz-‘wc}’y, if u = v, for all the possible values of u, v, x, y and j,

2. ¢, c?-y = cg-ycé-z, for all the possible values of z, y, t, and j,
3. (% )? for all the possible values of j, t and z,
Jz )
h ) h+1 h . h—1 A . .
4. ¢j aptr; Al cjzﬁh_l, ﬁhc(j_l)w, ajf3; for all the possible values of h,j
and z,
5. ajaiq1; BB, 2<i<n—1,2<j<n-1,
6. If
1 _ puwj, . p¥i+1—Lis pyi—(1+u)j
5]‘ = Phj ajphj+1 B]Phj s
2 _  pYi+1—Lj, pyi—1J
€j = O‘JPth /BJPhj s
3_ pui o p¥%—Li_  pyi+1—(1+u)g
&= Phj+1ﬁjphj P ’
i—1,5 i1—1,7
€ =8P oy Pl
J j j+1 (3 13)
5 _ pvj+l Yj+2—L1j+1 5 Yi+1—(1+4v),5+1 )
e+ = Puy iy B Phy, ’
6 . Yi+2—1.J+1 5 Yji+1—1,5+1
€j+1 - Oé]+1 hj+2 /B]+1Ph‘j+1 ’
7 _ ’U,j+1 . ij"l*lvj‘i’l i yj+2*(1+'0)7j+1
i1 = Bp, 5J+1Phj+1 1B, )
8 _ n. Yj+1—Lj+1 Yi+2—1,j+1
€j+1 - BJ+1Phj+1 Oé.]+1phj+2 )
. !
then there are relations of the form &, — ¢!, where 7" € {I1,...,8}, r # 7’ and

s,s" € {4,7 + 1}, for all the possible values of u, v and j,

2 4 6 8
7. Ejaj) gjﬂj) 8j+1aj+1) sjﬁj-i-l‘

The following result regards the Brauer configuration algebra Ar, . Recall that the notation
ny (see (2.1) is adopted for the integer number associated to the polygon V, in this case
V' is interpreted as an integer partition of ny .

Theorem 25. For n > 2 fized and 2 < i < n the number ny, = i> + (i + 1)? associated
to the polygon V; = h; € 'y (see Figure (3.1)) and formulas (3.11])) is the number of cycles
associated to the indecomposable preprojective representation of type IV and order i + 1.
And such identity defines a bijection between indecomposable projective modules over the
Brauer configuration algebra Ar, and preprojective representations of type IV of the tetrad.

Proof. According to Theorem[3] in order to prove that there exists the required bijection, it
suffices to find out the number of cycles associated to a given preprojective representation
of type IV. To do that, we fix a representation U,, of this type of order n > 2, and denote
its different blocks as follows:
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A|B|C|D
Un = A TB T TD
We note that all the cycles associated to U, can be seen as trees Tc(n +1).(n41)? which have

the entry c(,11) (n+1) @s Toot node with n branches whose successors are given by entries

/ /

/
1tn+1) €2,(n+1) "+ 2 Cny(nt 1)

Each entry c;(n +1) has n — 1 branches if i # n, whereas ¢/

all of these entries give rise to an arrow

n,(nt1) has n branches. Besides,

c

i,(n+1) - djvi’

for some entry d;; € D. Actually, d;; is a successor root of ¢ (nt1) With (n — 1) branches

n+1
in the tree whenever j € {1,...,n} and i # 1. If i = 1 then d; ; has by construction n
branches in C’. Therefore, the structure of T, has the following shape:

C(nt1),(n+1)

C(n+1),(n+1) (3.14)
1 ,(n+1) G (n+1 (n+1
dn, din

Which corresponds to the partition tree Tp,_,, of h 1) = (n — 1)2 4+ (n)?, thus the
correspondence Tp( ) = Tc(n t1).(ng1) 15 bijection between indecomposable preprojective
representations of type IV of the tetrad and polygons of the Brauer configuration (3.11)).

O

As an example the following is the diagram of T¢, , such that the number of vertices in
the last level gives the number of associated cycles (described in the proof of Theorem 3)
to the indecomposable representation of the tetrad Us:

44
ly Chy 054
VRS J N\ N
d31 di1 dao di2 ds3 da3 di3
Y o\ Y4\ Y\ ¥\ Y\ Y\ ¥\
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The number of cycles associated to the indecomposable preprojective representation of the
tetrad Us equals the second term of the integer sequence A100705. Actually, the number
of cycles associated to U, is given by h(,_1) = (n —1)3 4+ (n)%, n > 2, which corresponds
to the (n — 1)th term of this sequence. Black arrows denote the common part of all these
cycles.

0 Q Q Q Q 0 Le Q0 [0} Q 0 Q
1 0 oo 0 D ) 1 0 0|1 0 D
0 1 oo 0 0 0 1 oo 1
U_ 0 0 1 Q (0] 0 Q 0 Q Q 0 0 L
3 T 0 0 o |1 0 o1 0 0 1 0
0 0 0 oo 1 D ) 1 0 0 1 D
0 0 0 0o|o 0 L alw 0 1 I} 0
0 0 0 0 lo 0 01 | o 0 0 1 ]o 0 0

The following results are consequences of Theorems [3] [4 and Proposition

Corollary 18. For n > 2 fixed and 2 < i < n, the number of summands in the heart of
the indecomposable projective representation V; over the algebra Ar, is i® 4+ + 1.

Proof. Since for any indecomposable projective representation Vj, it holds that rad? V; # 0
then the theorem follows from Theorem [3] and the definition of the polygon V;, which has
i? 4+ i 4+ 1 non-truncated vertices counting repetitions. U

Corollary 19. Forn > 2 fized, dimy Ap, = > (k(k+1))2 = 3(n—3)(n+1)(n+2). And
k=2
dimy, Ar, ., —dimy Ap, =2(1—t,) + [(n+1)(n+2)]%, where for j > 1, t; denotes the jth

triangular number.

Proof. Tt is enough to observe that for n > 2 and 2 < j < n+1, it holds that val(j) = j2+7,
whereas val(n + 1) = n+ 1. The corollary holds as a consequence of Proposition ]

Corollary 20. For n > 2 fived, it holds that dimy, Z(Ap,) = "0+ | o

Proof. Since rad? Ar, # 0, the result is a consequence of Theorem 4| with p(i) = 1, for
any 2 <i <n+1, [Tg| =n, |T1| =n, occ(i,h;) +occ(i+1,h) =i +i+1,2<i<n,
and occ(2,hy) = 2. O

Remark 6. Note that Corollaries are categorifications of the integer sequences n? +
n

n+1 (encoded in the OEIS as A002061), Y- (k(k+ 1))? — 3(n — 3)(n + 1)(n + 2), and
k=2

%W—i—l (which is the sequence A064999). Elements of the sequence A064999 appear

as coefficients (in the case k = 3) of the generating polynomial of a n-twist knot with the

form P,(z) = Y ap gt
k>0

Sequence > (k(k+1))2= Y. (j—1)?is encoded A024166 in the OEIS. Worth noting
k=2 1<i<j<n

that sequence a(n) = £(n —3)(n+1)(n +2) , n > 4 has the code A005586, which has
an interesting relation with Dyck paths. Regarding Catalan objects, we observe that the
sequence A005586 counts the number of walks on the square lattice and the number of left
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factors of Dyck paths from (0,0) to (n+5,n—1), e.g., a(1) =5, UDUDUD, UDUUDD,
UUDDUD, UUDUDD and UUUDDD, where U = (1,1) and D = (1, —1).

Remark 7. The integer sequence A100705={1,5,17,43,89,...,n3 + (n + 1)?} is very in-
teresting for itself, for instance it can be used to build a family of directed trees with
an explicit value of energy (see Section . Sequence A100705 can be also used to de-
fine directed graphs whose vertices are either happy or excited in the sense of the Bert
Konstant’s game. Such a game can be defined as follows [15].

Let G = (Gp,G1) be a simple graph and set Go = {1,2,...,n}. For i € Go, let N (i)
denote the set of neighbors of 7.

Suppose now that chips will be distributed among vertices of G in such a way that for
i € Gp we have ¢; > 0 chips, the vector (¢; | 1 < i < n) is said to be a configuration, we
say that a vertex i is:

1. Happy,ifc; =% Y ¢,
JEN(3)

2. FEzxcited, if ¢; > % > ¢,
JEN(3)

3. Unhappy, if¢; < 5 > ;.
JEN(3)

Goal of the game: Make every one happy or excited

A well known result regarding the game of Bert Konstant establishes that it is finite if
and only G is a Dynkin diagram A,,,D,,Eg, E;, Es.

3.3.1 On the game of Bert Konstant

The game of Bert Konstant finishes for a graph G if and only if G is of finite representation
type as we recall before. Let us describe how the game is developed.

Initially no chips are present (i.e. ¢; = 0, for all 4, and all vertices are happy).
Then we place at vertex v;, = 1, so iy is excited but neighbors of iy are unhappy.
Subsequently, do the following reflection.

Pick any unhappy vertex i and replace ¢; — —¢; + > ¢;.
JEN(i)

Now, we define an oriented version of the game described above, to do that, we say that
if an arrow « : v1 — vy € Q1 where Q1 is the set of arrows of a given quiver ) then vy is
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a neighbor of vy, whereas v; is not a neighbor of vy (in other words, we are interested in
the out-degree deg™ (v) of vertices v € Qo).

Actually, the following result holds for the following quiver Qy:

,Ul
[ ]

NPV
NV
N

N

°
Vs

Qr =

Theorem 26. For the quiver Q) there exist integer sequences c;(c;) associated to each
vertezx vi(v]) € (Q(T'))o and an integer sequence f(i) such that the transformation ¢; —
¢ — [(i) = ¢, makes vertices v; happy and vertices v} excited for any i > 2.

Proof. Tt suffices to define ¢; as ¢; = i3+ (i+1)2, i > 1 the theorem follows if f(j) is defined
in such a way that for j > 3 it holds that, f(j) = 2(p§’ - p?fl) and ¢}, = cpq1 — f(R+1),
for h > 2, where p? denotes the jst pentagonal number, in this way Qi has the following
shape:

Qi = >/‘\35
W
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3.4 Energy of preprojective partition trees

The arguments in the proof of Theorems and includes the introduction of some
suitable partition trees associated to a preprojective Kronecker module and some inde-
composable preprojective representations of type IV of the tetrad, respectively. In section
we recall briefly the definition of the energy of a finite graph, we also use the concept
of the message of a Brauer configuration algebra introduced in section in order to
compute the energy (in the sense of I. Gutman) of some suitable trees, which appear in
the context of matrix problems.

3.4.1 Energy of a graph

The definition of the energy of a finite graph G = G(V, E) as a topological index was
introduced by I. Gutman in 1978 [33]. According to him the energy of a graph £(G) of
the graph G is given by the identity:

&G = > W (3.15)

ACE(M(G))

where A\ denotes an eigenvalue of the adjacency matrix M (G) of the graph G and E(M)
is the corresponding characteristic space [33].

The energy can be defined for quivers by using the trace norm M(G) of the adjacency
matrix of G, also known as the Schatten 1-norm, Ky Fan norm or nuclear form defined as
follows:

IM(G)]s = >l (3.16)

c€E(M(G)MH(G))

where o denotes a singular value of M (G).

One of the main problems in the theory of topological indexes consists of studying extremal
values of the energy of significant classes of graphs.

For instance, I. Gutman proved that for an arbitrary tree T;, with n vertices, it holds that
E(Sn) < E(Tn) < E(An),

where S, is the corresponding star with n + 1 vertices and A, is a Dynkin diagram. N.
Agudelo et al. in [1] have investigated extremal values of the energy of the family Q(n, 1)
consisting of trees with n vertices and 4 ramifications |1].

The arguments in the proof of Theorem includes the introduction of some suitable
partition trees associated to a preprojective Kronecker module. In this work, we compute
the energy (in the sense of I. Gutman [33]) of some suitable trees that appear in the
context of some matrix problems.

In fact, there are many examples of matrix problems whose preprojective solutions have
associated both helices and partition trees (e.g., the four subspace problem among others).



CHAPTHER 3: Categorification via some matrix problems and Brauer configuration algebras 69

Henceforth we called preprojective (preinjective) partition tree of a given tree associated
to a preprojective solution of a matrix problem.

Often, preprojective (preinjective) trees are defined by a set of suitable helices, cycles
or directed graphs (digraphs). Thus, they can be described as follows: A preprojective
(preinjective) tree is a rooted tree with a fixed number of children (say n-children). Each
of these children has at most (n — 1)-children and so on until reaching a generation whose
vertices have at most two children. The following diagram shows an example of this
construction:

IS
SN
VA VAN VAN

max |deg v| =n

max |deg v} =n — 2

° ° ° Y ) maX|degU{L,2|:2
. ° ° max |deg vy \ =0
(3.17)

Theorem 27. If | M(T)]|
n > 6:

. 18 the trace norm of a preprojective partition tree T then for

(n—1)(n)(4n + 1)
6

+d|Va] < M), < e O

where ngy is the number of bifurcations of T and d =n — |\/n].
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Proof. By construction, we note that there is a bijection f : B — S where B is the

A,

set of ramifications of T' of the form b, = and the set of singular values of

n— vertices

M(T) given by the rule f(b,) = v/n. Actually, the characteristic polynomial has the form
P(A) = N0\ — )™ (X —+/2)"2 .- (X — /n)™, with n = 1. We note that the most

frequent singular values is ny therefore

n n—2
S G = 1M, < ns (Z ﬂ) rovm
3=0 i=1

_ 9\3/2
< RQM + 2\/,71

- 3

9\3/2
_ 27%2(71,3 2) + 2\/,71
_ 2np(n—2)32 + 6y
B 3

On the other hand,
M), >> Vi
j=0

=> i(2i+1)+d|Vn]
=1

_ (n—l)(T;)(éln—i—l) v d|val.

And with this argument we are done. U

The following results give the explicit value of the energy of some oriented partition trees
with ((n — 1)3 + (n)2) + (n? 4 2) vertices and n? + 2 ramifications.

Corollary 21. For each n > 3, the trace norm ||[M(Tp,, ,,)||« of a partition tree Tp,, _,,
is given by the formula ||M(Tp,,_,))|ls = (n+2)y/n+n(n—1)v/n— 1.

€ Q(hy + in,in) with i, = n? +2. Thus, for each n, Tp(n7

Proof. For eachn >3, Tp, _, 1)

has the shape:

)



CHAPTHER 3: Categorification via some matrix problems and Brauer configuration algebras 71

(n) (3.18)
(n—1) nl\
(n—1)--(n—1)- n—=1)--(n—1)--

where (z) denotes that the corresponding vertex has x children. Therefore the associated
characteristic polynomial P, (\) of the oriented tree has the form P,()\) = (A —n)"2(\ —
(n — 1))n=D\n*+(+1)* * And the corresponding singular values have the form oy = 0,
o9 = +/n and o3 = v/n — 1 up to multiplicities. O

There is another way to compute the energy of a partition tree Tp, . as the message of
a Brauer configuration algebra (see [2.2] . In this case, words concatenatlon arising from
the configuration is specialized by the usual sum of real numbers.

Consider the Brauer configuration algebras I'a, = kQa, /L induced by the Brauer config-
uration Ay such that for n > 3 fixed, Ap = (A, A1, p, O) with

Ay = {z0, Tp—1, 71},

B 9 (3.19)
Ay ={P = {xo, 21}, P = {x,(c]ill),ﬂck},P?) = {ﬂﬁgil %H),x;(f)}},

Where the symbol xl(j )in a given polygon Py means that occ(x;, Py) = j
2. The orientation O is defined in such a way that for n > 3

At vertex xq; Py,
At vertex zj_1; PQ(k_l) < P§k2_2k+1), (3.20)
At vertex x; P < Py < Pék).

3. The multiplicity function p is such that p(xo) =2 and p(rg—1) = p(xg) = 1.

The following is the Brauer quiver Qa, associated to this configuration, we use the symbol
[z;;y;] to denote that the vertex z; occurs y; times at the corresponding polygon P,
with 1 < n < 3. We also consider the notation af’“’l with 1 <1 < k —2, apr™ with
E<m<k?—2k—1and ark with 3 <n <k +1 to indicate the loops at P, and Ps.
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@p_
[Zp_1, k% — 2k + 1] as o, [Zp_1.k—1]
c—1> k< —2k k—1>
L /\ "
a'm{» ! P3 P2 @

k

;1
-1

x
a

P

&

z0
ay

FIGURE 3.2. Quiver associated to the Brauer configuration Ay = (Ag, Ay, , O).

The ideal L of the corresponding Brauer configuration algebra A, is generated by the
following relations (see Figure , for which it is assumed the following notation for the
special cycles:

[

o

(
(

ctrla (Cftal), with a (a') being the first arrow of C22" (CE>") for all h,

CEs' a (CL37d)), with a (a') being the first arrow of C1*" (CL*7) for all 4, j,

P1,1 _ _xo
C’wo =a’,

Tn—1 Tk—1 .
a ) ifh=1 .
cPh — 071 k2 —k cwith1 <h<k-—1,
k—1 k—1 k—1 .
a,""eap’y otherwise
P3i _  Tk-1 Tk—1 . Tk—1 ; 2 _
kail =0} 1)tk @4 (k-2) where 1 <7<k 2k + 1,
Pl xp T Tk
Cop” =artay" - apls,
Pl _ wp T Tk Tk
Cop” = axtaz” -~ ayl ya7",
Psj _ Tk Tk Tk .
Cpl’ = ajiqa;ly---a;hy where 1 < j <k.

(3.21)

2 . .
P 1 P11 Py.1 Pyh P P . )
Czo’ ) - (C’mkl ), Cofm — Cp2y, Oyt — C32 ) for all possible values of h,i and

J-

2 2
C’f&’l) a (CH'a!), with a (a') being the first arrow of (Cfg’l) (e,

. aj’al*, a) ek, with 1 <1<k —2,

Tp—1 X

o e with 1 <1<k =3, am ™ aily, with k <m < k* — k,

Tl— .
am~'atk, for all possible values of m and n,

arftalkt withk<m<k?-—k—1, a7 'a)k!

K22k k—1 Qg2 _op>
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10.

11.

12.

13.
14.

afYan T, k+1<m <k -k qam with3<n <k+1,

Tk—1 T Ty Tk—1 Tp Tk—1 :
Gy ate, a1farn,  aytam T, with 1 <m <k -2,
T Tk Tp Tk—1 : 2 Tk LTk
a a5 op, Gy am , with kB <m < k% —2k—1, ay'al,,
aska®* with 4 <n <k+2, a%ay ", for all possible values of m and n,

Tk—1 T .
ks o, aptapt,, with 3 <n <k,

T o
Ayt 007"

The following result describes the way that the message associated to the Brauer config-
uration algebra Aa, gives the value of the energy of a partition tree.

Theorem 28. For k fized, the energy of a partition tree Tpy_,, see s given by

Proof. Tt is enough to observe that for k£ > 3, it holds that val(xy_1) = k(k — 1), whereas
val(xg) = k + 2. The theorem holds as a consequence of the specialization and Corollary

21l

O

As an example consider the following Brauer configuration algebra and the specialization
described in Theorem 28

Az = (Ag, A1, p,0)

Ag = {xg, 2,23}

Av=1{Pi = {eo,zs}; Pl as); Po{al,ad)}
w(zo) =2, p(xe) = p(xs) =1

The orientation O is defined in such a way that:

At vertex xg; Py,
At vertex xo; P22 < P§4),
At vertex z; P < Py < Pég).

The following is the Brauer quiver Qa, associates to this configuration.

(3.22)

(3.23)
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[22, 4@
P

3

T~ P@ ’
~__

Py

&

xo
ay

FIGURE 3.3. Quiver associated to the Brauer configuration Az = (Ag, Ay, u, O).

According to [2.3] we have the following identities:

w(Pr) = (VO)'(V3),
w(P2) = (V2)*(V3),
w(P3) = (V2)!(V3)°.

In accordance with the concatenation defined by the usual sum of real numbers, M (AS)
is given by:

M(A§) = (V3) + (V2+ V2 +V3) + (V2 + V2 + V2 + V2 + V3 + V3 +V3)

V345V, (3:24)

The following results are consequences of Theorem [4] and Proposition [2}

Corollary 22. Fork > 3 fized, dimy, Aa, = T+2(tj2_p_1)+2(tpr1) = k1 —2k3+k2+4k+9.
And dimy Ap, ., — dimg A, = 4k3 + 4, where for j > 1, tj denotes the jth triangular
number.

Proof. 1t is enough to observe that for £ > 3, it holds that val(zy—1) = k(k — 1), whereas
val(zy) = k + 2. The theorem holds as a consequence of Proposition ]
Corollary 23. For n > 3 fived, it holds that dimy Z(Aa,) = k? + 2.

Proof. Since rad? Ap, # 0, the result is a consequence of Theorem {| with p(zg) = 2,

plap-1) = plzr) = 1, [Ao| = 3, [A1] = 3, occ(wp—1,P2) + occ(zp-1, P3) = k> — k,
occ(zy, P3) = k and occ(zg, P1) = 1. O

For preprojective Kronecker trees T(,41,) we have the following corollary:
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Corollary 24.

(n—1!|2] (n—2)32 +6yn
3

(n—1)(n)(4n+1)

; (3.25)

+d[va| < ||M(Tham)l, <

Proof. By construction, we note that there is a bijection f : B — S where B is the

[}
® ¢ ¢ and the set of singular values of

set of ramifications of T of the form b, =
n— vertices

M (T(;41,n)) given by the rule f(b,) = y/n. Actually, the characteristic polynomial has

the form P(\) = A\"0(X — 1) (X —/2)"2 - .- (A — {/n)™, with ny = nz_; = 1 we note that

the coefficients in the recurrence
Ty =Th-1(n—=2)n—1)+vVn+(n—-1)vVn—-2+F,

where F,, = /i — 1+(n—1)v/n — 24+(n—1)(n—2)v/n — 3+.. . +(n—1)(n—2)(n—3) - - - 33/2,
gives the algebraic multiplicity of all singular values {O, 1L,v2, ..., \/ﬁ} Thus, the most

frequent singular values are ng = (n — 1)! {%1 and ny = (ngl)! (%W therefore

SVi = M T, < (n_l;'bj (Z ﬂ) o
2 =1
SRl R S
_ (=1 ?J)(n_Q)S/Q +2v/n
_ (=13 (-2 + 6y
3

I3

On the other hand,

M (Tt m)ll, 2D Vi
=0

:Zi(2i+1)+d[\/ﬁj

1
_ (n—1)(n)(4n + 1)
6

+d|[vn|
And with this argument we are done. (I

Remark 8. We note that, although the research on topological indexes has its origin in
chemistry nowadays, researches regarding these two subjects are independent. However,
results as those given in Corollary [24] are examples of the strong connection between these
fields. Actually, it is worth noting that, the sequence in the lower bound of the inequality
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corresponds to the number of zinc sulfide (ZnS) molecules in clusters of n layers in
zinc blende crystals.

FIGURE 3.4. Crystal structure of zinc sulfide blende (ZnS).

Remark 9. According to Corollary [I] the Brauer configuration algebras studied in sections
and are the trivial extension of an almost gentle algebra, whereas the algebras
studied in sections [B.4.1] and 2.4.7] are not.

3.4.2 A practical application of the theory of Brauer configuration al-
gebras; traffic flow

Nowadays one of the most important challenges faced by big cities is the control of traffic
flow. Actually, in the contemporary society people spend much time stuck in traffic jams
every day. A poor management of the vehicular flow implies serious economical problems
for the cities. On one hand, some cities have considered to discourage the use of cars
causing a minor number of taxpayers thus many problems to the sustainability of public
finances.

On the other hand some cities have decided to improve the roads investing much money
in an effort to keep countries moving and make journeys faster, better and more reliable
for all the citizens. However, it means gridlocked cities and more pollution thus more
respiratory diseases amongst the population.

Through this section we will use Brauer configuration algebras to model some aspects of
the traffic flow. We assume that the route in this model is circular.

Traffic problems have been addressed for several researches by considering issues regarding
traffic prediction. For instance, traffic speed, traffic density estimation, traffic flow, traffic
congestion, accident prone-area, etc. We recall some of these concepts briefly .

e Vehicular Traffic consists of various type of vehicles, i.e., performances, various sizes,
and characteristics.

e Traffic flow or volume ¢ is the number of vehicles (n) passing some designated road-
way point in a given time interval (¢); ¢ = %.
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e Traffic flow data is usually collected to obtain factual data concerning the movement
of vehicles at selected points on the street, to indicate for example trends in volume.

We also have other measures in traffic prediction theory:

e Average Daily Traffic (ADT), Annual Average Daily Traffic (AADT) and
Hourly Traffic (HT), to determine peak periods, capacity deficiencies, and to
determine geometric design parameters.

e Density (D) or concentration (k) is the number of vehicles occupying a given length

(1) of a lane or roadway at a particular instant, k = % = 2; ¢ = ugk — Z—;kQ, where

u is the speed.

There are two types of facilities:

- Uninterrupted flow (freeway, multilane highways, two-lane highways).

- Interrupted flow (signalized streets, un-signalized streets with stops signs, transit
lanes, pedestrian walkways).

Regarding acquisition of traffic information in real time, several big cities as Rio de Janeiro
have developed different tools to make such task.

For instance, BusesInRio [32] is a tool designed to carry out the acquisition of data arising
from trajectories generated by an active GPS device installed in vehicles, in such a way
that trajectories are understood as mobile traffic sensors.

A vehicle raw trajectory is considered as a continuous data stream generated by a GPS
device.

BusesInRio not only offers the instantaneous data if not it queries data and stores its
entries for future processing, data analysis and planning.

However, some problems have arisen from the implementation of this tool, for instance,
Nasser et al solved an acquisition data problem generated by the original tool provided
by the City Hall Web service on Dados Rio such a gap was generated due that the data
provided by the GPS service has no information about which route the bus is following at
that moment.

The authors solved the problem by considering two consecutive samples of a bus. These
consecutive positions determine a vector V', these two positions are also projected on each
route I; respecting the route direction, to create the vectors Vpg;, the chosen route is that
with the smallest angle (as a kind of map matching).
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SR

--> Ry

FIGURE 3.5. Projection vectors associated to two consecutive samples and trajectories (paths)
constructed according to the algorithm of Nasser et al. for the tool BusesInRio.

Bl o7 =
B G g

FIGURE 3.6. Route matching by direction analysis and data acquired by BusesInRio for two route
lines.

3.4.3 Some models

Some traffic flow models consider the following aspects and questions to construct an
accurate and reliable mirror of the real-world vehicular traffic:

e How many cars are on a road in a given time?

o How many of these cars have mechanical breakdowns?

How much time is spent at a traffic light?

What is the total time while driving in a given route?

How much time does it take to complete a (e.g., circular) route?

Some of these questions can be addressed by defining the traffic flow, the average time or
the density. However, in many cases the geometry of the route generated by the trajectories
of the vehicles matter (e.g. BusesInRio).

In fact, the traffic flow defined in this way (via vehicular trajectories) describe a well
known algebraic structure called path algebra, and the restrictions (as, stop-lights, vehicles
with mechanical breakdowns or different obstacles) transform the traffic flow in a Brauer
configuration algebra.
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3.4.4 A Brauer configuration algebra defined by traffic flow

Definition 3. Traffic flow defines a Brauer configuration algebra

The

D(t) = (Po(t), P1(t), 1, O) such that:

®o(t) consists of all vehicles on the road (or route) in a given time t (including
vehicles with mechanical breakdowns). We assume that the route is circular.

O, (t) interprets the observation points-polygons on the road where the counting pro-
cess s carry out. In the data, each of these points gives information about the number
and classes of vehicles detected.

w(v) =1, for any vehicle v.

Observation points are numbered Py, Py, . .., P, = Py according to the locations of the
points of observation in the road. It is assumed that vehicles completing the route
are non-truncated vertices and vehicles with mechanical breakdowns are truncated
vertices (these vertices can be taken out from the route without affect the behavior
the traffic flow) and that Py is the starting point. Thus, P; < P41, 0 <i<n—1,
and P, = P,.

Ideal Interpretation

Relations generating the ideal of the Brauer configuration algebra Ae(t) = ®(t)/I
are defined in a natural fashion.

For instance, if the end point of a vehicle-trajectory v; coincides with the starting
point of other vehicle trajectory wiy1, it holds that vyw; 11 = 0.

If the traffic is interrupted then it is assumed independence between two consecutive
parts of the road (because all the vehicles should be stopped at each observation point).
Thus, v;viy1 = 0 for each vehicle-trajectory v;.

If the traffic is uninterrupted it holds that v;vi11 # 0, for any i, and v;w;+1 = 0.

If the traffic is interrupted time spend at each observation point is represented by
loops (one loop for each suitable unit of time) in the Brauer quiver. Thus, Ciry, € P
means that the vehicle v; was n time units at the observation point Pi. In such a

k

case (Z chZ) (vit1) = 0, k < n, and vyw;41 = 0 for any other trajectory-vehicle
h=1

Wi+41-

Data arising from the trajectory-vehicles at each observation point-polygon are iden-
tified. That is, if the traffic analysis allows they are considered as a cluster.

Fized a time t, only data arising from non truncated vehicles in just one round are
used.

The Brauer configuration algebra Ag(t) allows to give the following information:
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1.

How much time (7¢) all vehicles were stopped at the observation points in a circular
route?, we let 7,, , denote the time that the trajectory-vehicle v; remains stopped at
the observations point-polygon Py (7 = ZTUM). T = Z T, 18 the time that

Vi, k k
a trajectory-vehicle v; was stopped in the route.

. How many vehicles were observed without mechanical breakdowns at a given obser-

n—1
vation point (vp,) or through the entire route (vy = Z vp,)?
k=0

Firstly, we observe that;

T = dimg(Z(Ag(t))) —n — 1,

where Z(Ag(t)) denotes the center of Ag(t).

The number of summands in the radical square of the indecomposable projective module
associated to Py is vp, .

The following are examples of the Definition

Example 7. Consider ®(t) = (Po(t), P1(t), u, O), such that:

~

.00.\19974:\95@

Dy(t) ={1,2,3},
Q.(t) ={Vi ={1,1,1,2,3}, Vo = {1,2,2,2,3}, V5 = {1,2,3,3,3}, Vs = {1, 2,3}},
At vertex 1, it holds that; Vi < Vi < Vi < Vo < V3 <V, wal(l) =5,

At vertex 2, it holds that;Vi < Vo < Vo < Vo < V3 < Vy, wal(2) =5,

At vertex 3, it holds that; Vi < Vo < V3 < V3 < V3 <Vy, wal(3) =

occ(1,V1) =3, occ(l,Va) = occ(1,V3) =1, occ(1,Vy) =
cc(2,V1) =1, occ(2,Va) = occ(2,V3) =1, occ(2,Vy) =

occ(3,V1) =1, occ(3,Va) = occ(3,V3) =3, occe(3,Vy) =1

p(1)=1, w2)=1, p@B)=1
The ideal I of the corresponding Brauer configuration algebra ®(t) is generated by the
following relations (see Figure , for which it is assumed the following notation
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for the special cycles:

oyt
oyt
ot
oyt
Cy>?
oyt
oyt
c;!

Va,3
Cy

(a) alas, if h # s, for

111111
= @1G90304050¢,

1.1.1.1.11
= 430405060109,

_ 2
= 050601020304,

_ 333333
= @1G90304050¢,

333333
= 430405060109,

333333
= 050601020304,

V1,2
Cl

Va,1
Cl

V4,2
0147

Vo,1 _
02

Va,3
CZ

‘/2171
CQ -

Va,1
C13

Va,1
CS

1.1.1.1.1.1

03040506071,
1.1.1.1.11

405060710203,

1.1.1.1.1.1
Agd1A2030405,

2229 9 9
axa30405060a7,

22292 9 9
405060710203,

2229 9 9
Agd1A9030405,

3 3.3 3 .3 3

= 20304050607,

V3,2
03 —_—

333333
4405060710203,

3.3.3 3 33
aga]axa3a,as.

all possible values of i and r,

(b) CYV" — OV, for all possible values of i, j,k and I,
(c) C]‘-/Q’i — C’lvz’k, for all possible values of i,j, k and [,
(d) C*" —C/** " for all possible values of i, j, k and I,
(e) C'jv“’i — C’lv‘"k, for all possible values of i,j,k and [,
(f) C’ivl’ja CZ-VQ’ja') , with a (a’) being the first arrow of Civl’j (CiVQ’j) for all i, 7,
(g) CV*7a (CV%7d) | with a (d') being the first arrow of C)*7 (CY*?) for all i, ;.

(3.26)

The following is the quiver associated to the Brauer configuration ®(t), the colors means
the different special cycles associated to each vertex as follows: for vertex 1 red, for vertex

2 green, for vertex 3 blue.

FIGURE 3.7. Quiver associated to the Brauer configuration ®(t).
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For this example we have three kind of vehicles on the route, four observation points, in
this case, the vehicles stopping time is given by the following formula:

7o = dimg(Z(Ae(t))) —n — 1

. . . (3.27)
=11 —4 — 1 = 6 suitable units of time (SUT).

In accordance with the model purpose in this work the number of vehicles observed without
mechanical breakdowns through the entire route is

n—1
vp =Y vp, =5+5+5+3=18
k=0

Example 8. We consider the Brauer configuration algebra described in section[3.3

~

. ®)(t) ={1,2,3,4,5,6},

2. @ (t) = {\ = {10,230} v, = 20 30} v = (309 4W} v, = {4019 560} v =
{529 6601},

3. At vertex 1, it holds that; Vi, wal(1) =1,

4. At vertex 2, it holds that; VI(Q) < V2(4), val(2) = 6,
5. At vertex 3, it holds that; VQ(?’) < Vg(g), val(3) =12,
6. At vertex 4, it holds that; V3(4) < ‘/4(16), val(4) = 20,
7. At vertex 5, it holds that; 1/;1(5) < V5(25), val(5) = 30,

8. At vertex 6, it holds that; 1/5(6), val(6) = 6, where Vx(y) means that the polygon V,
occurs y times in the successor sequence of the corresponding vertex

9. u(3) =1, for any j € I'y.

The ideal I of the corresponding Brauer configuration algebra ®'(t) is generated by the
relations defined in . The following is the quiver associated to ®'(t)

5 \5/17\@/43\@/695\65/ 61
C% 0?7 02113 ng 6?61
[2; 2] 35 3] [4; 4] [5; [6; 6]

In this example with siz kind of vehicles moving on the route and five observation points,
the corresponding vehicles stopping time can be obtained as follows:

Te = dimk(Z(Aq>/(t))) —n—1

(3.28)
=72-5—1=65 SUT.
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In accordance with the model purpose in this work the number of vehicles observed without
mechanical breakdowns through the entire route is

n—1

ver = Y vp, =2+ T+ 13+ 21+ 31 =74,
k=0

and there is only one vehicle with mechanical breakdowns.
Example 9. Consider ®"(t) = (®(t), @Y (t), u, O), such that:
1. (bg(t) = {1‘1,5[32},
20t = (i = {01 = @5 = @M =
100 _4(10! 12! 12!
{2y "y s = {2 25y,

5
3. At vertex xy; V1(4!) < VQ(G!) < VS(S!) < ‘/4(10!) < ‘/5(12!), val(z1) = Z k(2k +2)!
k=1

5
4‘ At vertex To; V2(12) < V2(720) < V2(60480) < V2(10') V52(12!), ’Ual($2) _ Z(2k +
k=1
21,

5. p(z) = plaz) = 1.

The ideal I of the corresponding Brauer configuration algebra ®"(t) is generated by the
relations defined in . The following is the quiver associated to ®"(t)

An+1

8] [10]

[41] i Ci,
1\_/ 2\/ 3\_/ 4\/5
212 2
[ ] 031 c]n
2[720] 2[60480] [4(101)] [(5)(12)]]

Bn—l—l
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In this new example with two kind of vehicles and five observation points the vehicles
stopping time 1s

n
T¢//:—n+1+2hgk+2—n—l
k=1

n
=-2n+ Zhgk+2
k=1

= 2892317078 SUT.

(3.29)

In accordance with the model purpose in this work the number of vehicles observed without
mechanical breakdowns through the entire route is:

n—1
Vg = Z vp, = 48 + 2160 + 161280 + 18144000 + 2874009600

P (3.30)

= 2892317088.

Remark 10. According to Corollary [I| the Brauer configuration algebras defined by traffic
flow are always the trivial extension of an almost gentle algebra.



CHAPTER 4

Categorification of Fibonacci numbers via
homological ideals and applications of Brauer
configurations algebras

In this chapter, we give combinatorial conditions to determine whether an idempotent
ideal associated to some Nakayama algebras is homological or not. We give the number of
such ideals via the integer specialization of a suitable Brauer configuration algebra and its
corresponding message. Moreover, we use the number of homological ideals to establish
a partition formula for even-index Fibonacci numbers. Some interesting sequences in the
On-line Encyclopedia of Integer Sequences (OEIS) [66] arising from these computations
are described as well.

4.1 Homological ideals

Homological ideals or strong idempotent ideals are ideals of an algebra introduced by
Auslander, Platzeck and Todorov in [6]. These ideals arise from the research of heredity
ideals and quasi-hereditary algebras. For these ideals the corresponding quotient map in-
duces a full and faithful functor between derived categories. Recently, homological ideals
have been studied in different contexts, for instance Gatica, Lanzilotta and Platzeck and
independently Xu and Xi established some relationships with the so called finitistic di-
mension conjecture and the Igusa-Todorov functions [26]. Furthermore, De la Pena and Xi
in [17] and Armenta in [4] studied the impact of these ideals in the context of Hochschild
cohomology and one point extensions.

This section deals with the combinatorial properties of homological ideals associated to
some path algebras and their relationships with the novel Brauer Configuration algebras,
which have been introduced recently by Green and Schroll in [31]. In particular, we use
the notion of the message of a Brauer configuration introduced in Section such mes-
sages enable to compute the number of homological ideals associated to some Nakayama
algebras. Moreover, such number of ideals allow us to obtain an alternative version of the
partition formula for even-index Fibonacci numbers given by Ringel and Fahr in [19] (see
identity [3) attaining in this way a new algebraic interpretation for these numbers.

85
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For an algebra A we mean a finite dimensional basic and connected algebra over an alge-
braically closed field k. We denote the category of finite dimensional right A-modules as
mod(A), and the bounded derived category of mod(A) as D’(A). We will assume that A
is a bounded path algebra of the form k£Q/I with @ a finite quiver and I an admissible
ideal.

An epimorphism of algebras ¢ : A — B is called homological epimorphism if it induces a
full and faithful functor
Db(¢*) : D*(B) — D(A).

Let I be a two sided ideal of A. Since the quotient map 7 : A — A/I is an epimorphism
then the induced functor 7 : mod(A/I) — mod(A) is full and faithful.

A two sided ideal I of A is homological if the quotient map 7 : A — A/I is an homological
epimorphism.

The following results characterize homological ideals [6}/17].

Proposition 6. Let I be an ideal of A, then

1. I is an homological ideal of A if and only if Tor’(I, A/I) =0 for all n > 0. In this
case, I is idempotent.

2. If I is idempotent and A-projective, then I is homological.

3. If I is idempotent then I is homological if and only if Ext"y (I, A/I) =0 for alln > 0.

We denote the trace of an A-module M in an A-module N as

traf(N) := > Im(f)cN.

feHom 4 (M,N)

Remark 11. We recall that according to Auslander et al [6], if P is an A-projective module
then trp(A) is an idempotent ideal of A and one obtains all the idempotent ideals of A
this way.

Remark 12. Note that, since the homological ideals are idempotent ideals and the idem-
potent ideals are traces of projective modules over A then there is always a finite number
of homological ideals.

Following the assumption that A is a bounded quiver algebra of the form £Q/I and the
number of vertices of @) are finite for every subset {ai,...,am} C Qo, we will assume the
following notation for every idempotent ideal generated by the trace of P(a;)®---® P(ayp,)
in A:

Ia,,.. am = LT A).
b (P(al)@"’@P(am))( ) (4.1)

In this section, we combine tools developed by Auslander et al. in [6], Xi and De la
Pena in [17] and the integer specializations of some Brauer configuration (see Section
to establish an explicit formula for the number of homological ideals associated to some
Nakayama algebras.
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First of all, for n > 4 fixed, we consider a Brauer configuration I';, = (I'o,I'1, 1, O) such
that:

1.Tg={n—k—-1eN|2<k<n—-1}U{n—2},
2T ={Usr={n—-2,n—k—-1}|2<k<n-—1}.
3. The orientation O is defined in such a way that

(a) Vertex n — 2 has associated the successor sequence Us < Us < -+ < Up,_1, in
this case, val(n —2) =n — 2,

(b) If 2 < k < n —1 then at vertex n — k — 1, it holds that the corresponding
successor sequence consists only of Uy, and for each k, val(n — k — 1) = 1.

4. u(n—2) =1,
5. uln—k—-1)=n-2, 2<k<n-1.
The ideal I, of the corresponding Brauer configuration algebra Ar, is generated by the

following relations (see Figure , for which it is assumed the following notation for the
special cycles:

n—2 _n—2 n—2 : _
Uk _ e if k=2,
-2 n—2 n—2 n—2

apg_jay" " -ap s, otherwise, (4.2)
Uy _ n—k-1
Gl =a .

1. a?af., if h # s, for all possible values of i and r unless for the loops associated to the

vertices n — k — 1,

2. C kg — (Cnfkfl) , for all possible values of k,

3. C’gﬁza with a being the first arrow of Cgﬁz for all k,

(e )

o~

a’ with a’ being the first arrow of C’gﬁkil for all k.

Figure shows the quiver Qr, associated to this configuration.
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n—k—1
”l

Ql~o — v
é\3 Q(x\.@/
n—k—1

ay

FIGURE 4.1. The quiver Qr, defined by the Brauer configuration I',,.

As an example the following is the numerology associated to the algebra Ar, = kQr,, /Ir,
with Qr,, as shown in Figure [4.1| and special cycles given in (4.2), (|7(Qr,,)| is the number
of indecomposable projective modules. Note that, |C;| = val(i)):

Ir(@r,)| =n—2,
|Cr—2| =n—2, |Cph_p—1|=1,
Z Z occ(a, X) =n—1, the number of special cycles,
a€ToX €l
dimy Ar, =2(n —2) 4+ (n —2)(n —3) + (n — 3)(n — 2) = 2(n — 2)?,
dimy Z(Ar,)=1+14+n—-22+n—-2)—(n—1)+n—-2)—(n—2) =
=n? —4n+5.

Remark 13. Ar, is a Brauer graph algebra and according to Proposition [3, the Brauer
configuration algebra Ar, with quiver Qr, shown in Figure has a length grading
induced by the path algebra kQr,,, provided that for any o € T'g it holds that u(a)val(a) =
n— 2.

Example 10. For the Brauer configuration I';, whose associated quiver is shown in Figure
we define the specialization e(a) = 2%, a € T'g with the concatenation in each word
given by the difference of the specializations of the vertices belonging to a determined
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polygon, in such a case for n fived, we have:

w(lUy) =(n—2)(n—k—1), for2<k<n-1,
w(Uy) =2"2 —2"FL for 2 <k <n—1,

n—1
MTE) = Y w(Up) =) 2m 22" k1
k=1

Urel

(4.3)

4.2 Homological ideals associated to Nakayama algebras

In this section, we prove some combinatorial conditions which allow to establish whether
an idempotent ideal in some Nakayama algebras is homological or not. We also give the
number of homological ideals associated to these algebras via the integer specialization of
the Brauer configuration I';, defined in Example

Let @ be either a linearly oriented quiver with underlying graph A, or a cycle A\; with
cyclic orientation. That is, @) is one of the following quivers

— 3
4 2
'/ \ 1 2 n—1 n
5 1 or o —— @ e — o0
\ /
.. n
S~

FIGURE 4.2. Quiver Avn with cyclic orientation and Dynkin diagram A, linearly oriented.

A quotient A of k@ by an admissible ideal I is called a Nakayama algebra [35).

In this work, for n > 3 fixed, we consider the algebras AR(z‘,j,k) = kQ/I where Q is a
Dynkin diagram of type A,, linearly oriented and I is an admissible ideal generated by
one relation R(; ;) of length k starting at a vertex 7 and ending at a vertex j of the given
quiver, 1 < ¢ < j < n. The following picture shows the general structure of quivers
which we are focused in this section.

Ap=1— - —=i=sit+l—=- —itk=—=j+1—=---—=n—-1-=n.

The following Lemmas allow to determine which idempotent ideals of an algebra
A Rijx) 8T€ also homological ideals. In this case, Lemmas andregard the case whenever
the idempotent ideal is generated by the trace of just one projective module associated to
a vertex of the quiver.

Lemma 1. FEvery idempotent ideal I, of an algebra AR(i,j,k) (see ) with j <rorr <1
is homological.

Proof. For r < i, we have the following cases:
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1. tTp(T)(P(t)) =0ift>r.
2. trpqy(P(t)) = P(r) if t <r, where P(r) denotes the r-th projective module.

If » > j, we consider the following cases:

L. trpey(P(t)) = P(r) if i <t < r, where P(r) denotes the r-th projective module.

2. trpiy(P(t)) = 0.
In all cases trp(.) (AR, ) = P(r)! for some [ € N. The result follows as a consequence of
Proposition [6] item 2. We are done. O

Lemma 2. Fvery idempotent ideal Iy of an algebra AR(i withi+1<t<j—11isnot

homological.

d.k)?

Proof. Consider Ly = trpq)P(i) = P(i)/S(i) @ --- © S(t — 1) where S(k) denote the k-
th simple module, also note that there are not morphisms from P( ) to P(j) if t # j
which means that EXt}LlR( . (Lt, P(7)) is a direct summand of ExtA R (It, R/ It)s

provided that L; is a direct summand of I; and P(j) is a direct summand of Ar, ;. /1t
Applying the functor Hom ARrg (=, P(4)) to a projective resolution of L; with the form
1,],K

0— P(j) —» P(t) - L — 0

it is obtained the sequence

O—)HOH]AR(_ (P(]),P(])) — 0.

o (PO, P(j)) = Homay

J:k)

Thus, ExtA RS (Lt, P(j)) =2 k and ExtA (IZ,AR(” w/1i) # 0. Then the idempotent

ideal I; is not an homological ideal as a consequence of Proposition [6] item 3. O

Lemma 3. If each idempotent ideal 1,, of an algebra AR(ijk) is not homological then
every idempotent ideal of the form I, . o, s not homological for 2 <1 <k — 1.

Proof. For [ fixed, we start by computing I, ... o,

IOCL---,Oéz = tTP(Oll)EB"'@P(al) R, k) Z tTP AR(ivﬂ'v’“))

In accordance with the hypothesis «a,, € [i + 1,j — 1] and taking into account that

TP(Otw)( R(z,],k)) Qw D (Oéw) b ‘ (44)
i—times  oup—i—times T Ow—limes

trp(al)@‘“@P(al)(AR(i,j ) = Lo, @ @P Q) \O/ (4.5)
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it holds that according to the identity (4.5), P(j) is a direct summand of A, ., /o, ..«
and L, has the following projective resolution

0— P(j) > Plavy) > Loy — 0

Applying the functor HomAR(_ (=, P(j)), we have that ExtjlélR  (Lay,P(j)) # 0 and

23,k (4,3,k)
by Proposition@item 3, we conclude that the idempotent ideal I, ..o, is not an homological

ideal. O

Lemma 4. Forl fixed, if each idempotent ideal 1, of an algebra AR“
is homological then every idempotent ideal of the form I, ..

o with 1 <w <
135k)

, 18 also homological.

Proof. 1t suffices to observe that t7p(a,,) (AR ) = P(cv,)! for some I € N. O

Lemma 5. Every ideal I;; or Iy ; of an algebra AR(z‘,j,k) s homological.

Proof. In accordance with the previous Lemma we can conclude that if I; is homological
then the result holds. If it is not the case then we consider the following cases:

1. For I; non homological we can compute I;; = trp()qpr) (AR ) (see identity (4.4)))
since r < i then trp(; P(r) = P(i) therefore ideal I;; is projective and idempotent.
Thus for Proposition |§|, item 2. We conclude that ideal I;; is homological.

2. We start by computing I; ; as follows:

Iij =trpwery) (AR, ) = Lt & Pl) ® PG & 0

i—times  t—i—times j—t—times

AR(i,j,k)/Itvj is given by:

PleP2)®---@Pl)d---®Pt)d---®dP()D---®P(n)
Lie--aLioPt)®d---@ePt)doPy)d---®dPH)d0d---®0

AR(i,j,k) Mg =

1 _ . . . . .
In order to compute ExtAR“’j’k) = (Itj, AR ;1) /It.j) we consider the projective res-

olution of L;

0— P(j) = P(t) » Ly — 0.

Applying the functor HomAR<_ . (—, AR(Z.J, 5 /I ;) we obtain:
7, »J»

)

0 — Homap (P(t), AR, ;1 /115) = Homap (P(): AR j gy /115) = 0

Taking into account that
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Homyp (P(t)ap())_o if 1<z<i
(4,3,k)

Homua,  (P(t), p)) =0 if i+1<y<i-1

Homy, (P(t). Py=0 if t+1<v<j-1

(4
Homyy,  (P(t),P(u)) =0 if j+l<u<n
Homa,  (P(),52)=0 if 1<z<i

Homap  (P(5), Puly—0 if i+1<y<t—1

Homa,  (P(j). p) =0 if t+1<v<j—1

Homa, (PG),P@)=0 if j+1<u<n

We conclude that Extf; . R (Iw,AR(” /i) = 0 and that the idempotent ideal
i,4,k

I; j is an homological ideal as a consequence of Proposition |§|, item 3.

O
Remark 14. If the non homological ideal I; has the form Iy, ;, the previous Lemma
also holds.

Lemma 6. For1 <h <i—1,1<I<k—-1andl <m < n—j fired. Everyidempotent ideal
of the form L, ..z 1. tyy1,ym OF an algebra A, ., where zq € [1,i—1], 8, € [i+1,j—1],
Ye € [j + 1,n] is not homological.

Proof. For h, | and m fixed, we start by computing I, . ., t1....t191,..ym>

Lottt em :”P(n)@ ®P(zp)BP(t)O- @P(tz)@P(yl)@ ®P ) (ARG 1)

_Ztrp (2a) AR(”k) +Zt7"P(tb) AR(”k) +ZtrP (ye) AR(ij))

a=1 — c=1

(1) (2) ®3)

(4.6)
The traces (1), (2), (3) can be written as follows:
h h
Z tTP(Za)(AR(i,j,k)) = @ P(Za) PO0D--- B 0’
a=1 a=1
! l
bZ_; tre) (AR ) = Lo @ b@l Piw)e 0 W
B i—times - n—i—l—times

> e (AR, = O ® Pn) e@Pu)e 0

c=1 i—times j—i—times c=1 n—m—j—times
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Thus, the ideal L., . ., #1....t;,u1,....ym has the following form:

h l m
Pre)e L, e@Pt)e Puy) e@PPu)e 0 (4.8)
a=1 i—h—times =1 c=1 n—m—j—times

Jj—i—l—times

In accordance with 1' we have that Iij((z/];)) is a direct summand of the quotient

AR(ij k)/[Zl7---7zh7t17---7tl7y1=---7ym and Ly, has the following projective resolution:

0— P(j) = P(t;) » Ly — 0. (4.9)

Applying the functor Hom 4,

(4,4,k)

(—, %) to the resolution 1) we obtain the following

exact sequence

P(j . P
0— HomAR(i,j,k) (P(tl), () ) — HomAR(i,j,k) (P(]), () ) -0

P j Y
Then EXt‘IAR(i,j,k) (Lt, P((;l))) =~ k and

1
EXtAR(i ik (Lo, 2m st i AR(i,j,k) /1217---,Zh,t17---7tl,y17---7ym) #0

)

by Proposition |§|, item 3, we conclude that the idempotent ideal I, . ., ¢ .. t;.y1,....ym 15
not an homological ideal. O

Lemma 7. For1 <h<i—1,1<I<k—1andl <m <n—j fired. The idempotent ideals
Liooontity and Iy gy of an algebra AR(LM) where z4 € [1,i—1], tp € [i+1,j—1],
Ye € [j + 1,n] are not homological.

h
Proof. It is enough to consider in 1} the trace Ztrp(za)(AR(i,j,k)) = 0 or the trace

a=1

Z trpe (A .) = 0. 0

c=1

4.2.1 On the number of homological ideals associated to some Nakayama
algebras

The following results allow us to compute the number of homological and non homological
ideals in a bounded algebra AR(i,j,k) by using the integer specialization e of the Brauer
configuration I',, introduced in Example [T0}

Theorem 29. Forn > 4 fized and 2 < k < n — 1 the number |NHI¥| of non homological
ideals of an algebra Ag, ., is given by the identity INHIF| = we(Uy).

k

Proof. We note that according to Lemmas [2| and [3| there are 2¥~! — 1 non homological
ideals associated only to the vertices inside the relation Ry; ), by Lemma |§| there are
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additional 277*~1 non homological ideals arising from the combination of vertices which
are inside and outside of the relation. The theorem follows taking into account the product

rule and Example O

Corollary 25. Forn >4 fived and 2 < k < n — 1 the number of homological ideals |HI%|
of an algebra Ag, , ,, is gwen by the identity [HIF| = 2" — w(Uy) = 3- 272 4 2n—k-1,

Proof. Since there are 2" idempotent ideals in AR(i,j,k) then the result holds as a conse-
quence of Theorem O

The formula obtained in Theorem [29]induces the following triangle:

Non homological triangle NHIT

n/k| 234 ]5]6]7]8
3|1 A I A
4 23 --1-1-1T-T-
5 |46 7] -1-1-]-]-
6 | 8 |12 14|15 - | - |- -
7 [16 |24 [28[30 |31 - |- | -
8 | 324856606263 -] -

Entries |NHI¥| of triangle NHIT can be calculated inductively as follows: we start by
defining [NHI2 | = 273 for all n > 3. Now, we assume that |[NHI®| = 0 with k& < 1 and for
the sake of clarity we denote the specialization under e of a word w(Uy) of the polygon
Uy, in the Brauer configuration I, as w®(U}') (see Example [10). Then, for k > 3:

w(Ur) = w(Ug) = (w* (Ui ) + w (U —])) = w'(U2,)-

or equivalently,
INHI;| = (INHI; | + [NHI; 27 [) — [NHIZ3).

These arguments prove the following proposition.

Proposition 7. M(I'%) equals the sum of the elements in the n-th row of the non homo-
logical triangle NHIT (see Ezample (10])).
n—1
Remark 15. The integer sequence generated by M(I'S) = Z on=2 _ gn-h-l
k=1
{1,5,17,49,129, 321,769, 1793,4097,9217, ...} is encoded A000337 in the OEIS. Elements
of the sequence A000337 also correspond to the sums of the elements of the rows of the
Reinhard Zumkeller triangle.

Remark 16. The sum of entries in the diagonals of the non homological triangle is the
sequence A274868 in the OEIS, and it is related with the number of set partitions of
[n] into exactly four blocks such that all odd elements are in blocks with an odd index,
whereas all even elements are in blocks with an even index.

Similarly, for the homological ideals Corollary [25|induces the following triangle:
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Homological triangle HIT.

n/k] 2 | 3 | 4 5] 6] 7 |8
7 _ _ _ i _ e
4 13 - [ - [ -1 -1-7T-
226 | 25| - | - | - | -] -

56 | 52 | 50 | 49 - - - -
112 | 104 | 100 | 98 | 97 - - -
224 1208 | 200 | 196 | 194 | 193 | - | -

Q0| | O OV | W~

The elements of the homological triangle are closely related with the research of categori-
fication of integer sequences. Particularly, these numbers deal with the work of Ringel and
Fahr regarding categorification of Fibonacci numbers.

4.2.2 Categorification of the Fibonacci numbers

In this section, we give some relationships between the number of homological ideals of
an algebra AR(i,j,k) and the partition formula given by Ringel and Fahr for even-index
Fibonacci numbers in [19).

We recall the array mentioned in the introduction of this document, where 0 < j <
1 <n, and
di; =1, foralli>0,
dij =0 forallj>i
dok+ii—1 =0, ifi>1, k>0, (4.10)
dok,0 = 3dog—11 — dok—1),0, k=1,
diy1j-1=2d;j+dij 2 —di15-1, 1,57>2.

Note that to each entry d; ;—; it is possible to assign a weight h;;—; by using the numbers
in the homological triangle HIT as follows:

|HI%, o — 227 *+1 if j is even,i is odd and i # j + 1,
|HIE, . || — 227k, if j is even,i is even,
hii—j =1 3, if 4 odd,j evenand i = j + 1,
1, if i =j = 2h for some h > 0,
0, if j is odd, i# j.

Where s = L%j and |z| is the greatest integer number less than z. If we consider the

multiplication of the entry d;;_; with its corresponding weight h;;_;, we can rewrite the
identity as follows:



CHAPTER 4: Categorification of Fibonacci numbers via homological ideals and applications of Brauer... 96

Theorem 30.

2t

Z(h2t,2tfj)(d2t,2tfj) = Z T | - a[r],

7=0 reven

z(h2t71,2t717j)(d2t71,2t717j) = Z|Tr| - ay[r],

7=0 rodd

t>0
(4.11)
t>1.



CHAPTER 5

Categorification of magic squares

In this chapter, we use Brauer configuration algebras to give a categorification to magic
squares of order n for 3 <n < 9.

5.1 Categorification of magic squares

In this section, magic squares are categorified following the ideas of Ringel and Fahr [21],
who established that all entries in the Fibonacci triangle are categorified by Fibonacci
modules, provided that such entries give the Jordan-Hélder multiplicities of these modules.
In our case magic squares will be categorified by identifying information arising from the
combinatorial properties of some Brauer configurations with the entries of magic squares
of different orders.

A magic square of order n is a square array M such that to each entry m; ; it is assigned
an integer number n; ; with 1 < n; ; < n? and n;j # ng j if m;; # my . In these arrays
the magic sum S = @ of the entries along rows, columns and diagonal is the same.
The Lo Shu array is a magic square of order 3, actually this array is the only (up to
permutations and reflections) of such order, and perhaps the most known magic squares
of order 4 are the Diirer magic square and the Jaina magic square. The OEIS encodes as

A033812, A080992 and A126710 the entries of the Lo Shu, Diirer and Jaina magic squares

respectively (see tables and [67,68].

4 19 | 2 =15
3|5 |7 =15
8| 1| 6 =15

(515 15 -0

TABLE 5.1. Lo Shu magic square.

97
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16 3 | 2 |13 =34
5 |10 11| 8 =34
9|16 | 7|12 =34
4 |15 14| 1 =34

|34 ]34 ]34 ]34 ] =200

TABLE 5.2. Diirer magic square.

7T 1121 |14 =34
2 113 8 |11 =34
16| 3 [10| 5 =34
916 |15 4 =34

|34 ]34 [34]34] 200D

TABLE 5.3. Jaina magic square.

Up to date, there are several unsolved problems regarding magic squares, which have
encouraged many mathematicians both amateurs and professionals to still investigating
many of its properties. For instance, determining the number of magic squares of an
arbitrary order is an unsolved problem in number theory, besides, Guy encodes as A6 and
D15 some open problems in number theory devoted to this subject [34].

The sequence A006052 lists the number of magic and semi-magic squares of some orders
counted up to rotations and reflections and it is estimated that the number of magic squares
of order 10 is 6,5x1029%% [69]. Recently, Rippatti proposed that the number of semi-magic
squares of order 6 is exactly 94,590,660,245,399,996,601,600 [55]. And also Ahmed, Stanley
et al. have used algebraic combinatorics to tackle all these problems [2,[72,/73]. On that
sense, one of the purposes of this work is looking for a categorification of magic squares
by using Brauer configurations, which after a suitable specialization allow to obtain magic
squares of different orders.

The following result gives a realization of the Lo Shu array (see Table based on the
structure of a suitable path algebra, which we have named The Lo Shu algebra.

Theorem 31. The specialization e(b;) = i associated to the algebra B = kQysp, /1 generates
the Lo Shu square in the sense of @ In this case, Qsp, s the quiver shown in Figure
and the ideal I is defined in such a way that I = (C' C Qqsp, = C is an oriented cycle).
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b1
o

Qg

a5 Qg

o
ba

FIGURE 5.1. The Lo Shu quiver Q5.

The Lo Shu square is built (in the sense of Remark by a specialization of the following

Brauer configuration T' = (Lo, T'1, O, u);

Lo = {b1,b2,b3,b4,b5},
I'y = {U1,U,U3,U4,Us, Ug. }

The successor sequence at each vertex b; € I'y is defined as follows:

At vertex by; U2(1) < UéZ),
At vertex by; USY < U < Y,
At vertex bs; U2(1) < UEEQ),
At vertex by; USY < U < UV,

At vertex bs; U2(3) < Ul(l) < U§2) < Uil) < U5(2) <U

plb) =1, 1<i<5.

The ideal I of the corresponding Brauer configuration algebra Ar is generated by the fol-
lowing relations (see Figure , for which it is assumed the following notation for the
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special cycles:

Uz, 1 _ b1 b1 b1 Us,1 _ b1 b1 b1 Us2 _ b1 b1 b1
Gy =ajayag, G =ayyagar, G =agayay,
U2,1 by by by ba b U2,2 _ ba ba by ba bo Us,1 _ b2 _ba by by by
Cb2 = ay’ay’as’a’as’, Cb2 = ay’asz’a a5’ ay’?, Cb2 = aj’a/as’a’ay’,
Us,2 by by by by bo Ues,1 __ by ba by bo bs
Cy," = aaz’a’ay’ay’, Gy = ag’a’ay’az’ay’,
Uz,1 _ b3 b3 b3 Us,1 __ b3 bs b3 Us,2 _ b3 bs b3
Cy, =arayas’, Cp° =ayag’ay’, C77" =az’ay’ay

CUQ’l _ ba _ba bs by b CU2’2 _ ba by bs by by CU2,3 ba ba _bs _bs ba

by — @1 Gx0azayas, by <~ G Q304 0504y, by T G304 0507 0dy,
Us,1 _ by by by bs by Ue,1 _ by by, by by by
C’b4 = a,'az'a*ay ast, Cb4 = az'a*ay'astay,t,
Gyt = ap ayagaf o ag ay ag ag afpayiatzaly
5 b
Cy? = af afalf af a o af ay affafiafzalial”
5 b
Us,3
Cp” = apafag ag af ag ag’ aghatiafrarialay’,
Uil
Gy = afaPagar a ag athatiathatiaray az’ (5.1)
2
Gy = aPag aP a ag afhalahafatay af ay,
CU* = alpalbalpalp gttt ool
2
Cp? = aPag ag ahalahalial ay af alf o o,
Us,l by bs bs by bs bs bs bs bs bs bs bs bs
Cb5 = ag g G1901101201301 Ay G374 A5 Gg A7,
Us2 _ by bs by bs bs bs bs bs bs bs bs bs bs
Cb5 = Qg G1901101201301" Ay A3 0y 05" Qg A7 Ag”,
Us,1 _ bs bs bs bs bs bs bs bs bs bs _bs bs bs
Cb5 = G1p011A1201301" Ay A3" Ay A5 Qg A7 Qg Ag™,
Us,2 _ bs by bs bs bs bs bs bs bs bs bs bs bs
Cb5 = 41101201301 A9 A3 Ay G5 Qg A7 Ag Qg A1,
Us,1 __ b5 bs bs bs bs bs bs bs bs bs bs bs bs
Cb5 = Q1201301 Gg A3 Ay A5 Qg A7 A5 Qg A1pa1] 5
Us,2 _ by bs bs bs bs bs bs bs bs bs bs bs bs
Cp." = ajar’ay’ ag’a ag’ag’ ar’ ag’ ag’apagiag.
1. a?ai, if h # s, for all possible values of i and r,

2. C'][-]M — ClUl’k, for all possible values of i,j,k and I,
3. cV2i _ oU2k for all possible values of 1, 7,k and
. 7 1 ’ p » J> ana t,
Us,i Us,k . o
4. C'j —C;7", for all possible values of i, j, k and I,
Uy, i Ua,k . ..
5. Cj — O/, for all possible values of i, j, k and ,
Us,i Us,k . ..
6. Cj — C; ™", for all possible values of i, j, k and I,
Us i Us,k . o
7. C’j —C;%", for all possible values of i, j, k and I,
8. C’iUl’ja (CZ-UQ’ja’) , with a (a’) being the first arrow of CZ-Ul’j (C’iUQ’j) for all i, j,
9. CiU3’ja CiU“’ja’) , with a (a’) being the first arrow of CZ-UB’j (C’iU“’j) for alli,j,

10. CiU5’ja (C’iU‘S’ja’) , with a (a') being the first arrow of C’Z-U5’j (C’Z-Uﬁ’j) for alli,j.
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The following is the quiver associated to the Brauer configuration I', the colors means the
different special cycles associated to each vertex as follows: for vertex by red, for vertex bo
green, for vertex b3 magenta, for vertex by cyan and for vertex bs blue.

FIGURE 5.2. Quiver associated to the Brauer configuration I.

Proof. Since the path Ps = ayapazay € B visits all vertices in the form (as, as, a1, aq, a2)
then the specialization b; = i defines the integer vector v = (5,3,1,4,2), which is a
generator of the Lo Shu array in the sense of Remark [3| and identity . Note that, in
this case each partition A € F(15, 3) has three distinct parts € {1,2,...,9}. Thus, Lo Shu
sums are generated by bracketing coordinates of vector v as follows:

U =5+3+(1+4+2)=5+3+7,
Up=5+B+1)+6=5+4+6,

Us=5+3+1+4)+2=5+8+2,
U =(54+3)+1+6=8+1+6,

(5.2)

Us=(5+3)+(1+4)+2=8+5+2,
Us=(B+3+1)+4+2=9+4+2.

The Lo Shu array can be built in the following way by adding vertices, which are visited

by the corresponding path:

a2 a1 €by
€bs €ps = Q3 | (i30x4
Qo003 €b, Qg
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In order to construct the Brauer configuration I'" the same procedure can be done with
paths;

Py = agarayas,
P, = asazagar,
P3; = azagaray,
Py = ayasasag,

Pé = arO05009.

Each of them visits all vertices of the quiver Qg as follows:

P =(1,5,4,2,3),
P, =(2,3,1,5,4),
Py =(3,1,5,4,2),
Py = (4,2,3,1,5),
Pl =(5,4,2,3,1).

Among all the Lo Shu sums P/ also generates Us =5+ 9+ 1. And Uy,...,Us are all the
sums generated by the different paths (regardless permutations of the summands).

In this case, vertices b; € I'g are given by ordered paths P; and polygons are the sums
generated by such paths, for instance, polygons Uy, Us, Us, Uy and Us contain all of them
the vertex bs (see identities (5.2))). Actually, the following identifications have place:

b5:P5+Pé.

Polygons U; are ordered according to the relation < defined in Remark |3} in fact, it holds
that
Uy <U; < U3z < Uy < Us < Ug.

For instance in by = P, the successor sequence has a relation of the form Us < Ug. Then
the successor sequence at each vertex b; is obtained by ordering polygons via relation
<. And this is enough to define the Brauer configuration I" where vertices are defined
by specializations b; = P; and polygons consists of compositions of 15 generated by such
paths.

O

The following results regard categorification of magic squares.

Theorem 32. Any magic square of order n for 3 < n <9 is built by a specialization of
the Brauer configuration A = (Ao, A1, O, u) where:

Ag ={a,b;,d;, e5,95,hj,x,y,z,w,v |1 <i<4,0< 5 <2},

2.3
Ay =A{V1,V2, V3, Vi, V5, Vs, V7, Vs, Vo b (5:3)
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At each vertex the successor sequence has the form;

At vertex 3 VI < VO < v < v <y < v <y < O < p@)
Atvertex y; V@ < V2 < v® <v® < v® <v® < v® <y® < v @,
At vertex 7 VO < vV < v < v < v® < v <y <y <y,
At vertex w; Vl(l) < VQ(I) < V3(1) < V4(1) < {/5(1) < V6(1) < V7(1) < Vs(l) < Vg(l),
At vertex v; 1/1(2) < ‘/'2(2) < {/3(2) < V4(2) < ‘/'5(2) < ‘/6(2) < V7(2) < ‘/8(2) < V9(2),
At vertex a; VI(S) < {/2(7) < ‘/3(7) < ‘/;1(7) < ‘/5(10) < VG(S) < V7( < V8(9) <V®,
At vertex by VIO < v < v® < v® <y <y < O,

At vertex by VI < v < v® < v® <y < 0,

At vertex by VO < v < y® < y® <y <y <y 2y,

At vertex by; VD < v < v <y <y < O,

At vertex dy; Vl(l) < {/2(1) < {/3(1) < Vﬁ(l) < V7(1) < Vg(l),

At vertex da; Vl(l) < V4(1) < V6(1) < V7(1) < Vs(l) < Vg(l)7

At vertex ds; V5(1),

At vertex dy; V5(1),

At vertex eq; Vl(l) < Vz(l) < {/3(1) < V7(1) < Vg(l),

At vertex eo; Vl(l) < {/2(1) < {/3(1) < 1/;1(1) < {/6(1) < V8(1) < V9(1)7

At vertex eg; Vl(l) < V3(1) < V;l(l) < V7(1) < V8(1)7

At vertex ey; V5(1),

At vertex go; V5(1),

At vertex gi; 1/4(1) < Vg(l),

At vertex go; Vl(l) < V2(1) < {/3(1) < V6(1) < V7(1) < V;)(l),

At vertex ho; VD < v < v < O <y < O,

At vertex hy; 1/4(1),

At vertex hs; Vg(l) < V7(1)7
ula) =1,  for any vertex o € Ay,

Actually, such integer arrays are given by specializations of elements of a suitable path
algebra kQ with Q induced by polygons Vi, ..., Vy.

Proof. Brauer configuration can be specialized by defining a set a words whose letters
belong to sets A = {z,y, z,w,v} and B = {a,b;,d;, €;, gm, hm}. Then polygons are set of
words of the form ABABABABA..., where elements of the set B connect letters of the
set A in such a way that to each element of A follows an element of B and that any word
should be ended with an element of A. We follow the syntactic rules (i) — (viii) in order
to connect letters x,y, z, w and v.
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(i) Letters z are always connected in the form zazaza.... In this case a linear num-
bering is defined on the set of letters x, assign a 1 to the first x appearing in a word,
2 to the second z and so on.

(17) ybix and xery are the only ways to connect letters x and y, where b; and ey denotes
which copy of a letter x is connected with y via symbols b and d respectively.

(7i7) yay is the only way to connect letters y.

(v) waz, zay, zbjx, rexz and zdjx are the ways to connect a letter z with other letters,
d; is defined as b; and e, 1 <1i,5,k,1 < 4.

v) wb;x, wdyx, and vaw are the other ways to connect letter w with other letters.
J Y
vi) vb;x, vd;x, and vav are the other ways to connect letter v.
J y

(vit) Since by definition a letter v appears in the first place in a word containing it then
gm is a shift function specifying which letter of a word W containing letters only in
the set {v,w, z,y} connect the first letter of a sequence S = zaxa..., in this case,
gm(S) means that the first letter « in S must be connected with the mth letter of
W, with 0 < m < 2, in particular, go(S) means that the first letter of S is connected
with the first letter of W.

(viii) Symbols hy,, 0 < m < 2 are connection-maps, in this case, given a word X we have
that ho(X) means that X must contain a word of the form zayay, whereas h;(X)
means that X does not contain zay as subword. Finally, ho(X) means that there is
not a sequence of the form yay in X.

If we define an specialization of the form:

r=1Ly=42=T,w=16,v=35a =—,b=1,d=,e=\,. (5.4)

then polygons Vi — Vg € A; defined by configuration (5.3) have the following shapes by
applying rules (i) — (viii):

1 « 1 o 1 « 1
‘/1 = ‘/1’9 = O 2 o] 3 (e] 4 O
V2 V3 Y4
5 02 s 03 04 05
1 2
O O (o) O o o
35 €o 35 €1 16 €2 7 €3 4 €4 4
1 « 1 o 1
Vo =Vag = o o "o
V2 V3
5 ) 03 04
1
O O (o) O o o
35 €o 35 €1 16 €2 7 €3 4 €4 4
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1 o 1 a 1 [ 1 a 1
Vs = Vg9 = o ! o 2 o 2 o ! o
V2 73
01 P I3 04
B
O o] (e) O o o
35 €0 35 € 16 €2 7 €3 4 €4 4
1 as 1 as 1 ay 1
Vo =Voo = o o o o
Y2 Y3
03
B1 B2
O o (e) O o ()
35 €0 35 1 16 €2 7 €3 4 €4 4
The following quiver @) is obtained by putting all polygons together:
Qa, « a (0% a « a (0% a. « a
Q= © 4 o ! 5 2 S & S ! S (5.5)
72 73 Y4
do o1 02 43 04 o5
B1 B2
o o o o - o o
ag 0 aj “ ag . ag 6‘5 ay “ ag

Therefore, each polygon defines a magic sum of order 9 by using corresponding basic
elements as follows:

Vi = {e20303014, B1, Proa, B172€3, €1827304, 162636405, 36405, €0 10027304, 273},

Va = {e0B172,€102720373¢€4, €12, B1720373, Braacs, €23, €2€304, 02, €41, }

V3 = {€0817203, €1627203730474, B1720377304, Braaazauy, €26304014, £1€203, d2002003, D2, 03},

Vi = {e0f1720303, €0, 16203003, 172037304004, 0101 Q2 0x3014, 2037304004, Oot2x3014, 03003014, 0303},

Vs = {e0B17203a30u, 1620303004, €051, €1, Opo v vav3 v, €2€3€ 4, 2773, €3, €y }

Vo = {eofranas, eofian, e162€3, €102, B102Y304, €263€405, 2304, €304, 4},

Vi = {eofranasay, 16263040, 162304, €1 P20x3, B172, 23047405, €2, €304014, (3014 },

Vs = {eodionanazay, e162a0a30, €1020203, 17203, 627203738405, €203, 03730404, €16203730a004, €41 }

Vo = {eoBrazvs, e1628324, £18273, Biy2dzasau, ey , €2030i3, €364, 73, B1720303 }
(5.6)
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Via the specialization (5.4) with a = b = ¢ = d = e = +, we obtain the following integer
sequences which are columns of a magic square of order 9:

Vi = {37,6,47,16,57,26, 67, 36, 77},
Vy = {78,38,7,48,17,58, 27, 68, 28},
Vs = {29,79,39,8,49, 18,59, 19, 69},
Vi = {70,30,80, 40,9, 50, 10, 60, 20},
Vs = {21,71,31,81,41,1,51,11, 61}, (5.7)
Ve = {62,22,72,32,73,42,2,52,12},
Ve = {13,63,23,64,33,74,43, 3,53},
Vi = {54, 14,55, 24, 65,34, 75,44, 4},
Vo = {5, 46,15, 56,25, 66, 35,76, 45}

The following are magic sums of order 8 according to the Brauer configuration A:

Vi,s = {e18263040u4, B172037304, 03, B102y3, €2037Y3€4, 011 vae3ug, 02, Y3E4 },
Vog = {162, €364, €2, 02720373€405, 02720313, 1723, 10200003004, (4 },
Vs = {€1€203, 037304014, B27304, €qy , €2€3, B1V203003004, €1 82003004, 314 },

Vig = {04, €102, $17203, 0272304, f10r2, Sacvovgrg, €304, €1620300300 }

(5.8)
Vs 8 = {apazou, 1020, B1y20303, €26304, B1, B273, V20373, 1203003},
Ve.s = {16263, €3, d2c2ax3, Branas, 0272037304, B172, €1, 7304},
Vg = {€1€2€304, B172037304014, Braay304, froeazay, daaia, 6303004, 2374, €263€4
Va8 = {e1620273, €18273, 027203, 62720373€4, €203, 63734, €ay, F172€304}-
In this case,
Vis = {8,49,41,32,40,17,9, 64},
Vog = {58, 15,23, 34, 26,47, 55, 2},
Vg = {59, 14,22, 35, 27,46, 54, 3},
Vis = {5,52,44,29,37,20,12,61},
a8 =1 } (5.9)

Vss = {4,53,45,28,36,21,13,60},
Vos = {62,11,19,38,30,43,51,6},
Vas = {63,10,18,39, 31,42, 50, 7},
Vas = {1,56,48,25,33,24,16,57}.
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Magic sums of order 7 can be obtained via the following basic elements:

Vi,7 = {B27304, 04, €2037304014, 037304, froaaxs, Bays, Braays} = {22,5,30,13,38,21,46},

Vo7 = {B172e3, €2, 040w, £9€3€4, V2€3040u, frasasau, ezea} = {47,23,6,31,14,39,15},

Va7 = {eaé,ﬁ1725354,5253, €al> d2y2€3€4, €4, Oy 1 i3y} = {16,48,24,7,32, 8,40},

Va7 = {Braws, 82, B172€3040u4, 627203, €45, 027263405, Y364} = {41,17,49, 25,1, 33,9},

Vs,7 = {20303, BraaV36s, d2cxa, B17y2, 027203003, (v, 272037736405} = {10, 42,18,43,26,2, 34},
Ve, 7 = {ea’17€37 B1, 02cax3, B17203, €263, avaz } = {35,11, 36,19, 44, 27, 3},

Vi r = {asaszou, 02726304, €304, Broa, dacpazau, S17203003, £26364 } = {4,29,12, 37, 20,45, 28}.

(5.10)
The following are magic sums of order 6:
‘/1,6 - {063’74, Q2(374, (520[20(3, 520&2, 82630[3, 51} — {67 77 197 187 257 36}7
Vog = {€20373€4, €3, 037304V4, Ooxace30ra, €230400, 04} = {32, 11,14, 20,29, 5},
V36 = {3y, €2€3, 037364, Bay304, O3ai30, £203736465 } = {3,27,16,22,10, 33}, (5.11)

Vi = {€20373047405, €2€304, €324, P273, V3€4, €41, } = {34,28,15,21,9, 4},
‘/5,6 = {ea’l » Y2, €2, 527 52530{30[4, 044} = {357 87 237 17, 267 2}7
V.6 = {€as, €2037304014, €203, €304004, €304, €364} = {1,30,24,13,12,31}.

Magic sums of order 5 are given by the following elements in kQ:

Vis = {es, Cal,> Ba, 33, 3} = {11,4,17,10, 23},

Va5 = {303, 0373, 4, Bacus, agya}t = {24,12,5,18, 6},

Va5 = {eag,sgégag, 037304, €q, 5, 0203} = {7,25,13,1,19}, (5.12)
Vi = {20200, 03, B2ys, 03730401, aa } = {20, 8,21, 14,2},

Vs,5 = {asau, d373e4, Y3€4, d22y3, €34} = {3, 16,9, 22, 15}.

The following is a description of magic sums of order 4:

Via = {0373€4,73, v3€4, €0z } = {16,5,9,4},

Vo4 = {azay, d3a30u, azya, ezea} = {3,10,6,15},
Vs = {as, €3, €q;, 03730204} = {2,11,7,14},
Via = {30404, 64,6304, €45 } = {13,8,12,1}.

(5.13)

The Lo Shu magic square has the following interpretation in kQ:



CHAPTER 5: Categorification of magic squares 109

Vig = {eq, a3, e} = {4,3,8},
V2,3 = {6455 = (54’747 65 = 547 ea5} = {97 57 1}7 (514)
Va3 = {as, 37405, 374} = {2,7,6}.

Note that, polygons (/5.6) show that every summand of a magic sum can be partitioned
into parts in the set {1,4,7,16,35}. Since the underlying graph built by the corresponding
paths is connected then identities (5.645.14) prove the Theorem We are done.

0

The following result is a direct consequence of the definition of the specialization given in
Theorem 32

Corollary 26. If Q is the quiver defined in Theorem[39 then any partition of a positive
integer n into parts < 100 is a specialization of an element of kQ).

Proof. Tt suffices to observe that the following specialized quiver generates numbers 82 to
100.

[e ay aq az a2 as asg
[¢)

o o o
72 3 Y4
03 04 05
B1 B2
o o o

’ € ’ €2 ’ €3 ’ €4 ’
1 ag as ay as

of
Q
N
Q
ot

0
(50 51

02
1

@]

/ €0
0]

s

In particular, factors of paths ege16203y30404 and €g81y2636405 are specialized by numbers
82, 86, 87, 93, 94, 98, 99 and 100 as follows:

82 = 017263,

86 = £03172€3€4,

87 = 017236495,

93 = ggeq€9,

94 = gge1£903,

98 = €0£1£20373,

99 = epe1£2037304,
100 = epe16203y30404.

The following result holds as a direct consequence of Corollary
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Corollary 27. Any partition of a positive integer n into parts < 100 can be rewritten as
a partition P = {p1,pa,...,pn} whose parts p; have the form

pj = (35)1)(16)(t2) (7)) (4)(#) (1) (ts)

where (33)(?/) means that the part x occurs y times in p; and t; is a nonnegative integer,
OSt17t4S270§t27t3§1; 0§t5§6

The following is a version of Theorem [32] for the case n = 3.

Corollary 28. Let A3 be a Brauer configuration such that Az = (Ao 3, A13,0, 1) with;

A0:3 = {a>ci>$7y | 1 < ) < 3},
A1,3 - {Ul,UQ,Ug}.

At each vertex the successor sequence has the form:

At vertex x; U1(2) < UQ(S) < U§2),

At vertex y; U1(2) < Ug(l) < U§2),

At vertex a; Ul(Q) < U2(2) < Uéz),

At vertex cq; Ul(l),

At vertex co; Uél),

At vertex cs; UQ(I),
wla)=1, fora=a,z andy,
wla) =2, fora=q.

Then a specialization of As builds the Lo Shu square. The ideal I of the corresponding
Brauer configuration algebra Aa is generated by the following relations (see Figure ,
for which it is assumed the following notation for the special cycles:

u,1 _ z x x x, o, T, T U1,2 _ x . r T, T, T T, T
Oy 1" = ajazazajagagaz, CpV" = azazajagagazay,
U, 1 _ x x x T X, T X U2 _ x x x, T T, T X
Cy*" = agagazagazaray, Cp*" = ajazagazayasas,
U3 __ = x x o, T, T Us,1 _ = = x x o T T
C;*" = agagazajazazay, Cp*" = agazajazazayas,
Us2 _ = x x, o, T, T, T U, Yy Yy Yy y y
%" = azajazazagazag, Oy = ajayazaas,
U2 _ Yy, 9.9 Y U1 _ Yy Yy Y Y Y
Cy " = ayazazazay, C, > = azazazaja;
(5.15)
Y.y ?14 ?zi Yy oy Yy

)

Us,1 __ Uz,2 _ Y )
C,*" = ajazajajzas, Cy>° = agajayazay,

Q Ne o

Up,1 __ a a_a U2 _ ,a,a.a. a, a,a
Cq"" = ajazagazasag, C,"° = azazagazagay,

Us,1 _ a,a_.a,a,.a,a U2 _ ,a,a.a.a, a,a
Cy>" = agajasagajay, C,*° = ajazagajazas,
Us,1 _ a,a_.a,a,.a,a Us2 _ _a,a.a.a, a, a
Cy®" = agagajazazay, C,>° = agajasazagas,
Ui,1 _ Us,1 _ c2 U2,1 _ c3
Co” =ay, G =a?, O =ai’.

S
T

1. a?a if h # s, for all possible values of i and r,

2. C'j(-h’i - ClUl’k, for all possible values of i, j, k and I,
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3. C']U” — Cle’k, for all possible values of 1,7,k and [,
Us,i Us,k . .
4. C’j —C;%",  for all possible values of i, j, k and I,
5. CZ-Ul’ja (CZ-UQ’ja’) , with a (a’) being the first arrow of CiUl’j (C’,L.Uz’j) for alli,j.

6. C’iU:”’ja, with a being the first arrow of CZ-U?”j for alli,j.

The following is the quiver associated to the Brauer configuration I, the colors means the
different special cycles associated to each vertex as follows: for vertex by red, for vertex by
green, for vertex b3 magenta, for vertex by cyan and for vertex bs blue.

The following is the quiver associated to the configuration Ag:

FIGURE 5.3. Quiver associated to the Brauer configuration A.

Proof. Polygons of the Brauer configuration Az consists of words whose letters are ele-
ments A = {x,y} C Ag3 connected by symbols B = {a,c¢;} C Ag3 ¢; is defined as b; in
Theorem where zc;y is the only way to connect letters x and y and more than one
letter ¢ are connected. Thus, if we define the specialization a =—, ¢ =| then polygons in
Ags have the following shapes:
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|

a3 x (7}

og
o

T as
oO—>

z
@]
(SL’IJ/
Yy

o] 64 2
The following are factors of polygons Uy, Us and Us:
x
Ui={z = =z, » YL
y — Yy
r r = xr — T
Up={a = 2 = x, |, )
) Y
r —
Ug—{CU, \Lay — y}
Y

Putting it all together, it is obtained the following subquiver Q3 C @ (see Figure (5.5) by
replacing x =1, y = 4:

a3 ay

Qs = o

In this case, polygons Uy, Us and Us can be described as follows (—=]= +):
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Ul — {25954}7
U2 - {37577}7
Us = {1,6,8).

which are up to permutations the rows of the Lo Shu square. Actually, factors of asdjey
and azoud] in kQ3 generate the complete array as follows (see Figure (5.5))):

{063, 5217 54} = {27 57 8}7
Y .

{04354, 547 eail} = {47 9, 6}7
{ag, eag, (51184} = {2, 4, 9},
{agau, 05, asaudi} = {3,5,7},
{6037 a35£17 84} = {17 6, 8}7
{ea:sa 5117 &154} = {17 9, 9}7

{043, 0445::), 043054(%} = {2, 6, 7}

|

Corollary 29. Let A = Ay U A be a disconnected Brauer configuration such that Ay =
(A0,4a A1,47 Oa M): Aﬁl = (A{)A? A/1747 O,a M/) with:

Aoa ={a,bi,cj, 95, iz, y,2 i =1,3;7 =2,3;k=0,2;1 = 0,2},
A674 = {a’,b;,c;-,g,;, Ly 2 i=1,2,7=1,2,3;k=0;1=0,1},
Ay 4= {U1,Uz,Us, Uy},

14 ={U1, U3, Us}.

At each vertex the successor sequences have the form:

At vertex x; Ul(l) < U2(3) < Ugf?’) < Uf)); x’Q U{(z) < Ué(g) < U§(3)7
At vertex y; UP < U2 < v <vlV; 0 <l <ui®,
At vertex z; Ul(l) < UQ(I) < Uél) < Uil); Z'; U{(l) < Ué(l) < Ué(l)ﬂ
At vertex a; U1(2) < U2(4) < Ugfg) < U£3)§ a; U{(S) < Ué(g) < U:;(S)v

At vertex by; Ul(l) < U2(1) < Uél); & U:’;(l)>

At vertex bs; Uil); ’23 Ué(l)a

At vertex c¢o; Uil); C/1§ U{(l)a

At vertex cs; Uél); 0,23 U{(l)a

At vertex go; Ul(l) < Uz(l) < Uél); cs; U:;(l)v

At vertex go; Ul(l); 965 U{(l) < Ué(l) < U:;(l)v
At vertex hg; Ul(l) < Uz(l) < Uil); 0; U{(l) < Ué(1)7

At vertex hs; Uél); /1; Ué(l)a

pla) = (o) =1,  for vertices v € Mgy, o € Ay .
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Then a specialization of A builds any magic sum of order 4. In particular, a specialization
of Ay builds the Diirer magic square, whereas a specialization of A} builds the Jaina magic
square.

Proof. As in the previous case, we build a quiver ()4 and a suitable specialization such
that any magic sum of order 4 can be expressed by a specialization of a linear combination
of paths in Q4. Firstly, we construct the quiver induced by the Brauer configurations Ay
and A, by applying the previous substitutions for the corresponding vertices. In this case,
letters z and y are always connected in the form zay. Therefore ho(X) means that X
contains subwords of the form yay. Whereas ho(X) means that X does not contain this
type of sequence. Thus the polygons Uy, ...,Us and Uj, ..., U] have the following shapes:

X
U, = o
55]
o o o
z €3 Y €4 y
T as T Qg T
Uy= o o o
53‘
o - o - o
z 3 Yy 4 Yy
T [o% T ay T
Us= o 2 0o o
53‘ lég
O —>0 O
z €3 Y Y
x as x Qg x
Uy= o o o
54’1‘ 55|
O ——>0
z €4 y
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T a3 T
U{ = 00— 0
|6é ‘/62
o (o) o
> €3 Y €4 v
T as T oy z
Uy= o o o
64]
O ——>0
z €3 y
x o T o T
Ué = o 3 o 4 o
53‘ l&g
o o - o
z Yy 4 Yy

The following are factors of polygons Uy, ...,Us and Uy, ..., Uj = Uy:
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Xz X X
Ulz{ T:T'} T73/}7
z =y =Yy y y — Yy
r — T — X xr — X
UQZ{x - T — .Z',T 7T , R — ) — y}:
< Yy
r — T — X
U3:{x — X, zZ — y7Z7T \J/}a
< Yy
r — X xr Xz
U4:{ \l/ 7\L7 Tax}a
z =y z z =y
xr Xz
U{:{Z,.Z' — an/ 7\1/ }7
z =Yy =y Yy —y
Up={z = = — =z, T T , T )
z — Y z — y Yy
Xz r — X
Us ={z, |, + e
z y — Y
Up={1 oz = vy, 1Lyl
z Yy Yy

We obtain the following quiver Q4 putting it all together and by applying the substitution

r=1y=42=":
1 1 1
O O O
53| 5, 54‘ &, 55‘ o
O O O
7 4 4

Magic squares of order 4 can be obtained as linear combinations of factors of the different
paths constituting polygons Uy, ..., Uy or Uy, ..., U} and by substituting z = 1, y = 4 and
z =T with §;0; = 0. Thus, this specialization allows to see polygons U; and U] as follows:

a3 oy

Q4=

€3 €4
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U, = {16,5,9,4},

U, = {3,10,6,15},
Us = {2,11,7,14},
Uy = {13,8,12,1}.

Which are the columns of the Diirer’s magic square, whereas polygons

U] =1{7,2,16,9},

Uy ={12,13,3,6},
U} ={1,8,10,15},
Uy = {14,11,5,4}.

are columns of the Jaina magic square. Any other magic sum of order 4 can be obtained
by associating the corresponding linear combination of paths in Q4. O

Remark 17. Theorem [32] and Corollary [26| deal with the research of magic labelings which
have been studied with great detail by Ahmed, Stanley and Stewart [2,72,/73]. According
to Ahmed [2], a labeling of a graph G is an assignment of a nonnegative integer to each
edge of G. A magic labeling of magic sum r of G is a labeling such that for each vertex
v of G the sum of the labels of all edges incident to v is 7 (loops are counted as incident
once). Graphs with a magic labeling are also called magic graphs.

A magic labeling for a quiver () is an assignment of a nonnegative integer to each arrow
of ()1 such that for each vertex v; € QQg, the sum of the labels of all arrows with v; as the
initial vertex is r, and the sum of the labels of all arrows with v; as the terminal vertex is
also r. Cayley digraphs of order n are examples of quivers with magic sum nn-1)

Since according to Ahmed [2] magic squares constitute a cone, then in order to obtain
formulas for the number of magic squares of a given order, she considered to use a Hilbert
basis HB(C'), which is a finite set of points such that each element of the semigroup
Sc = CNZ" is a linear combination of elements from HB(C) with nonnegative integer
coefficients. In this case, an integral point of a cone C' is irreducible if it is not a linear
combination with integer coefficients of other integral points. For instance, the following
is a linear combination for the Jaina magic square in terms of a Hilbert basis associated
to magic squares of order 4.

111/010 110101 1101010 111]101]0 0/1(0|0
011110 4o 0j0j1]1 n 0/0j1/0 4o 110|110 48 01001 }
010012 110|110 01001 01101 0jo0j1/0
1101110 012(0/0 011700 0j0j1]1 1{0]010
0j0]1]|1 1101010 010101 011700 711211 |14
011110 n 0001 11 0(1]0/0 n 0/0j1|0 _ 2 113] 8 |11
2101010 0/170/0 110]010 110]010 16 3 |10] 5
0/1]0]1 0jo0j1/0 0(oj1|0 0001 916 |15 4
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In this work similar results are obtained but instead of Hilbert basis we use the basis of a
suitable path algebra k£Q with @ induced by the configuration (5.3]).

We note that there are interesting relationships between magic labelings, perfect matchings
and cluster variables. Indeed, if an n-matching of GG is a magic labeling of G with magic
sum at most n and labels extracted from the set {0,1,2,...,n} then a perfect matching
of G is a 1-matching of G with magic sum 1.

The following result describes a relationship between Hilbert bases and perfect match-
ings [2]:

Proposition 8. The perfect matchings of a graph G are the elements of the minimal
Hilbert basis of Cq of magic sum 1 and the number of perfect matchings of G is Hg(1).

where Hg(r) denotes the number of magic labelings of G of magic sum r. We also recall
that Stanley computed H, (r) where K, is the complete general graph on n vertices |72].
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