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Resumen

En esta tesis haremos un breve estudio de los espacios Fraccionarios de Sobolev.
Daremos dos definiciones equivalentes de estos espacios usando espacios de inter-
polacion y la transformada de Fourier en el caso p = 2. Finalmente, probaremos
la existencia de al menos una solucion positiva para el problema semipositén no

local
{ (CAjW) = A i ©
u = 0 in RV \ Q,

cuando A > 0 es un pardmetro suficientemente pequeiio, 2 € R es un dominio
con frontera C11, 2 < p < N, s € (0,1) y f es superlineal y subcritica. Si
A > 0 es escogido suficientemente pequeno, el funcional de energia del problema
tendra una estructura de paso de montana y por lo tanto un punto critico uy,
que es una solucién débil. Después de esto lograremos probar que esta solucion
es positiva usando nuevos resultados de regularidad hasta la frontera y un lema
de Hopf.

Palabras Clave: Teorema de Paso de Montana, problema Semipositén, solu-
ciones positivas, p-Laplaciano Fraccionario, principios de comparacion.



Abstract

In this thesis we will make a brief study of Fractional Sobolev spaces. We will
give two equivalent definitions of these spaces using interpolation spaces and
the Fourier transform in the case p = 2. Finally, we prove the existence of at
least one positive solution for the nonlocal semipositone problem

{(—A);(u) — M@ i Q
u = 0 in RV \ Q,

where A > 0 is a sufficiently small parameter. Here Q C RY is a bounded
domain with C*! boundary, 2 < p < N, s € (0,1) and f is superlineal and
subcritical. We prove that if A > 0 is chosen sufficiently small the associated
energy functional to the problem has a mountain pass structure and, therefore,
it has a critical point uy, which is a weak solution. After that we manage to
prove that this solution is positive by using new regularity results up to the
boundary and a Hopf’s Lemma.

Keywords: Mountain Pass Theorem, Semipositone problem, positive solutions,
fractional p-Laplacian, comparison principles.



Introduction

In the area of partial differential equations, a boundary value problem (B.V.P)
consists of a differential equation defined in a domain Q C R and a condition
that must be satisfied by the unknown function, u, in the boundary of Q (or in
our case in RY \ Q). There are many questions that result in relation to this
type of problems. For example: does the problem have a solution? if so, is this
solution unique? or otherwise, at least how many solutions does the problem
have? What is the behavior of these solutions? that is, they are bounded or
explode, they are oscillatory, have only one sign, etc. One of the main question
that has been studied is about the regularity or smoothness of the solutions. In
our context, the solutions are not understood in a classical sense but in a weak
sense (concept that will be explained in this work). In order to respond this
last question it is necessary to make a priori estimates.

We will consider the problem

T T P

where A > 0 is a sufficiently small parameter. Here Q) C RY is a bounded
domain with C*! boundary, 2 < p < N, s € (0,1) and f is superlineal and
subcritical and (fA); is the s-fractional p-Laplacian operator defined as

(—A)Su(x) =92 lim ‘u(x) — u(y)‘p—Q(u(x) — U(y))dy

P e—0+ |lx—y|>e |£C - y|N+Sp
In order to deal with this type of problems, it is then necessary to have sufficient
knowledge about the fractional Sobolev spaces W#®P. There is an extensive
theory in the literature about these spaces which are very similar to the theory
of the Sobolev spaces W¥P where k is a positive integer. Another extremely
important theoretical tool for the study of our problem is the theory of critical
points: minimizing functionals, saddle points, the Mountain Pass Theorem, etc.
To achieve a priori estimates that allow us to know some qualitative properties
of the possible solutions of our problem, the regularity study is required.

Recently in the literature a deep interest for Fractional Sobolev spaces, and
the corresponding partial differential equations involving nonlocal operators has
arisen due to its applications in a wide range of contexts, such as optimization,
image processing, quantum mechanics, conservation laws, finance, among others
see [18], [21], [6], [33]. The main objective of this thesis will be to prove the
existence of at least one positive solution for the problem 0.1. A well known
fact is that when the function f (non-linearity) has subcritical growth (this is
closely related to the numbers p and s) we can define the functional E in the
Fractional Sobolev space W;*. This, together with other hypotheses, allows us
to give to the problem a variational approach, which is relatively simple and
successful with a large classes of problems. It basically says that the solution of
a differential equation coupled with a boundary condition can be obtained as a



critical point of an appropriate functional. In this work we will consider the
functional E : W;*(2) — R defined as

/RN/RN |$_ Wp g ardy = [ P (0.2)

where F' is an appropriate anti derivative of f. We will prove that if A > 0 is
chosen sufficiently small the associated energy functional F to the problem has
a mountain pass structure and, therefore, it has a critical point uy, which is a
weak solution. After that we manage to prove that this solution is positive by
using new regularity results up to the boundary and a Hopf’s Lemma.
For the sake of clarity in this thesis, we will cover the following topics.

In section 1 we define the Fractional Sobolev spaces W*P and we investigate
some of their basic properties. In section 2 we will give two different definitions
of Fractional Sobolev Spaces. The first one is that, when p = 2 we will show
that the space W*?2 coincides with the Hilbert space H®. The second one in-
volves a family of intermediate spaces between LP and WP, More precisely,
we will show that the Fractional Sobolev Space W*P is an interpolation space
between LP and WP, Section 3 contains the main contribution of this work
which extends the result in [11] where the authors considered the problem for
the p-Laplacian operator, (2 < p < N). Finally in section 4 we have included
an appendix that contains some technical results and we mention some classical
definitions and theorems that we will use throughout this work, we will not
prove the majority of statements there, so we will leave the references for the
reader. In this thesis N will be a fixed natural number, C' will denote a posi-
tive constant, not the same at each occurrence, and Q will be an open set in RY.



Basic Notation

Q¢ or RN\ Q
QQ

X*
B(0,1)
Br

p/

€]

u

u

TZ
da(z)
supp u

complement of the set Q in RV
cartesian product 2 x

dual space

unit ball in RY

open ball of radious R

conjugate exponent of p i.e. p' = -2

-1
the Lebesgue measure of the set (1;
Fourier transform
inverse Fourier transform
translation operator T, u(z) == u(z + 2)
distance from x to Q¢
support of the function
almost every where

weak convergence
Np

Sobolev critical exponent, p* = Ny

fractional Sobolev critical exponent, p* = -

10



11 Contents

Contents

1 Fractional Sobolev Spaces 12
1.1 Motivation . . .. ... . L 12
1.2 Definitions and Basic Properties . . . ... ... .. ... .... 12
1.3 Fractional Sobolev Embeddings . . . . . .. ... ... ... ... 15

2 Equivalent Definitions of The Fractional Sobolev Spaces 26
2.1 An Approach Via the Fourier Transform . . . . . . ... ... .. 26
2.2 An Approach Via the Interpolation Spaces . . . . . . . ... ... 30

3 A Semipositone Type Problem 35
3.1 Description of the Problem . . ... ... ... .......... 35
3.2 Technical Results . . . . . ... ... ... . 41
3.3 Proof of the Main Theorem . . . .. ... ... ... ... .... 46

4 Appendix 54
4.1 Two Technical Lemmas . . . .. ... ... ... ... ...... 54
4.2 Some known Results . . . ... ..o oo 55
4.3 LP SPaces . . . v vt e 57
4.4 Sobolev Spaces . . . . ... Lo 59
4.5 Differentiability for Real Functionals . . . . .. .. ... ... .. 62



12

1 Fractional Sobolev Spaces

1.1 Motivation

Let Q C RY be an open subset, p € [1,00) and s € (0,1). After the introduc-
tion of Fractional Sobolev spaces in the 1950’s by Aronszajn [3], Gagliardo [23]
and Slobodeckij [32], this spaces have found applications in a vast number of
questions involving differential equations. These spaces arose in an attempt to
fill the gaps between LP(Q), W1P(Q), W2P(Q),.... The condition s € (0,1) is
essential to avoid trivialities when s > 1 (see Remark 1.1). Another attempt
to fill the gaps between the classical spaces is provided when Q = RY by the
spaces H5(RY) (see [19] for the definition of this space) defined via the Fourier
transform. That is

HYRYN) =W*P(RY)if p € (1,00) and s €N
see [[19], Page 19]. But if s € (0, 1), then
H*(RN) = W*P(R") if and only if p = 2,

see Theorem 2.3. These facts suggest that the most natural extension of the
classical Sobolev spaces involving an arbitrary smoothness parameter s is not
WeP(RYN) but H*(RY). However, the most explicit definition of the norm on
WP(RYN) has advantages, notably in connection with the description of trace
spaces see [[16], Page 184].

1.2 Definitions and Basic Properties

Definition 1.1. For s € (0,1) and p € [1,00) define
WerRY) = {u € LP®RY): [u,, < o}

to be the fractional Sobolev space endowed with the norm

lalls.p = (lullf + [ul? )"

[uls,p = (/sz WW@)NP

is called the Gagliardo seminorm of wu.

where the term

Remark 1.1. If s is an integer then the Fractional space W*P(RY) coincides
with the Sobolev space W*?(RY) up to equivalence of norms see [[1], page 253].
On the other hand, if s is not an integer and s > 1, then the space W*?(RY)
is defined as

WP (RY) = {u € WEP(RN) : D € W*™P(RY) Va with |af = [s]},
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where [s] is the integer part of s. This space endowed with the norm
1/p

p o, (1P
||u||[s]7p + | z:[ | 1D u”s—[s],p

is a Banach space.

Definition 1.2. Let Q C RY be an open subset, p € [1,00) and s € (0,1).
Define

WSP(Q) = {fu e WHP(RY) :u =0 a.e in RV \ Q}
which is a closed linear subspace of W*P(R") see [[28], page 2], and can be

equivalently renormed by setting || - || = []s.p-

Remark 1.2. The norms || - ||s,, and ], are equivalent. Indeed, let C,C’, B
be positive constants. It is clear that [u]? , < ||u[[} ,. On the other hand, from
Fractional Sobolev embedding Theorem 1.3 and since p < g+1 for all ¢ € [p, p¥],
we have that

Do+ lullB)t?
uls,p + [lullp)
[uls,p + Cllullg+1
[uls,p + O/[U]s,p
[u]

[ulls,p = ([u

Theorem 1.1. Let Q C RY be an open subset, p € [1,00) and s € (0,1). The
space WP (Q2) with the norm || - ||sp is @ Banach space.

Proof. Let {u,} be a Cauchy sequence in W#?(Q), in particular {u,} is a
Cauchy sequence in LP(Q). Since LP is a Banach space, then {u,} converges
to a function u € LP(Q)). Then, from Proposition 4.2 it admits a subsequence
{tn, } such that u,, (r) — u(z) a.e. in Q. Moreover, the sequence of functions
v, (2,y) = “”‘;(fy)l%“j;ﬁ) is Cauchy in LP(22), hence, it converges to certain
v(z,y) in LP (V). Therefore, there exists a subsequence {v,,} and a function
h € LP(Q) such that v, (z) — v(z) a.e. in Q and |vy,, (z)| < h(z) a.e. in Q. By
the Lebesgue’s Dominated Convergence Theorem 4.5 we have

Uy, () — Uy, p — P
[ @) @ [ D g,
gm0 Jpan Jw—y[NHP r2n |z — y[Nep

This means that

Jlggo[unj —ulf , =0.

Therefore,

Jim ([, = ull%, = lim (fun, = ullf + [un, = ulf,) =0
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Then we have shown that u,, — win W#P?(Q). Finally, the fact that u € W*?(Q)
is straightforward since

u(@) —u(y)[? /
L LR A A — P
[ulf , /Qz o — gy dxdy . [v(x,y)Pdedy < co.

O

Proposition 1.1. Let Q C RY be an open subset, p € [1,00) and s € (0,1).
Then

1. W*P(Q) is reflezive.

2. W#P(Q) is separable.
Proof. 1. Let J: W*P(Q) — LP(Q) x LP(9?) be the function defined as

where W*P(Q) is endowed with the norm []5, and LP(Q) x LP(Q?) is
endowed with the norm

I, 0)]| = ( [t [ |v<x,y>|dedy)1/p.

Then we obtain that

i = ([t [ DO 40}

= [lullsp

which proves that J is an isometry. Since W#P(Q) is a Banach space,
J(W*P(Q)) is a closed subspace of LP(Q2) x LP(Q?). It follows that
J(W#P(Q)) is reflexive. Consequently W*P () is also reflexive.

2. Similarly we consider J as in the previous case. We have that J is an
isometry and J(W*P(Q)) is a closed subspace of L?() x L?(2?), then the
separability of W*P(Q) follows from the separability of LP(Q2) x LP(Q?).

U

Proposition 1.2. Let p € [1,00) and s € (0,1). If ( € C(N) and u €
WeP(RN) then Cu € W*P(RV).

Proof. Since u € WP(RY) and ¢ € C5°(Q) we have that (u € LP(RY). On the
other hand, in order to prove that [Culs , is finite, note that

[Cu]s,p _ /RZN |C(a:)u(x) — C(y)u(y)lpdxdy

|z —y|NHsp

_ / [¢(z)ulz) — C(x)uly) + C(=)uly) — ((y)uly)]
R2N

|z —y|NHep

P
dzdy

. 2,)_1/ (|<(x)u(x) — C@u)l” _ |C(x)uly) - §(y)U(y)|p) dady,
]RZN

lx —y|NFsp lx —y|NFsp
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Let us consider the integrals of the above term separately. In the first integral,
as the function ( is bounded then,

[ KO oDl g o [ 0 U,
R2N

|z — y|N+ep = Jren |z —y|Ner

= Clult , < o0

In the second integral, the Mean Value Theorem 4.1 and the Change of Variables
Theorem 4.6 imply that for some ¢ € [0, 1],

C(@) — () Pluy VC((1 = )z + ep)Pluly)?
d dy dzd
/ rE |N+sp </ /Q e g y

N RIS
QN|z—y|>1

|z —y|NHep

1 1
p
=l </| v /mzl |z|N+spdz> ’

where the last term is finite because N +sp —p < N and N + sp > N, see
Proposition 4.3. O

1.3 Fractional Sobolev Embeddings

This subsection is devoted to the embeddings of Fractional Sobolev spaces that
will be useful later on. We give the relation between extensions and smooth
domains and we will see the importance of the smoothness of 2 in some cases.
For example in the forthcoming Proposition we have that in the limit case i.e.,
s = 1, the space W1P(Q) is continuously embedded in W*P(Q2) whenever the
domain € is of class C%!.

Definition 1.3. Define the following sets
={z=(2",2ny) eERV !X R: |2/ <1 and |zy| <1}
Qi={z=(",ony) eRVIxR:|2'| <1 and 0 < zy <1},
Qo={reQ:znx =0}

We say that  is of class C* if for all z € 9 there is 7 > 0 and a bijection
T :Q — B(z,r) such that

Tech @), T 'eC"(B(z,r), T(Q4)=B(z,r)NQ, and
T(Qo) = B(x,r) N .
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Roughly speaking, a smooth domain is characterized by being locally the
graph of a function of class C*©.

Definition 1.4. We say that an open subset Q@ C R is an extension domain for
W#P_if there exists a constant C' > 0 which depends on IV, s, p and €2, such that
for every function u € W*P() there exists & € W*P(RY) with (z) = u(zx) for
all z € Q and ||a]|sp < C|lulls,p-

The proof of the following Theorem can be found in [[16], page 92].
Theorem 1.2. Any domain Q of class C*® is an extension domain.

Proposition 1.3. Let Q C RY be an open subset of class C%', p € [1,00) and
€ (0,1). Then WYP(Q) is continuously embedded in W*P(Q).

Proof. Let u € WP(Q) and consider

() —u(y)”
dzdy.
(/ /Qﬂ|:1: yl<1 |.’L’— |N+5p //Qﬂ|:1: y|>1 ‘.’B— |N+5p

(1.1)

In the first integral, taking into account the smoothness assumptions of the do-
main 2, we have that for every function u € W*P(Q) there exists @ € W*P(RY)
with @(x) = u(x) for all z € Q. This fact, together with the Change of Variables
Theorem 4.6 and Jensen’s inequality 4.2 imply that

(x) — // lu(z +y) —u(y)
d dy < dzdy
//Qﬁw y|<1 |x— |N+9p |z]<1 |z|N+ep
Vu(y + tz) - z|Pdt
S// |f0 uyNJrz) i dzdy
QJ|z|<1 || N+sp
T
v +t2)|P
_ / / o By L gy
R Jizjc1 ||V EEPP

/ / Vel 4.
lz]<1 |z|N+sp—p

1
=C||va||1’/ 1 4
P Jiz1<a ||V Hsp=p

< vl = ¢,

where in the last inequality we have used Propostion 4.3 since N +sp—p < N,
and the fact that ||a|1, < C'||ull1,p.

On the other hand, notice that, using again the Change of Variables Theorem
4.6 we get:

1
dxdyf/ |u(x / —————dydx
/ /m y|>1 |$ - |N+6p le—y|>1 |.’L‘— y|N+5p

1
= ||qu/ ——dz < o0
P )iz 2| NP 7
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where the last inequality holds since N + sp > N. Therefore using the previous
estimation in the second integral of (1.1) we have that:

QN|z—y|>1 |‘T7y‘N+Sp lz—y|>1 |x7y|N+sp

SCWM@
for some constant C” > 0.
Finally we obtain that:
Jull?, = llullf + [u]?, < Cllullf,
for some constant C' > 0. O

Proposition 1.4. Let Q C RY be an open subset, p € [1,00) and 0 < s’ < s <
1. Then W*P(Q) is continuously embedded in W= P(Q).

Proof.
Let w € W*P(Q) and consider:

(z) = u(y)l’
dzdy.
,p </ Aﬂw y|<1 |.13— |N+€p //Qﬁw y|>1 ‘Jf— |N+9p

thus the

Suppose that | — y| < 1. Since s’ < s then - ‘NH 7 < o y‘Nﬂp,
first integral is bounded by

() —u(y)”
——————"—dxzdy.
//Qﬂ|x yl<1 ‘LE— |N+Sp Y

On the other hand, arguing as in Proposition 1.3 we have that:

(z) —u(y)l”
———"dazdy < Cllu||?
Jo e et = Ot

Therefore,
() —u(y)”
1%, < vy dzdy + Cllull}
P //sz y|<1 |x— y|Ntep b
u(z) — uly)l” p
SK; j;jjﬁ;fddy+CMH
= [u]f, + Cllully,
hence,

lullg = llullp + [ulf , < C7]

for some constant C’ > 0. O
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Proposition 1.5. Let Q C RN be an open bounded subset and 0 < 5 < s < 1,
1 <p<p<oo. Then WSP(Q) is continuously embedded in WP (Q).

Proof. For u € W*P(Q) we have

() —u(y)?
_ ~—— | dxdy.
P (/ /Qm|w yl<1 |$_ |N+Sp //Qﬂlw y[>1 \x— |N+Sp

In the above expression, the first term can be written as

— P 1
/ / (2) qu/(y_y _ dxdy,
QNz—y|<1 |"1j - yl prprsp |£E - y|q

where ¢ = N(p—p)/p—p(s—3§). Thus by Holder inequality with the exponents
p/p and p/p — p, it is bounded by

pP—P
_ 1 P
p —— | dad
el </| (=g ) &= y)

Applying the Change of Variables Theorem 4.6 and Proposition 4. 3 since N —
w < N, we found that the last expression is bounded by C[u } L p for some
constant C' > 0. On the order hand the term

() — u(y)”
——>—dxdy
//Qﬂ|m y|>1 |.’17— |N+sp

is bounded by C'||u|\§i as in Proposition 1.3. Therefore we have:

rm’dr

ull? = llully, + [ul? < Cllul
for some constant C' > 0. O

Proposition 1.6. Let p € [1,00) and let u : RN — R be a measurable function.
For any k € N and z € RN we define ups(z) = max{min{u(z), M}, —M}, then

Jim (gl = ull.

Proof. Notice that the function uy; can be interpreted as the function u cut
on the lines M and —M. According to the definition of wy; we have that
lzi\?l inf |upr(z)| = |u(z)|, using this fact and the Fatou’s Lemma we obtain:

—00

fmint el = tint [ Jun(@)Pde > [ juGo)ds = ful}

O

We will state two lemmas that will be useful to prove Proposition 1.7, the
proofs of these lemmas can be found in [[14], pages 551 and 552].
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Lemma 1.1. Let p € [1,00) and s € (0,1) such that sp < N. Fiz T > 1; let
k € Z and let a, be a bounded, nonnegative, decreasing sequence with a, = 0
for anyn > k. Then,

ZaglN—sp)/NTn < Czan+1a;SP/NTn7
nez nez
for some constant C > 0, depending on N,p,s and T.

Lemma 1.2. Let p € [1,00) and s € (0,1) such that sp < N. Let u € L>(RY)
be compactly supported. For any n € Z let a,, = |{|Ju| > 2"}|. Then,

|U(I) — u(y)|p —sp/Nopn
/I:QZN Wdl‘dy Z C Z An+10a, 2 5
neEZ

for some constant C > 0 depending on N,p and s.

Proposition 1.7. Let u : RV — R be a measurable and compactly supported
function such that u € L= (RYN), then

[ullp- < Cluls,p

for some constant C' > 0 depending on N,s,p and Q. Moreover, W*P(RYN) is
continuously embedded in LP" (RN).

Proof. For any n € Z, define A,, = {|u| > 2"}. Thus

/RN Ju(z)|P" dz = Z/A lu(z)|P" da:

TLEZ n \An+1

< Z/ 2|7 d

nez” An\Ant1

< Z 2(n+1)p* |An|

nez

The last estimation and Lemma 1.1 imply that:

DS 2P Y 2P| A, | (N TPN < O "0 Ay || A | PN,
nez neEZ

[

for some constant C > 0.
Finally the inequality

_ P
CZ2nP‘An+1||An|_sp/N < / |u(x) x&gﬂ dady
nez R2N ‘I - y| P

that follows from Lemma 1.2, gives us the desired result. O

Theorem 1.3. Let p € [1,00) and s € (0,1). Then WSP(RY) is continuously
embedded in LPs (RN).
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Proof. Suppose that

lu(z) — u(y)l”

otherwise we have nothing to prove. In particular (1.2) also holds for the func-
tions us defined in Proposition 1.6. We claim that for all (z,y) € RN x RV,

us () = un ()| _ [u(@) = u(y)|
o —y[N/pts T g — y| Vot

Indeed, let us define A := {x € RY : u(x) > M} and suppose that u(z) > 0 for
all z € RV,

o If (z,y) € A x A, then ups(x) = up(y) = M and consequently

|unr(z) = um (y)]

7 — gV =0.

o If (x,y) ¢ A x A, we have the following three cases:

ox € Aand y ¢ A imply that up(z) = M < u(x) and up(y) =
u(y) < M, therefore,

uar (@) —un ()] _ M —uly)] _ M —uly) _ |u(@) —uy)|
|z — y|N/rts |z —y|N/Pts o — y|N/pts = g — gy |N/pts

o x ¢ Aandy € A is similar to the previous case.

ox ¢ ? and y ¢ A imply that up(z) = u(z) and up(y) = u(y),
therefore,
lunr (2) —un(y)| _ Ju(z) — u(y)]

o —y[N/pts oy Nt

Arguing similarly we obtain the same result for u(z) < 0 for all x € RN. Then
by the Lebesgue’s Dominated Convergence Theorem 4.5 we have

_ p _ p
i [ B P g, [ M Py,
M—o0 Jgan |x — y|N+sp gev |z — y|NHep
which means that
lim [up]f , = [u]f . (1.3)

M—o0

Since up; € L= (RY), the Proposition 1.7 implies that:

luarlp: < Clualt

Taking the limit in the above expression when M — oo, we get from Proposition
1.6 and equation (1.3) that

lllf, < Clult,.
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Remark 1.3. As a consequence of the previous Theorem we have that WP (RY)
is continuously embedded in L?(RY) for all ¢ € [p, p%]. Indeed, using the reverse
Holder inequality see [[10], Page 137], we get:

= [ @pae ([ @) ([ nee) T - oy
RN RN RN

for some constant C' > 0. This implies that C|lull, < |lull,: and therefore
[ully < Cluls.p-

Py a—p}

[u

In order to study deeper properties of Fractional Sobolev spaces we need pro-
cedures for approximating a function in a Fractional Sobolev space by smooth
functions. These approximation procedures allow us to consider smooth func-
tions and then extend the statements to functions in the Fractional Sobolev
spaces by density arguments. We are going to prove that smooth functions are
in fact dense in WP (R ). The method of mollifiers provides the tool.

Definition 1.5. Let € C5°(RY) be given by

—Ceif |z < 1
— ) mp1 !
() { 0 iz >1

with the constant C' > 0 chosen such that [,y n(z)dz = 1. For each § > 0 we

define )
16(z) = 551 (%) :

We call n the standard mollifier and 7s the rescaling function.
Remark 1.4. Notice that:
e n € C®RY).

e 15 € C(RY) and satisfies:
/ ns(x)dz =1 and supp(ns) C B(0,9).
RN

Definition 1.6. If Q@ C RY is an open subset with OQ # (), we define

Qs = {z € Q: dist(x,00) > §}.

1
loc

For each u € L
given by

(), its standard convolution mollification us : 5 — R is
usw) = (s m)(a) = | uwynsta = 9)ay.

Proposition 1.8. Let u € WP(RYN). Given a sequence of rescaling functions
{ns}sen we have ||nsu — ul|sp — 0 as § — co.
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Proof. Let u € W*P(RY). Notice that the fact that
5w — ull, =0 (1.4)

as & — oo is straightforward, since nsu(x) — u(z) pointwise for all x € RY and
[nsu — u| < |u|. Applying the Lebesgue’s Dominated Convergence (Theorem
4.5) we obtain the desired result.

On the other hand, let us consider:

p

|(nsu — u)(x) — (nsu — u)(y)
nsu — u)s, / / . dzdy
[ $p Qnlz—y|<1 |5r3— |N+ P

- (510 = w) ) = (s = W)
QN|z—y|>1

|z —y| NP

(1.5)

The first term of (1.5) can be written as

11— ns()|Plu(z) —u@)P  |ul@)P|ns(z) —ns(y) P
Ll |( T L A PRy e )dxdy

where both expressions are bounded by

el e

and

u(z)[? 1N
=y € LRY)

respectively. Thus by the Lebesgue’s Dominated Convergence we get the con-
vergence of the first term of (1.5) when § — oo. Finally, using the idea of
Proposition 1.3 we can estimate the second term of (1.5) by

Imsu — ull}

which goes to zero when § — oo.
O

Proposition 1.9. Let p € [1,00), s € (0,1), u € WSP(RN) and f € L*(RN).
Then f+u € W*P(RY) and || f + ullsp < [|fll[lulls.p-

Proof. The fact that fxu € LP(RY) and || f*ul|, < || f|l1|lull, follows from The-
orem 4.15 in [[7], page 104]. On the other hand, using the Change of Variables
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Theorem we get

* — fx p

_ / [frulzty) = Fru@l” g,
]RZN

R

- / u% / 1+ (u(z +y) — u(y))[Pdyda
= / H% / [ * (rauly) — u(y))Pdyd=

1
= [, el (e = e

where 7, denotes the translation operator. Notice that the norm in the last
term is bounded by || fl1]|u||p, thus

1
oy < [ IRl — i

R2N

|Z|N+sp
= [fIF [l -

O

Proposition 1.10. Let p € [1,00) and s € (0,1). Given a mollifier n and
u € WP(RN) we have that ||ns x u — ul|s, — 0 as § — co.

Proof. The convergence in LP(R) holds, see Proposition 4.22 in [[7], page 109].
On the other hand, using the Change of Variables Theorem:

_ _ P
[nsu —ulf , = / s » () ~ ul) ]7\7,5 * uly) + u(y) dzdy
’ R2N |IE — y‘ +sp
(1.6)

_ — p
:/ ms * u(z +y) —u(z +y) —ns *u(y) + u(y)| dzdy.
R2N |2| N Hep

Notice that

m s () —uG+9) = [ wsuly +2 =) =+ )l

= / ns(r)[rau(y — ) — mou(y)|dr
RN
and

s * u(y) — uly) = / 76 (r)uly — ) — u(y)ldr,

RN
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where 7, is the translation operator. Therefore from Minkowski’s integral in-
equality, (1.6) is bounded by:

(/RN ns(r) (/RQN |Tu(y —7) — u(y|;|]7\"])+s—p (rouly) — u(y))[P dydz) 1/p dr)p

- (»/RN ns(r) </RQN pdydx) '/ dr)p
- (/RN ns(r) || — ”pdr>p

where v : RY x RY — R is defined in Theorem 1.1. From Corollary in [[26],
Page 245] we have that |70 — v||, = 0 when r — 0, i.e. for all € > 0 there
exists o > 0 such that ||7,v — v|, < € for 7 > o. Therefore all the previous
inequalities imply that,

mou() —muly)  u(@) —uly)
|x_y|N/p+s |J;_y|N/p+s

N5 *u—ulsp </ 15€ = €.
RN

O

Theorem 1.4. Let p € [1,00) and s € (0,1). The space C°(RY) is dense in
WeP(RY).

Proof. Let u € W5P(RY), for each § € N consider K5 = B(0,0) and define the
characteristic function

()_ 1 ifxe K;
XK\ =0 ifa ¢ Ky

Let 15 be a mollification. Thus 75 * xr;u € Co(RY), see [Brezis, Remark 10,
Page 106]. Moreover 15 * xx,u € C5°(RY) see [Brezis, Proposition 4.20]. From
Proposition 1.9 we obtain that

Ims * xrcsu —ullsp = M5 * Xrcsu — 15 % u+ 05 % u—ullsp
< Ins * X u — s * ullsp + |15 * u — ul
= |Ims * (Xresu — u)llsp + 175 * u — ullsp
< nslllixsu — ulls,p + 175 * u — ulls p.

s,pP

The result follows using the Propositions 1.8 and 1.10 when § — oo in the last
inequality. O

Remark 1.5. As we saw in the previous theorem any function in the fractional
Sobolev space W*sP (RN ) can be approximated by a sequence of smooth functions
with compact support. However, if (2 is an open set of RY, the space C§°(12) is
not necessarily dense in W*(€2). We can see this in the following example.
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Example 1.1. Let N =1,p=2,Q = (-1,0)U(0,1) and s € (1/2,1). Consider
the smooth fixed function ¢ : R — R in W*2?(Q) with compact support in
(=1,1) such that ¢(0) = 1 and define

 Y(z) if zeQ
o(@) = { 0 if 2¢Q.
For any s € (0,1) we have that

||¢ 5,2 = ||¢||s,2,

which implies that ||@]|s,2 is finite. By definition, ¢ also vanishes outside of
and therefore ¢ € W 2(Q) Now consider a smooth function p : R — R with
compact support in Q. Since 0 ¢ supp(§2) we see that p(0) = 0. As in the proof
of Theorem 8.2 in [[14], page 562] if a function u € L?(£2) then

llloe < flufloo + sup 2 =)l
z,yEQ,zHAY \x -yl

< Cllulls 2

Hence

1= 1lim(¢ - p)(z) < [[¢ = plloe < Cll$ = plls,2.

zEQ

In order to establish a similar result to the one known, we have to deal with
it when 012 is a graph of a continuous function.

Definition 1.7. An open set Q C RY is an hypograph if there exists a contin-
uous function f: RV~1 — R such that, up to a rigid motion,

Q={(2',2,) eRN"I xR : 2, < f(z)}.
Thus the density result can be stated in this way:
Theorem 1.5. Let Q C RY be a hypograph. Then C§°(R) is dense in WP (Q).
Thee proof of this Theorem can be found in [[22], page 4].

To end this section we have a brief summary of how the spaces that we
studied are related. For p € [1,00) and s € (0,1) we have the following relations
depending on the properties of the domain.

1. For RV:

. 7080(RN)H~HW — Wer(RY),

o WsP(RYN) — LI(RN) for q € [p,pt].
2. For an open set € of RV:

o WoP(Q) — WSP(Q) for §<s and p < p.
o WoP(Q) — WSP(Q) for §<sandp> 1.
o WLP(Q) — W*P(Q) for Q being a domain of class C%1.

o C’go(Q)lHl =Wy" () for Q being a hypograph.
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2 Equivalent Definitions of The Fractional Sobolev
Spaces

We will talk about the relation between the Fracional Sobolev Spaces and the
Fourier Transform. We will show an interesting result involving the Hilbert
space H*. More precisely we will have that when p = 2, W*2 is a Hilbert space.
This fact is a consequence of the equality of norms between the spaces H® and
Ws,Q

2.1 An Approach Via the Fourier Transform

From now on we will use the multi-index notation: If & = (a,...,an) and
8= (P1,...,0n), where for al i = 1,... N, o; and §; are integers, then

a . __ .01 anN
T =Xy Ty,

if v = (z1,...,zn) and (for derivatives)
Dy = 8151 ~~8]ﬁvNu.

Also, ol := ! apn!, || == a1 + - + aw,
N m
a) al(B-a)

Definition 2.1. The Schwartz space S(RN ) is a topological vector space of
functions u : RV — C such that u € C°°(R") and for all multi-indices a
and S and, there is a constant C' > 0 depending on N, o and 3 that satisfies
|lz*DPu(z)| < C for all x € RY. The space S(RY) has a natural topology
generated by the following countable family of seminorms:

and o < 8 means «; < f3;

lulla,s = l|l2%D%ul| .

Indeed, we say that a sequence (u,) converges to u in S(RY) provided that
lun —ul]] = 0 as m — oo, for all o, 8. This definition gives us the notion of
closed set and thus we have a topology on S(R™Y).

Remark 2.1. Notice that the condition |z*DPu(x)| < C is equivalent to the
fact that 2*DPu € L>(RY). Moreover this implies that for all a, 3

lim z®DPu(z) = 0. (2.1)

|z|— 00

Theorem 2.1. The space C2°(RY) is dense in S(RY).
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Proof. Let ¢ € S(RY) and ¢ € C®(RY) with 0 < ¢ < 1 and ¢ = 1 in the
ball B(0,1). If we define the sequence ¢, (z) =1 (£) (z) then ¢,, € C°(RY).
Using the Leibniz’s rule we have

Diga(@) = D7 (4 (=) o(x)
IGECCEDY (f)nlllw (Z) DP ().
0Av<B

Observe that there exists a constant C' such that for all multi-index + and all
x € RN DYp(L) < C. Tt follows that

n

sup |x°‘D’8<pn(x) — aco‘DBgo(xﬂ

reRN
o x BN 1 ., [ —y
= swp oo (£) DPpte) + 3 (7) 07w (5) D (@) - DPpla)

0#y<B

= sup 2| (¢ (£) — )Dp(@) + Y (f)nllva (2) D7 el)

N
ek 0£9<B

1
< sup C Z (5) T |anﬁf“/¢(o:)| ,
v<B

r€RN

which gives the desired result, since each term }anﬁ_Wp(xﬂ is bounded by a
constant independent of n and therefore it goes to zero as n — oo. O

Definition 2.2. Let S(RY) be the Schwartz space. Then for any u € S(RY)
we define its Fourier transform Fu = 4 by

1 .
~ _ —iy-T
a(y) = o) V72 /RN e u(z)dz,
and its inverse Fourier transform F~'u = @ by
a(y) = 1 e Ty (z)da
SARNCTORTEN A '

The Theorems 2.1 and 4.4 and the inclusion of S(RY) in LP(RY) imply the
density of S(RY) in LP(RY). This allow us to define the Fourier transform of
LP(RY) functions.

The proof of the following Proposition can be found in [[20], page 189].

Proposition 2.1. Let u € L?(RY).
1. Letv e L*(RN). Then [,y uvdz = [;y 00dy.

2. Let D®u € L2(RY) for some multi index . Then 5"\11((1;) = (iy)l*la(y).
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3. u=1.
4. For fived z € RN, i(x + 2) = €74,
Definition 2.3. Let s > 1. We define the space
H*(RY) = {ue L*RY) : (1 +|y[*)a(y) € L*(RY)},
endowed with the norm
lull s ey = (1 + 1 - 12*)all-

Theorem 2.2. The space H*(RY) endowed with the norm || - ||gs@wy is a
Banach space.

Proof. Let {u,} be a Cauchy sequence in H*(R"). Then for every & > 0 there
is ne € N such that for all m,n > n.,

[ — | s vy = (1 + [y*)n — 1+ [y )iml2 < e.

This implies that {(1 + |y|?*)@,} is a Cauchy sequence in L?(RY), thus there
exists u € L2(RY) such that

(1 4 |y|?*) i, — ull2 — 0 as n — oo. (2.2)
We point out that, since s > 1 the function defined by f = W is bounded
in RY then g = fu € L2(RY). Hence

[un = gllm=@n) = /RN (L Ty )i (y) = (1 + [y[**) fuly)*dy

= [0+ 1))~ ul)f

= 11+ [y**)itn — ull2.
From (2.2) the last term goes to zero when n — oo. O
Proposition 2.2. The space S(RY) is dense in H*(RY).

Proof. Let v € H*(RY). From the density of C§°(RY) in LP(RY) there is 1, €

Cs°(RY) such that 1, — (1 + |y|?>*)? in L?(RY) when n — co. Since s > 1 the

function f = is bounded in RY, therefore ¢, := W%‘ € Co(RY).
v

5 1/2
dy)
= [[¢n — (1 + |y[>*)8]l2.

Since the last term goes to 0 when n — oo, we obtain the result. O

1+]y|*s
Hence,

1@ = vllare @y = 11+ [y1*)n — (1 + [y1**)0]l2

:</RN ¥

(1+ Jyl*) — (1 + [yl
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The following proposition will allow us to show that the space H*(RY) co-
incides with the space W*2(R¥) in the fractional sense; i.e. when s € (0, 1).

Theorem 2.3. Let s € (0,1). The space H*(RY) coincides with W*2(RY).

Proof. Let u € H*(RY™). Using the Change of Variables Theorem and the
Plancherel’s Theorem we have:

2 |u(z) — u(y)?
= 2 2 qad
[U]S,Q AQN \x—y\N‘*‘QS xay

_ / (/ u(z +y) _u@)rdy) &

2|/t
/ u(z+ ) —ul]? d
= _— A
eI
/ Wz +-) — 1 2d
= ——| dz.
eI

From Proposition 2.1, for a fixed z we obtain that

Wz +y) —aly) = e*Yi(y) — a(y)
= (Y — Da(y).

Hence,
a(z+-) —a() | / v —1]|a(y) |
————|| dz = dyd
/RN B R S
[ ety isnte p) SR,
R2N |Z|N+28
(1 — cos(z - y))la(y)®
=2 dydz.
/RZN |2[N+2s ydz=

We claim that [ sz?visf‘;y)dz = C|y|*® for some C > 0. Indeed, ify = (y1,92,...,yn) €

RN then

L—cos(yr) i 43
—_— <= = <
2 =7 S5 [v1

1 — cos(y1) / 1
— Iy« [ ———dy < .
/RN e S Lo et S

Let us consider the function p : RV — R defined as

1 —cos(z-y)
= —————""dz.
p(y) /RN LT

2.

Thus
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We will show that p(y) = p(|yle1), where e; = (1,0,---,0). Consider the
rotation R for which R(|y|le;) = y. Thus

— cos e1) -z — COs e1) - (RTz
)= [ Aoy ), [ Lmeolle) (9), g

|Z‘N+28 |z|N+2$

Here we used the fact that the dot product is invariant under rotations, i.e.
R(lyler) - 2 = R"R(|yler) - R"2 = |yler - R" z

and RTR = I. Making the substitution Z = RTz in (2.3) we get that p(y) =
p(lyle1). Therefore the substitution y = |£|z gives us:

1 —cos(§-2) 1 — cos([¢] - 2)
/RN Wdz = p(§) = p([§ler) = /]RN Wdz

1 —cos(y) . jas
= —_— d
|, e
= Cle|*.
Summarizing, we have that:

—cos(z - a(y)|?
s=z [ OESEIIO . —c [ i) Pay

R2N
< [ @l Plat)Pay <.
RN
On the other hand, suppose that u € W*2?(RY). Then
Jullr-y = [+ o2 Pla) Py
RN
= [ Q) + 20y ) + o1l ) dy.
Using the Plancherel’s Theorem we have that
[t Py = [ )Py < oo
RN RN
and
[ 2wl = Clul2, < o
RN
Thus ||u| gs @y < 0o O

2.2 An Approach Via the Interpolation Spaces

In this subsection we present an equivalent definition for the Fractional Sobolev
Spaces that involves a family of intermediate spaces between LP(R™) and WP (RY).
More precisely, the Fractional Sobolev Space WP (R¥) is an interpolation space
between LP(R™) and WP (RN).
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Definition 2.4. Let X and Y be Banach spaces. The couple (X,Y) is said
to be an interpolation couple if both X and Y are continuously embedded in a
Hausdorff topological vector space V.

Notice that X NY and X +Y are vector subspaces of V and Banach spaces
endowed with the norms defined by

[ullxny = max{[Jullx + [luly}
and
il = iof - lellx +lvlly)
respectively.

Definition 2.5. If (X,Y) is an interpolation couple, an intermediate space is
any Banach space B such that

XNYCBCX+Y.

An interpolation space between X and Y is any intermediate space B such that
if T e L(X)NL(Y) then T € L(B).

Definition 2.6. Let I be any interval in (0,00). Then LY(I) is the space L?
with respect to the measure dt/t in I. In particular, L°(I) = L*°(I).

Definition 2.7. Let (X,Y) be an interpolation couple. For every z € X +Y
and t > 0, we define

K(t,u, X,Y) = inf (lallx + tllblly)-

u=a+b}an,bEY
We shall often write K (¢,u) instead K (t,u, X,Y).
Now we define a family of Banach spaces by means of the function K.

Definition 2.8. Let p € [1,00] and s € (0,1). Then the space
(X, Y)sp={ueX+Y :t—t"°K(t u) € LF(0,00)}

endowed with the norm

lullx,v)., = I K u)ll2e0,00)
is called real interpolation space.
Theorem 2.4. The space (X,Y)s, endowed with the norm || - [|(xy),, 5 a

Banach space.

Proof. Let {u,} be a Cauchy sequence in (X,Y), ,. Since (X,Y)s, is contin-
uously embedded in X + Y, {u,} is a Cauchy sequence in X + Y, thus {u,}
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converges to an element u € X + Y. Therefore, for all n,m € N and t > 0 we
have

K (tup —u) <t T K(t,un — tm) + Kt Uy — ). (2.4)

We claim that
K(t,um —u) < max{1,t}|um — vl x+vy-

Indeed, let a € X and b € Y. Consider two cases: If t < 1,
K(t, um —u) < [lal[x +t]blly
< lallx + [Iolly
= [lum — ulx+v
= max{t, 1}||um — ull x1v-
On the other hand, if ¢t > 1,
K(t, um —u) < llal[x + t[|b]ly
< t(llallx +[1blly)
= tllum — vl x4y
— max{1, t}]|u — ull x4y

Therefore (2.4) is bounded by
t K (tun — W) + ¢ max{1, t}||um — ullx+v,
which goes to zero when n — oc. O

Proposition 2.3. Letp € [1,00] and s € (0,1). Then (X,Y)s, is continuously
embedded in X +Y.

Proof. Let us show first that (X,Y)s, is continuously embedded in (X,Y)s co.
Indeed, let ¢ > ¢y > 0, using the fact that K(-,u) is increasing we get:

R dt
||uH€’X7y)S _/ t75P | K (t,u)|P
to

o dt
> / £P | K (t0, ) [P L
to t
to "
= 0 |K(to,u) .
K ()

Hence, t,°|K (to,u)| < Cllul|(x,y),,, for some constant C' > 0. i.e.,
lull vy = 17K u)llL2e0,00) < Cllullx,yy.,-
Therefore

[ull x4y = K(1,u) < [lufl(xv), o < Cllullxy),,-
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In the next Theorem we will show how W*P?(R™) can be constructed from
LP(RN) and W1P(RY) via an interpolation method.

Theorem 2.5. Letp € [1,00) and s € (0,1). Then
(LP(RY), WP (RY)), p = WP (RY).

Proof. Let u € (LP(RN), WIP(RY)),,, such that u = a + b with a € LP(R")
and b € WP(RY). From Proposition 4.5 we have

[ P g, [ lale) b)) WO,
]RZN

|z — y|N+ep R2N |z — y|N+sp
_ - P b(z) = by)lP
< op-1 la(z) —a(y)? | | ded
- /ww( |z — y|N+sp * EET R A

= /RN | =y @22 lallf + 207 o — y[P[b]]} ) dy

<c / & — "= (Jlall, + |z — ylb]
]RN

l,p)pdy

:C/ |a:—y|7N75pK(|a:—y|,u)pdy,
]RN

for some constant C' > 0. Applying polar coordinates to the last integral we

have
K(r,u)?
C'/ z—y| N TPK(Jz -y, )pdy—C/ dr/ ds
o=l ( N“p 8B(0,1)

o d
= C// (r K (r, u) )P
0
= Cllullfes@m) wrr @), ,
for some constant C’ > 0. Thus we have shown that

[u]sp < C HUH Lr(RN),WLp(RN)),

We know that (LP(RY), WP (RY)); ,, is continuously embedded in LP(RN)
WLP(RY) and since WHP(RY) C LP(RYN), then LP(RY)+WLP(RYN) = LP(RN
Therefore that [|lull, < Cllull(Le@~)wie@yy).,-

On the other hand let u € W*P(RY) and ¢ € C§°(B(0,1)) such that [ ¢(z)dz =
1. For every t > 0 define

at(z) = u(x) — be(z) where b(z) = tiNu(y)go <

Notice that using the Change Variables Theorem we get:

i) [ o () = gwute) [ et

= u(x) /R e(w)du

= u(z).

+
)-

T —

y)dy, r e RV,
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Hence we can rewrite a,(z) as

o) = g [ (wl) ~ute (72 ) an

Also we have,

1 T—y
Since [pn Dip (%52) dy =0, then

o / (u(y) - u(x))D; ( - y) dy.

Using the definition of a; and Jensen’s inequality with the measure dy =
t=N ’go (=) dy| we obtain that

ledp = [ | [ (w) —ute (72) au

T —

< [ o) =Pz o (5 y)dy\dx.

Therefore using this estimate we have

o t o0 t—sp — dt
/ fspuatnz—d < / / u(y)[Pe ( y)dydx
0 RZN t t

p
dz

<lollo [~ et / ~ uly) Pyds
lz—y
el BT ) — u(y) Pyde
* sp+ N Jpen
loloo [ () —u(y)l?
— dzd
sp+ N Jgen |z —y|PtN vy
= Clu]f , < oo.

Similarly from the definition of D;b; and Jensen’s inequality with the measure
dp = t7N|Dip (*5¥) dy| we have that

D;bi||? =

Il = |
1
m

e [ )~ w0 (25 ) ay

i [ = unoie (S5 )
uls) = P i [ D (L) o]

1
S —
tP Jra2nN
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Hence,

o0 dt o0 t(1=s)p T—y dt
(1= D.p,|IP _ D,
/0 t [ Dibe|5 . S/O T /va lu(y) — u(z)| Dz<p< ; >’dydxt

oo t(1-s)p
. _ p
<IDele | it [ 1) - ey
|y_x‘—sp—N P
- — dyd

DN oo u(y) — u(z)[Pdydy
L T

= dad
sp+ N Jpov |y —z|5PtN vy

= Clu]f , < oo.

= [I1Di¢ll 0

In addition the estimate:

1bellp < [lullpllpll = fully

follows from Holder inequality and the fact that [ ¢(z)dz = 1. Thus

t°K(t,u) =t in

inf
u=a¢+b¢
<t lagllp + 75 bell1,p € LE(0,1),

(Nlaellp + tllbe

|1,p)

which shows that u € (LP(RY), WHP(RY)) . O

3 A Semipositone Type Problem

3.1 Description of the Problem

We are interested in the study of the existence of positive solutions to the

problem .
{ap = v 0 o2

where N > 2 is an integer, Q C RY is a bounded domain with C*'! boundary,
s€(0,1),1<p,sp< N and A > 0. Besides f : R — R is a continuous function

and (—A); is the s-fractional p-Laplacian operator defined as

— p—2 —

(- AYrule) =2 lim ) )2 0e) ~ ) o

e=0+ Jpe(a,) | — y|NFsp
Let us set for all s € R

®,(s) = |s[P?s.

Define F(s) = [; f(t)dt. We will consider a negative non-linearity at 0 (f(0) <
0), so we will be facing a semipositone type problem. We assume that f satisfies
an Ambrosetti-Rabinowitz type condition. More specifically, we will assume that
there exist 6 > p and M € R such that for all s € R,

sf(s) =2 0F(s) + M. (3.2)
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Remark 3.1. The existence of at least one solution to our problem can be
stated under the assumption ¢ € (p—1, p* —1). We will see that the restriction
p— 1< q<min{3p;,pi — 1} is necessary to prove the positiveness of this.
Definition 3.1. A weak solution of problem (3.1) is a function u € W;"*(Q)
such that

/ @y (u(z) — u(y))(p(z) = »(y))
R2N

dxdy = A\ d
P xdy Afwwx

for all p € W5P(Q).

We shall give to this problem a variational approach. For each A > 0 define
the Energy Functional:

Definition 3.2. For each A > 0, let us define the functional Ey : Wy () —» R

as
1 |u(z) — u(y)|” /
Ey\(u) = - ————————dady — X\ [ F(u)dzx. 3.3
= [ ey = [ P (33)
Observe that Ey(u) := %Hu”p -\ Jo F(u)dz.

It is well known that critical points of E\ are weak solutions of problem (3.1).

Proposition 3.1. Let us assume that there exist ¢ € (p—1,pi—1) and A, B > 0
such that

A(s1—1) < f(s) < B(s7+1) for s>0

f(s)=0 for s<—1" (3.4)
Then there exist Ay, By, C1 > 0 such that
F(u(z)) < By(u(x)?™t +1)  for ueR
F(u(z)) > Ay (u(z)?t = Cy)  for u>0 " (3.5)
for all z € RV,
Proof. Notice that f(s) < B(s?+ 1) implies that F(u) < B (i: +u). The

proof is split into two different cases. First, if u(x) > 1 for all x € RY, we have:

B(M ) <3 (M ),

+1
Taking Hil + B = B and since % <1 we get:

udtt(z) B B
B|<——+B=8B
w1 (77 St P
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which implies that

F(u(z)) < B <u2++(1x) 4 uq+1(x)) < By (uit(z) + 1).

On the other hand, if u(x) < 1 for all z € RY, we obtain that:

(58 ) ca (520).

qg+1
Wt @)
Taking B; = B since % <1, we have
uq+1§m) 1
at
—— | <B=B
witl(z)+1 | — !
which implies that
q+1
F(u(z)) < B (“q +(f) + 1) < By (wi(z) + 1).

wdtt

) and

Finally if A(s? — 1) < f(s) then A (
define for all w >0

—u) < F(u). Let Ay = ﬁ

4 wdtt — Au

1
}{(U) - 5441(q +—1) 141

Notice that H(u) — oo as u — oo, therefore there exists M > 0 such that
H(u) > 1 for all u € [M, 00). Since H is a continuous function on [0, M], we get
H(u) > b for some b. Taking C7 > —min{1, b} we get that

—C1 < min{1,b} < H(u)

for all v > 0. With this choice of C; we have that

1/ A A A
O < — | —/— — q+1 _ % ,
1= <q+1 2(q+1))“ Y

and this implies that

111(1Lq471 4’(71) <A ’Uq471 —u.
h qg+1

O

Proposition 3.2. The functional Ey is Fréchet differentiable. Moreover its
derivative is given by

EOpy g LCETOCLED)

|z —y[Vep

dxdy—/\/Qf(u)godx. (3.6)
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Proof. In order to show that E) is Fréchet differentiable we will prove that E
is Gateaux differentiable, and then we show that (E) )¢ is continuous. Thus, it
is enough to prove that

Ex(u+tp) - Ex(u) :/ Dp(u@) — u()(p(z) = ¢(y))
RzN

lim o= [N

t—0 t

dx dy

1)
—)\/ f(u)pda.
Q
Notice that, (1) is equal to

lim [1 /sz <U(w‘) +to(@) —uly) —te) P |u(z) - u(y)l”) dedy

=0 | pt |z — y|N+sp |z — y|NFsp

@) (3.7)
A
-3 [ 1) + tota) - Flutela].

t
Now by the Mean Value Theorem 4.1,
(2) < [u(z) + 0p(x) — uly) — Op(y)[P~ () — ¢ (y)|

< CJu(x) —u@)P~" + 0P o(z) — o) P le() — ()]
= Clu(z) —u(y)[P~le(@) — e(y)| + Cle(z) — o(y)|?

for some 0 < t < 1 and some constant C' > 0. Therefore

u(z) + tp(x) — uly) —te(y)[”  |u(z) —uly)|”
|x_y|N+sp |x—y|N+5P

< Clu(@) —uy)P"e(@) = p)l | Clo(@) — v@)IP

3.8
- |z —y|NFep v —y|Ntop (38)

Taking m = 2 _1)(pN+Sp ) =X J;Sp and applying Holder inequality we have that

[u(z) — u(y) [P~ e(z) — 0(y)] _ Ju(@) — u()P (@) — )],
/Rw |z — y|NFsp dedy = /Rw |z — y[™|z -yt dedy

Ju(z) — uly)|P ple-t
< — "7 _dad
< (L p st
_ p 1/p
/ lo(x) — o(y)] dady 7
R2N |z — y|tP

where the last two terms are in L'(Q?) because u,p € W5*(Q2). Thus (3.8)
belongs to L'(Q2?) and by the Lebesgue’s Dominated Convergence Theorem 4.5,
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we obtain:

Ju(@) + tp(z) —uly) — te(y)IP  |u(@) —u)”Y
( |z — y|NHep |z —y|NHer )d @

:/ 1 <|u(x)+t<p(x)U(y)ts0(y)” _ IU(w)U(y)|p>dIdy

|z — y|N+ep |z — y|NFsp

[l = )P ote) —w) o) ) 1,
RZN

|z — y|NFsp

where the last equality can be check considering the derivative of the function
f(@) = |u(z) —u(y) + t(e(x) —e(y))|P at 0. On the other hand, from the Mean
Value Theorem 4.1 and taking account the growth assumptions of f, see (3.4),
we have

%\F(u(w) +to(x)) — Fu(@))| < |f(u(z) + 0p(x))|lp(2)]
< [B((u(z) + 0p(x))? + 1)| ()]
< |BCui(x) + BCOIp(x) + Bl|o(x)|
< BC|uf(x)|¢(x)| + BC|@"* (x)| + Blo(x)],

for some 0 < ¢t < 1 and some constants C, B > 0. Applying the Holder inequality
we get that

/Q|Uq($)%0(33)|d$ < (/Q |uq(x)|(q+1)/qu>q/(q+1) (/Q |¢(x)|q+1dx>l/(q+l)

= |\U||3+1||90||q+1,

where the last term is finite since W;P(Q) — LItY(Q) for ¢ + 1 € (p,p*).
Similarly

/ |9 (z)|dz < 0o and / lo(x)|dz < oo.
Q Q

Therefore BC|ud(z)||p(x)| + BC|ptt! ()] + Blo(z)| € L*().
Now if we fix x € €2, the limit

o F(u(e) + () ~ Flu(a)
t—0 t

is the directional derivative of the function F' at the point u(x) in the direction
of ¢(x). Hence by the Lebesgue’s Dominated Convergence Theorem 4.5 we get

: F(u(z) +tp(z)) — F
Hm A /Q t

(@) 4 = /Q Fu(z))p(z)dz.

We have shown that the functional E) is Gateaux differentiable. We complete
the proof by checking that the function Fj : W3P(Q) — (WP (Q))* is con-
tinuous. Indeed, Let {u,} be a sequence such that u, — u in W3*(Q2). Note
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that

(B () ~ Ej(w)ol < [ Py (un(@) ~unly)) = Dplu(@) Zulw)) 0y o) dady

R2N |z — y[N+ep

+ [ 150 = ) lelde.

(4)

3

From Hélder inequality,

3)<C (/RN <W>pdmdy>l/p

' 1/p
p
where O — ( i |2t ) wue) st | dxdy) = mLWs)

lz—y[™ P
and [ = W. Since u,, — u in Wy*(Q2) then {u,} is a Cauchy sequence in
LP(Q). It converges to a function u € LP(Q2). Hence u,, (z) — u(z) a.e. z € RY.

Un (%) —un (y)
fa—y[V7o s

converges to certain v(x,y) in LP(R?N). Therefore, up to a sequence, there exists
a function h € LP(RY) such that |u,(z)| < h(z) and |v,(z,y)| < h(x,y). Using
all this facts we obtain that

D (un () — un(y)) — P(u(z) — uly))
lz —y|™

Moreover, the sequence of functions v, (z,y) = is Cauchy, hence it

o CLECUMICET

R A PR

< C'hP(x,y) +C’T( 2 |N(+s)pp € LI

Also, since ¢ € W;P(Q) we have that,

lp(x) — p(y) P 1702
—|z—y\N+5P e L (Q).

Similarly, from Holder inequality, (4) is bounded by

q/(g+1) 1/(q+1)
A ( Flw) — f(un)l(q“)/"dx> ( / I@Iq“dx)

q/(q+1)
<A</ F@)| T 4 | f(, >|q“/qu) lellasr.

Notice that ||¢]q+1 < 0o. Due to the growth assumptions of f, see (3.4), and
the fact that W5 (Q) — LIT1(Q) for ¢+ 1 € (g, ¢*) we have:

F@IY D ()Y < B(jul™™ 4+ 1) + Bl |7+ 1)
< C+B(h*' +1) € L1(9),
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where B = max{B,|f(0)|}. Therefore by the Lebesgue’s Dominated Conver-
gence Theorem 4.5

lim ||E)(uy,) — EA\(u)|| <limsup |E4(u,) — E\(u)| = 0.

n—00 n—o00
This shows that EY is continuous. Hence FE) is Fréchet differentiable, which

concludes the proof.
O

3.2 Technical Results

In this subsection we shall establish some results that guarantee that E has a
critical point, u), whenever A > 0 is sufficiently small. After that, we present
some technical important results relevant in the proof of our main theorem. The

positive number
1

ri=—
qg+1-—p

will be use repeatedly throughout this subsection. Let ¢ € WP (Q) be a positive
function with ||¢]| = 1 and let

2 )T
c=|———=] >0
(pAlllwllgﬂ

Lemma 3.1. There exists Ay > 0 such that if A € (0, 1) then Ex(ecA™"¢) < 0.

Proof. Let | = ¢\™". From the growth assumptions of F' see (3.5) and the facts

P
that |l¢|| = 1 and It = —2< . we have
pA1||¢‘|q+1

1
Er(le) = el = X [ Flips
p Q

[r
< Ellwllp — A4 /Q 1 dz + AALC1 Q]

r

<5 AT )| 2T + AALC1 |9 (3.9)

cATT)P _
-y el + el

—rp c? b 14+rp
=\ ;f2?+x ACh9Q] ).

Thus, if 0 < A < (ngml)l/(l—krm =: A1, then

E l(p —ip}\ p 0
< P L 0.
A( ) 9
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Lemma 3.2. There exist 7 > 0, ¢c1 > 0 and Ay € (0,1) such that if ||ul| = 7A™"
then Ex(u) > e (TA™7)P for all X € (0, A2).

Proof. Let u € W§P(Q) with ||u|| = A™"r, since WP(Q) < LIT1(Q), there
exists Ky > 0 such that for all p € WP (Q), [|pllq+1 < Kill¢l, define 7 =
min{(2pK "' B;)™", ¢} then,

1
Byw) = 3 Jul = X [ Fluys
p Q
1
> (A7) - ABy [|u]| 1] — B 10|
1
> E(A”"T)p — ABy (Ky|Jul)" = AB1|Q
1
= —(A\TTT)P = AB KT (AT By |9
p
D
> \"TP <T _ /\1+r;D|QBl>
2p
TP
> A*”‘Pi
> o

taking ¢ = 5 and A; 1= 7P/ (+70) (4p B, |Q]) =1/ (47P) we obtain the result. [

Lemma 3.3. Let A3 = min{\;, \o}. Then, there exists a constant c3 > 0 such
that for all A € (0, A3) the functional Ey has a critical point uy which satisfies

AP < Ex(uy) < A7,
where ¢1 > 0 is the constant given in Lemma 3.2.

Proof. First of all, we show that, F) satisfies the Palais Smale condition. Let
us assume that {u,} C W;P(Q) is a sequence such that {E)(u,)} is bounded
and Ef — 0, in W;"*(Q) as n — oco. Hence, for ¢ = 1 there exists v > 0 such
that [|E} (un)|(wer ()~ < 1, for n > v. By definition of the norm we have that

u
]<E;<un>, o >\ < sup
Hun” Tenr <1

Un
(B (), ||uﬂ||>] = 1B} ()l ey < 1

which implies that

Moreover, from (3.6) we have

[(EA (un), un)| =

lnll? — A /Q f (1t Yt

= —||lugn P —&—)\/Qf(un)undac < | (3.10)

P = Ifun]| < —)\/Qf(un)undx, forn > v,
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Let K > 0 such that for all n, |E)(u,)| < K. From the Ambrosetti-Rabinowitz
condition equation (3.2) we see that

Dhuall? = 5 [ Swnyunda + 10 <

Using (3.10) and (3.11) we obtain

1 1 1 1
(5= 5) TualP = Ghuall = Slall + 5 (<ll” = Fal)

which proves that {u,} is bounded in W?(Q). Therefore since W*(Q) is
reflexive then up to a subsequence, {u,} converges weakly to the function u €
Wy (). Furthermore, since Wy? cC L71(Q) see [[16], page 216] for p <
q+1 < pt, then u,, — u (strongly) in L9T(Q). Applying the Holder inequality
we get

A/Qf(“”)(“n —u)de <A (/Q |f(un)|qfdw> . (/Q Jun — uq“dw) o

Thus,

n—oo

lim )\/ fup)(un —u)dax = 0.
Q
Then, since lim,,_,o, E4 (u,,) = 0, we have

Dy (un () — un () ((un — u)(x) — (un — u)(y))

li =0. 3.12
nl—>nclo R2N |1- _ y|N+sp ( )
Using again that u is the weak limit of u,, we have
n—00 [paN |1‘—y|N+5P

On the other hand, taking into account the Holder inequality, we see that

/Q lz — y[NTop ((un — u)(x) — (up —u)(y))dady

_ / [lun(w) —un ()P Pp(un(x) — un(y))(u(z) — u(y))
Q

|z —y|NFsp |z — y|N+sp

@, (u(r) — u(y)) (1 (&) ~ uny)) __ Ju(z) ~ u(w)l”
- EEACT M

2 [lunl” = llunlP~H llull = llen [l + u?

= ([l lP=" = P~ Qln | = ) > 0.
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From (3.12), (3.13) we obtain
Timn (a7 = ) (] = ) = .
which implies
Tim_ | = [ull

Since u, — u, then u, — u strongly in W;*(Q2). This proves that F satisfies
the Palais-Smale condition.
Let us observe that, from (3.9), for all 0 <1 < eA™"

'y P
E\(Ig) < % +AA,C10) < %/\"’P FACLQIATTP = e\

where ¢y := % + A1C1|Q|. Therefore

E\(l¢) < co\7P. 14
p X A(l0) < (3.14)

From Lemmas 3.1 and 3.2, and the Mountain Pass Theorem for each A € (0, A3)
there exist uy € WP (Q2) such that Ef (uy) = 0. Furthermore, this critical point
is characterized by

Ex(uy) = min max E(v(t)). (3.15)

where T is the set of continuous functions ~ : [0,1] — W () with v(0) = 0,
~v(1) = eA""p. Moreover, from (3.14), (3.15) and Lemma 3.2 we see that

P ATP < Ex(uy) < AP
Note that ¢; ¢y are independent of . O
Remark 3.2. There exists a constant C' > 0 such that for all 0 < A < A3
[luall < CATT. (3.16)

In fact, since u) is a critical point of Fy, then

lusl? = A / F(ux)urda.

From the Ambrosetti-Rabinowitz condition and Lemma 3.3 we see that

1 1 1 A
Z_Z P < p_ 2
(5= 3 )1l < Sl = 5 [ flusyusds

1 A A
< ZualP = 2 M0
< Sl = [ fnuda + 5r10)
1
< —luallP = A [ F(ux)da
p Q
= Ex(uy)

< AP
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The proof of the following lemma can be found in [[28], page 6]

Lemma. Let g € L9(Q) and let u € W5 () be a weak solution of (—A)ju =
f(z) in Q. Then
lull» < Clglly/ Y

where

N—spq

N(p—1)g 1<q<ﬂ
sp
0 %<q§oo

and C a positive constant depending on N,Q,p,s and q. In particular if g €
L>(Q), then
lulloe < Cllgll PP

Lemma 3.4. There exist a € (0,s] and a constant C > 0 such that for all

0 < X < As, the solution uy of the problem (3.1) satisfies uy/d§, € C*(R?) and

UN

<COAT.
dg

c(Q)

Proof. Let t be such that % < tand tq < p* and g := A\fouy. Since W;*(Q) —
LY(Q) and |g| < A1 A(Juxl? + 1) we have

/ IMf(uy)(z)|tdz < )\t/ |A1(ud +1)'dz
Q Q
< )\tC/ ug\t + 1dz.
Q
Hence g € L*(Q). According to the above Lemma,

1
Jurlloo < llgllf 7" (3.17)
But taking into account the Remark 3.2, we have
lglle < CAlluallfy < CAllua|? < CATTT.

Therefore, from (3.17) and setting —r = (1 — rq)/(p — 1), we see that

lurlloe < llgll’ ™" < OA. (3.18)

The inequality (3.18) together with the grow assumptions of f and that 1—rq =
—r(p — 1) imply that

IAf (un)lloo < CAluf + 1] < CAJJuf [l + CA < CATTE7Y,

Since uy € L () then g € L>°(Q). From Theorem 1.1. in [[25], page 4], we see
that there exists a € (0,s] and C' > 0, depending only on N,p,s and ©, such
that the solution wuy satisfies uy/dg, € C*(©2) and

1

< OAflun)]l&r <A77,

U
s _
dQ

ce (@
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Lemma 3.5. Let uy be a weak solution of (3.1). Then there exists a constant
C such that for all 0 < X < A3

C\™" < HU)\HOO

Proof. From Lemma 3.3 there exists ¢; such that ¢; A~ < E)(uy). Moreover,
since min F' > —oo and FY (uy) = 0 then

)\/Qf(u)\)UAdx = [Juxll?

= pEx(uy) +p)\/ F(uy)dz (3.19)
Q
> per AP + p|Q A min F

> Cl)\_rp7

for some C7 > 0. On the other hand, observe from (3.4) that there exists By > 0
such that for all s € R, f(s)s < Ba(|s]9™! + |s]). Thus

)\/ fluy)urde < Bg)\/(|u)\|‘1+1 + |uy|)dz
Q Q

< Ba) / (sl + s loo)dz (3.20)
Q
< BAllua |2,

for some B > 0. From (3.19) and (3.20) we obtain the result. O

3.3 Proof of the Main Theorem

We will state some results that will be used in the proof of the main theorem.
The proof of the following theorem can be found in [[25], page 4].

Theorem 3.1. Let p > 2, Q be a bounded domain with C1' boundary and
dao(z) = dist(x,0). There exist o € (0,s) and C > 0 depending on N,Q,p
and s, such that for all f € L>(2) the weak solution u € W3*(Q) to problem

{ (=A)w) = f(u) in Q
u = 0 in RV\Q,

satisfies u/dg, € C*(Q) and

u —
dT B < C| fIILP.
Q llca (@)

Definition 3.3. Let Q C RY be bounded, We set

Ju@)[P

loc

WP(Q) = {u € LV _:3U 2D Qs.t. ||ulls,p +/
RN
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Definition 3.4. Let Q C RY be bounded. We say that u € W*?(Q) is a weak
super(sub)-solution of (—=A)su = f in Q if

/ (u(@) — u(@)P~(o(x) — (y))
R2N

1z — g dzdy > (<)(f, )

for each ¢ € WP (), p > 0.

Definition 3.5. Let Q C RY be a bounded open set. We say that (2 satisfies
the interior ball condition if for all y € 02 there exist z € Q and an open ball
B, (z) such that B.(z) C Q and y € 9B, (x).

The proof of the following two theorems can be found in [[15], page 4].

Theorem 3.2. Let ¢ € C(Q) be a non-positive function and u € W*?(Q2)NC(Q)
be a weak super-solution of

(=A)pu= c(@)|ulP~?u in Q. (3.21)

If Q is bounded, and u > 0 a.e. in RN \ Q then either u > 0 in  or u =0 a.e.
in RN,

Theorem 3.3. Let Q) satisfy the interior ball condition in xo € 02, c € C(1),
and u € W*P(Q2) N C(Q) be a weak super-solution of (3.21). If Q is bounded,
c(z) <0 in Q and u >0 a.e. in RN\ Q then either u =0 a.e. in RN or

where Br C Q, 2 € Bg,xo € 0Bg and 6g(z) is the distance from x to RN \ Bpg.
The proof of the following proposition can be found in [[24], page 1364].

Proposition (Comparison principle). Let Q be a bounded set, u,v € VNVS”’(Q)
satisfy u < v in RV \ Q and, for all o € W5 (Q), ¢ >0 in Q,

/ (u(x) — u(y))P~ " (e(z) — () dady
]RQN

|z — y|N e

(v(@) —v(®)P " (@) — ¢(y))
: /Rw |z — y[N+ep drdy-

Then u < v in €.

Theorem 3.4. Let us assume that Q is a bounded domain with CY' boundary.
Then there is Ao > 0 such that for all X € (0, \o) problem (3.1) has at least one
positive weak solution uy € C*(QY), for some o € (0,1).

Proof. Arguing by contradiction, let {\;} a sequence of positive numbers such
that \; — 0, as j — oo and such that {z € Q : wuy,(z) < 0} > 0. Let

U
w; := 7—=—. Then
llx; lloo

(=85 (w;) = llux, 1557 (= A)5 (ux,) = Aif (un,)lua, 1557
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By previous Lemmas and Theorem 3.1, there exists a € (0, s] such that

Wi

_1
e < A flux)lus, P ll%
Q

Cc(Q)

< O Flun ) A=D1 557

1

= CNj I f (ux)l1 &
<C.

where C' does not dependent on A;. Let us choose any 0 < 8 < «. Since
C*(92) cc CP(9) see Theorem 5.13, [[17], page 102] then, up to a subsequence,

lim; o0 % = g¢ in CP(Q). Now, we will use comparison principle to prove
Q Q
that w(z) > 0. Let vy € W;P(2) be the solution of
(=A)pu = 1, in Q
u = 0, in RN — Q.
Let K; = i Aﬁp,l minser f(¢). Observe that K; < 0. Then, the solution v; €
uAj oo
Wy () of
(=Apu = Kj, in Q
u = 0, in RN —Q,

is given by v; = —(—K;)"/®P~Vy,. Since

q)p U/] xT) — w]
\/]R2N (|.’L‘ E :1)/|N+sp(y)) (QO(I) - @(y))dxdy

- /Q M (s, ), 5P odz > /Q K pde

D, (vj(x) —v;
- /RQN (|x (_ ;|N+s£y)> (p(x) — p(y))dzdy.

Then (—A);(w;) > (=A);(v;). By the comparison principle we have w; > v;.
Since v; — 0, as j — oo, then w(zx) > 0.
Let us observe that from grow assumptions of f and (3.18) we have

Nl (o, (@)l 1557 < OXj(lux, (@)1 + 1)lux, 1557
< ONj([lun 1% + D)llux, 1557
<ONOT+ 1A
< C}\j)\;rq)\;(p—l)

= O\l — ¢

Which implies that {||A; f(ux,)||ux,)||3 7} is bounded by a constant independent
of \;. Therefore there exists ¢ > 1 such that {X; f(ux,)[lux,|[557}; is bounded
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in L'(Q). Thus, we may assume that it converges weakly in L*(Q). Let z :=
limj g Aj f(un,)|lux, |57, its weak limit. Since f is bounded from below and

limj o0 Ajflua, [[557 = 0, then z > 0. We claim that (—A)$(w) = z. In fact,

from remark 3.2 and Lemma 3.5, the sequence of functions

|wj(x) — w;(y)|
Y@, y) == =,
[z =yl
is bounded in LP(R?Y). Therefore, following the same procedure made in
Lemma 3.3 to prove the strong convergence of {u,} (see Lemma 4.2 in the
appendix), we conclude that it converges to

o) o J0(@) —w(y)]
b(z,y) PN

in LP(R?N). Then there exists h € LP(R?*Y) such that |¢;(z,y)| < h(z,y), ae.
()

(x,y). Hence, from the Young’s inequality, for all ¢ € W we have
|wj(z) —w; (P~ () — o) _ wj(@) —w; )P~ o) — ¢(y)] 3.99
|x - y‘N—‘rSp N N+/Sp Nisp ( ’ )
le =yl 7" e —y[ 7

<L |wj () — w; (y)| P~ V¥ 41 lp(x) — s@%ﬁ. g’)
P |z — y|NFsp p |z —y[NTP
1 1 - »

L he )y + X [p(x) — o(y)|

S p |l —y[Nter

(h(z,y :
where p’ stands for the conjugate Holder exponent of p. Since the last function
belongs to L'(R?Y), by the Lebesgue’s Dominated Convergence Theorem 4.5
we have

[ bnte) = o (0le) Z ) = e
RQN

|z —y| NP

o [ ) 0P, () — w,0) () - o)
j—oo Jr2n |:I,’7y|N+Sp

dz dy
(3.24)

= Jm [ 2 @)l 157w

_ /Q +(2)p(z)da.

Observe that we also proved that w; — w in Wi*(Q2), and thus w € W ().
This proves the claim. Thus w is a supersolution of the (—A)j(w) = 0 in
Q. Since 2 has C1'! boundary then it satisfies the interior ball condition (see
Theorem 1.0.9 in [[5], page 7]). Therefore, by Theorems 3.2 and 3.3 we have
w > 0in Q and for all 2y € 99,

w(x)

S
BR (ZE)

lim inf >0,
T—x0
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where Br C Q and zg € Bg. From Lemma 4.1 there exists j sufficiently large
such that w; > 0 in . Absurd. O



51 References

References

[1] Adams, Robert A.; Fournier, John J. F. Sobolev spaces. Second edition. Pure
and Applied Mathematics (Amsterdam), 140. Elsevier/Academic Press, Am-
sterdam, 2003. xiv+305 pp. ISBN: 0-12-044143-8

[2] Alves, Claudianor O.; de Holanda, Angelo R. F.; Santos, Jefferson A. Exis-
tence of positive solutions for a class of semipositone quasilinear problems
through Orlicz-Sobolev space. Proc. Amer. Math. Soc. 147 (2019), no. 1,
285-299.

[3] Aronszajn, N. (1955). Boundary values of functions with finite Dirichlet
integral. Techn. Report of Univ. of Kansas, 14, 77-94.

[4] Badiale, Marino; Serra, Enrico. Semilinear elliptic equations for beginners.
Existence results via the variational approach. Universitext. Springer, Lon-
don, 2011. x+199 pp. ISBN: 978-0-85729-226-1

[5] Barb, Simona. Topics in geometric analysis with applications to partial dif-
ferential equations. Thesis (Ph.D.)-University of Missouri - Columbia. Pro-
Quest LLC, Ann Arbor, MI, 2009. 238 pp. ISBN: 978-1124-67385-1

[6] Biler, Piotr; Karch, Grzegorz; Woyczyniski, Wojbor A. Critical nonlinearity
exponent and self-similar asymptotics for Lévy conservation laws. Ann. Inst.
H. Poincaré C Anal. Non Linéaire 18 (2001), no. 5, 613-637

[7] Brezis, Haim. Functional analysis, Sobolev spaces and partial differential
equations. Universitext. Springer, New York, 2011. xiv+599 pp. ISBN: 978-
0-387-70913-0

[8] Brown, K. J.; Shivaji, R. Simple proofs of some results in perturbed bi-
furcation theory. Proc. Roy. Soc. Edinburgh Sect. A 93 (1982/83), no. 1-2,
71-82.

[9] Caldwell, Scott; Castro, Alfonso; Shivaji, Ratnasingham; Unsurangsie,
Sumalee. Positive solutions for classes of multiparameter elliptic semiposi-
tone problems. Electron. J. Differential Equations 2007, No. 96, 10 pp

[10] Castillo, René Erlin; Trousselot, Eduard. Reverse generalized Holder and
Minkowski type inequalities and their applications. Bol. Mat. 17 (2010), no.
2, 137-142

[11] Castro, Alfonso; de Figueredo, Djairo G.; Lopera, Emer. Existence of pos-
itive solutions for a semipositone p-Laplacian problem. Proc. Roy. Soc. Ed-
inburgh Sect. A 146 (2016), no. 3, 475-482.

[12] Dacorogna, Bernard. Introduction to the calculus of variations. Third edi-
tion. Imperial College Press, London, 2015. x+311 pp. ISBN: 978-1-78326-
551-0



52 References

[13] Dhanya, R.; Tiwari, Sweta. A multiparameter fractional Laplace problem
with semipositone nonlinearity. Commun. Pure Appl. Anal. 20 (2021), no.
12, 4043-4061.

[14] Di Nezza, Eleonora; Palatucci, Giampiero; Valdinoci, Enrico. Hitchhiker’s
guide to the fractional Sobolev spaces. Bull. Sci. Math. 136 (2012), no. 5,
521-573.

[15] Del Pezzo, Leandro M.; Quaas, Alexander. A Hopf’s lemma and a strong
minimum principle for the fractional p-Laplacian. J. Differential Equations
263 (2017), no. 1, 765-778.

[16] Demengel, Francoise; Demengel, Gilbert. Functional spaces for the theory
of elliptic partial differential equations. Translated from the 2007 French
original by Reinie Erné. Universitext. Springer, London; EDP Sciences, Les
Ulis, 2012. xviii+465 pp. ISBN: 978-1-4471-2806-9; 978-2-7598-0698-0

[17] Driver, B. K. (2003). Analysis tools with applications. Lecture notes.

[18] Duvaut, G.; Lions, J.-L. Inequalities in mechanics and physics. Trans-
lated from the French by C. W. John. Grundlehren der Mathematischen
Wissenschaften, 219. Springer-Verlag, Berlin-New York, 1976. xvi+397 pp.
ISBN: 3-540-07327-2

[19] Edmunds, D. E.; Evans, W. D. Fractional Sobolev spaces and inequali-
ties. Cambridge Tracts in Mathematics, 230. Cambridge University Press,
Cambridge, 2023. ix+157 pp. ISBN: 978-1-009-25463-2

[20] Evans, Lawrence C. Partial differential equations. Second edition. Graduate
Studies in Mathematics, 19. American Mathematical Society, Providence,
RI, 2010. xxii+749 pp. ISBN: 978-0-8218-4974-3

[21] Fefferman, C.; de la Llave, R. Relativistic stability of matter. I. Rev. Mat.
Iberoamericana 2 (1986), no. 1-2, 119-213.

[22] Fiscella, Alessio; Servadei, Raffaella; Valdinoci, Enrico. Density properties
for fractional Sobolev spaces. Ann. Acad. Sci. Fenn. Math. 40 (2015), no. 1,
235-253.

[23] Gagliardo, Emilio. Proprieta di alcune classi di funzioni in pin variabili.
(Italian) Ricerche Mat. 7 (1958), 102-137.

[24] Tannizzotto, Antonio; Mosconi, Sunra; Squassina, Marco. Global Holder
regularity for the fractional p-Laplacian. Rev. Mat. Iberoam. 32 (2016), no.
4, 1353-1392.

[25] Tannizzotto, Iannizzotto, Antonio; Mosconi, Sunra J. N.; Squassina, Marco.
Fine boundary regularity for the degenerate fractional p-Laplacian. J. Funct.
Anal. 279 (2020), no. 8, 108659, 54 pp.



53 References

[26] Jones, Frank. Lebesgue integration on Euclidean space. Jones and Bartlett
Publishers, Boston, MA, 1993. xvi+588 pp. ISBN: 0-86720-203-3

[27] Lunardi, Alessandra. Interpolation theory. Third edition [of MR2523200].
Appunti. Scuola Normale Superiore di Pisa (Nuova Serie) [Lecture Notes.
Scuola Normale Superiore di Pisa (New Series)|, 16. Edizioni della Normale,
Pisa, 2018. xiv4+199 pp. ISBN: 978-88-7642-639-1; 978-88-7642-638-4

[28] Mosconi, Sunra; Perera, Kanishka; Squassina, Marco; Yang, Yang. The
Brezis-Nirenberg problem for the fractional p-Laplacian. Calc. Var. Partial
Differential Equations 55 (2016), no. 4, Art. 105, 25 pp

[29] Munkres, James R. Analysis on manifolds. Addison-Wesley Publishing
Company, Advanced Book Program, Redwood City, CA, 1991. xiv+366 pp.
ISBN: 0-201-51035-9

[30] Restrepo Montoya, D. E. (2018). On the fractional Laplacian and nonlocal
operators. Escuela de Matematicas.

[31] Rudin, Walter. Reelle und komplexe Analysis. (German) [[Real and com-
plex analysis|] Translated from the third English (1987) edition by Uwe
Krieg. R. Oldenbourg Verlag, Munich, 1999. xiv+499 pp. ISBN: 3-486-24789-
1

[32] Slobodeckij, L. N. (1958). Generalized Sobolev spaces and their applications
to boundary value problems of partial differential equations, Leningrad. Gos.
Ped. Inst. Ucep. Zap, 197, 54-112.

[33] Tankov, P. (2003). Financial modelling with jump processes. Chapman and
Hall/CRC.



54

4 Appendix

4.1 Two Technical Lemmas

In this subsection we shall prove some technical results. The first one is based
on the Hopf’s Lemma established in [15]. The second, follows the same lines in
part of the proof of Lemma 3.3.

Lemma 4.1. Let us assume that {2 C RY is bounded domain with C*' boundary
and % — 2 in CP(Q) with w(z) = w;(z) =0, for all j and all x € 9Q. Let

dS
us assume tl?at w > 0 in Q and for all xog € 0N

w()

> 0. (4.1)

:= lim inf
=l 1

Then there exists j such that wj(z) >0 for all z € .

Proof. First of all, let us emphasize that, since & € O (ﬁ), then for all 2y €

dg
o9, % is well defined in terms of limits. Now, let B C Q be an interior
ball such that o € 9Bg and let be g9 > 0 such that for all € B N B(xg, &o),

w(zx) m

> .
dg, (x) 2

Let us pick up a sequence {z,} in Br N B(xg, () in the segment joining xo and
the center of Br and such that x,, — zg. So that for all n, x,, — x¢ is orthogonal
to OBr and 0N and dp, (z,) = da(x,). Therefore

w(xe) . wlr,) w(zy) m

= = > — > 0.
dgy(zo)  nooody(zy)  noeo dp, (Tn) 2

x

And, obviously, ;‘S’(—) > 0 for all z € Q. Thus % is positive in the compact Q.
Q

(2) d
Let w
€ := min — > 0. (4.2)
&,
We claim that w;(xo) > 0 for some z¢ € . Indeed by contradiction, suppose
that w;(zo) < 0 for all g € €, notice that w(xy) > w;(xo) and ’ F-F<%
Q Q

therefore there exists j such that

w(xo) _ w(ze) wj(wo) €
= dj(zo) T di(xo)  dd(xo) 2
Finally let us prove that w;(x) > 0 for all z € Q. Let us argue by contradiction.
If there exists zg € 2 such that w;(zg) < 0 then, by the intermediate Value
Theorem, there is zp €  such that w;(zy) = 0. Thus, from (4.2) we have

w(zo)  w;(20)

(4.3)

T dg(20)  dg(20)
IW_% €
Sl dalles@m 2
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Absurd. O
Lemma 4.2. Let {w;} be a bounded sequence in W3*(Q), such that
(=A)p(wj) = Ajg(w;) in Q
wi(z) = 0 in RN —Q,
with {\;g(w;)} bounded in L (). Then w; converges strongly in Wi (£2).

Proof. Since {w;} is bounded in W;?(2), then, up to a subsequence, {w,}
converges weakly to the function v € W;P(Q). Since p < ¢+ 1 < p¥, then
w; — v (strongly) in L9T1(). As {)\;g(w;)} bounded in L>(£2), applying the
Holder inequality this implies that

lim )\j/ g(w;)(w; —v)de = 0.
Q

Jj—o00

Then, since J5 (w;) = 0 (where Jy is the associated Energy Functional to this
problem), we have

/ ®p(w; () — w;(y))(wj —v)(@) = (w; —v)y) _, (4.4)
]RZN

|z — y [N

lim
Jj—o00

Using again that v is the weak limit of w; we have

LT yele) o) (w0 v)(@) — (w; — )
j—oo Jr2N ‘l‘—y|N+sP

=0.  (45)

Thus, from the same argument that we use in the proof of Lemma 3.3 we obtain

/ Oy (w; () — w;(y)) — Pp(v(z) — v(y))
Q

|z —y|[Nrep

((wj = v)(2) = (w; — v)(y))dwdy
> (lw; P~ = IollP~ ) (lws ]| = [lvll) > 0.

From (4.4), (4.5) we obtain

Jim (flug P70 = Mo lP) s | = llol) = 0,
which implies
Jim = ol
Since w; — v, then w; — v strongly in W (Q). O

4.2 Some known Results

We state some classical results that we have used through this thesis. We leave
the references for the statements that we will not prove.



56 4.2 Some known Results

Definition 4.1. Let X be a vector space over R, we recall that a functional is a
function defined on X, or on some subspace of X, with values in R. We denote
by X* the dual space of X that consists of all bounded linear functionals from
X to R. Furthermore X* is a Banach space (whether or not X is) endowed with
the norm

[ullx- = sup |u(z)| = sup u().
llzll <1 lzll<1
zeX reX

Given u € X* and = € X we say that (, ) is the duality product between X*
and X. We will often write (u,x) instead of u(x).

Notation 4.1. Let X and Y be normed vector spaces. We denote by £(X,Y)
the space of continuous linear operators A : X — Y endowed with the norm

”AHL‘(X,Y): sup | Az||.
zeX,|lz||<1

For the sake of simplicity of notation we will write £(X) instead of L(X, X).

Definition 4.2. Let X and Y be normed vector spaces with X C Y. We say
that X is continuously embedded in Y and we will write X — Y if there exists
a constant C' > 0 such that

e [[ully <Cllul|x for all u € X,

and we say that X is compactly embedded in Y and we will write X CC Y if
X <Y and

e given {u,} is a bounded sequence in X, then there exists a subsequence
{tn; } C {un} convergent in Y.

Definition 4.3. The weak topology on a normed vector space X, denoted by
o(X, X*) is the topology generated by the continuous linear functionals A € X*.
If a sequence {u,} converges to u in the weak topology we write u,, — u, and to
emphasize strong convergence we write u, — v meaning that ||u, — u||x — 0.

The proof of the following Theorem can be found in [[29], page 59].

Theorem 4.1 (Mean Value Theorem). Let Q be an open set in RY and
u: 2 — R be differentiable on Q. If Q contains the line segment between x and
x + h, then there is a point ¢ = x +th with 0 < t < 1 such that

u(z + h) —u(z) = Vu(c) - h. (4.6)

Remark 4.1. The Cauchy-Schwarz inequality together with the equation (4.6)

imply
u(z +h) —u(@)| < [Vu(c)|[R].

Definition 4.4. A function u : RV — R is called convex if
u(te + (1 —t)y) < tu(z) + (1 —t)u(y)

for every z,y € RV and every t € [0, 1].
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The proof of the following Theorem can be found in [[20], Page 705].

Theorem 4.2 (Jensen’s Inequality). Let Q@ C RN be an open subset such that
Q] =1 and let f: R™ — R be a conver function. Assume that u:Q — RM s

integrable. Then
f (/Q udac) < /Qf(u)dx

Definition 4.5. Let k be a non-negative integer. The space C*(Q) consists
of all functions with k continuous derivatives. The space C§°(2) consists of all
functions with compact support in € and infinitely differentiable. The functions
p € C5°(R2) are called test functions.

4.3 L? Spaces

The space of all measurable functions defined on a set X is denoted by u(X).

Definition 4.6. We denote by L!(Q) the space of all integrable functions from
Q to R. Let p € [1,00) and

LP(Q) = {u: Q — R measurable and |u|? € L'(Q)}

be the space of LP-integrable functions over €2 with

ful = ( [ |U(a:)|pdx>1/p.

It is well known that || - ||, is a norm, see [[26], page 221].

The definition of L* is not closely related to LP for p < oo since integration
is not involved. However, the only important aspect of the measure || is the
definition of almost everywhere concept.

Definition 4.7. Let
L>(Q) = {u: Q - R measurable and |u(z)| < C a.e. in Q for some C}

be the space of all essentially bounded measurable functions on € with

lt]loo = Inf{C : |u(z)| < C a.e. on 2}

The following remark implies that || - || is & norm.

Remark 4.2. If u € L*>(Q) then |u(z)| < ||lulje for a.e z € Q. Indeed there
exists a sequence C,, such that C,, — ||u| o, and for all n |u(x)| < C,, a.e. on
Q, ie |u(z)] < Cp for all x € Q\ E,, where |E,| =0. Set E = U2, E,, then
|E| = 0, therefore |u(x)| < C,, for all n and for all z € Q\ E, taking the limit
when n — oo we get that |u(z)| < ||u||leo for all z € Q\ E.
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The proof of the following Theorem can be found in [[7], page 98].
Theorem 4.3. Let p € [1,00). The space LP(Q) is separable.
Proposition 4.1. If p € (0,00) then |a — b|P < max{1,2P~'}(|a? + |b|P) see
[[31], page 73].

The proof of the following Theorem can be found in [[7], Page 97 ].
Theorem 4.4. The space C§°(RY) is dense in LP(RY).

The proof of the following Theorem can be found in [[26], Page 133].

Theorem 4.5 (Lebesgue’s Dominated Convergence Theorem). Let {u,} C
LY(Q) be a sequence such that

o u,(z) = u(z) a.e. in Q asn — oo;

e there exists v € L1 (Q) such that for all n, |u,(z)] < v(x) a.e. in Q.
Then v € LY(Q) and ||up, — ull1 — 0 as n — oo.

The proof of the following Proposition can be found in [[4], Page 10].

Proposition 4.2. Let p € [1,00) and {u,} € LP(Q) be a sequence such that
up, — u in LP(Q). Then, there exist a subsequence {uy,} and a function h €
LP(Q) such that

o Uy, (v) = u(z) a.e in Q.
o For all j, |un, (z)] < h(z) a.c. in Q.
The proof of the following Lemma can be found in [[26], Page 129].

Lemma 4.3 (Fatou’s Lemma). Let M will be a o-algebra in a set X and p be a
positive measure on M. Assume that for each n, wu, is nonnegative measurable

function. Then
/ (liminfun) dp < lim inf/ wpdp.
X n—o0 n—oo X

The proof of the following Theorem can be found in [[26], Page 129].

Theorem 4.6 (Change of Variables Theorem). Suppose that Q and Q) are open
and bounded sets in RN and assume that the function ¢ : Q — ' is a bijection
of class C' whose inverse is also of class C'. Let u: Q' — R be a measurable
function, then uo ¢ is measurable on Q' and

[ty = [ w@)ir@)ds

where J(x) = det¢’ () is the Jacobian determinant of ¢ at x.

The proof of the following Proposition can be found in [[26], Page 194].
Proposition 4.3. The integrals on RN satisfy:

1. fB(071) ﬁdx < oo if and only if a < N,

2. fB(O,l)C ﬁdx < oo if and only if a > N.
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4.4 Sobolev Spaces

Before discussing the Classical Sobolev spaces we introduce the notion of Holder
spaces.

Definition 4.8. Let Q C R™ be an open subset and v € (0,1]. The functions
u: Q — R that satisfy
lu(z) —u(y)] < Clo —y[?

for all z,y € Q and for some constant C, are called Holder continuous with
exponent 7.

The Holder seminorm of u :  — R is defined as

[ulo,, = sup {()—(y)}

z,yeN |l‘ - y|'y
zFy

It is not difficult to see that this is not a norm, for example consider a constant
nonzero function.
We define the Holder norm as

lullon = llull ey + [woa,

where [|ul|c() = sup,eq [u(z)]. The proof of the fact that this is a norm is
straightforward.

Definition 4.9. Let
C*7(Q) = {u:Q =R : uhas k continuous derivatives and [[u||,, < oo}

be the Holder space endowed with the norm

lullky = D ID%ulo@ + Y [D*uloy-
jal <k lal=k
Definition 4.10. A vector of the form o = (ay, - -+ , ay) is called a multi index
of order || := a1 + - -+ ay = k. Each multi index defines a partial differential

operator of order |al, given by

g 9N

[e5]) N
0z} ox'y

D%u

Notice that Vu = (D% u, D?u, - -+ , D®Nv) where ¢; = (0,--- ,1,---,0).

Definition 4.11. Let

L. (9) = {u: Q — R measurable and /K lu(x)|dz < oo for all K C Q compact}.

be the space of locally integrable functions.
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Definition 4.12. If 99 is of class C', then along 02 is defined the outward
pointing unit normal vector

Theorem 4.7 (Integration by parts formula). Let u,v € C1(Q2). Then

/uxivda:z—/uvxida:—l—/ wortds  i=1,...,n.
Q Q aQ

Definition 4.13. Let v € L] () and a a multi index. If there exists v €
Li (Q) such that

/uD"gpdx:(—l)la‘/wpdx
Q Q

for all ¢ € C§°(Q2), then v is called the o« — th weak partial derivative of u
denoted by
D%y = .

If the function v does not exist we say that u has not a-th weak partial derivative

We now establish the definition of the function spaces that we call Sobolev
Spaces whose functions have weak derivatives of various orders lying in LP
spaces.

Definition 4.14. Let k be a non-negative integer and p € [1,00). The Sobolev
space WFP(Q) consists of all locally integrable functions u : Q — R such that for
each multi index « with |a| < k, D®u exists in the weak sense and D*u € LP ().
It is endowed with the norm

1/p

lullwriy = | 3 /Q D*ufPd

la|<k
The proof of the following Proposition can be found in [[20], page 279].

Proposition 4.4. Let Q C RY be an open bounded subset and p € [1,N). Then
lullg < Cllullwrr @)

for all ¢ € [1,p*] and some constant C > 0 depending on N,p and Q2. Here

p* = NN—_’; is called the Sobolev critical exponent of p.

The proof of the following Theorem can be found in [[7], page 265]

Theorem 4.8. Letu € WP(Q). Then there exists a sequence {u,} C C§°(RY)
such that

o uylo — u in LP(Q) and

o Vu,|o — Vulg in LP(Q)N for all ' CcC Q.
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In case Q@ = RY and u € WHP(RY), there exists a sequence {u,} C C§°(RY)
such that

o u, —u in LP(RY) and

e Vu, — Vu in LP(RV)N.
Proposition 4.5. Let u € LP(Q). Then u € WYP(Q) if and only if there exists
a constant C such that for all ¥ CC Q and h € RN with |h| < dist(QY, RV \ Q),

|u(z + h) — u(z)|Pdx < C|hJP.
Q/

Moreover, C = ([, |Vu(y)[Pdy)*/?. In particular taking Q = RN we obtain
[ w1~ ute)rde < hp [ [Vu)pdy. (@)
RN RN
Proof. We consider two cases: u € C§°(RY) and u € WHP(Q). If u € C°(RY),

take h € R, ¢t € R and define v, (t) = u(x + th), then v/ (t) = Vu(z + th) - h.
Using the Change of Variable Theorem and Fubini’s Theorem we have,

. lu(z + h) — u(z)|Pde = /Q, [vz(1) — v (0)[Pdx

1 P
:/ /v;(t)dt dz
1o
1
:/ /h-Vu(x—i—th)dt
1Jo

1
§|h|p/ / V(e + th)Pdadt
0 Q

1
< |h|p/ / [Vu(y)|Pdydt.
o Jartth

Consider § = dist(Q, RN ~ Q) > 0, W = {z € Q : dist(z, RN \ Q) > §/2} D
and |h| < §. We claim that given ¢ € [0,1], @' +th C W CC Q. To check
this let Z € Q' +th and £ ¢ W. Then & = x + th with x € @', ¢t € [0,1] and
dist(#, RV \ Q) < 3.

For all y € RY \ Q we have

p
dx

5< oyl < o~ F 4 |E—yl = Al +E ] < 2 +1E .
Hence,
g <|F—y| (4.8)
Then

NGRS

< dist(z, RN\ Q) <

N

. (4.9)
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which is absurd. Thus Q' +th C W.

On the other hand let us see that W ccC Q. Indeed, suppose that © € W and
x € RN\ Q, if we consider the open ball B(x,§/4) we have that B(x,5/4)NW #
which that there is 2 € B(x,6/4) and z € W such that dist(z, RV\Q) < |z—z| <
§/4 and dist(z, RN \ Q) > §/2, which is absurd, hence W C 2. The above claim
and the inequalities (4.8) and (4.9) allow us to conclude that

e+ b) ~ ula)Pds < i [ [Tuly)Pdy (4.10)
o w

On the other hand if u € W1P(Q) by Theorem 4.8 in there exists a sequence
{u,} in C°(RY) such that u,, — u in LP(Q) and Vu, — Vu in LP()') for
all Q' cc Q. Taking the limit when n — oo in (4.7) we obtain the desired
result. O

4.5 Differentiability for Real Functionals

In this subsection X will be a Banach space. We start presenting two definitions
about differentiability for real functionals: The Fréchet derivative which is a
derivative defined on Banach spaces and the Gateaux derivative which is a
generalization of the well known concept of directional derivative.

Definition 4.15. Let 2 C X be an open subset and F : 2 — R be a functional.
We say that E is Fréchet differentiable at x € € if there exists A € X* such
that for all h € X

E(x+h) — E(x) — Ah

im =0.
[l =0 [|A]]

Definition 4.16. Let 2 C X be an open subset and F : 2 — R be a functional.

We say that E is Gateaux differentiable at x € § if there exists A € X™* such

that for all h € X 5 BB
po B+ th) — ()
t—0 t

= Ah.

Remark 4.3. If F is Gateaux differentiable at x, then there exists a unique
linear functional A € X* which satisfies the previous equality. It is called the
Géateaux differential of E at = and is denoted by E(,(u).

The next Proposition points out an important result that technically says
that it is easier to compute the Gateaux derivative and then prove that it is
continuous instead of proving Fréchet’s differentiability directly. The proof can
be found in [[4], page 14].

Proposition 4.6. Let Q C X be an open subset. If E is a Gateauz differentiable
functional in Q and E; is continuous at x € Q) then E is Fréchet differentiable
at x and, E/(z) = E'(x).

Definition 4.17. We say E € C}(Q,R) if E'(u) exists for each u €  and the
mapping E’ : Q — Q is continuous.
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Notation 4.2. 1. We denote by C the collection of functions E € C1(Q,R)
such that E’ : Q — Q is Lipschitz continuous on bounded subsets of €.

2. If c € R, we write A, = {u € QE(u) < ¢} y K. = {u € QE(u) =
¢ o E'(u)=0}.

Definition 4.18. Let 2 C X be an open subset and F : 0 — R be a differen-
tiable functional. A critical point of F is a point x € Q such that F'(z) = 0. A
real number c is a critical value of E if E'(z) = 0 and E(z) = c.

The next definition present a kind of compactness condition which is useful
to guarantee the existence of certain critical points.

Definition 4.19. We say that a differentiable functional F : X — R satisfies
the Palais-Smale condition if: for every sequence {u,} C X such that

1. {E(uy)} is bounded in R,
2. E'(up) = 0in X as n — oo,
there exists a convergent subsequence in X.

Definition 4.20. A deformation of € is a continuous function n : [0,1] xQ —
such 7(0,u) = u for all u € Q.

The proof of the following theorem can be found in [[20], page 503].

Theorem 4.9 (Deformation Theorem). Assume E € C satisfies the Palais-
Smale condition. Let K. = ( then for each sufficiently small € > 0, there exists
a constant 0 < § < € and a deformation n such that for all0 <t <1 and u € Q
the functions ny(u) = n(t,u) satisfy

1. no(u) = u with u € Q.

2. m(u) = u with E(u) ¢ (c—€,c+¢€).

3. E(ni(v)) < E(u) withu € Q and 0 <t < 1.
4- M (Acys) C Acs.

Theorem 4.10 (Mountain Pass Theorem). Let E : X — R be a differentiable
functional such that E' : X — R is Lipschitz continuous on bounded subsets of
X. Assume that E satisfies the Palais-Smale condition, suppose also that

1. E(0) =0,
2. there exists positive constants r and a such that E(u) > a if |lul]| = r,

3. there exists v € X such that ||v|| > r and E(v) < 0.
If we define

I ={~(0,1]) | v:[0,1] = X s continuous ,v(0) =0,~v(1) = v},
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then

= inf FE
¢ = inf max EO)

18 a critical value of E.

Proof. By contradiction, suppose that c is not a critical value of E, i.e. K, = (.
Given a sufficiently small € such that 0 < e < g, from Theorem 4.10 there exist
a constant 0 < § < ¢, a deformation 7 : Q —  with

N(Acys) C Acs (4.11)

and
n(u) =wu for each E(u) ¢ (c —¢,c+e€).

Let us take v € I" such that

[nax E(y(t) <c+d. (4.12)

Consider ¢ : [0,1] = R, by ¢(t) = ||v(¢)]|, clearly ¢(0) = 0 and ¢(1) = ||[v|| > r,
now there is ¢t € [0, 1] such that ¢(t) = ||v(t)|| = r, thus E(y(t)) > a, and

= inf E > a.
o=z PO 2 e

Define, § = n o, since §(1) = (n07)(1) = n(v) = v and §(0) = (n o ~)(0) =0
for a sufficiently small e, we get § € I'. By (4.11) we have E(n(u)) < ¢—§ and
by (4.12) we obtain
(1)) < c— 6.

fax I (9@) <c=46

Hence
= 1 < -
c= inf max I(y(t)) < c—9,

which is absurd. O



	Fractional Sobolev Spaces
	Motivation
	Definitions and Basic Properties
	Fractional Sobolev Embeddings

	Equivalent Definitions of The Fractional Sobolev Spaces
	An Approach Via the Fourier Transform
	An Approach Via the Interpolation Spaces

	A Semipositone Type Problem
	Description of the Problem
	Technical Results
	Proof of the Main Theorem

	Appendix
	Two Technical Lemmas
	Some known Results
	Lp Spaces
	Sobolev Spaces
	Differentiability for Real Functionals


