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Resumen

Sobre métodos multiescala generalizados para flujo en medios porosos
complejos y sus aplicaciones

En este documento se estudia el Método de Elementos Finitos Multiescala Generalizados
(GMsFEM), el cual trata de la construccién de funciones base espectrales multiescala que
estan disenadas para problemas de alto contraste. Las funciones base multiescala se con-
struyen a partir del producto entre los vectores propios, construidos a partir de un problema
espectral local y una particion de la unidad sobre el dominio de estudio. Los valores pro-
pios detectan caracteristicas importantes de las soluciones que no son capturadas por las
funciones base multiescala iniciales. En este trabajo, se presenta un estudio de convergencia
donde las estimaciones de error son generales, y estan escritas en términos de los valores pro-
pios asociados a los vectores propios no utilizados en la construccion. El analisis de errores
implica normas locales y globales que miden la descomposicion de la expansion de la soluciéon
en términos de vectores propios locales, esto se logra con una eleccién cuidadosa de las fun-
ciones de base multiescala iniciales y la configuracién de los problemas de valores propios. Se
presentan dos aplicaciones numéricas importantes: la primera, es el problema de represa con
frontera libre planteado sobre un medio heterogéneo de alto contraste, donde introducimos
una variable de tiempo ficticia que motiva una discretizacién de tiempo adecuada que puede
entenderse como una iteraciéon de punto fijo a la solucién de estado estacionario, y usamos
el método de dualidad para tratar con los términos no lineales multivaluados involucrados;
luego, se calculan aproximaciones eficientes de la presién y la saturacién usando el método
GMsFEM. La segunda aplicacion es la soluciéon de una ecuacion parabdlica donde al im-
plementar discretizaciones de tiempo como diferencias finitas o integradores exponenciales
sobre un coeficiente de alto contraste, puede no ser practico porque cada iteracién de tiempo
necesita el calculo de operadores matriciales que involucran matrices dispersas, muy grandes
y mal condicionadas; es por esto que el GMsFEM es importante ya que permite la obtencién
de la solucion del problema de una forma mas sencilla, permitiendo combinar GMsFEM con
el método de integradores exponenciales en el tiempo para obtener una buena aproximacion
de la solucién temporal final.

Palabras clave: Métodos Multiescala Generalizados, problemas de alto contraste,

problemas multiescala, Elementos Finitos.
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Abstract

In this document, the Generalized Multiscale Finite Element Method (GMsFEM) is studied,
which deals with constructing multiscale spectral basis functions designed for high-contrast
multiscale problems. The multiscale basis functions are built from the product of the eigen-
vectors, computed from a local spectral problem and a partition of unity over the study
domain. The eigenvalues detect essential features of the solutions that are not captured
by the initial multiscale basis functions. This document reviews the general convergence
study where the error estimates are written in terms of the eigenvalues associated with the
eigenvectors not used in the construction. Error analysis involves local and global norms
that measure the convergence speed of the expansion of the solution in terms of local eigen-
vectors; this is achieved with a careful choice of the initial multiscale basis functions and
the configuration of the eigenvalue problems. Two novel important numerical applications
are presented: the first is the free-boundary dam problem posed on a heterogeneous high-
contrast medium, where we introduce a fictitious time variable that motivates an adequate
time discretization that can be understood as a fixed-point iteration. For the steady-state
solution, we use the duality method to deal with the multivalued nonlinear terms involved;
then, efficient approximations of pressure and saturation are calculated using the GMsFEM
method. The second application is the solution of a parabolic equation. Here implementing
time discretizations, such as finite differences or exponential integrators in the presence of a
high contrast coefficient, it may not be practical in because each time iteration one needs the
computation of matrix operators involving very large and extremely ill-conditioned sparse
matrices. The GMsFEM is essential since it allows obtaining the solution of the problem
more simply, allowing to combine the GMsFEM with the method of exponential integrators

in time to get a good approximation of the final temporary solution.
Keywords: Generalize Multiscale Finite Elements Methods, High-contrast problems,

Multiscale problem, Finite Elements Methods
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1 Introduction

Many applications, such as modeling environmental problems and groundwater flow, have
become highly relevant in everyday life and academia; see [13, 4]. The primary modeling
tool in these areas is the diffusion of substances in a heterogeneous porous medium with
high-contrast multiscale permeability properties. Mathematical modeling and numerical
simulation are relevant here to understand this problem but face several challenges regard-
ing the accuracy and computational efficiency of the implemented numerical methods.

Numerical methods for porous media flow include many techniques, for example, the finite
difference method, finite volume method, and finite element method. When high-contrast
multiscale coefficients model the permeability of the porous media, the resolution needed to
obtain good approximation results is impractical since any implementation needs to solve
a very large and ill-conditioned problem. Several multiscale methods are proposed in this
setting to efficiently approximate solutions to these problems (see [33, 28]).

In classical Multiscale Finite Element Methods (MSFEM), a coarse mesh is explored. There
is a fine mesh that resolves all variations and discontinuities of the coefficients, but this
mesh is too fine to allow efficient computations. Therefore, a coarse mesh is introduced
and the main idea is to construct coarse basis functions in each coarse node neighborhood
using the local mesh and local information of the coefficients. After the basis functions
are constructed, a global formulation of the problem at the coarse scale is formulated and
solved efficiently since the size of the coarse matrices is proportional to the number of coarse
blocks (see [42, 1, 33]). One such methodology is known as the Generalized Multiscale Finite
Element Method (GMsFEM), which is relatively new. The main goal of the GMsFEM is
to build coarse spaces for the MSFEM that result in accurate coarse-scale solutions. This
methodology was first developed in [25, 30] related to the robustness of iterative domain
decomposition methods to solve the elliptic equation with heterogeneous coefficients. We
consider the following problem

—div(k(z)Vu) = f, (1-1)

where k(z) is a multiscale high-contrast heterogeneous field. In particular, it is assumed that
k(x) > ¢o > 0 (bounded below), while k(z) can have very large values and local variations.
A main ingredient in the construction was local generalized eigenvalue problems and par-

tition of unity functions to construct the coarse spaces. In addition to using one coarse
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function per coarse node, the GMsFEM proposed to use several multiscale basis functions
per coarse node. These basis functions represent important solution features within a coarse
grid block and are computed using eigenvectors from a local eigenvalue problem. Then, in
the works [57, 14], some studies of the coarse approximation properties of the GMsFEM
were carried out.

This work shows a convergence analysis for the GMsFEM, which is suitable for computa-
tional practice. We assume square integrability of the right side f. To obtain error bounds in
terms of the decay of the eigenvalues used in the construction, we assume that the problem
is regular in the sense that local eigenvectors can well approximate the solution well enough.
The main difference between classical finite element analysis and the GMsFEM is when try-
ing to write the interpolation error estimates, where the solution is assumed to be smooth
enough in the classical Sobolev sense using Hilbert rules (at least for elliptic problems). In
the case of discontinuous multiscale coefficients, it is known that solutions are not regular
in the classical sense (see [1]). Therefore, the classic finite element analysis arguments are
not suitable. In this document and based on [1], we can write interpolation error estimates
using rules appropriate to the problem. In particular, to measure the “smoothness” of the
solution, we use the decay of the solution expansion in terms of global eigenvectors. This is
motivated by the fact that eigenvectors are a good model for smooth functions for a given
elliptic operator. We then define global norms, using the decay of the expansion on global
eigenvectors. We also define the local norms using the expansion decay in terms of local
eigenvectors (computed locally in a coarse node neighborhood). A main result is that we
can compare the local and global norms. Also, we test the error estimates in terms of the
eigenvalues of the eigenvalue problem used in the construction.

This thesis’s main contribution is applying the GMsFEM to two important non-linear prob-
lems. One of the applications studied in this document is the problem of heterogeneous dams
initially raised in [49]. This model considers the numerical homogenization approximation of
a free boundary dam problem in a multiscale heterogeneous environment. In the work pre-
sented here, we deal with the numerical expansion of a similar free boundary problem posed
in a high-contrast multiscale medium, in this case, without the scale separation assumption.
Therefore, although we can formulate the free boundary problem, due to the multiscale na-
ture of porous media, very high resolution, e.g., in a finite element approximation, will be
needed to obtain realistic results, leading impractical computations.

Following [9, 49], we first approximate the nonlinear steady-state dam problem: By using
Darcy’s law for porous media and the relation between pressure and water saturation, we
obtain

J0(0r)

—g——— —div(kVp) =0, p>0, 6¢€ H(p), (1-2)
8:62



where p is the pressure, 6 the saturation, g denotes the gravity and H(-) denotes the mul-
tivalued Heaviside operator, in such a way that for positive pressure (p > 0) the porous
media is fully saturated (§ = 1) and # € [0,1) when p = 0 in the non-saturated region.
We introduce an artificial time variable; this procedure can be understood as a fixed-point
iteration indexed by the dummy time variable. For time discretization, we consider a feature
method based on the numerical approximation of the material (or total) derivative, which
is a well-understood concept in continuum mechanics (see [13]).

In addition, a duality method is considered (see [10, 6]), which allows transforming the in-
equality with multivalued terms into an equation with single-valued terms with the help of
Yosida’s approximation (see [10, 23]). As in [9, 49], each iteration requires the spatial ap-
proximation of a resulting pressure equation after applying these techniques. The pressure
equation mentioned here is posed in multiscale high-contrast porous media.

The main innovative achievement of the present work comes from the proposed method to
address the spatial approximation of pressure in the case of no-scale separation in the het-
erogeneous porous medium. Solving the pressure equation with the resolution of the medium
is not practical for this application, as is the case in various flow models in porous media
involving multiple scales (see [31, 33, 25, 57, 36]). We propose to compute an efficient pres-
sure approximation using the GMSFEM introduced in [28, 31, 15] and the references therein.
The GMsFEM method provides numerical results that capture the solution behavior due to
coefficient variations at fine resolution by solving linear systems with size proportional to
the number of coarse blocks from a coarse resolution. The grid does not need to be adapted
to the coefficient variations.

There we apply the GMsFEM methodology to the case of modeling the heterogeneous dam
problem. However, as mentioned before, this method is used in partial differential equations
models where the diffusion operator plays a leading role. For instance, another application
studied in this document is a nonlinear parabolic problem on a multiscale high-contrast
medium. A widely used model of diffusion is the following semilinear parabolic problem
posed in a high-contrast multiscale media,

Opp — div(k(x)Vp) = f(p), In Qx1,
p=pp, on o) xI, (1-3)
p(0,7) = p(x), on Q,

Here Q is a two-dimensional convex domain with a boundary 02 and I = [0, 7] is the time
domain. The field x(z) is a multiscale high-contrast heterogeneous field. Additionally, p
is an unknown pressure field satisfying the Dirichlet condition given by pp and the initial
condition given by p. The constructions and methods developed here can be easily adapted
to the three-dimensional domains.
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Approximations of solutions of problem (1-3) and many other interesting questions have
been considered in the literature. In particular we mention [24, 43, 2, 54] and references
therein. We focus our discussion on the numerical computation of solutions of this problem.
In the presence of high-contrast multiscale coefficients, classical methods for the numerical
approximation of solutions need to be revisited due to the lack of robustness and efficiency,
see [36, 37, 26, 27, 1]. In this thesis, we design robust numerical approximation procedures
against the presence of multiscale variations and high-contrast in the coefficient k. We call
the attention to two important challenges in order to design efficient and robust numerical
methods for equation (1-3):

1. In the presence of high-contrast multiscale coefficients, the spatial resolution needed
to correctly approximate the solution of (1-3) (or its steady-state version) is related
to the smallest scale at which we find variations of the coefficient k. Additionally to
the multiscale variations, the discontinuities and high-jumps of the coefficient bring
additional difficulties to the numerical approximation of this time-dependent problem.
Accuracy and efficiency can be negatively affected by solving large and ill-conditioned
linear systems at each time step; See [28, 57, 1, 16].

2. The presence of high-contrast in the coefficients (even without complicated multi-
scale variations) reduces the stability region of time discretization methods such as
Crank—Nicolson and similar time integrators; see Sections 5.3 and 5.4 below.

Let us mention first that challenge 1 above also affects time-independent problems. For
time-independent problems classical multiscale methods provide good approximations only
for moderated-to-low-contrast coefficients. However, Generalized Multiscale Finite Element
Methods (GMsFEM) were designed to correctly handle problems with high-contrast in the
coefficient where the main ingredient was to use local eigenvalue problems to construct appro-
priate coarse-mesh approximation spaces. For more details on the construction and analysis
related to the approximation capabilities of the GMSFEM, see [28, 57, 1, 16, 58|.

The GMsFEM has also been applied to time-dependent problems, linear and nonlinear
parabolic, hyperbolic partial differential equations, sampling, and inverse problems. Some-
times, discretization or optimization iteration has to be added on top of the space ap-
proximation. We consider the case of time marching schemes where, in each iteration,
a large ill-conditioned linear problem has to be solved. We mention the recent papers
[19, 34, 20, 13, 2, 50, 46] where different time dependent problems have been considered
within the GMsFEM framework. Unfortunately, the loss of stability (due to the high con-
trast in the coefficients) requires the reduction of the time step size (inversely proportional to
the contrast in the coefficient), which ends up reducing the gain obtained by using the GMs-
FEM method to improve the overall computational time to obtain the final time solution.
This brings us to face challenge 2 above, which is an important contribution of this thesis.



Our idea to gain stability and accuracy in time discretizations is to move to exponential
integration; see for instance [44, 41, 3, 40, 52].

Exponential integration is a more efficient numerical method to overcome rigid problems and
improve the accuracy of numerical computation. The main bottleneck of the calculations
required by the exponential integrator is the calculation of matrix functions [39, 45|, and
this is even more critical for the finite element arrays associated with the problem (1-3) since
these are huge and ill-conditioned sparse arrays, as mentioned before. In this section, we
show that the function of the necessary matrices in the exponential integration can be well
approximated using a GMsFEM approach, computed by projection onto the coarse scale
space constructed using the GMsFEM approach. In our numerical experiments, we show
that only by computing operators in approximate spaces can we advance significant time
steps without losing stability and precision in the solution.

The document is organized as follows. Chapter 1 shows the finite element method (FEM)
background and its convergence analysis. In chapter 2, we study the GMsFEM. In chap-
ter 3, we show the first application, which is the problem of the dam on a high-contrast
medium with a free boundary. Finally, in chapter 4, a parabolic problem is solved with the
combination of the GMsFEM and the method of exponential integrators. For these last two
chapters, we present numerical evidence of the good performance of the GMsFEM method-
ology. Finally, we present a future work based in [51], where we make a preliminary study
on the free boundary problem.



2 Preliminaries

2.1 Space and problems

The mathematical treatment of several applications of the finite element method is based
on the variational formulation of elliptic partial differential equations. The solutions of
many important differential equations can be characterized by finding a minimum over an
appropriate functional. The corresponding variational problems have solutions in spaces of
specific functions such as Sobolev spaces. The numerical treatment involves minimization
into appropriate finite-dimensional linear subspaces. The so-called finite element spaces are
suitable for this finite-dimensional minimization, both from a practical and theoretical point
of view. Here, we present a review of the main ingredients of the method. This section is
based in [11, 47].

2.1.1 Sobolev spaces

Let €2 be an open subset of R" with a piecewise smooth boundary. The Sobolev spaces,
which play an important role in this document, are built on the function space L?(().
Which consists of all functions, which are square integrable in the Lebesgue sense.

Definition 1. Let €2 be a domain in R™ and let p be a positive real number. We denote by
LP(QY) the space of functions u defined on Q0 for which

/|u )P dr < .

We identify two functions u, v € L*(2) whenever u(x) = v(x) for x € £, except in a subset
of measure zero.
Definition 2. Let QO C R"™ be open and 1 < p < oo. The Sobolev space WP () is defined

by
Wm™P(Q) ={ue LP(Q) : D*f € L,(2), for alla € N": |a| <m},

la| . S
g = f is the weak derivative

where a is a multi-index of order |a| =k and D*f = 5y -
1 2" 0%Tn

of f. In particular, we write H™(2) = W™2(Q).
We can define a scalar product on H™(2) by

(Uy V) = Z (D%, D*v), (2-1)

laf<m
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with the associated m-norm

el = V0w wm = | > 1Dl ) (2-2)

laj<m

and seminorm

[ulm = | D 1D%ull7 0. (2-3)

|a)=m

We define HJ'(Q2) as the closure in H™(£2) of the space C°(Q2) of infinitely differentiable
compactly supported functions. Particularly, in the space H}(2), the seminorm (2-3) is
equivalent to the norm (2-2). This is due to the next result.

Theorem 1 (Poincaré-Friedrichs inequality, [11, Theorem 1.5]). Suppose Q) is contained in
an n-dimensional cube with side length s. Then

[vllg < slvli for allv € Hy (). (2-4)

Proof. Since C§° is dense in H}(f), it suffices to establish the inequality for v € C§°. We
may assume that Q C W = {(x1, 29, ...,2,) : 0 < z; < s}. Then

1
(1, o, oy ) = (0, Ta, ..., Ty) +/ Ov(t, xa, ..., xy,)dt.
0

Given that v € C§°(€2), then the first term vanishes, and using the Cauchy-Schwarz inequal-
ity,

wmﬁg/o 1%@5/0 0y0(t, o, ..., )| dt
< 3/ |8lv(t,x2,...,:pn)|2 dt.
0

Since the right-hand side is independent of z;, we obtain

/ v(z)|? da Ssz/ |Oyv(z)|? day.
0 0

We integrate over the other coordinates to obtain
/ v|* de < 32/ 0yv]* do < 5% o}
W W

Remark 2. The proof of the Poincare—Friedrichs inequality only requires zero boundary

]

conditions on part of the boundary. If I' = 02 is piecewise smooth, the function vanishes on
the part of the boundary 0D, where 0D is a set with positive (n — 1)-dimensional measure.
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Moreover, if zero Dirichlet boundary conditions are on the whole boundary, without loss of
generality, we can assume that Q) lies between two hyperplanes whose distance apart is s. See

[35].
2.1.2 Variational formulations

This section shows the notation and main features of variational formulations for elliptic
equations.

Theorem 3 (Characterization theorem, [11, Theorem 2.2]). Let V' be a linear space; suppose
that
a:VxV =R

is a symmetric positive definite bilinear form!. In addition, let £ : V — R be a linear
functional. Then, the functional

J(v) = %a(v,v) e

attains its minimum over V' at u if and only if

a(u,v) = l(v) for allv € V. (2-5)

Proof. For u, v € V and t € R, we have
J(u+tv) = za(u+tv,u+tv) — l(u+ tv)
(a (u,u) + ta (u,v) + ta (v,u) + ta (v,v)) — £(u) — tl(v) (2-6)

N RN

(u) + t (a(u,v) — £(v)) + %tQCL(U, v).

If uw € V satisfies (2-5), then (2-6) with ¢ = 1 implies

1
J(u+v)=J(u)+ 5@(1},1}) forallv eV (27)

> J(u) if v # 0.

Therefore, u is a unique minimal point. On the other side, if J has a minimum at u, then
for every v € V, the derivative of the function ¢t — J(u + tv) must vanish at t = 0. By (2-6)
the derivate is a(u,v) = (¢, v).

m

Now, we associate Theorem 3 with a classic boundary-value problem such as the Poisson
equation.

LA bilinear form a is definite positive if a(v,v) > 0 for all v € V', v # 0.
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Theorem 4 (Minimal property, [11, Theorem 2.3]). Consider the following boundary value
problem

{—Au +bu=finQ, 238)

u=0onT,

where € is a bounded open domain in the plane R? with boundary I' and b is a constant.
FEvery solution of the problem (2-8) is a solution of the variational problem,

1
J(v) = 5/ Vo? + bv? dx — / fv dx — arg min, (2-9)
Q Q
among all functions in C2(2) N C°(Q) with zero boundary values.

Proof. Let’s start with the two-dimensional divergence theorem

/diVAdx—/A~nds,
Q r

where A = (A, Ag) is a sufficiently smooth vector function defined on 2, n = (ny,ny) is the
outward unit normal to I', and dx represents the elements of 2.
0A;  0A;
divAd = — + —.
v 8:61 81’2

If we apply the divergence theorem to A; = (vw,0) and Ay = (0, vw), we obtain

ov ow
= ; =1,2. 2-1
g amiwdx—l-/ﬂvaxidx /Fvwnzds i=1, (2-10)

We can use this (Green’s formula) to rewrite equation (2-8) as:

ov Ow ov Ow
/QVvadx = /Q (8%1 0z, + Bs 8x2>dx

ow ow Pw 0w
_ e = _ Z 42 2-11
/F(vaxlnl+v8x2n2)ds /Qv(am% + ax%>da: ( )

= Ua—wds—/vAwdx,
Q

T 3n

where

ow Ow N ow
— = —n; + —n.
on 03:1 ! 8332 2
If u is a solution of the problem (2-8), then u is also a solution of the following variational

problem: Find u € V such that

a(u,v) = L(v) for all v € V, (2-12)

where
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a(v,w) = / VoVw + bvw dx
Q

E(v):/fv dx. (2-13)
Q
V:{U:UEC1 andszonF}

Therefore,

a(v,w)—ﬁ(v)—/QVva—l—bvw d:v—/gfv dx
:/vAw—l—bvw dac—/fv dx (2-14)
Q Q
:/U(Aw+bw—f) dx = 0.
Q

This last step is derived from equation (2-8), and if u is a classical solution?, the characteri-
zation theorem implies the minimality property.

]

Definition 3. Let H ba a Hilbert space. A bilinear form a : Hx H — R is called continuous,
provided there exists C' > 0 such that

la(u,v)| < Cllu||||v]] for all u,v € H.

A symmetric continuous bilinear form a is called H-elliptic or for short elliptic or coercive,
iof for some a > 0

a(v,v) > al|lv||? for allv eV, (2-15)

and if a is an H-elliptic bilinear form, then it induces a norm via

lv]la = Va(v,v). (2-16)

An important theorem in the theory of the Finite Elements Method (FEM) is the Lax-
Milgram theorem, which directs to the existence of the solution of the equation (2-5).

Theorem 5 (Lax-Milgram theorem, [11, Theorem 2.5] ). Let V be a closed convex set in a
Hilbert space H, and let a : H x H — R be an elliptic bilinear form. Then, there exists a
unique v such that it minimizes the function

J(v) = %a(v,v) —{(v).

2 A function that satisfies a given second-order partial differential equation and assumes prescribed boundary
values is called a classical solution.
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Proof. Given that a is elliptic, we have the following result:

J(v) = 5&(7},2}) — {(v),

1
> §OZHU||2 — 1] llv]],

1 . ] 1)
= %(&HUH —[1)* - oo

14

> -5
- 2«

and J(v) is bounded below, then these exists ¢; such that is an infimum of the J(v) and a
minimizing sequence® {v, }. Now, we prove that V,, is a Cauchy sequence in H,

a|vn, — vl < a(vn — Vm, Un — Um),
= a(vn, vn) — 2a(Vp, Uim) + a(Vpm, V),
= 2a(vn, vy) + 2a(Vym, Um) — (@(Vn, Vn) + 2a(Vn, V) + A(Vy V1))
= 2a(Vy, Uy) + 2a(Vpm, V) — a(Vn + Oy U + U,

— 4 (vn) + 4 () — 8T (WT%) ,

< 4J(v,) + 4J(v) — 8¢,

given that V is convex then % (v, +v,,) € V. Since J(vy,), J(vn) — ¢1, implies [|v, — vy, || — 0
for n,m — oo. Therefore (v,) is a Cauchy sequence in H and u = lim,,_,, v,, exists. Given
that V is closed, then u € V.

Now, we show that the solution is unique. Suppose u; and us are both solutions. Clearly
Uy, Ug, Ui, Us,... 1S & minimizing sequence. As we saw above, every minimizing sequence is
a Cauchy sequence. This is only possible if u; = us.

]

With the above preparations, we can now make the concept of a solution to the boundary-
value problem more precise.

Definition 4. A function v € H}(Q) is called a weak solution of the second-order elliptic
boundary-value problem

2-18
u=0onT, ( )

{Lu = —div(k(z)Vu) + bu = f in Q,

with homogeneous Dirichlet boundary conditions, provided that

3A sequence of elements ¥, is called minimizing on a set M, if the corresponding sequence of function
values j(yn) tends to the greatest lower bound of j on M, that is, lim, o j(yn) = infyerr j(y).
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a(u,v) = £(v), for allv e Hy(Q). (2-19)

where

a(u,v) = /Q k(2)VuVods + /ﬂ buvdr  and  ((v) = /Q Fodz. (2-20)

Theorem 6 (Existence theorem. ([11], Theorem 2.9)). Let L be a second-order uniformly
elliptic partial differential operator. The Dirichlet problem (2-18) always has a weak solution
in Hy(Q). It is a minimum of the variational problem

%a(v,v) —{(v) — min!

over Hg (), where a and { are defined in (2-20).

2.2 The Finite Element Method (FEM)

The main idea of the FEM to solve problem (2-8) is to take a finite-dimensional subspace of
H™(Q) or H*(2), and in this subspace, we want to minimize the functional J defined in (3).
The standard notation for the subspace is V", where h is a parameter of the discretization

such that if h — 0, the approximation solution will converge to the proper solution.
The solution to the variational problem

J(v) = %a(v,v) —{l,v) — nx}lhn, (2-21)

in the subspace V" can be computed using Theorem 3; in particular, we want v € V* such
that
a(u”,v) = (¢,v) for all v € V", (2-22)

Suppose {1, @a, ..., o} is a basis for V. Then problem (2-22) is equivalent to

a(u, ;) = (t,p;) i=1,2,..,N,

where
N
ul = Z ALk, (2-23)
k=1
Replacing (2-23), in (2-22) we get
N
Zaka(gok, i) = ({l,p;) i=1,2,..,N, (2-24)
k=1

which we can write in matrix form as
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Aa = b, (2-25)
where A, = a(pk, ;) and b; = (¢, ¢;). The matrix A is called the stiffness matrix.

Lemma 1 (Céa’s Lemma, [11, Lemma 4.2] ). Suppose that the bilinear form a is continuous
and V —elliptic with H*(Q) C V. C H™(Q). In addition, suppose that u and u" are the
solutions of the variational problem in V and V" C V', respectively. Then

lu—u], << inf flu—o|. (2-26)

Q. vhevh

Proof. Given that v and u” are solutions of the variational problem in V and V},, respectively,
we have that

a(u,v) = (£,v) for all v € V,
a(u”,v) = (€,v) for all v € V",

Since V* C V, we have
a(u —u",v) =0 for all v € V", (2-27)
Now, let v® € V%, Since u" — v € V* we obtain that a(u — v, v" — u") = 0, and

hHiﬂ <a(u— ul u— uh)
=a(u —u",u—v") +alu —u", 0" —u") (2-28)

< O fu =[], [l = "], -

O{HU—U

After dividing by « ||u — uhHm, we obtain the desired result.
O

With Cea’s Lema and choosing an interpolation u = I"u € V", we can estimate the inter-

polation error ||u — I"u|y and obtain an estimate of the error |lu — u"||y.

2.2.1 Error estimation for an elliptic problems

Let us now make a triangulation of Q by subdividing  into a set 7" = {K\, ..., K,,} of
non-overlapping triangles or quadrilaterals K;, where

1. ﬁ: UKETh K

2. If K; N K, consists of exactly one point, then it is a common vertex of K; and K.
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3. If for ¢ # j, K; N K consists of more than one point, then K; N K is a common edge
of Kz and Kj.

With mesh parameter

h = max (diam(K)).

From Cea’s Lemma, we have

C
|u—u"| < =|lu—v| forallveV"
a

If we choose an interpolate v = ["u € V" and estimate the interpolation error ||u — I"ul|,,

we can bound the error |ju — u"||,,.
Sean N;, i = 1,2,3,..., M, los nodos de T". Asumiendo que u € H}(2) N H*(Q), definimos
el interpolante I"u € V" usando el enfoque descrito en [47].

I"u(N;) = u(Ny), j=1,2,3,..., M.

Therefore, the function I represents the piecewise linear interpolation that coincides with

the function u at the nodes of the finite element mesh 7".
We have the following result.

Theorem 7 ([47, Theorem 2.3]). Let K € T" be a triangle with vertices a;, i = 1,2, 3. Given
v € HY(K), let the interpolant Tv € Py(K) be defined by

Iv(a;) = v(a;), 1 =1,2,3.
Then

lu = Tl ) < 205 s D0 oo (i)

The preceding theorem provides estimates of the interpolation error using the L.,-norm.

However, for estimating Hu -1 huH 11y With the Ly-norm, we employ the following theorem.

(©)

Theorem 8 ([47, Theorem 4.2)). Under the assumption of Theorem 7, there exists a constant
C > 0 such that

lu = Tvll L) < Chfol .

Now, for an error estimate in the Ly(€2)-norm, we have seen that if we apply the FEM with
the space V", with Q a polygonal domain, then we have the following estimate for the error
u — u" in the H'(Q)-norm,

||U — uh”Hl(Q) S Oh|u|H2(Q)
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2.2.2 FEM for Poisson equation
We consider the following boundary value problem for the Poisson equation,

{—Au:finQ

2-29
u=0onTl, ( )

where 2 C R? is a bounded open domain with boundary I'. By Theorem 4, we have the
following variational formulation: Find v € V' such that

a(u,v) = (f,v) for allv € V (2:30)
(x) =0 for all z € 09,

where

ou Ov n ou Ov
Q afI}l 6.1'1 8.732 81’2

a(u,v) :/Vqu dr = dx,
0

and V = H}(Q). We now define V" as follows

={v € C(Q) : v|g is linear for K € T", v =0o0nT}.

The space V" consists of all continuous linear functions on each triangle K. Also, we define
the following subspace of V",

Ve () = {v e V*w) : v|[r =0} . (2-31)
The basis functions {p;} € V" for j =1,2,.., N, are defined by

@) = 5 1, ifi=j
i 70, i),

with 7,7 = 1,2, ..., N, and where x; is a node of the triangulation 7.
The Galerkin formulation of (2-30) is to find u € VJ*(€2) such that

for all v € VJ(Q),

a(u,v) = £(v),
{ u(x) =0, for all z € 99, (2-32)

where £(v) = (f,v). We consider the following representation for the solution of (2-32)

:imwm (2:33)

where «; are constants that we can determine. Using (2-32) taking v = ¢; for j =
1,2,3,..., N,, we have

S aialpi o)) = Ulgy),  for all v € VHQ), (2-34)

i=1
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The equation (2-34) can be equivalently written in matrix form as follows

Au = b, (2-35)

where

uTAv:/mVqu and va:/fv, for all u,v € V5 (). (2-36)
Q Q

Example

We consider the problem:

{ —div(Vp) = 5n*sin(2mxy) sin(7my), in Q= [0,1]%, (2-37)
(

Ty, 1) =0, on o090,
where the exact solution is p(xy, z2) = sin(27x;) sin(rz,).

Solution with FEM Exact solution

1.0000

0.5000
-0.5000
-1.0000

Figure 2-1: Numerical solution of problem (2-37) by FEM, with a mesh of 100 x 100.

1.0000

0.5000

o

-0.5000

-1.0000
0 025 05 0.75 1

xT

The relative error is computed with the following norms:

wmzéw, M%zLWW+Aﬁ (2:38)

h Ly % Error H*' % Error
273 50.8 - 10~* 5.7-1073
24 12.1-107* 1.7-1073
27° 3.3-1074 0.5-1073
26 0.7-1074 0.1-1072

Table 2-1: The weighted Ly and H' errors of the solution of problem (2-37) by FEM.
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2.2.3 A problem with Neumann boundary condition

In this example, we study the following Neumann problem

—Au+u=f, inQ,

ou (2-39)
— =g, onl,
on

where % is the outward normal derivative to I'. The variational formulation of the problem
(2-39) is: Find u € H'(Q) such that

a(u,v) = L(v) + (g,v) for all v € H' (), (2-40)
where g = %,
a(u,v) /Vqu—i—uvdx l(v /fvd:v and (g, v /—vds (2-41)

This result is obtained using the method developed in the proof of Theorem (4).
We use the representation (2-33), and we obtain the following Galerking formulation: Find

u € VP such that

a(u™ v) = L(v) + (g,v) forall ve V"Q), (2-42)

and the matrix form

Au = b, (2-43)

where

uTAU:/mVqu+uv and va:/fv—l—/gvds, for all u,v € V().  (2-44)
Q Q r

2.2.4 FEM for the parabolic problem

An important problem to study is the determination of heat conduction in a body with
conductivity & in a region 2 C R?. The associated equation is

% —div(kVu) = f, inQxI,

u=0, onl xI, (2-45)
U(.T,O) = Uo(ﬂf), YIS Qa
where [ is an interval contain in R and ~ is the boundary of domain 2. We obtain the fol-

lowing variational formulation by multiplying by a test function v € C3°(€2) and integrating
by parts
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ot

( ) / Srvde, aluv) = /Q VuVode and  £(v) = /Q fudz. (2-47)

Space discretization

(@, U) +alu,v) = £(v)  for all v € CHQ), (2-46)

where

Let 7" be a triangulation of 2, and V" be a linear function space associated with 7". We
define the semi-discrete approximation to the heat equation as

aaitvdx + / Vu'"Vodr = / fodx  for all v € V7", (2-48)

subject to the initial condition u"(z,0) = I"(ug).

Temporal discretization using Euler method
For the temporal discretization, let u € C*((0,7) x (a,b)). First, we obtain the Taylor series
of wu; this is

u(z,t + k) = u(x, t) + kowu(z,t) + k*r(z,t),

where r(x,t) is the residue such that is bounded and uniform for ¢ and z. We then obtain

u(z, t+ k) —u(z,t)

Opu(x,t) = + kr(x,t). (2-49)

and therefore we can approximate 9,(u) by

u(z,t+ k) —u(z, t)

k
We denote by u™" € V" an approximation for the solution of the heat equation in the
time ¢ = nk. We take the weak formulation of the heat equation (2-48), and using the

dyu(z,t) ~

approximation of d;u described before; we have that

un—i—l,k’ —u™
/ ———vdx + / Vu""Vudr = / fvdz  for all v € V7. (2-50)
Q k Q Q

Given that u™" € V', there exist a; constants, such that

= Z o (). (2-51)

If we sustitute (2-51) in (2-50), we obtain
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Ng

ZX7M )/@ 2)6;(w +§: /vwkmm_/j@m

and in matrix form,

Example

We consider the problem:

Op — div(Vp) = (572 — 1)e tsin(27z) sin(rxg), in Q= 10,1]?

p(0, 21, x5) = sin(27zy) sin(mz,y),
p(t, x1,x9) =0, on 09,

(2-52)

(2-53)

(2-54)

where the exact solution is p(zy,z2,t) = e 'sin(27z) sin(mxy). For the solution, we use

FEM with the Finite difference method.
Solution with FEM Exact solution

0.9891

0.4946
-0.4946
-0.9891

T

0.9891

0.4946

-0.4946

-0.9891

Figure 2-2: Numerical solution of problem (2-54) by FEM, with a mesh of 100 x 100 and

time of t = 0.2.

The solutions are computed until the time 7" = 0.2, and relative errors in L, and H' described

n (2-38) are show in Table 2-2.

h Ly % Error H' % Error
273 57.52 54.55

24 19.25 18.65

27° 5.20 5.12

26 1.32 1.31

Table 2-2: The weighted L, and H! errors between the exact solution with time ¢ = 0.2.
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2.3 Yosida operator

This section is based on [55]. We also drew upon results from [21, 22, 23, 38]. We consider
H to be a Hilbert space equipped with the inner product denoted by (-, -) and the associated
norm || - ||. First, we present some definitions that are necessary for our study.

Definition 5. Let G be an operator that maps H to the set of subsets of H, denoted by
P(H).

Definition 6. An operator G : D(G) C H — P(H) is monotone if it satisfies that for all
wy € G(vy) and for all wy € G(v),

(’LUl — Wo, V1 — ’U2> Z 0.

The domain of G is given by

D(G)={x€e H:G(x)e H}. (2-55)
The range of GG is given by
rang(G) = U G(z). (2-56)
z€D(G)

The graph of operator G € H x H given by
{(z,y) e Hx H:y e G(x)}. (2-57)

We define the following order relation in terms of the graphs inclusion:

G CGy& Gl(l') C GQ(Z’) for all =z € H, (2—58)

Definition 7. The operator G : H — P(H) is maximal monotone if and only if G is
monotone and there is no monotone mapping Gy : H — P(H) such that G C G.

The Yosida approximation is essential for transforming an multivalue operator to an unival-
ued operator.

Definition 8. Let G : H — P(H) be a given mazimal monotone operator, and X\ > 0. The
resolvent of G- with parameter X is the operator from H to H defined by

Iy =(I+2G)™". (2-59)

Definition 9. Let G : H — P(H) be a maximal monotone operator and X\ > 0. The Yosida
approzimation of G with parameter X is the unvalued operator defined by

I—Jy

Gy = 3

. (2-60)
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Proposition 1. Let G be a maximal monotone operator. Then, for real numbers A and w
satisfying A w < 1, A > 0, and w > 0, and for any f € H, there exists y € H such that
fe(d— iy + AG(y).

With this proposition, we can establish that any element in H can be expressed as a convex
linear combination of an element y and its application through G. The following lemma plays
a crucial role in justifying the duality algorithm proposed to solve the problem addressed in
this thesis.

Lemma 2. Let G : H — P(H) be a mazimal monotone operator in H. The following
statements are equivalent

1. ue G(y) —wy,

2. u=G¥(y+ ), for A\ >0,
Here, GY denotes the Yosida approzimation with real parameter X of the operator G — wli.

If we denote by Jy the resolvent operator of G and by J{ the resolvent operator of G' — wl,
ie.,

Jy=(I+XG)™, JY =T+ MG —wl))™. (2-61)
We have the following equality

J¢ =T+ MG —wl)™!
= (I+XG = )"
= (1 =) +2G)7"

=(1-)w) (I—l— T )\wG)
1

1w e

By the Yosida approximation of G — wl, we obtain

w I— J;\u
AT

_ ]_ 1—)\0\)!]17)\)\“)

A
(1—)\(4))]—&]13A

T A1 -w) (2-62)

- I—J s Cwl

A1 - dw) 1 - dw

1 w

— G - I
1) ™% 11—
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where G . is the Yosida approximation of G, with parameter ; A
1—

” —w’

Two important operators for our investigation are the Heaviside operator and the subdif-
ferential operator associated with the indicatrix function, as well as their respective Yosida
approximations.

2.3.1 Yosida approximation for the Heaviside operator
An important example in our study is the Heaviside operator:

Definition 10 (The Heaviside operator). Let He : H — P(H) be an operator defined as

(0, if u<0,
He(u) =< [0,1], if u=0, (2-63)
1, if u>0,

\
which is known as the Heaviside operator.

If we take u; < ug then for v; € He(uy), vo € He(us), we have,

(V1 — Vg, U — Ug) = /Q(vl(a:) — vo(2)) (w1 () — ue(z))dz
fi(z) — fa(x)dx

{f1>0}U{f2>0}
0.

Vv

The resolvent of the Heaviside operator is

Jy= (I +MHe(u))' = 0, if 0<u<), (2-64)

and the Yosida approximation is

0, if u < 0,
Ga(u) =4 §, if 0<u<A, (2-65)
(1Lif u> A

For clarification and illustration, let’s consider the Heaviside function He : R — P(R) (see
Figure 2-3), defined by
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0, if t<0,
He(t)=<¢ [0,1], if t=0, (2-66)
1, if t>0.

Heaviside function

15

-0.5

Figure 2-3: Heaviside operator He : R — P(R), this is called the Heaviside function.

see also Figures 2-4 and 2-5 for an illustration of the resolvent and Yosida approximation
of the Heaviside function.

Resolvent of the Heaviside function

051

-05¢

Figure 2-4: Resolvent of the Heaviside function.
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Yosida approximation of the Heaviside function
1.5 T T T T -

-0.5

Figure 2-5: Yosida approximation of the Heaviside function.

In general the Yosida approximation for the Heaviside operator for Aw = 1/2 is

—2wh(x), 0(z) <0,
HY (0(x)) =  2w6(x), 0<6(z) <2,
N 2(1 — wl(x)), O(z) > i

2.3.2 Yosida approximation of the subdifferential of the indicatrix
function

We consider functions ¢ defined on a set H with values in (—o0, c0]. The epigraph of ¢ is
the set

epi p ={(z,\) € HxR:p(x) <A}. (2-67)
We recall the following definition.
Definition 11. A function ¢ : H — (—o0, +00] is said to be lower semicontinuous (I.s.c.)

if for every A € R the set

{r e H:px) <A}, (2-68)
15 closed.

A definition important for this work is the subdifferential.

Definition 12 (The subgradient and subdifferential). Let ¢ : H — R be a functional on the
Hilbert space H. Then w in H' is called subgradient of ¢ at v if and only if p(v) # +oo and

o(w) > () + (u,w —v)  forallw € H, (2-69)

holds.
The set of all subgradients of ¢ at v is called subdifferential dp(u).
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The indicatrix function of a subset V' of a Hilbert space H maps elements of the subset V'
to one and all other elements to infinity. In other words,

1 vevV,
fmm:{+m UZV (2-70)

We have the following assertions (see [23]):

e V is convex if and only if [y is convex in H.

e V is closed if and only if Iy is lower semicontinuous in H.

An important property of the subdifferential of the indicatrix function of the convex set V'
is given by the following theorem

Theorem 9 ([53, Theorem Al). If ¢ is a lower semicontinuous proper convex function on
H, then Oy is a maximal monotone operator.

An important definition is the concept of orthogonal projection onto a convex set. Let’s
consider the minimization problem

min o — ull, (2-71)

which seeks points v in V' that are at the least distance from uw. We denote the unique

solution to this minimization problem as v = Pyu (see [23, Proposition 46.5]).
An important property is as follows: for a closed, convex, and non-empty set V in H,

v = Pyu if and only if

(v —u,w—wv) >0, for all w e V. (2-72)

If (Iyy)$ denotes the Yosida approximation of the operator 01y — wl, we can express this
specific Yosida approximation easily in terms of the projection Py (which represents the
projection onto the set V', as defined in [55, 23]). Using equation (2-62), we have

1 u w
Iyv)} = I 1 — . 2-
(Iv)i(u) 1—)\w( V>m (1—)\w> 1—)\wu (2-73)
Denote
< o
A= I w and u = T o0
We can obtain the following identity
w 1 — —
()3() = 1= (v)3(8) - wi, (274)
where 1
<wx=;w-aw»am Jx = (I +\oIy)™". (2-75)
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Next, we compute the resolvent operator Jy = (I + NOIy) 7L,
Given u € H, let be v € Jx(u) = (I + \0Iy)~'(u), we have the equivalence

u —

. Y e aly(u).

u € (I +M\0Iy)(v) <
If we use the definition of subdifferential, we have

u—"v

Iv(w)—IV(U)Z( 3 ,w—v), for all w e V.

Therefore, the previous inequality leads to

0> (ugv,w—v), for all w € V.
Therefore, we have

veV, (v—u,w—v)>0, foralwelV.

and by (2-72), the element v can be expressed as

V= Pv(u)
Thus, using (2-75) we can express (01 )y of the following form

(@15 = "2, (2-76)

A particular example used in Chapter 4 is the following case. Consider a bounded two-
dimensional rectangular domain D, and let 0D = I' UTy U T, denote its boundary (see
Figure 4-1).

Let H = H'(D) be the space introduced in Definition 2, and let V_ = HY(D) N [v|p, < 0],
where

[vlr, < 0] ={¥ € H(D);¢|r, = 0;¢|r, < 0};

see section 4.1, where (Iy)Y is used with Aw = 1/2. It can be shown that, in this case, using
(2-74) and (2-76) we obtain,

oy ) = 2() o
, (2u = ij(zu)) o

w

= 2wu—2wPy (2u)
= 2wu —4wPy (u).



2.4 Duality method for solving variational inequalities 27

2.4 Duality method for solving variational inequalities

This section is based on [10, 12, 23, 55].

2.4.1 Conjugate functionals

When dealing with an optimization problem that lacks differentiability, it becomes crucial
to construct an appropriate Lagrangian in order to identify a saddle point. This is where
the following definition plays a vital role.

Definition 13 (Conjugate functional). Let ¢ : H — (—o00, 00| be a functional on the locally
convex space V.. The conjugate functional ¢* : H — (—o0,00] to ¢ is defined by

o (u) =sup{(u,q) —p(q)}, forall weH. (2-77)

qeVvV

We have the following relation for ¢ : H — R. Let ¢ : H — (—o00, c0] be a functional on an
Hilbert space H.

(™) (u) = sup {(u*,u) —p*(u")}, for all u € H. (2-78)

u*eH’
Another affirmation necessary for our study is given in the following theorem.

Theorem 10 (Fenchel and Moreau [23, Theorem 51.A)). For ¢ : H — R, we have

1. o =™ if and only if ¢ is conver and lower semicontinuous.

2. u € 0¢(q) if and only if ¢ € dp(u) where ¢ is lower semicontinuous.

2.4.2 Variational inequalities

Consider variational inequalities of the form: Find v € H such that for all v € H,

(AU, v = u) + gO(U) - (p(u) > (f7 v — U) ) (2_79>
where H is a real Hilbert space, A is a monotone operator, A € L(H, H') and ¢ : H — R is

a lower semi-continuous convex function over H.

Theorem 11. If (2-79) is satisfied, then the quantity

1

Tw) =5

(Au, u) = (f, u) + ¢(u), (2-80)

attains an infimum in H.
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Proof. For u, v € H, we have

Tw) = T(u) = 5 (Av,0) = (F0) +9(0) — 2 (Auw,w) + (f,u) — (),
; (2-81)
= 5 ((Av,0) — (Au)) — (.0 — ) + () — plu).

Take the first expression of equation (2-81) and replace it with the following expression

(Av,v) = (A(v —u) + Au, (v —u) +u),
= (A(v —u),v —u) + 2 (Au,v — u) + (Au, u) .

We obtain

> —(A(v —u),v —u),

where the ultimate inequality due to (2-79). Given that G is monotone, we obtain

J(v) — J(u) > 0.

Therefore, u is an infimum of J in H. O

Duality methods for the numerical solution of (2-79) try to overcome the difficulty related
to the non-differentiability of ¢ by constructing a convenient Lagrangian (see [10, 12, 23, 55]
). We use the conjugate functional of ¢ and by Theorem 10, we obtain

() = % (Guu) — (Fu) + sup {(q,u) — (@)} for all uw € H. (2-82)

qeV

This is given that ¢ is l.s.c. As we find the infimum of J, we obtain

inf J(u) = inf sup L(u, q), (2-83)

where L is the Lagrangian defined by

1
Now, for L(u,q), we find y and p, such that
oL oL
0€ =-(y.p) and 0 8—q(y,p). (2-85)

From 0 € 2£(y, p), we obtain
Ay+p=f. (2-86)
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And from 0 € %(y,p), we obtain

y € 0¢"(p), (2-87)

and by Theorem 10 (second item), we have

p € 0p(y).

Therefore, {u,p} is a saddle-point of £ and then u is a solution of (2-79) and moreover

Au+p=f,
p=J (2-88)
p € Op(u).
We introduce a variable «, such that
a=p—wu. (2-89)
Then, if we replace in (2-88) second part, we obtain
a € dp(u) — wu. (2-90)
Then, problem (2-79) is equivalent to the following problem (Lemma 2),
A+wlhu+a =
(Atrwluta=] (2-91)

a = ()5 (u+ Aa) for every A > 0,

where (0p), is the Yosida approximation of the maximal monotone operator dep.
Thus, we can define the following algorithm: Let py be given arbitrarily. Given p,,, we define

Um, Pm+1 by
(A+whuy, +am = f (2.99)
i1 = (00)r,, (Um + Aay,).

Therefore,
i1 = (09)5 (A+wI)H(f — am) + Ancin) - (2-93)

This process is known as the algorithm of Uzawa (see [23]).



3 Generalized multiscale finite elements
method (GMsFEM)

In this chapter, the central concepts we study are the MsFEM and the GMsFEM. Two main
ingredients of the MsFEM are the overall formulation of the method and the construction
of basis functions. We discuss global formulations using various finite element methods. We
present simplified computations of basis functions for cases with separation of scale. For the
GMsFEM, we begin to vary the number of basis functions taken per neighborhood. As for
the multiscale basis functions, the capturing errors of the subgrid are analyzed. We follow
33, 1].

3.1 Multiscale finite element methods (MsFEM)

In this section, we describe in general form, the MsFEM for linear elliptic equations
Lp=f in Q, (3-1)
where € is a domain in R? (d = 2,3) and
Lp = —div(k(z)Vp). (3-2)

Furthermore, k(z) is a heterogeneous field varying over multiple scales. We note that the
tensor k(x) = (k;;(x)) is assumed to be symmetric and satisfies a|¢|? < ;6 < BI¢[%, for all
¢ € RY and some 0 < o < 3 (see [33]). The MSFEM consists of two important elements, the
construction of multiscale basis functions and an appropriate global numerical formulation
that combines these multiscale basis functions. The basis functions are designed to capture
the multiscale features of the solution. A suitable global formulation combines these basis
functions to precisely approximate the solution.

3.1.1 Basis functions

First, we show the basis function construction. Let 7 be the usual triangulation of  into
finite elements (triangles, quadrilaterals, and others). We call this partition the coarse grid
and assume that the coarse grid can be resolved via a finer resolution which is called the fine
grid. Let z; be the interior nodes of the mesh 7 and ¢ be the nodal basis of the standard
finite element space W =span(¢?). One can assume that W consists of piecewise linear



3.1 Multiscale finite element methods (MsFEM) 31

functions if 7# is a triangular partition. Denote by w; = supp(¢?) (the support of ¢?) and
define ¢; with support in w; as the solution of the problem

Lé;i=0in K, ¢;=¢) on 0K, foral KeT? K Cuw. (3-3)

Multiscale basis functions coincide with standard finite element basis functions on the bound-
aries of a coarse-grid block K and oscillate in each coarse-grid block’s interior. We denote
K as a coarse-grid block. Our primary assumption is that the basis functions satisfy the
leading-order homogeneous equation when the right-hand side f is a smooth function (L?
integrable). We denote by P" the finite element space spanned by ¢,

P" = span{¢;}.

3.1.2 Global formulation

The representation of the solution at a fine scale through multiscale basis functions allows
for reducing the dimension of the calculation. When the approximation of the solution
p" = >, pigi(x) (pi are the approximate values of the solution at the nodal points of the
coarse grid) is substituted into the fine-scale equation, the resulting system is projected into
coarse-dimensional space to find p;. This can be done by multiplying the resulting fine-scale

equation with coarse-scale test functions.
In the case of Galerkin finite element methods, when the basis functions are conformal

(P c H}()), the MSFEM is to find pf! € P¥ such that,
> / kVpH Vot de = / foflde,  for all v € P, (3-4)
~ JK 0

We note that in (3-4), the fine-scaled system is multiplied by coarse-scaled trial functions,
and the resulting system is coarse-dimensional. The equation (3-4) couples the multiscale
basis functions. This gives rise to a linear system of equations to find the solution values at
the coarse grid block nodes. Therefore, the resulting linear of system equations determines
the coarse grid’s solution. Representing the solution in terms of multiscale basis functions,
pH =", pichs, it is easy to show that (3-4) is equivalent to the following linear system,

A-p=b, (3-5)

where A = (a;;) be a matrix with a;; = > [ KV V), dx. The vector p = (p1, ..., pi, ...)
represents the nodal values of the coarse-scale solution, and b = (b;), where b; = [, f¢?, dx.
In this context, we disregard the discretization of the boundary conditions. Similar to stan-
dard finite element methods, the stiffness matrix A exhibits a sparse structure and may be
poorly conditioned when dealing with highly contrasting media. It is important to note
that the computation of the coarse stiffness matrix involves comparing integrals, and the
evaluation of a;; requires performing integrals over the fine mesh.

In summary, the MsFEM can be implemented within an existing finite element code:
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Set coarse and fine mesh configuration.

We construct the basis functions on coarse mesh, then we solve (3-3) for each coarse
grid block.

Assemble stiffness matrix on the coarse mesh.

Assemble the external force on the coarse mesh.

Solve the coarse formulation.

For more details see, [33].

As shown in several works, the classical multiscale method is inadequate for high-contrast
multiscale problems; see, e.g., [36, 37, 28]. Recall that we refer to high-contrast multiscale
problems when the permeability coefficient varies at several scales, including high jumps. The
main problem of the MsFEM when the medium has high-contrast and multiscale variations
is that it generates systems with very large and ill-conditionate matrices. For this reason,
we now study the generalized multiscale finite element method (GMsFEM). We now review
the constructions of the GMsFEM basis functions, first in one dimension in Section 3.2 and
later in two dimensions in Section 3.3. The construction is similar, but we present both to
show all the construction details.

3.2 The GMsFEM in one dimension

Let D C R denote an interval and 7 = {K} be a coarse-grid partition, where H denotes
the size of the coarse grid. Then, we consider the elliptic equation with heterogeneous
coefficients

— (k(z)u) = f,
where k() is a heterogeneous field with high contrast and multiscale behavior. In particular,

we assume that x(z) > Cy > 0, while x(z) can have very large values and local variation.
The variational formulation of this problem is: find u € H}(D) such that

a(u,v) = F(v) for all v € Hy(D),
where the bilinear form a and the linear functional F' are defined by

a(u,v) = /D/f(x)u’(x)v'(;v)dx for all u,v € Hy(D),

and

F(v):/Df(x)v(x)dx.
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Let 7" be a fine triangulation, which is a refinement 7#. We denote by V(D) the finite ele-
ment discretization of piecewise linear continuous functions concerning the fine triangulation

T". Denote also by VJ*(D) the subset of V(D) where the boundary is zero.
The Galerkin formulation of the problem is to find u € V{*(D) such that

a(u,v) = F(v), for all v € VJ'(D),
or in matrix form
viAu = v'b,

where for all u,v € V*(D), we have
ut Av = / k(z)u'v'de and v'b= / fudz.
D D

We denote by {yl}fvz“l the vertices of the coarse mesh 7# and we define the neighborhood of
the node y; by w; = J {Kj eTH y e F}, and the neighborhood of the coarse element K
by wr = J{w; € TH;y; € K}, see Figure 3-1.
Using the coarse mesh 7#, we introduce coarse basis functions {@'}f:l, where L is the
number of coarse basis functions. The MsFEMs approximates the solution on a coarse grid
as ug = ), ¢;¢;, where ¢; are determined from

a(ug,v) = f(v), for all v € span {gbi}f:l ,

Figure 3-1: Ilustration of a coarse grid.

3.2.1 Coarse space

We consider the following high-contrast eigenvalue problem
—(kt) =Xk T € wj, (3-6)

where w; with homogeneous Neumann boundary condition.
For any 2 C D, we define the fine-scale and local matrix A as follows

VP AR = / wv'w'dz, for allv,w € VH(Q), i=1,..,N,
Q
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and the mass matrix of the same dimension M defined by
V' M = /Qm)wd:v, for all v, w € V"(Q).
We consider the finite-dimensional symmetric eigenvalue problem
Alp = AM%¢,

and denote its eigenvalues and eigenvectors as {)\?} and {1/1?} respectively. Note that the
eigenvectors form an orthonormal basis of V() with respect to M. It is important to
note that A = 0. We order these eigenvalues as

AP < AT <A

IN

(3-7)

In particular, ¢;* denote the ¢th eigenvector oh the Neumman Matrix associated with the
neighborhood of y;.
We assume that the elements of 7 contained in a € form a triangulation in . For any

v € VM(Q), we have the following properties (see [57, 25]),

(e o]
v = (/ m}w;’i) .
1 Wi

also, we have

and

For an integer L and v € V"(w;), let us define

L

Iiv=>Y" (/ mp;’i> o, (3-10)

(=1

Thus, from equations (3-7), (3-9), and (3-8), it is easy to see that
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/Wi k(v — I90)2 = i (/w k(v — [90) ;%’)2

=1
00 2 \w;
= 3 ([ s o) 35
(=1 VWi ¢
1 & 2
< w2 ([ o nou)
>\L+1 /=1 Wy
1 & 2
< ! Z( [ ) ) z
)\L—‘rl /=1 Wy

1 / N2
= w; K (U ) °
>\L+1 w;

And therefore, we get the following inequality

a(v—Ifv,v—1I7) < ——a(v,v). (3-11)
' ' ALt

/ k(v — IY)? <

= Yo
>‘L+1

3.2.2 Coarse space with a Neumann eigenvalue problem in
neighborhoods

Now we construct the coarse space. First note that {w;},,c7# is a covering of D. Let {x;}
be a partition of unity subordinated to the covering {w;} such that x; € V*(D) y |Ixi]| < %,
1 =1,2,..., N,. Define the set of coarse basis function by

¢Z,€:X2¢ZJZ fOI'lSZSND and1§€§L17

where I" is the fine-scale nodal value interpolation, and L; is the number of eigenvalues that
we will choose for the node i. In Figure 3-2, we show the first four elements where

k(z) =

1 ifz e K, 7 o0dd,
(3-12)

n if z € K;, 1 even,

here, w; = [0, 1] and n = 1000. Denote by Vi, the local spectral space multiscale

Vn =span{¢;;;1 <i < N,and 1 </ < L;}.
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Figure 3-2: First four elements of the spectral basis where k() is defined in (3-12) for n = 1000
in w; =1[0,1].

3.2.3 Approximation and stability using Vy

Let v € V(D), we define

N, L; Ny
o= 33 (f wei i = 32 i) e
i=1 ¢=1 Wi i=

where [7" is defined in (3-20). Note that we have

Ny

v—Iyv=v— in (I7)
i=1
N, N,
=v) xi— > xi (i) (3-13)
i=1 i=1
Ny
= in (v—1I7).
i=1

For the interpolation, we study the approximation in L? and stability in H'.
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First, we show the approximation in L?. Observe that

/KI{(U—]NU)Z = /KK<§;XZ-(U—I;;U)>2

Ny

[o(2 <vfz:v>)2

=1

N, N,
< //@'2122(0—150)2
K =1 =1

IN

Ny

< NUZ//{(U—]fv)z
i=1 /K
Ny

A
=
1]
=
N
<
=

A
<E| =
i[]
S
=N
<
=,

The following proof is the stability in H'. We note that the set w; is composed of two coarse
blocks, then we have that x; + xj,; = 0. Therefore, we have

w; Wi ! w; wi - \/ W; w; !
(XJL:U + Xi+1[LiLlU) = X (IL,.U) + Xi (ILiU) + X;H (QJH) + Xi+1 (ILZ:;U)
ws w;j Wi / Wi !
= X (Lo = Iw) 4 x (120) + X (I700)
From this, we have the following bound valid in K,

2 ’ 2
wj wj wi \/ wj
= (X;+1 (ILlj:v - [Liv) + X (ILiv) + Xit1 (Iiniv) )

/
‘ (vt xen i)
/ wj ; 2 i/ wi N\’
< 2 (0= 1)) o2 (v (120 4 v (1300 )
2 Wit1 wi 2 w; % Wit1 N\’
< ﬁ(ILiHU_[LiU) +4<([Liv)) +4 <[Li+lv> ,

this last step is justified by the fact that x; < 1 and |2/| < % Since we want to find an
upper bound for [, & |(Ixv)’ |?, using the previous inequality, we obtain the following
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/K o (o) [ < / (o)

/
= / K (Xi (If) U+ Xit1 (ILLUZ:> U)

) _ 2 2
Sm/ %(Ifjiiv—[ffv) +/ K((Ifjv)/> —I—/ /@(([

For the first term on the right-hand side, we use equation (3-11) to obtain that,
Wi ; 2 w; ) 2
/ K (ILZEU — va) = / K (ILZEU —v+v— I‘Zv)
Wi+t+1 2 wi, \2
2 /{(U—]dﬂi}) + 2 ‘K(U—]sz)

IN

1 / 2
< o | RO
)\Lil w;

(3-15)

For the second term on the right-hand side of equation (3-14), we use the orthogonality of

the eigenvectors, which yields that

[ () < [ sor.

Then, using (3-15), (3-16) and (3-14), we get

/KF;|(1NU)’|2gmax{LHQLAK}/KH(U')?.

For the approximation in H', the analysis is the following

LKW—MWVSLmaéjm@—%W)>

yi€K
< 2/ kX (v = I3v) +x (v — fff“>/>2
K

(
< [ n (0 (o= B 0 7))

2

(3-16)

(3-17)

1 wi )2 wi w 2 wi
<t [tz s (maer ) 3 ([ wiv) oy

{=L+1

1 w; "2 w;
<8 glzlg%cx\L>/Mm(v) +8<£{;€zx§)\L) Z

{=L+1

(/ g <w7i>)2 2.
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Now, from (3-9), we obtain the following inequality:

/MH(\U—JNU!’)Z < 16%2 > (/wm(w;’i))Q(A;%)?, (3-18)

(=L+1
where \ = maxy,cx A7'. It is important to note that we need to restrict the last summation
in order to bound the interpolation approximation. This process is provided in the following

result.
Theorem 12. If (ku') € L*(w;), where w; = [a,b] and u'(a) = u'(b) = 0 then
b o0 2
() = [y =3 ([ o) oy,
[, i = [z = 3o wor)

Proof. Recall that for v € L*(D) we have the expansion v = Y5 < L, /ww;’") 2i. For any
integer n define the truncated approximation of v as:

=3 (/ mwz“) v

=1
With the eigenvalue problem (3-6), we obtain the following equalities

n
i = Yo ([ o)
(=1 Wi
n
K (k) = Z (/ vwfi) Ay
(=1 Wi
Using the orthogonality of the eigenvectors, we can conclude that for every m > n

m 2
> ([ ) xur

5 (re) — k()| =

l=n+1
m 2
(B (L))
“i \l=n+1 Wi
m 2
< o> ([or) o (319
{=n+1 Wi
assuming fwi (wzﬁ)Z < land given that
00 2
ol =3 ([ vei) 0 <
=1 Wi

we conclude that there exist an L?(w;) function, denoted by v, such that |U + £~ (kv))'|| = 0
when n — co. We also have that for any z € H}(w;)

/ kuz = lim [ (kv))z= /m/z’.
n—oo
Wi Wi

This shows that ku = (ku')’. O
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3.2.4 Coarse space with Dirichlet eigenvalue problem in blocks
We consider the following high contrast eigenvalue problem. For any €2 C D, we define the
fine-scale and local Dirichlet matrix AX by
vAKw = / wv'w' dx forall v,we VMK), i=1,.. N,
K

and the mass matrix of the same dimension M*¥ is defined by

UMKw:/m;w dr, forall v,we V"(K).
K

We consider the following finite-dimensional symmetric eigenvalue problem:

ARp = uM* ¢,
where we denote the eigenvalues by { i, }, the eigenvectors by {p,,}, and the spectral basis

set by
VD:Span{cpg 1 <e< Li},

where L; is the number of eigenvalues in each neighborhood.
The eigenvalue problem above with Dirichlet conditions is

—(kt) =Xku €K,

3.2.5 Approximation and stability using V)
For any L and v € V"(K), define

I5v = XL: ( /K nvgpg) oK. (3-20)

m=1
Define also the coarse interpolation Ip : V(D) — V4 by
Ipv = Z I5v.
Y€K

Note that

v—Ipv= Z(v—lgv).

Y, €K

Theorem 13. For all elements in the coarse space K with v =0 on 0K, we have

/01 k(v —Ipv)? < 8%2 /01 K (V)7 (3-21)

and

/K k (Jv— Ioof!)? < 2 (max Aﬁ) /K (ra'))?. (3-22)

Y, €K
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Proof.

e To show (3-21)

/OIH(U—IDU)Q - ;/Km(v—fgv)2

(VAN
[\
<
i
R
Y
>
_L_N —
T
=
<
h®
N————

IN

1 N2

1+ /1 ( ,)2
KRV
yiEK )\L 1 0

VAN
oo
N
=
jav)

"

AN

o0

| =
o\_;
N

<]

o

e To show equation (3-22), let v = 0 on OK. Then,

/K,<;(|U—JDUI’)2 L%((%{(v—[ﬁ%)))
2/}(%((@—]51})/)2
2(;@@@) > (LH(UM?))2(A5)2- (3-23)

{=L+1

2

IN

IN

IN

To complete the proof, we need to bound the last summation. To achieve this, we rely
on the following results.
Theorem 14. If (ku') € L*(K), where K = [a,b] and u(a) = u(b) = 0, then

[ tayy = [ b((nu’)'fzz( / wf)QOf)Q-

=1

Proof: Recall that for v € L?(K) we have the expansion v = Y2, ([ kvyf*) ¥, For
any integer n define the truncated approximation of v as

n

Un =) (/mef> Wi

(=1
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With the eigenvalue problem (3-6), we obtain the following equality

n

() = 3k ( / wK) NEUE,

(=1

) = 30 ([ ook ) A

(=1

Using the orthogonality of the eigenvectors, we conclude that for every m > n, we have

(v v

p>
- (i ) AM?)Q

||/(1(/wfn)’ — m’l(/ﬁv;)’H =

< ( vty > (e )27 (3-24)
for [ (wf)z < 1. On the other hand,
00 2
— K /\K 2
I =3 ([ o) 0097 <

we conclude that there exists an L?(K) function, denoted by v, such that we have
\U + k= (kv),)'| = 0 as n — oo. We also have that for any z € H}(K)

kuz = lim [ (kv))2= [ Kv'Z.

3.2.6 Coarse space

In this section, we present the construction of the coarse-scale finite element spaces within

the framework of GMsFEM.
We select basis functions that span the eigenfunctions associated with small eigenvalues. Let

{wity,erm, where ¢ = 1,2,3, ..., N,, denote the set of coarse regions. We define the set of
coarse basis functions as follows

D, p=x; ¥y for1<i<N,and 1</(< L, (3-25)

where L; is the number of eigenvalues that will be chosen for the node ¢. The local spectral
multiscale space

Vn =span{®;,: 1 <i < N, and 1 < ¢ < L;}.
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Define also

Vp =span{ty,: K € T and 1 < ¢ < Lg}.

and

Vo=Vn+Vb.

Finally, we define uy as the Galerkin approximation using the space Vj, that is,

a(ug,v) = f(v), forall v € Vj. (3-26)

3.2.7 Approximation properties of the coarse space

An important property of the coarse space and its approximation study is that if we have
a high contrast medium & and choose a large enough L;, then A} is independent of the
contrast (see [32, 29, 56]).

We define the following interpolation,

Ny

Iyu = Z > (/ fwso?") xiost =Y (I un)xi:

=1

The following lemma presents the approximation result in the norm H'. It is based on
results exposed in [1, 57].

Lemma 3. Assume that f = (ku') € L*(wk) and also assume that for each i, y; € K we
have O,u = 0 on Ow;. Then, the following energy approzimation holds,

1 1
/ klu' — (Iyu)|* < maX{ } 1112 o) (3-27)
K

2 )
HQUK,LJrl OK,L+1
where o 141 = mingcx or,+1 and W™ is defined in (3-46).

Proof. We note that >° _(x;)' =0 in K, and then we can fix y; € K and write
!

0G) = = 2 yem gy ()"
We obtain,

<Z (v— f‘i’jv)xi) =D (o =Igv)+ Y xilv = I

yeK yieK yi€K (3-28)

= Y Iv -T2+ Y e — Iy,

v €K\ {y;} yieK
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which gives the following bound valid on K,

(Z (v — [ZJ:U)Xi>

Y €K

2
1 ; Wi .
<5 SO I -0+ > (v = Iy (3-29)

v €K \{y;} Y€K

2

From (3-29) we get
/
(- mn)

[ Hlw=torp< [
K K yicK

1 w; Wy w;
<> m/K/i(ILZU — )P+ Y /Kfq(v — 1) (3-30)

yi€K Y, €K

To bound the first term, use Theorem 12 as follows,

/ k(170 — Ifjv)2 < / k(v —I7v)? + / k(v — I}'v)?
K w;

wj

1 "
Lo el + o= £l
(UL+1)2 fo e (‘75;+1)2 b
1
< — v— I3, . (3-31
(UK,L+1>2 y;{ H L; ’2, i )
By Lemma 8, we have
e 1
[ Rl EYP < S, (332
The second term in (3-30) is estimated using (3-32)
. . 1 _
[ Hlw=tP < [ W= P < oo Tl,. 68)
K w; 0111
By combining (3-31), (3-33) and (3-30) we obtain (3-27). O

The case of Dirichlet boundary conditions on K is presented next. First, we define the
following interpolation,

Ipu= Y ZKmK(U,W)W (3-34)

KeTH (=1

The following lemma a is direct consequence of Lemma 7.

Lemma 4. Assume that f = (ku') € L*(Q) and also assume that for each K € TH, we
have w =0 on OK. Then, the following energy approrimation holds,

1
/gwuwbmvs e
K H

L+1
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The idea is to apply Iy to uy, and the other part, which is up, will be approximated by a
truncated expansion on Vp. This truncated expansion will approximate up. We define the
coarse interpolation I by

N. L; Ly
Tou = ZZ (/ /‘WNSOZJ") Xiy + Z Z (/K KUD?/M) Py

i—1 =1 KeTH (=1
Ne

= (un)xi + Y (IMup) = Iyuy + Ipup. (3-35)
=1 KeTH

Recall that L; is the number of Newmann eigenfunctions considered in the neighborhood w;
and Ly is the number of Dirichlet eigenfunctions considered on the element K. We finally
present our main approximation result.

Assumption 15. Let u be the exact solution; that is —(ku') = f. We assume that there
exist up, uy and € = H such that

1. We have
/ K| (u—up —uy)|* =< 62/ T HQ/ T (3-36)
Q Q Q
2. We have the boundary data given by
Oyuy =0 on OK for all K.

and
up =0 on OK for all K.

3. We have the bounds,
[P = [ s YP and [ n oty P2 [ a2 (387
Q Q Q Q

Theorem 16. Assume that |||ul||l2o < oo where u is the solution of (3-43). Then, the
following approximation for the energy interpolation error holds,

1 1 1
/ klu' — (Ipu)'|* < (InaX{H2 } + + 62) 15721113, (3-38)
Q

)
(01+1)% 0L HL+1
where o1 = ming 0%  and pr 1 = ming TRy

Proof. By definition (3-35), our technical assumption, and using the triangular inequality,
we have

/ /'ilul — ([Ou)/‘2 = / /<;|(u =+ un + up — (UN + UD)>/ — ([NUN + IDUD)I’2
Q Q

§//-@|(UN—INuN)’|2—|—//<a|(uD—IDUD)'|2+//-€|(u—uN—uD)’|2.
Q Q Q
(3-39)
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Using Lemma 3 and noting that | J K C |Jwgk, we have for the first term in (3-39),

- / ol — Iyuy)'?

KeTH

1 _
<th{ﬂ2 }lemmﬁw>

UKL+1 OK,L+1

1
< max < max Z K /-iu
_KGTH{ {H 20% 141 JKL+1}} I N HL2 (wxk)

1 1
< max {—27 } ||/f_1(/fu3v)/||%2(n)- (3-40)

2
H?0F 41 oL

/ K}|(UN — INUN
Q

Now using Theorem 14 for the second term in (3-39), we get

1
/Ql{l(uD—IDUD)/P: Z //f| UD_IDUD)I = Z K ||/€_1(’%UID),||2L2(K)

KeTH KeTH ML+l

< max Z K K/LL
S ved I L T

KeTH

1

HL+1

<

167" (kup) l1720)- (3-41)

Given that u is the exact solution, that is —(ku')’ = f, and with Assumption 20, we obtain
the bounds for the third term in equation (3-39)

/f@|(u—uN—uD)']2 §€2/I€_1f2. (3-42)
0

Q
With (3-42) and (3-41), we obtain (3-38) from (3-39). O

3.3 GMsFEM in two dimensions

Let @ C R™ and TH# = {K} a coarse-grid partition, where H denotes the size of the coarse
grid. Then, we consider the elliptic equation with heterogeneous coefficients given by

—div (k(z)Vu) = f, (3-43)
where k() is a heterogeneous field with high contrast and multiscale behavior. In particular,

we assume that x(x) > Cy > 0, while k(z) can have very large values and local variation.
The variational formulation of this problem is: Find u € H{(f2) such that

a(u,v) = f(v) for all v € H} (), (3-44)

where the bilinear form a and the linear functional F' is defined by
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a(u,v) = /Dﬁ(a:)Vu(a:)Vv(:c)dx for all u,v € Hy(Q),

and
Fv) = / f(z)v(z)dx, for all u,v € H(Q).
D

Let 7" be a fine triangulation, which is a refinement of coarse mesh 7#. We denote by
Vh(Q) the finite element discretization of piecewise linear continuous functions concerning
the fine triangulation 7". Denote also by V() the subset of V" (2) where the boundary is

Z€r0.
The Galerkin formulation of the problem is to find u € V() such that

a(u,v) = F(v) for all v € VI'(Q),
or in matrix form
v Au = v'b,
where for all u,v € V(D) we have

ut Av =/ k(z)Vu- Vv dr and 0'b= / fu de.
D D

We denote by {yi}fvz“l the vertices of the coarse mesh 7 and define the neighborhood of the
node y; by

Wi :U{KJ € TH,yl E?}, (3—45)
and the neighborhood of the coarse element K by

WK = U {wi € TH; Y; € K} s (3-46)

see Figure 3-3.

Wi
Coarse neighborhood

T~

Coarse element

Figure 3-3: [lustration of a coarse neighborhood.
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Using the coarse mesh 7#, we introduce coarse basis functions {¢i}f:1, where L is the

number of coarse basis functions. The MsFEMs approximate the solution on a coarse grid
as ug = ), ¢;¢;, where ¢; are determined from

a(ug,v) = f(v), for all v € span {¢;}1°, .

3.3.1 Global eigenvalue problem

We consider the following high contrast eigenvalue problem

—div(kV¢) = Ak, (3-47)

where () is a domain with homogeneous Dirichlet boundary condition on 9f2. The weak form
of the eigenvalue problem (3-47) is: Find eigenfunctions ¢ and scalar A such that

a(p,z) = dm(¢,z) for all z € Hy(D). (3-48)

Denote its eigenvalues and eigenfuntions by {\,} and {¢,}, respectively. We order the
eigenvalues as
M<A < <A< (3-49)

Note that the eigenvectors form an orthonormal basis of L?(Q) with respect to M and is
also orthogonal with respect to the bilinear form a. Given any v € H} (), we have

z (/Q HU@) o7

a(v,v) = /Q K(Vv)? = i ( /Q mm)Qxe, (3-50)

(=1

v =

o0

1

and

m(v, v) = /Q K0 =3 ( /Q m@)Q. (3-51)

=1
Using (3-44) and (3-48) for each eigenvector function ¢,, we obtain

Aem(u, @) = alu, o) = f(e).
Then we have

u=>"1 f6)0r (3-52)
/=1

We introduce a norm for studying the convergence of the expansions in terms of eigenvectors.
For any v € L?(Q2) and s > 0, we introduce the norm || - ||s.q defined by

[e.e]
o[l =D Aim(v, ¢0)®.
=1
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Note that if s = 0 we obtain (3-51) and if s = 1, the result is the bilinear form given in
(3-50). Mainly we use the norm || - ||s.o with s = 2. We have that

0o
lol3a = Aim(v, é0)*.
(=1

We define the operator 7" applied to u by

Tu= Z Aem(w, ¢p).
=1

Given that [lv]|,q < oo, we obtain that
2 2
ITullp o = m(Pu, Tu) =~ Xgm(u, ¢,)* = |Jull5 < oo.
=0
We also have that if ||ul|2.o < oo then using integration by parts, we get
a(u,v) = Z Aem(u, po)m (v, ¢¢) = m(Tu,v)  for all v € H(Q). (3-53)
=1

Theorem 17 ([1], Theorem 2). The operator T is a locally defined operator. More precisely,
if [|ull2.0 < 00, we have that —k~'div(kVu) € L*(Q) and

Tu = —r 'div(kVu). (3-54)

Moreover,

lulZo = 17ul?2 = / wdiv(£ V) 2 (3-55)

Proof. Recall that for u € L*(Q2), we have the expansion u = Y _,° m(u, ¢¢)¢¢. For an integer
N define, the truncated approximation of u as

N
uN = mlu, g
/=1

We construct —x~!div(kVu) operator as a limit in the m-norm of the sequence of rescaled di-
vergences given by {x~'div(kVu)} T . To this end, we prove that the sequence {x'div(kVu™)} 7|
is a Cauchy sequence in the m-norm. Indeed, by using the eigenvalue problem (3-48), we

have the following identity:

N
r~tdiv (KVUN) = Z m(u, ¢g) Ay
=1
Using the orthogonality of the eigenvectors, we conclude that for every M > N we have,

|+~ div(kVu™) — ﬁ_ldiv(/{VuN)”(Q) = Z m(u, ¢g)*\; < oo.
(=N+1
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We conclude that there exists an L?(£2) function, denoted by U, such that ||[U+x~tdiv(kVu®)|| —
0 when N — oo. We also have that for any z € HY(Q),

/KUZ: — lim ﬁﬁ_ldiv(/iVuN)z:/mVqu,
Q N—oo Jq Q

which proves that U = —x~!div(kVu?)z.
Finally note that, by using (3-63), for every function z € H}(2), we have,

/ kKTuz = m(Tu,v) = alu, z) = / kVuVz.
Q Q

]

Lemma 5 ([1], Lemma 4). Assume that ||f]|? < oo and let u be the solution of (3-44).
Consider t > 1 such thatt — s —2 < 0. We have that

lully < A2LAALE (3-56)
In particular, if || fllo < oo, we have that |ullz = ||~ fllo = [, 7" f2.

Proof. Using the explicit expansion given in (3-52), along with the definition of the norm
| - |¢, and subsequently ordering the eigenvalues from least to greatest, we obtain

lullf =Y Nom(v, ¢0)?
(=1

Il
>~
ST
S
|
)
>
)
=
=
<
e

3.3.2 Convergence using global eigenvectors.

In this section, we study the convergence if we use any solution in the space spanned by the
first eigenvector.
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Given an integer L and v € H} (), we define

L
ILU = Z m(U, ¢€)¢€7
/=1

which is the interpolation of v for the first L eigenvectors. Using equations (3-49), (3-50),
and (3-51), we can derive the following expression

LK@—JWV = 3 (Lﬁ@—hwwOZ
(/w k(v — Iw)@)Qi—j

11 11

(=1

- ?
= ALt1 ; </on wlv = ILU)@) A
— 2
= AL+1 421 </w E(m@) n

1 2
= k(Vov)©.
A/ (Vo)

We obtain the following inequality:

1
/ k(v — ILv)? < a(v—Ipv,v—Iv) < a(v,v). (3-57)
Q AL+1 L+1

Lemma 6 ([1], Lemma 5). Let u be the solution of (3-44). Ift —s — 2 < 0, we have

lu = Ipullf < X2 (3-58)

Proof. Using the explicit expansion in equation (3-52), the definition of the norm || - ||;, and
the ordering of the eigenvalues, we obtain the following

- t ]' - t—s— S ?
o= Tt = 3 Ngf(e0? = 3 7 ( / f¢>

(=L+1 l=L+1

[’ 2
AR Y N ( / f¢) = N R

{=L+1

Using Lemma 6 with ¢ = 1 and equation (3-57), we obtain the following a priori error
estimate
au = Tpuu—Tpu) = [lu = Tpulf < 252
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3.3.3 Dirichlet eigenvalue problem in coarse blocks

In this section, we study the eigenvalue problem associated to problem (3-44). For any K,
we define the bilinear forms

a® (v, w) = / kVoVw, for all v,w € Hy(K),
K

and
m" (v, w) = / kvw, for all v,w € HY(K).
K
We consider the eigenvalue problem
K(u,z) = pm®™ (¥, 2), forall z € H}(K),

a

where we denote the eigenvalues and eigenvectors by {u,} and {,} respectively.
We order the eigenvalues as

S e <l S e <

The eigenvalue problem above corresponds to the approximation of the eigenvalue problem
—div(kV) = puktp  in K,
with homogeneous Dirichlet boundary condition on K. Given any v € L?(K), we can write
V= ZmK(v7 ¢€)¢é;
=1

and compute the local energy bilinear form by

aK(v, v) = Z mK(v, ) g
=1

The local mass bilinear form is

m"(v,v) = Z m" (v, ;)2
=1

We introduce the local norm

[e.9]

10ll2 k= D (e)*m™ (v, 4e)*.

(=1

We consider the case s = 2. If ||ul]zx < co we can define the operator 7% by,

TK(U) = Z :ume(ua ¢€)2w57

{=1
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which is square integrable since

o0

75 @55 = D (1e)*m™ (u,0)* = JJull3 -

(=1

We also have that if ||ul|2.o < oo then we have,

a(u,v) = m(Yu,v) for all v € Hy(R). (3-60)

Theorem 18 ([1], Theorem 6). The operator TX is a locally defined operator. Specifically,
if Jula.x < 00, we have that —k~div(kVu) € L*(K), and we have:

TE(u,v) = —/ kM div(kVu)v  for allv € HY(K). (3-61)
K

Moreover, we have

lull e = 17" ull§ = /Kff_lldiV(ffVU)IQ- (3-62)

Proof. Recall that for u € L?*(Q2), we have the expansion u = Y ,°, m®(u,¢,)1y. For an
integer N define the truncated approximation of u as,

N
-y
/=1

We construct the operator —x 'div(kVu) as a limit in the m-norm of the sequence of
rescaled divergences given by {/i_ldiV(K,qu )}]Ovozl. To this end, we prove that the sequence
{/fldiv(mVuN )}JOVOZ1 is a Cauchy sequence in the m-norm. Indeed, we have, by using the
eigenvalue problem (3-48), the following identity

1d1V AV Zm W, Ye) febe.

Using the orthogonality of the eigenvectors, we conclude that for every M > N we have,

H/i_ldiV(IiVUM) — K_ldiv(/iqu)H?) = Z m" (u, )2 < oo.
(=N+1
We conclude that there exists an L?(Q2) function, denoted by U, such that we have ||U +
k1 div(kVulY)|| — 0, when N — oco. We also have that for any z € H?(2)

/ kUz = — lim /{H_ldiV(KVUN)Z:/ kVuVz,
K

N—o0 K K

which proves that U = —x~!div(kVu?)z.
Finally note that, by using (3-63), for every function z € H} () we have,
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/ KT R uz = m® (YKu,v) = o (u,v) = / kVuVz.
K

K

Given an integer L and v € H}(K), We define

L
Iffo =" m™ (v, ).
/=1

Lemma 7 ([1], Lemma 7). Assume that u € Hy(K) and |Jul|sx < oo with s > 1. We have
forl<s<t<2,

lu = TEullf e < (eren) ™ llull?«-

In particular,
lu = I ulli g < (uzn)™*[lull§ -

3.3.4 Neumann eigenvalue problem in coarse neighborhoods

In this section, we study the eigenvalue problem associated to problem (3-44). For any w;,
we define the following bilinear forms

a’ (v, w) = / kVoVw, for all v,w € Hy(w;),

and

me (v, w) = / row, for all v,w € Hy(w;).
We define V(w;) = {v € H'(w;) : v = 0 on dw; N IN} if Ow; NN # ) and V(w;) = {v €
H'(w;) : [, v="0}. Otherwise, Consider the eigenvalue problem

a“ (u,z) = om®(p,z) for all z € V(w;),

where we denote the eigenvalues and eigenvectors by {o,} and {¢,} respectively.
We order the eigenvalues as

0'1SO'2§...<0'5§...

The eigenvalue problem above corresponds to the approximation of the eigenvalue problem

—div(kVy) = okp  in w,

with homogeneous Neumann boundary condition on dw; N Q2 and homogeneous Dirichlet
boundary condition on dw; N IN. Given any v € L*(w;), we can write
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v=">Y m“ (v, )0,
=1

and compute the local energy bilinear form by

oo
a®(v,v) = Z m<i (v, )0y
=1

The local mass bilinear form is

m*i(v,v) = Z m“i (v, @g)?.
=1

We introduce the local norm

o0

oI, = D (e)m® (v, 0)*.

=1
We consider the case s = 2. If ||ul|2,, < 0o, we can define the operator 7% by

T4 (u) =Y oem® (u,0) o,
=1

which is square integrable since

1T ()5, = D (o) m (u, 00)* = [[ull3.,.
=1
We also have that if |Jul|2.o < oo then
a¥i(u,v) = m* (u,v) for all v € Hy(Q). (3-63)

Theorem 19 ([1], Theorem 8). The operator T is a locally defined operator. More pre-
cisely, if ||ul|2.., < 00, we have that —x~ div(kVu) € L*(w;) and we have that

¢ (u,v) = —/ kM div(kVau)v,  for all v € Hy(w;). (3-64)

Moreover, we have

[ull3e, = 7u

2, = / 5 div (V). (3-65)

Proof. Recall that for u € L*(Q2), we have the expansion u = Y ,°, m®i(u,¢.)pe. For an
integer N define the truncated approximation of u as,

N
ulV = Z m* (u, pg)py-
=1
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We construct —x~!div(kVu) as a limit in the m-norm of the sequence of rescaled divergences
given by {x'div(kVu™)}_ . To this end, we prove that the sequence {x~'div(kVu)} T |
is a Cauchy sequence in the m-norm. Indeed, we have, by using the eigenvalue problem
(3-48), the following identity

1d1v kVu™ Zm U, o) ooy

Using the orthogonality of the eigenvectors, we conclude that, for every M > N,

|x div(kVu™) — Ii_ldiv(liqu>H(2) = Z m* (u, ¢g)*0; < oo.
(=N+1
We conclude that there exists an L?*(2) function, denoted by U, such that we have ||U +
k1div(kVulY)|| — 0 when N — co. We also have that for any z € HY(Q)

/ kUz = — lim ritdiv(kVul)z —/ kVuVz,
wi N—ro0

wi wi

which proves that U = —x~div(kVu®)z.
Finally note that, by using (3-63), for every function z € H}(§2) we have

/mT“iuz:mwi(Twiu,v) a’(u,v) = /RVUVZ.

Given an integer L and v € H}(w;), we define

L
Lo = m“ (v, )¢
/=1

Lemma 8 ([1], Lemma 10). Assume that u € H}(w;) and ||u||sw, < oo with s > 1. We have
forl<s<t<2,

lu = 17

ullf, < (o) lullZ,,

In particular,

Ju - I

|iwi S (O-L‘i'l)t_s ||u||g,wz .

3.3.5 The GMsFEM space construction using local eigenvalue
problems

In this section, we show the construction of the coarse scale finite element spaces using the
GMsFEM framework.
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The second basis in w;

10

0.5 05

Yy 00 x

Figure 3-4: Schematic description of basis function construction.

We choose the basis functions that span the eigenfunctions corresponding to small eigenval-
ues. We consider {w;},,e7n,i=1,2,3, ..., N,. Define the set of coarse basis functions

D, =iy, for1<i< N,and 1</(<L, (3-66)

where L; is the number of eigenvalues that will be chosen for the node i. The local spectral
multiscale space is

Vn =span{®;,: 1 <i < N, and 1 < /¢ < L;},

Vp =span{ty,: K € T" and 1 < ¢ < Lk},

and

Vo=Vn+Vb.

Finally, we define u as the Galerkin approximation using the space Vj, that is,

a(ug,v) = f(v), forall v e V. (3-67)

3.3.6 Approximation properties of the coarse space

An important property of the coarse mesh and its approximation study is that if we have a
high contrast medium & and if we choose a large enough L;, then A7’ is independent of the
contrast;which can be see (3-57).

We define
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Ny

N, L;
Iyu=>"Y" (/ fwsa?i) xies =Y (I un)xi-

i=1 (=1 i=1
The following lemma presents the approximation result in the norm H!. It is done based on
results exposed in [1, 57].

Lemma 9 ([1], Lemma 16). Assume that f = div(kVu) € L*(wg) and also assume that for
each i, y; € K we have Oyu = 0 on Ow;. Then, the following energy approximation holds,

1 1
/ Hlvu — VINU|2 S HlaX{ 3 s } ||f||%2(wK)7 (3—68)
K

2
H Ok,p+1 OK,L+1

where o 141 = Miny,cx or,+1 and w™ is defined in (3-46).

Proof. We note that > ;- V

VX = = Dyeryfyyy VX
We obtain,

\Y Z (v—1I7'v)xi = Z Vxi(v — I7v) + Z XiV(v— I'v)

yi €K yi€K yi€K

= 0 in K, and then we can fix y; € K and write

| w; | (3-69)
= Z (I3iv — ILZU)VXi + Z xiV(v = I7v),
yi€K\{y;} yi€K
which gives the following bound valid on K,
2
. 1 ) w; wr
VY (- I < B S Ufv—TIP0)+ > V(= I (3-70)
yi€K yi€K\{y;} yi€K
From (3-70), we get
[ V= LR < [ 6V 3 - ok
K K ek
<Y H2/ (Igw = I770) +Z/K|VU—1% W2 (3-71)
Y€K Y, €K
To bound the first term, use Lemma 8 as follows,
/ k(170 — Ifjv)z < / k(v —I7v)? + / k(v — I}'v)?
K wj wj
< gl = Ivlse, + v = Ivl5,,
(UL+1)2 L; V112, (‘75;+1)2 L; 12,05
T 2o = Tl (3-72)

Y€K
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Also, according to Lemma 8, if 9,v = 0 on Jw;, we have

/w' k|V(v—1I7)

K

?< ( 2 (3-73)

WHUHM-

The second term in (3-71) is estimated using (3-73)

. . 1 .
/ K|V (v — Igw)|* < / KV (= T) | < ——llv = I3, (3-74)
K 1 wz K O— K2 K Ehad 2

L+
By combining (3-72), (3-74) and (3-71), we obtain (3-68). O

The case of Dirichlet boundary conditions on K is presented next. First, we define the
following interpolation,

Ipu= Y ZKmK(U,W)w. (3-75)

KeTH (=1

The following lemma is direct consequence of Lemma 7.

Lemma 10 ([1], Lemma 17). Assume that f = div(kVu) € L*(Q) and also assume that for
each K € TH, we have u =0 on OK. Then, the following energy approzimation holds,

1
/K/-a\Vu—VlDu]QS 174 ”fH%?(K)'

L+1

The idea is to apply Iy to uy, and the other part, which is up, will be approximated by a
truncated expansion on Vp. We define the coarse interpolation I as follows

Ne L Lk
Tu=>">" (/ /fuNsOZ”) Xl > Y (/ HUDW) e
i=1 (=1 \Jwi KeTH 1=1 WE
Ne
= Z(IZEUN))Q + Z (IKUD) = INUN + IDUD. (3—76)
=1 KeTH

Recall that L; is the number of Newmann eigenfunctions considered in the neighborhood w;
and Ly is the number of Dirichlet eigenfunctions considered on the element K. We finally
present our main approximation result.

Assumption 20. Let u be the exact solution, that is —div(kVu) = f. We assume that there
exist up, uy and € = H such that

1. We have
//{|V(u—uD—uN)|2 562/11_1f2 ng//@_l 2, (3-77)
0 0 0
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2. We have the boundary data given by

Oyun =0 on OK for all K.

and
up =0 on OK for all K.

3. We have the bounds,

k™ Hdiv(kVup)|? j//{_1|div(/£Vu)|2.

/m_lldiv(HVuN)lg j/m_1|div(ﬁVu)|2 and/
Q Q Q
(3-78)

Q

Theorem 21. Assume that |||ul||l2o < 00, where u is the solution of (3-43). Then the
following approximation for the energy interpolation error holds,

1 1 1
/ k| Vu — VIu* < (max{ } + + 62> 15722112, (3-79)
Q

H2(0L+1)27 OL+1 M1

where 041 = ming 0%y and g = ming A

Proof. By definition (3-76), our technical assumption, and using the triangular inequality,

we have
/ K|V — VIgul? = / K|V (0 + uy + up — (uy + up)) — V(Inty + Ipup)|?
Q Q

S//{|V(UN_INUN)|2+/K|V(UD_IDUD)|2+/R|V(U—UN_UD)|2-
Q Q Q
(3-80)

Using Lemma 9 and noting that | J K C |Jwk we have for the first term in (3-80),

[ A9 =ty = 32 [ sV = I

KeTH

1 1 .
< Z max { . } ||I§}_1d1V(liqu)H%2(wK)
WK

2 )
H Ok,p+1 OK,L+1

1 1 i 2
< max, {max { }} Z [~ div(EVun)[ |72 )
WK

2.2 )
H Ok,L+1 OK,L+1

1 1
< —_ “div(kV 2o 3-81
N maX{HQU%H 0L+1} I dv sz sy
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Now, using Lemma 10 to bound the second term in equation (3-80), we obtain the following

1 .
/ﬁ]V(uD—IDuD)|2— > //<;|V(uD—IDuD)|2§ > I div(sVup) |72
Q K

KeTH gern ML+
1
< max k1 div(kVup)||?
T KeTH {HK,LH } K;;; | ( D)||L2(K)
< |5~ div(£Vup)||72(0)- (3-82)
Hr+1

Given that w is the exact solution, which satisfies —div(kVu) = f, and with Assumption 20,
we can derive bounds for the third term in equation (3-80).

/ K|V (u—uy —up)* < 62/ kU2 (3-83)
Q

Q
with (3-83) and (3-82), we obtain (3-79) from (3-80). O



4 A duality GMsFEM method applied to
high-contrast dam problem

This chapter is based on the manuscript [13]. We address the numerical homogenization
approximation of a free-boundary dam problem in a heterogeneous media. More precisely,
we propose a GMsSFEM for the heterogeneous dam problem. The motivation for using the
GMsFEM approach comes from the multiscale nature of the porous media due to its high-
contrast permeability. Thus, although we can classically formulate the free-boundary dam
problem as in the homogeneous case, a high resolution will be needed by a standard finite
element approximation to obtain realistic results that recover the multiscale variations of
the solution. First, we introduce a fictitious time variable that motivates a suitable time
discretization that can be understood as a fixed point iteration to the steady-state solution.
We use a duality method to deal with the involved multivalued nonlinear terms. Next, we
compute efficient approximations of the pressure and the saturation using the GMsFEM
method, and we can identify the free boundary. More precisely, the GMsFEM method
provides numerical results that capture the behavior of the solution due to the variations of
the coefficient at the fine resolution by just solving linear systems with the size proportional
to the number of coarse blocks of a coarse-grid (that does not need to be adapted to the
variations of the coefficient). Finally, we present illustrative numerical results to validate the
proposed methodology.

4.1 Introduction

We consider a bounded two-dimensional rectangular domain D and let 0D =T'UT UT,
denote its boundary, where I' is an impervious part of the boundary, I'y is the part of the
boundary in contact with open air, and I, is the part of the boundary in contact with water;
see Figure 4-1 for an illustration. In the proposed dam problem, we aim to compute the
pressure p and the saturation 6 of water, both defined on D, as well as to identify the free
boundary separating the saturated and non-saturated regions of the dam. Moreover, we
denote by x the functional-coefficient that represents the permeability of the porous media
and let g := —gey denote the gravity. By using Darcy’s law for porous media and the
relation between pressure and water saturation, we obtain

J0(0r)

—g——— —div(kVp) =0, p>0, 6¢€ H(p), (4-1)
8:62
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where H(-) denotes the multivalued Heaviside operator, so that for positive pressure (p > 0)
the porous media is fully saturated (f = 1) and 6 € [0,1) when p = 0 in the non saturated
region. In order to pose the strong formulation of the free-boundary dam problem, the set
of equations (4-1) is completed with the following boundary conditions:

e p=h, — x5 on 'y, with h, height of the water level in contact with I,
e p=0in Ty,

° (Qlﬁ}g — /in) -n > 0 in [y where we recall that g = —ges,

° (0/{g—HVp> n=0inT.

In the previous equations, n represents the unitary outwards normal vector to the boundary
0D. See Figure 4-1 for an illustration of the domain and different boundaries.

Figure 4-1: Illustration of a free boundary dam problem in multiscale high-contrast porous
media.

We remark that the methodology proposed in this paper can be applied to general coefficients

(see [30, 28] and related works).
Now, we focus on the case of high-contrast multiscale coefficients. More precisely, we consider

piece-wise smooth permeabilities. We assume that the domain D is the union of finitely many
sub-domains, that is,

Ng
D =D,
=1

where {D;} is a non-overlapping decomposition of D. The permeability coefficient can be
written as,
k(z) = ki(z) for x € Dy,
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i=1,2,..., Ng, where £; is a bounded smooth function (that may have oscillations) in D;.
We say that the coefficient x(z) is a multiscale coefficient if it has oscillations at different
scales in each subdomain D;. We also say that x is a high-contrast coefficient if the ratio
No = max, yeq k(2)/k(y) >> 1 for some subsets @ C D (in this case we say that Q is a
high-contrast sub-region).

In this chapter, we adopt the methodology proposed in [9] and further extended in [49].
To facilitate the analysis, we introduce an artificial time dependence in all the unknowns,
denoting them as p = p(¢,x) and 6 = 0(t, x), similar to the notation used in the steady-state
case. With this approach, we can express equation (4-1) equivalently as a system of evolution
equations, given by the following

0

a(eli) — g0h(0Kr) —div(kVp) =0, p>0, 60¢€ H(p). (4-2)

Note that the first equation in (4-2) is a nonlinear advection-diffusion equation. In order
to discretize in time this equation, we are the characteristics method, we first introduce the
material or total derivative associated to the vector field driving the convection term which
is given by g = (0, —g). Therefore, we can write
Dz 0z 0z
—=—+g -Vz=— —g0sz.
Dt ot ' ° or 9
Thus, in terms of the material derivative we can write (4-2) in the form:
D .
E(@m) —div(kVp) =0, p>0, 6 H(p).
For the purpose of the time discretization, we introduce an uniform finite differences time
mesh with points tg,t1,...%), and a constant time step dt. Next, we introduce a forward in
time approximation of the total derivative by the method of characteristics. More precisely,
if we use the notation f"(z) = f(t",x) forn =0, 1, 2, ..., at each time t"*, we obtain the

strong formulation of the problem discretized in time,

B — (60 ) o B
ot

B diV(lin(nJrl)) =0, p(nJrl) > 0, pnt1) ¢ H(p(nJrl)); (4—3)

where the index n+ 1 denotes the approximation at the artificial time ¢"! of the introduced
time dependent functions. Moreover, the function ®” is defined at each spatial point of the
domain by ®"(z) = ®(t", z;t"), that denotes the position at time " of the point placed
in z at time "' and moved along the integral path (characteristic curve) defined by the
velocity field g, so that ®"(x) can be obtained from the solution of the final value ODE

problem:

dd
E(t”“, zit) =g (6, Q" ;1)) , P ") = a. (4-4)

Therefore, in terms of the previous solution we define ®"(x) = ® (", z;t").
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Taking into account the particular expression of the velocity field g, for z = (21, x2) we can
easily compute
Q" (11, x9) = (21, 22 + g Al).

Remark 22. As stressed in Chapter 5, the presence of high-contrast and multiscale variation
negatively affects the accuracy and stability of time discretizations. As proposed in Chapter 5,
one way to work around this problem is to use more sophisticated fine discretization schemes.
In this Chapter, we use uniform finite differences in time and assume we can reduce the fine
step size to obtain stability. As in the example of Chapter 5, the MsFEM is easily adapted
to these procedures.

Note that as g does not depend on ¢ and then ®" does not depend on n, we will drop the
superindex n in .
To write a weak form of the problem, we introduce the following functional spaces:

o V. =HYD)N[v[r, <0] = {s» € H(D);¢|r, = 0;¢|r, <0},

o Vo= HLD,Ty)={ve HY(D) : v|r, = 0} and note that Vy C V_,
. V.= H'(D) 0 [tle, > 0]

o W,=HYD)N[v|r, = ql,

e Wy = HY(D)N [o]r, = 0].

Next, for ¢ € V_ such that ¢ = 0 on I'y, by multiplying the first equation in (4-3) by
¢ — p™*D) and integrating by parts we get the weak formulation of the problem:
Find p™*) e Von W, NV, = VN W, and 8" € L>(D) such that

[ s o= = [ (@) 0 @) -5t +

ot / kVPUTIV (¢ — p ) + ot / 0"V kgn(o —pt') > 0, (4-5)
D I

ol

jointly with

ot e H(pnth). (4-6)

Consider now the indicatrix function of the convex set V_ defined over H'(D) by

1 vel_,

Iv-(v) = { +oo v V..

(see definition (2-70)). Note that Iy, is a convex semicontinuous function which implies that
the subdifferential operator Iy, is a well defined maximal monotone multivalued operator
(see Section 2.3.2). Moreover, the multivalued operator 01y, can be characterized as follows:

a€dly (u) <= Iy (v) — Iy_(u) > {(a,v — u), (4-7)
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for allv € H'(D). Here (-,-) denotes the duality pairing between H'(D) and its dual space.
Therefore, if we define

L") o =) = [ k00— = [ (07r) 0 @) =5 )

D

5t/ VP TIV (¢ — prth) 4+ 5t/ 0V kgn(p — p* ),
D N

oull

then from inequality (4-5) and the definition of the indicatrix function, we get
[ w6006 = ) = [ (600 00)(6 - )
D D

+6t/ kVpHIV (¢ — pth) + 5t/ 0"V kgn(¢ — p*)
D

Toull
1
t5 (Iv—(¢) — Iy_(p™*1)) > 0,

or, in compact notation, (see Section 2.3.2)

1

(L"), 0 = p" ) + = (Ir-(8) = Ir-(p")) 2 0,

for all ¢ € Wy = H'(D) N [vlr, = 0]. Moreover, the previous inequality implies that
L(p™*tY) € oIy, (p"*tV). Therefore, we can introduce the new variable

¢t = L") with = (6t)¢" Y € oLy (p"tY).

Note that we can identify H'(D) with the sum HY/?(0D)® H} (D) and therefore we can iden-
tify the dual space of H'(D) with H=Y/2(0D)@® H~'(D). Using this representation, equation
(4-7) and the fact that p"*1 € V5N, we can write the time discretized problem at step n as:

Find p*tY) € Vo N W, and "' € L>(D), such that

/ KOV 4 6t / kVp" IV ¢
D

D

+0t / 0"V kgno + ot / ¢y = / (6™ k) o ®)o, (4-8)
Toul’ o D
for all ¢ € Wy, jointly with the following multivalued nonlinear equations

{q(n—H) c afv_ <p(n+1)),

gt € F(pn D). (4-9)

4.2 A duality method for nonlinear terms

In order to solve (4-8)-(4-9), we follow the methodology used in [9, 49, 55] and Section 4.2 to
deal with nonlinear terms associated with multivalued operators in (4-9). These techniques
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are based on duality methods for nonlinear maximal monotone operators and are here ap-
plied to the multivalued Heaviside and subdifferential operators, (see subsection 2.3.1 and
2.3.2, respectively). In the seminal article [10], these duality methods have been introduced
for solving variational inequalities.

For this purpose, we first recall the concept of Yosida approximation (see section 2.3 and
[55]). Let G' be a maximal monotone operator and let w and A be non-negative real numbers
such that wA < 1. The resolvent of GG is defined by,

Y= ((1—wA)+2G) .

Next, we introduce the Yosida approximation of G —wI of the parameter A\, which is defined
by

I—J¢
o
As recalled in [49], it can be proved that u € G(y) — wy is equivalent to u = G (y + Au),

GY =

for further details see also the seminal article [10]. Note that the first expression is written
in terms of the multivalued operator while the second one is a nonlinear equation for v in
terms of an univalued Yosida operator.

Next, in terms of the non-negative parameters w; and ws, we introduce the new variables

a(n—f—l) _ q(n+1) . wlp(n-‘rl) and 5(71-&-1) _ 9(n+1) . OJgp(n+1). (4_10)

Therefore, from (4-9) we have
Oé(nJrl) c a[V_ (p(nJrl)) . wlp(nJrl)

and
ﬁ(nJrl) c H(p(nJrl)) . w2p(n+1).

We can then write the variational formulation in terms of the new variables in the form

/ ,i(ﬁ(mrl) + w2p(n+1))¢ + 5t/ /pr(”H)ngS
D

D

—l—(5t/ (BT 4 wop™ D)) kgne
Toul’

+6t / (™D 4 pt)yg = / (0 k) o D).
To D

Next, using the previous characterization of the elements of the multivalued operator G —wl
in terms of the its Yosida approximation for the particular cases G = dIy, and G = H, the
variational formulation can be equivalently written in the form

/dep(n+1)v¢+ﬂ/ lip(n+1)¢+w1/ p(n+1)¢+w2/ p(n+1)ﬁgn¢7
D ot D T

Toull
1

~ 5 [ @ roms—5 [ o~ [ e gno— [ ot )

Toull Ty
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with
a(n—l—l (a] ) ( (n+1) —|—)\Oén+1) (4_12>

and
ﬁ(nJrl) _ H;)Qz(p(nJrl) + )\QﬁnJrl). (4_13>

(see Section 2.3.2). Following [49], we propose to solve (4-11), (4-12) and (4-13) numerically
using a fixed point iteration as described in the next paragraphs.

Given o™V B+ and 9™ we solve equation (4-11) for the pressure and denote the
solution by p(”“) = L(a*) 30+ 9()) - Schematically, we have the following system of
coupled equations

Q™) = (L. )5t (L£(aD, 50D, 00) 4 Ayt (4-14)
Bt — H (L(a (1) gt ) gy 4 ), gty (4-15)

Using the results in [49] it can be seen that, given 8 this system can be solved by a fixed
point iteration. To start the fixed point iteration, we use previous values of (™ and 5.
The value of 8" can be updated using (4-10).

For the spatial discretization of the linear problems arising at each step of the fixed point
iteration, we consider Finite Elements Methods. For this purpose, let 7" be a triangular
partition of the domain D such that it resolves the variation of the permeability coefficient .
Consider V' the finite element space of piece-wise linear (or bi-linear) finite elements defined
on the mesh 7". At each step of previous iteration, the fully discretized problem can be
written in terms of the solution of the following linear system:

(A + %M + wi Mr, + WQMFOUF> p(nH) =
1
bt — ( M+ MFM> B+ — Mp o™y, (4-16)

In the linear system (4-16), we introduced the following matrices,

A= [aij] with Q5 = / ngbdibj,
D

M = [mw] with m;; = / H¢i¢j,
D

MF() — [mZ]7F0:| Wlth mz‘j;l—‘o — ¢l¢]’

and

Mrur, = [mij;FUI‘O] with My5,Tury = ¢i/fgn¢j-
T'ul'g
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Moreover, we have also considered the vector b(™ = [b(n)]

;'] associated to the method of

characteristics, the components of which are given by
n 1
b = < | (65) 0 ®)o
ot Jp
The computation of the integral in bgn) requires some interpolation techniques, as the function

6, needs to be evaluated at points that may not belong to the mesh.
Note that at each step n of the algorithm we recursively solve the linear system (4-16)

and update the terms o"*! and "' in the second member by using (4-14) and (4-15),
respectively. In practice, in the numerical examples in a forthcoming section, we consider
A1 = Ay = 1 and wy = wy = 0.5, so that we fulfill the condition \w; = 0.5, as in [49]. Note
that this condition proves the convergence of the fixed point iteration in [10] for a variational
inequality problem. Also, for an elastohydrodynamic problem in magnetic storage devices,
the convergence is theoretically proved under the same condition in [5]. We also mention
that the number of fixed point iterations is chosen to be constant independently of the time
step iteration. This number of iterations used in the fixed point step was chosen to replace
the convergence with the stationary solution (the main target of our computation).

In the next section, we propose using the GMsFEM to solve the fully discretized problem
(4-16) so that we replace the fine-scale system with a coarse linear system associated with
an appropriate coarse space V.

4.3 Generalized multiscale finite element method

This section focuses on high-contrast multiscale problems and summarizes a GMsFEM con-
struction of a coarse space V. For a more detailed description of the development of the

GMsFEM methodology, see [28, 31], and references therein.
We start by choosing an initial set of basis functions that form a partition of unity. The

space generated by this basis function is enriched using a local spectral problem. We use
the multiscale basis functions partition of unity with linear boundary conditions (see [33],
for example). We have one function per coarse node, and it is defined by

—div(kVy;) = 0 for K € w;, (4-17)
Xi = X ondK,

where x? is a standard linear partition of unity function.
For each coarse node neighborhood wj;, consider the eigenvalue problem

—div(kV) = oS R, (4-18)

with homogeneous Neumann boundary condition on dw;. Here ¢ and ¢," are eigenvalues
and eigenvectors in w; and k defined by

Ny
K= KZH2|VXj|2.

j=1
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We use an ascending ordering on the eigenvectors, 07" < g3" < ...

Using the partition of unity functions from Eq. (4-17) and eigenfunctions from Eq. (5-11),
we then construct a set of enriched multiscale basis functions given by x;1," for the selected
eigenvectors 1,". Using L; to denote the number of basis functions from the coarse region
w;, we then define the coarse GMsFEM space by

Vo =span{®; , = x;¢,", i=1,....N,, (=1,...,L;}.

For more details, motivation of the construction, approximation properties of the space Vj,
and the choice of the initial partition of unity basis functions, we refer the interested reader
to [28] and Section 3.3.

In summarizing, in order to solve the problem (4-16), for the pressure, we use the GMsFEM
coarse space V; constructed in this section. More precisely, let Ry the matrix whose columns
correspond to the coarse basis functions, that is, the column space of Ry is Vy. Instead of
solving the fine-scale linear system (4-16), we solve the coarse-scale linear system

SopénH) = c(()n) , (4-19)

where the matrix Sy and the second member cé") are given by

w
5—;M -+ wlMpo -+ WQMFOUF> Ro,

n 1
o = Rj (b(n) - <£M + Mmur) pry — Mroa(nﬂ)) :

Sy = ROT(A+

We then maintain the duality method explained before but using the approximation Rop(()nH) R~

p(nJrl

linear system (4-16), we solve the small coarse problem (4-19). We mention that due to the

) that makes the computation more efficient since, instead of solving the full resolution

high-contrast multiscale coefficient structure, we need to solve the coarse problem at the
right resolution to obtain a good approximation; see [28]. With the GMsFEM methodology,

we can adapt the coarse solver’s resolution to obtain good results with the duality method.
We recall that a linear system has to be solved for each time iteration and each fixed point

iteration to compute the current pressure. In the proposed methodology, instead of solving
the fine-grid linear system (4-16), we solve the coarse scale linear system (4-19). We stress
that the linear system (4-16) is very large and ill-conditioned (with condition number in-
creasing with the contrast in the coefficient). The size of the system (4-19) is of the order of
the number of coarse-scale nodes, so it is suitable for factorization methods. This allows us to
save computational time. Moreover, we mention that not the basis functions nor the coarse
scale operators and matrices change throughout the time and non-linear iteration. There-
fore, the set-up cost (constructing a coarse grid, computing local eigenvectors and coarse
basis functions, and assembling coarse scale operators) can be considered as a pre-processing
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cost; see [28] for more details on the computational implementation of GMsFEM.

A vital aspect of the GMsFEM is that the needed resolution can be considered a priori or a
posteriori, depending on the application. In this paper, we show how the resolution of the
method, that is, the parameters L;, the number of eigenvectors in w; used in the construction
of the coarse space, affects the solution of the free boundary heterogeneous multiscale dam
problem. As in other applications leading to iterative corrections using solutions of the dif-
fusion equations, if the approximation of this step is poor, overall poor results are obtained
in resolving the problems (see [18]).

In the numerical results presented in the following section, it is evident that the GMs-
FEM approximation requires a greater number of time steps to achieve convergence to the
stationary solution, compared to the fine-scale solution (4-16), while employing the same
tolerance for the increment. Specifically, we observe that approximately 10% more time
steps are necessary when computing the fine-scale solution. It is important to note that
the GMSFEM approximation involves solving the reduced system (4-19), which possesses a
significantly smaller dimension compared to the fine-scale system. For a more comprehensive
understanding of the results, please refer to Table 4-2.

4.4 Numerical results

In this section, we provide numerical illustrations to demonstrate the performance of the
GMsFEM method compared to the reference solution. The time evolution and duality
method remain the same as before, using fine-grid vectors. However, instead of computing

the fine-scale solution for the pressure equations, we utilize the GMsFEM solution.

For the boundary partition, we consider the configuration shown in Figure 4-1. The Dirichlet
data is specified as follows: p = % —x9 on {0} X [%, 1}, p= % —x9 on {1} X [%, 1}, and p=10
on I'y.

In order to numerically study the performance of the GMsFEM method applied to the het-
erogeneous dam problems, we use the coefficients depicted in Figure 4-2. We then compare
the GMSFEM solution with the reference solutions, that is, we compute the error between
the solution of the overall iteration with solutions of the diffusion equation on the fine-grid,
with the multiscale solutions, that is, the solutions obtained by using the coarse-scale solu-
tion p(()nH) (downscaled to the fine-grid as Rop(()nH)) for the approximation of the diffusion
equation.

In particular, we use L; = 0,1,...,10 for all 2. We run the time iteration and the fixed
point iteration until the norm of the increment is less than a given tolerance (10~ in our
numerical test).
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4.4.1 Example with high contrast medium

We consider a structured fine-grid with 100 elements in each direction (yielding a fine-scale
linear system matrix of dimension 10000x10000). We also consider a coarse mesh (made of
squares) with 10 elements in each direction. see Figure 4-2.
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Figure 4-2: High-contrast coefficients used in the numerical experiment. High-conductivity
channels in black color. In our numerical experiments we use coefficients of
background 1 and high-contrast value 10%.
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Figure 4-3: Computed pressure and saturation for medium 4-2. From top to bottom and
left to right: Using the fine-grid solution for pressure. Using coarse-grid solution
with L; = 6 for pressure. Using the fine-grid solution for saturation. Using
coarse-grid solution with L; = 6 for saturation .
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Relative error for presure

80 T
—a&— L2 error (p)
—e— H, error (p)
60 1
-
e}
240t
&
20
0

1 2 3 4 5 6 7 8 9
Number of multiscale basis on each neighborhood
Figure 4-4: The weighted L? and H! errors between the reference and the coarse-scale
solution. The horizontal axis corresponds to the number of basis functions in
each neighborhood used in the GMsFEM coarse spaces.

L; L2 H!

1 14.60 78.54
2 10.79 58.72
3 8.15 42,81
4 8.30 34.02
5 7.25 27.01
6 7.20 23.62
7 7.58 21.78
8 7.68 20.61
9 6.11 19.34

Table 4-1: The weighted L? and H' errors between the reference and the coarse-scale for
problem (5-39) with respect to pressure.

4.4.2 Example with high contrast medium SPE10

We consider a part of 48" layer of the geological SPE10 porous medium taken from [17, 2] a
structured fine grid with 100 elements in each direction (yielding a fine-scale linear system
matrix of dimension 10000x10000). We also consider a coarse mesh (made of squares) with
ten elements in each direction. see Figure 4-5.
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Figure 4-5: High-contrast coefficients used in the numerical experiment. High-conductivity
channels in black color. In our numerical experiments we use coefficients of
background 1 and high-contrast value 102

1
0.75
> 05|
0.25 .
0
0 025 05 0.75 1

1.0968 1.0968

0.8653 0.8653
0.6338 0.6338
0.4023 0.4023

0.1708 0.1708

-0.0607 -0.0607

0 025 05 0.75 1

X X
1 1 1
0.8
0.75 0.75
0.6
> 05 > 0.5
. w - 0.4
0.25 0.25 0.2
0 0 ' 0
0 025 05 0.75 1 0 0.25 05 0.75 1

X X

Figure 4-6: Computed pressure and saturation for medium 4-5. From top to bottom and
left to right: Using the fine-grid solution for pressure. Using coarse-grid solution
with L; = 6 for pressure. Using the fine-grid solution for saturation. Using
coarse-grid solution with L; = 6 for saturation .
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Figure 4-7: The weighted L? and H! errors between the reference and the coarse-scale
solution. The horizontal axis corresponds to the number of basis functions in
each neighborhood used in the GMsFEM coarse spaces.

L; L2 H!

1 26.33 46.55
2 14.62 23.00
3 9.40 19.54
4 8.04 17.85
5 418 14.57
6 3.05 13.74

Table 4-2: The weighted L? and H' errors between the reference and the coarse-scale for
problem (5-39) with respect to pressure.



5 A GMsFEM exponential integrator
applied to a high-contrast multiscale
parabolic problem

This chapter corresponds to the submitted manuscript [48]. We consider linear and semi-
linear parabolic problems posed in high-contrast multiscale media in two dimensions. High-
contrast multiscale media adversely affects the accuracy, stability, and overall efficiency of
numerical approximations such as finite elements in space combined with some time integra-
tor. In many cases, implementing time discretizations such as finite differences or exponential
integrators may be impractical because each time iteration needs the computation of matrix
operators involving huge and ill-conditioned sparse matrices. Here, we propose an efficient
Generalized Multiscale Finite Element Method (GMsFEM) that is robust against the high-
contrast diffusion coefficient. We combine the GMsFEM with exponential integration in
time to obtain a good approximation of the final time solution. Our approach is efficient
and practical because it computes matrix functions of small matrices given by the GMs-
FEM method. We present representative numerical experiments that show the advantages
of combining exponential integration and GMsFEM approximations. The constructions and
methods developed here can be easily adapted to three-dimensional domains.

5.1 Introduction

We consider the following semilinear parabolic problem posed in a high-contrast multiscale
media,

Op — div(k(z)Vp) = f(p) in QxI,
P =Dpp on 00 xI, (5-1)
p(0,x) = p(), z € Q.

Here Q is a two dimensional convex domain with boundary 02 and I = [0,7] is the time
domain. The field x(z) is a multiscale high-contrast heterogeneous field. Additionally, p
is an unknown pressure field satisfying the Dirichlet condition given by pp and the initial
condition given by p. The constructions and methods developed here can be easily adapted
to the three-dimensional domains.
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5.2 Variational formulation of the parabolic problem and
GMsFEM

To get the variational formulation we proced an in Section 2.2.4. A variational formulation
of problem (1-3) is: Find p(t) € H*(Q) with (p(t) — pp) € H} = {w € HY(Q) : w|sq = 0}
such that

(Oip,v) + a(p,v) = F(p;v) for all v € Hy(Q), (5-2)

where (-, ) denotes the usual inner product in L?(£2), the bilinear form a is defined by

a(p,v) :/Q/@(:E)Vp(x)Vv(x)dx, (5-3)

- / F(p(x))v(z)dz, (5-4)

for p,v € H}(2). Let 7" be a triangulation of the domain 2. As it is usual in multiscale

and the functional F'is defined by

methods, we assume that h is fine enough to completely describe all the variations of the
coefficient x and therefore we refer to 7" as the fine mesh. We denote by V"(2) the usual
finite elements discretization of piecewise linear continuous functions with respect to 7T".
Denote by V() the subset of V() made of functions that vanish on 9. The Galerkin
formulation of (5-2) is to find (p(t) — pp) € VI(Q) such that

{ (Oip,v) + a(p,v) = F(p;v) forallv e VQ), t eI, (5-5)

(p(0),v) = (p,v) for all v € V().

We consider the following representation for the solution of (5-5),

=Y nlt)ala), (5-6)

where ¢; are the usual finite elements basis functions and n, the number of interior nodes of
T" . Using (5-5) and taking v = ¢; for j =1, ...,n,, we have

sz ¢17¢J +sz ¢17¢]) = (f(p)7¢J> j=1..,n,tel,

(5-7)
sz ¢za¢] = (ﬁagbj) j:17~-'7nv~
The equivalent continuous-time matrix form of (5-7) is
Mp + Ap = b(p), (5-8)

Mp(0) = p,
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where the vector p is p = | fﬂ pp@;|, and the matrices A, M and the vector b are given by

u’ Av = / kVuVo, u! My = / kuv and v'h = / f(p)v,  for all u,v € V*(Q).

Q Q Q (5-9)
We introduce a coarse-scale mesh 7, where H indicates the coarse-mesh size, see Section
3.3. In practical applications, the coarse-grid does not resolve all the variations and disconti-
nuities of the coefficient x. A main goal in multiscale methods is to construct approximation
strategies to mimic fine-grid approximation properties but only computing solutions of linear
systems at the coarse-scale. The GMsFEM is a multiscale method designed to obtain good
approximation of high-contrast multiscale problems. We next review some important aspects
in the construction of GMsFEM basis functions. See [28, 1, 13] and references therein for
further details.

We denote by {y;}X the vertices of the coarse mesh 7 and define the neighborhood of

each node y; by

wi:U{KETH:yiEK}.
See Figure 3-3 for an illustration of coarse elements and coarse neighborhoods.
Note that @ =, c,n {wi}. Let {x:}2*, be a partition of unity subordinated to the covering
{w;} and constructed such that |Vy;| < %, i =1,2,3,....N,, where N, is the number of
nodes in 7. See [28, 1, 13] for examples of different partition of unity functions that can
be used. Now, define the auxiliary coefficient x by

Ny
K= ﬁZH2|VXj|2.

j=1

Coefficient k can be interpreted as a total pointwise energy for the functions in the partition
of unity {Xz}ivz”l We define the following local bilinear forms,

awi(p,v):/ kVpVov  and mwi(p,v):/ kpv  for all p,v € H'(w;), (5-10)

Wi

for every neighborhood w;. Also, define V(w;) = {v € H'(w;) : v = 0 on dw; N N} if Huw; N
8 is non-empty and V(w;) = {v € H'(wi): [, v= 0} otherwise. We consider the local
generalized eigenvalue problem

a“ (Y, 2) = o¥m®i(,z) for all z € V(w), (5-11)

with eigenfunction ¢ € V(w;) and eigenvalue o. We order eigenvalues as 0% < o < ...
and select the the eigenfunctions corresponding to small eigenvalues. We define the set of
GMsFEM coarse basis functions by pointwise multiplication as follows,

Q0= xi¢y", for1<i< N,and1</(<L;, (5-12)
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where L; denotes the number of basis functions on the coarse neighborhood w;. The support
of ®;, is w; and we remark that there may be multiple basis functions corresponding to this
neighborhood since in general L; > 1. See [37, 57, 18] for discussion on how to chose L;. We
define the coarse GMsFEM space by

‘/0 :span{q)i,gzxiwzdi, 1= 1,...,Nv, (= 1,,[/1} (5—13)

Let p be a discrete interpolation of the boundary data pp. We denote the classical multiscale
solution by p.s(t) with p,s(t) — p¥ € V, and such that

(OtPms, V) + a(Pms, v) = F(pms;v)  for all v € V. (5-14)
We construct the coarse-scale matrix of basis functions,
RE)F == [(I)i,b ceey (I)i,Li] ;

where ®; , was introduced in (5-12). We then define the coarse-scale stiffness matrix and
mass matrix by

Ag = RyAR; and My = RyM Ry, (5-15)

respectively. The coarse-scale load vector is given by b,,s = Rob. With this, we can define
the matrix coarse-scale nonlinear system associated to (5-14) as

MOatpmS + AOpms = bms(pms) (5—16)

This matrix problem is the GMsFEM coarse-scale version of the fine-scale matrix system
(5-8). Different time stepping methods could be implemented for either (5-8) or (5-16). We
could solve system (5-16) and then downscale the final time coarse-scale solution of this
matrix problem. However, the approximation may deteriorate as the time advances. We will
upscale (project on coarse space) residual vectors and downscale (to the fine-grid) coarse
solution at each time step. If hy denotes the time step, in order to compute the next time
solution p"(t + hy,) from the current time solution p"(t), we proceed as follows:

1. Fine-scale residual: Compute a fine-mesh residual (¢ + h;) using the information
from the previous time step. Computation of the residual only involves find-grid matrix
times find-grid vector products. It does not require solution of fine-grid linear systems
neither the computation of functions of fine-grid matrices.

2. Up-scaling: Perform up-scaling of the residual vector to obtain a coarse-scale residual:
H h
ro = Ror).

3. Coarse-scale solve: Solve the linear systems and/or function of matrices using
coarse-scale matrices Ag, My. Here, we obtain a coarse-scale vector representing either
the time increment w{! or the next time approximation of the solution pif(t + hy).
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4. Down-scaling: Compute the next time approximation on the fine grid by downscaling
the product of 3. above: here we have, p"(t + hy) = p"(t) + RYwl! or p"(t + hy) =
REpE(t + hy).

In the next section, we exemplify this procedure for finite difference and exponential inte-
gration time discretizations.

5.3 Time discretizations combined with GMsFEM spatial
approximation

We now solve the ODE matrix systems (5-8)-(5-16) in an interval I = [0, 7] with the proce-
dure described above. We consider a uniform partition {to, ¢y, ..., tp/} of I with element size
hi, = T'/M and approximate the coefficients p,,s(t) at the partition points.

5.3.1 GMsFEM finite difference (GMsFEM-FD)

For the FD method, we use the semi-implicit #-scheme,

pk+1 _ pk
M (h—> =0 (" — A"t + (1—0) (bF — ApY), (5-17)
k

where 6 € [0,1] and we call p* ~ p(t;). We obtain the following solution for p**!

P = (M + hp 0 A7 (M — hi(1— 0)A) p* + hy (1 — 0)6F + 0" (5-18)
where b¥ = b(p*). By taking 0 = %, we obtain the Crank-Nicholson scheme and by taking
0 = 1 we obtain the backward Euler method. The term b**! is unknown at each time step k
so we consider a predictor-corrector algorithm as follows. We set b+ = b* to predict pF*!

by solving (5-18) and obtain a new value of b**1 from it, then we use it to correct p**! by
solving (5-18) again. We can repeat this until we achieve the desired precision.

Remark 23. From our numerical experiments we found out that, in the presence of high-
contrast coefficients, the stability of the 6-scheme is deteriorated with the contrast, specially
for 6 < 1 due to the presence of the term (1 — 0)(b* — Ap*) on the right hand side of the
linear system in (5-18). For this reason we consider only the case @ = 1 with small enough
time step size.

As mentioned before, performing this calculation using fine-scale matrices is not practical
because this matrix system has a huge dimension and is very ill-conditioned. In particular,
for (5-18), we see that the computation of the linear system solution, (M + hy0 A)~! is
the real bottleneck for this method in terms of computational time. We propose the use of
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GMsFEM for the approximation of the solution of this linear system. Therefore, we arrive
to the GMsFEM-FD method

P = R{(Mo + hy 0 Ag) ' Ro (M — hi(1 = 0)A) p* + hy (1 — 0)6* +0b*)) . (5-19)

Note that, before using the GMSFEM approximation of the solution of the linear system,
we upscale the residue of the previous iteration to the coarse mesh. After computing the
solution in the coarse space, we downscale it back to the fine mesh. In summary, we perform
the following computation in each time step:

1. Fine scale residue: 7, = (M — hy(1 — ) A) p* + hy ((1 — 0)0F + b5+1),
2. Up-scaling of residue: rg = Ryry,

3. Coarse-scale solve: p’?l = (Mo + hy QAo)fer,

4. Downscaling of solution: pﬁ“ = ROTp’;{“.

5.3.2 Exponential Integrator (El)

We know consider the exponential integrator method for integration in time. From (5-16),
we derive the following equivalent system

{ op+ Np=F(p) in I,

p(0) = po, (5-20)

where N = M~*A, F = M~'b(p) and py = M ~'p.

We now use exponential integrators to solve (5-20). All this methods are based on the fol-
lowing integral representation of the solution of (5-20) which is called variation-of-constants
formula

hy
p(tk) = eihkNp(tkfl) —+ / €(T7hk)NF(p(tk,1 —+ S))dT. (5—21)
0

The main idea here is to find an approximation of the nonlinear term in the variational
formula by an algebraic polynomial. In the case of linear problems, the integral in (5-21) is
approximated using exponential quadrature rules. Taking s quadrature points ¢; € [0, 1], we
have

pr = e NP L Y T bi(~N)F, (5-22)

1=0

where p* ~ p(t}.), F; = F(tp_1 + c;hi.), and b;(2), satisfies the following recurrence relations
2bp(2) = €* — 1

1 1

(5-23)
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The coefficient b; can be rewritten as a linear combination of the p-functions,

z

wo(z) = e

! P! (5-24)

— (1-6)z do > 1
Z 6 b p pa. b

2ol2) /0 (p—1)!

which satisfy the following recurrence relation

o) =1 (- ). (5-25)

P p!
We can then construct the following iterative method. If we select one point ¢; € [0, 1], we
have by(2z) = p1(z) from (5-25) that e* = zp1(z) + 1, we obtain the following method

PP ="+ i (e N) (Fy — Np*1) (5-26)

In the case of semilinear problems, the construction of exponential integrators becomes more
intricate. This is due to the dependence of F' on p, which necessitates the use of internal
stages to approximate the solution at various integration points. For a detailed description of
the construction of exponential integrators of Runge-Kutta type, we refer to [41]. However,
in this article, we focus specifically on the lowest order Exponential Runge-Kutta method.
In equation (5-21), we approximate I’ by employing the value of the solution at the previous
time step, denoted as F¥~1 = F(p*~!). By using this approximation, we derive the following
time-marching scheme

pF ="+ hypi (= N) (FF71 — NpFt) | (5-27)

which is called, the Exponential Euler method.
Observe that the classical eigenvalue problem ( [39, 45])

—heNg = Aqg,
is related to the generalized eigenvalue problem
—hiAqg = A\Magq.
Since M and A are symmetric and positive definite and N = M 1A we factor
—hN = QDQ ™",

where the columns of ) are the eigenvectors of —hpN or the generalized eigenvectors of
—hi A with respect to M. The matrix D is the diagonal matrix of eigenvalues of —h; N that
are also the generalized eigenvalues of —h; A with respect to M. Given that the eigenvectors
¢; are orthonormal with respect to the inner product (u,v)y = u? Mv, we have

QTMQ = 1.



84 5 GMSFEM and EI

Now, using Q! = QT M, we rewrite
—heN = QDQT M. (5-28)
Using (5-24) and (5-28), we obtain

ep(—hiN) = Qp,(D)QT M. (5-29)
If we use this in (5-27), we obtain

PF ="+ Qi (D)QTM (F*' — Np*)

= 1 Qe (D)QT (MF* — At 30

As before, the implementation of this iteration using fine scale matrices is inadequate
due to the very large computational time needed to numerically approximate the matrix
functions. Instead, we use a GMsFEM approximation of the eigenvalue problem to speed
up the computations of the ¢-functions. As a result, we obtain the GMsFEM-EI iteration.
In particular we propose the approximation

‘Pp<_hkN) ~ ROT@p(_hkNO)Roa (5-31)

where Ny = My ' A with Ay and M, defined in (5-15). The associated eigenvalue problem
is

—hxAoqo = AMogo  or  — h.Ng = QoDoQf M. (5-32)

Here, @)y is the matrix whose columns are GMsFEM-coarse-scale eigenvectors. Note that we
apply the approximation in (5-31) to a fine-scale operator. Given the previous time fine-scale
approximation, we first upscale the residual vector to the coarse space, then use the function
computed at coarse resolution in the GMsFEM space, and finally, we downscale the result
to the fine-grid. For instance, the approximation of the iteration in equation (5-27) using
the GMsFEM-EI iteration is given by

p* ="+ R o1 (—hi No) Ry (F*~" — Np*1) . (5-33)

Note that we can use any other procedure to compute p1(—hiNg). In terms of the coarse
approximation of eigenvectors and eigenvalues in (5-32) we get

p" ="+ M RE Qo1 (Do)QF Ry (MFF1 — Aph1). (5-34)
In summary we compute as follows
1. Fine scale residue: r, = MFF1 — ApF—1,
2. Up-scaling of residue: rg = Ryry,

3. Coarse-scale function of matrix: 0% = Qo1 (Do) Q¥ rs,
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4. Downscaling of solution: pi™' = pf + REsHH.

For the computation of ¢-functions, we use two different methods. The first one is the pro-
cedure described in (5-34) that requires the computation of a coarse-scale global generalized
eigenvaluen problem. Note that the corresponding fine-scale formula in equation (5-30) will
require the computation of a fine-scale global generalized eigenvalue problem involving large
sparse and ill conditioned operators. The second method employs the MATLAB package
called EXPINT. It is presented in [8] and uses Padé approximations.

Remark 24. Since we are going to solve the time evolution on the coarse space, as initial
condition we use the orthogonal projection of the initial condition

Po = Ry My ' RyMpo. (5-35)
That is, we solve the approrimated initial condition problem

p(O) = Po-

5.4 Numerical examples

We now consider a high-contrast coefficient example. With this example we want to show
the effects of the contrast in the stability of the EI approximation. Our reference solution is
obtained in the fine-mesh using implicit Euler scheme with a small enough time step size.

5.4.1 Linear problem

We consider the problem,

Oyp — div(k(z)Vp) =0 in Q=013
p(0, 21, 15) = (1 — x1)xo(1l — 1), (5-37)
p(t, 1, x9) = on o1,

where the high-contrast coefficient « is depicted in Figure 5-1. We consider the case where

the value of the contrast is set to 100.
The initial condition is given for the following function,

w(0, 21, 22) = x1(1 — 1) x2(1 — 22), for all (zq1,25) € Q. (5-38)
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Figure 5-1: High-contrast coefficients used in the numerical experiment. High-conductivity
channels in black color. In our numerical experiments we use coefficients of
background 1 and high-contrast value 102
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Figure 5-2: Final time (7" = 0.2) solution for problem (5-37). Computed solution using the
MsFEM-FD with 6 basis functions in each neighborhood and 50 times steps
(left). Computed solution using the MsFEM-EI with 6 basis functions in each
neighborhood and 50 times steps (center). fine mesh solution with 30000 time
steps (right).
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Figure 5-3: The weighted L? and H! errors between the reference and the coarse-scale
solution at the final time 7" = 0.2 for problem (5-37). The horizontal axis
corresponds to the number of basis functions in each neighborhood used in the
GMsFEM coarse spaces.

FD % Error EI (eig) % Error EI (EXPINT) % Error

L 2 m 2 ml 2 ml

1 73.1 75.0 80.6 81.5 80.6 81.5
2 26.3 36.5 40.6 45.5 40.6 45.5
3 0.2 21.6 214 28.2 214 28.2
4 5.1 19.4 13.5 20.7 13.5 20.7
D 12.8 18.6 6.1 12.7 6.1 12.7
6 15.5 18.8 3.6 9.4 3.6 9.4

Table 5-1: The weighted L? and H! errors between the reference and the coarse-scale so-
lution at the final time 7" = 0.2 for problem (5-37). In the last column we have
added the relative error when the matrix functions are computed using MatLab
expint.

5.4.2 Semilinear problem with low contrast

We consider the problem,

Op — div(k(z)Vp) = —p(1 —p)(1 +p) in  Q=[0,1]%
p(0, 21, 22) = 21(1 — 21)22(1 — 22), (5-39)
p(t, 1, 12) =0 on o9,

where the high-contrast coefficient « is depicted in Figure 5-1. We consider the case where
the value of the contrast is set to 10.



88 5 GMSFEM and EI

The initial condition is given for the following function,

(0, z1, x9) = (1 — 21)x2(1 — 22), for all (z1,22) € Q. (5-40)

Solution p& by FD 104 Solution plS) by EI <10 Solution in fine mesh with FD 10+

1 2.1872 2.1872 1 2.1872
1.7498

075 1.7498 17498 (oo
1.3123 1.3123 1.3123

= 05 > 05
0.8749 0.8749 0.8749

0.25
0.25 0.4374 0.4374 0.4374

0 0 0 0 0
0 025 05 075 1 0 025 05 075 1
x x

Figure 5-4: Final time (T" = 0.2) solution for problem (5-39). Computed solution using the
MsFEM-FD with 5 basis functions in each neighborhood and 50 times steps
(left). Computed solution using the MsFEM-EI with 5 basis functions in each
neighborhood and 60 times steps (center). fine mesh solution with 30000 time
steps (right) and contrast 10.

0 025 05 0.75 1
T

Relative error for FD and EI
70 T T T T

—A— L2 error (FD)
—oe— H} error (FD)| |

L2 error (EI)
—k— H error (EI)

60 |

50

40 r

Error

30

20 r

10 1

t 2 s 4 5 s

Number of multiscale basis on each neighborhood

Figure 5-5: The weighted L? and H! errors between the reference and the coarse-scale
solution at the final time 7" = 0.2 for problem (5-39). The horizontal axis
corresponds to the number of basis functions in each neighborhood used in the
GMSsFEM coarse spaces and contrast 10.
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FD % Error EI (eig) % Error EI (EXPINT) % Error

L 2 Hl 2 il 2 HL

1 44.62 50.26 62.84 64.73 62.84 64.73
2 18.81 31.56 42.83 46.38 42.83 46.38
3 2.13 21.45 28.03 32.83 28.03 32.83
4 4.33 22.94 24.96 29.99 24.96 29.99
) 14.98 24.56 16.00 21.44 16.00 21.44
6 21.76 27.04 10.39 15.72 10.39 15.72

Table 5-2: The weighted L? and H' errors between the reference and the coarse-scale so-
lution at the final time 7" = 0.2 for problem (5-39). In the last column we have
added the relative error when the matrix functions are computed using MatLab
expint and contrast 10.

5.4.3 Semilinear problem with high contrast

We consider the problem (5-39), where the high-contrast coefficient x is depicted in Figure

5-1. We consider the case where the contrast value is set to 100.
The initial condition is given for the following function,

(0, x1, x9) = 1 (1 — 21)x2(1 — 29), for all (z1,z2) € . (5-41)

Solution psﬁ by FD %105 Solution pggg by EI %105 Scilution in fine mesh with FD .10

1 9.7071 1 9.7071 9.7071

7.7656

0.75 0.75
5.8242

> 05 = 05
3.8828

0.25 0.25
1.9414

0 0 0

0 025 05 0.75 1
T

Figure 5-6: Final time (7" = 0.2) solution for problem (5-39). Computed solution using the
MsFEM-FD with 5 basis functions in each neighborhood and 50 times steps
(left). Computed solution using the MsFEM-EI with 5 basis functions in each
neighborhood and 60 times steps (center). fine mesh solution with 30000 time
steps (right) and contrast 100.

7.7656 7.7656

5.8242 5.8242
3.8828 3.8828

1.9414 1.9414

0
0 025 05 0.75 1 0 025 05 0.75 1

T x

0
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Relative error for FD and EI

—A— L2 error (FD)
—e— H error (FD)
L2 error (EI)

—&— H error (EI)

60

40

Error

201

2 s 4 s s 7

Number of multiscale basis on each neighborhood

Figure 5-7: The weighted L? and H! errors between the reference and the coarse-scale
solution at the final time 7" = 0.2 for problem (5-39). The horizontal axis
corresponds to the number of basis functions in each neighborhood used in the
GMSsFEM coarse spaces and contrast 100.

FD % Error EI (eig) % Error EI (EXPINT) % Error

L, 2 H! 2 HL 2 Hl

2 62.88 65.52 78.79 79.48 78.79 79.48
3 22.31 33.88 50.56 53.14 50.56 53.14
4 2.88 24.15 33.97 37.46 33.97 37.46
5) 10.88 26.08 26.41 30.81 26.41 30.81
6 19.47 29.08 19.78 24.54 19.78 24.54
7 26.72 32.70 14.20 19.09 14.20 19.09

Table 5-3: The weighted L? and H'! errors between the reference and the coarse-scale so-
lution at the final time 7" = 0.2 for problem (5-39). In the last column we have
added the relative error when the matrix functions are computed using MatLab
expint and contrast 100.

5.4.4 Semilinear problem withmedium SPE10

We consider the problem (5-39), where the high-contrast coefficient x is depicted in Figure

4-5. We consider the case where the contrast value is set to 100.
The initial condition is given for the following function,

w(0, 21, 22) = x1(1 — 1) x2(1 — 22), for all (zq1,z5) € Q. (5-42)
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Solution p'®) by FD 10 Solution p!S) by EI

1 4.9123 1
3.9298

0.75 0.75
2.9474

> 05 > 05
1.9649

0.25 0.25
0.9825

0 0 0

0 025 05 0.75 1 0 025 05 0.75 1
z T

%107
4.9123

3.9298

2.9474

1.9649

0.9825

0

Solution in fine mesh with FD 104

1
0.75
= 05
0.25
0
0 025 05 0.75 1
T

4.9123

3.9298

2.9474

1.9649

0.9825

0

Figure 5-8: Final time (7" = 0.2) solution for problem (5-39). Computed solution using the
MsFEM-FD with 5 basis functions in each neighborhood and 50 times steps
(left). Computed solution using the MsFEM-EI with 5 basis functions in each
neighborhood and 50 times steps (center). fine mesh solution with 30000 time

steps (right) and contrast 10.
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Relative error for FD and EI
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Error
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Number of multiscale basis on each neighborhood

6

Figure 5-9: The weighted L? and H! errors between the reference and the coarse-scale
solution at the final time 7" = 0.2 for problem (5-39). The horizontal axis
corresponds to the number of basis functions in each neighborhood used in the

GMSsFEM coarse spaces and contrast ten.
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FD % Error EI (eig) % Error EI (EXPINT) % Error

L, 2 H 2 H 2 HY

1 17.88 30.69 36.93 41.60 36.93 41.60
2 2.42 20.92 21.17 27.13 21.17 27.13
3 7.92 20.60 15.29 21.47 15.29 21.47
4 10.03 20.63 13.39 19.57 13.39 19.57
> 16.07 21.43 8.06 13.82 8.06 13.82
6 19.39 22.32 5.12 10.16 5.12 10.16

Table 5-4: The weighted L? and H! errors between the reference and the coarse-scale so-
lution at the final time 7" = 0.2 for problem (5-39). In the last column we have
added the relative error when the matrix functions are computed using MatLab
expint and contrast 10.
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In this thesis, the Generalized Multiscale Finite Element Method (GMsFEM) was studied,
an error analysis was presented, and two importants applications in which this method is an
ideal for efficient approximation are studied. These applications are important because, with
these, we show that the GMsFEM is flexible enough to be applied to non-linear problems
and variational inequalities as well as exponential integration. When using FEM and the
coefficient is of high-contrast, one of the problems is that the system is poorly conditioned
and unstable in time due to the discontinuities of the medium. When using the GMsFEM,
basis functions are constructed from local eigenvectors, which gather essential information
about the high-contrast medium. This enables the reduction of the system while maintaining
good accuracy.

In the first chapter, we study some crucial topics to start the investigation: Finite Element
Methods (FEM), maximal operators, the method of duality, Yosida’s approximation and
exponetial integrator. For the second chapter, we obtained error estimates for the GMsFEM
approximation of high-contrast multiscale problems. This construction uses local Neumann
eigenvectors in each neighborhood and Dirichlet eigenvectors in each cell to construct finite
element basis functions. The analysis is based first on the construction of eigenfunctions and
the definition of the norms used for the error estimates, where they measure the decay of the
expansion of the solution in terms of local eigenfunctions. The norms in the interpolation
error estimates can be bounded by the L, norm when rescaling the forcing term. For the
analysis, we assume that the solution can be approximated by the sum of two functions,
one with zero flux through the coarse block boundaries and the other with zero value at the
coarse block boundaries. This assumption is easily verified for classical regular problems.
The introduction of this assumption allowed us to extend and simplify the convergence anal-
ysis.

One of the applications studied is the high-contrast multiscale free boundary dam problem,
see Section 4-1; the first thing is that the initial problem is an inequality with multivalued
operators; here, it is crucial to apply the duality method that by building a convenient La-
grangian rewrites the initial problem into a simpler one; now, the problem is that the system
obtained is multivalued, this is when we can use Yosida’s approximation to get a system
of single-valued equations which are going to be solved using the fixed-point method since
FEM would have to be done in each iteration if the system is large and illconditional the
process becomes very slow. By using the GMsFEM, results were achieved more efficiently
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and with an acceptable error.

A second application is the solution of a parabolic equation combining the GMsFEM and
the method of exponential integrators. The Exponential Integrators (EI) method has many
advantages as it does not require many iterations to reach the final simulation time com-
pared to other methods, for example, the finite difference method. One of the problems in
exponential integrators have is that their calculation is complicated since it involves calcu-
lating the exponential of a vary large and ill conditioned matrix. When the system is large,
the calculation becomes quite complicated. The GMsFEM is applied for the residue of the
EI formula; that is, the matrix is project to the coarse mesh to calculate the exponential of
the matrix then, and then it is sent back to the fine mesh to calculate the iterations of the
EI. Finally, the error calculation is compared with finite differences, using tiny time steps to
obtain a reasonable estimate of the error.

As we see from these applications studied in this work, an essential contribution of using
the GMsFEM is when we have to do post-processing or find solutions in each iteration of a
numerical method since it reduces the computational cost of all these processes, in addition
to reducing instability and poor conditioning of the system when we are working with high
contrast coefficients.

6.1 Future work

In the future, many different applications and adaptations can be made concernig the GMs-
FEM; one of them that is currently under investigation is the partial differential equation
model of resin transfer molding in [51]. We interpret the model as a time-dependent free
boundary problem. We apply a time discretization combined with a duality method to
deal with nonlinear multivalued terms, [10, 49] . The final solver can be understood as a
fixed-point iteration to compute the time step changes to simulate time evolution. This
approach was combined with generalized multiscale finite element methods to approximate
a heterogeneous dam problem in [7, 13].

6.1.1 A free boundary problem

We consider a bounded two dimensional rectangular domain D and let 0D = I'y U, UT'sUT'y
denote its boundary, where I'; is the inlet, I's and I's is the perfectly sealed boundary, and
I'y is the outlet. See Figure 6-1

%_dw(ﬁvp):a p>0, 0¢H(p) (6-1)
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where H(-) denotes the multivalued Heaviside operator, so that for positive pressure (p > 0)
the porous media is fully saturated (f = 1) and 6 € [0,1) when p = 0 in the non saturated
region. Here, ¢ and k are the porosity and permeability of the porous media. In order
to pose the strong formulation of the free-boundary problem, the set of equations (6-1) is
completed with the following boundary conditions:

e p=p;only,

e p=0in I'y,

° (I@'Vp) n>01in Iy,
.<—mv@-n:0nn3ur&

In previous equations m represents the unitary outwards normal vector to the boundary dD.

I

I3

Figure 6-1: Domain configuration illustration. The edge I'; is the inlet boundary. The edges
I's and I's represent impermeable boundaries and I'y is the outlet boundary.

We assume that the domain D is the union of finitely many sub-domains, that is,

Ng
D=|]JD;,
=1

where {D;} is a non-overlapping decomposition of D. The permeability coefficient can be
written as,
k(z) = ki(z) for x € Dy,

i=1,2,...,Ng, where k; is a bounded smooth function (that may have oscillations) in D;.

Time discretization

For the purpose of the time discretization, we introduce an uniform finite differences time
mesh with points tg,tq,...%y, and a constant time step 6t. Next, we introduce a forward in
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time approximation of the total derivative by the method of characteristics. More precisely,

if we use the notation f"(x) = f(t", z) for n =0, 1, 2,..., at each time ¢"™! we obtain the
strong formulation of the problem discretized in time,

p(n+1) _ g(n)

———— — div(eVp ) =0, prr > 0,00 € Hp ), (6-2)

where the index n 4 1 denotes the approximation at the artificial time t"*! of the introduced

time dependent functions.
In order to write a weak form of the problem, we introduce the following functional spaces:

o V. =HYD)N[v[r, <0] ={¢ € H(D);¥|r, = 0;4|r, <0},

e Vo=H,(D,Ty)={ve HY(D) : v|r, = 0} and note that V; C V_,
e V. =H'D)N v, >0],

o V_=HY(D)N[v|r, <0],

o W,=HYD)N[v|r, = a],

o Wo=H'D)N[vlr, =0].

Next, for ¢ € V_ such that ¢ = 0 on I'y, we get the weak formulation of the problem:
Find p*) e Von W, NV, = VN W, and 6" € L>(D) such that

/ (07 = 0) (¢ — p™*) + 6t / RVPTIV (6 — pth) 2 0, (6-3)
D D

jointly with
9(n+1) c H(p(nJrl))

Consider now the indicatrix function of the convex set V_ defined over H'(D) by

{ 1 vel.,

Iv.(v) = +oo v V..

Note that Iy is a convex semicontinuous function which implies that the subdifferential
operator Ol is a well defined maximal monotone multivalued operator. Moreover, the
multivalued operator 0l can be characterized as follows:

a € 0ly (u) <= Iy (v) — Iy _(u) > {a,v — u), (6-4)

for allv € H'(D). Here (-,-) denotes the duality pairing between H'(D) and its dual space.
Therefore, if we define

<—L(p(n+1)), ¢ . p(n+1)> _ /D(g(n—i-l) . 9(n))<¢ _pn+1>+

+ 5t/ kVp IV (¢ — pth),
D
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then from inequality (6-3) and the definition of the indicatrix function we get

/(9(n+1) _ g(n))((b —p”“) + 51&/ KVp (n+1) V(¢ _pn+1)+
D D

+ Iy (¢) — Iy_(p"*Y) > 0,
or, in compact notation,

(L(p" ), ¢ — p"™y + Iy _(¢) — Iy— (") > 0,

for all ¢ € Wy = H'(D) N [vlr, = 0]. Moreover, the previous inequality implies that
)-

L(p"*V) € 0Iy_(p™*1)). Therefore, we can introduce the new variable

q(n+1) — L(p(n-l-l)) with q(’rH-I) c a]V, (p(n—i-l))

Note that we can identify H'(D) with the sum H'/2(0D)@® H} (D) and therefore we can iden-
tify the dual space of H'(D) with H~'/2(0D)@® H~'(D). Using this representation, equation
(6-4) and the fact that p"*1 € VoNW, we can write the time discretized problem at step n as:

Find p*) € V, N W, and 6! € L>(D), such that

/ 0V + 6t / kVp" IV ¢
D D
ot / (g = / o (6:5)
Iy D

for all ¢ € Wy, jointly with the following multivalued nonlinear equations

g™t € oIy (ptY), (6-6)
0(n+1) cH <p(n+1)) ]

A duality method for nonlinear terms

In order to solve (6-5)-(6-6), we follow the methodology used in [9, 49] to deal with nonlinear
terms associated to multivalued operators in (6-6). These techniques are based on duality
methods for nonlinear maximal monotone operators and are here applied to the multivalued
Heaviside and subdifferential operators. In the seminal article [10], this duality methods
have been introduced for solving variational inequalities.

For this purpose, we first recall the concept of Yosida approximation. Let G be a maximal
monotone operator and let w and A be non-negative real numbers such that wA < 1. The
resolvent of G is defined by,

= (1 —wA) +2G)!

Next, we introduce the Yosida approximation of G — wI of parameter A, which is defined by

I—Jy
GY = /\A.
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As recalled in [49], it can be proved that u € G(y) — wy is equivalent to u = G{(y + Au),
for further details see also the seminal article [10]. Note that the first expression is written
in terms of the multivalued operator while the second one is a nonlinear equation for u in
terms of an univalued Yosida operator.

Next, in terms of the non-negative parameters w; and ws, we introduce the new variables

a(n—f—l) (n+1) (n+1)

=q —wip and  pOHY = gt _ ) pntl), (6-7)

Therefore, from (6-6) we have
a(n+1) c 8[\/7 (p(n+1)) _ w1p("+1),

and
B(n—i—l) c H(p(n+1)> i w2p(n+1)'

We can then write the variational formulation in terms of the new variables in the form

/ (BT wyp" ) p 4 5t/ KV IV (6-8)
D

D

+6t/ (™) 4w pmt))g = /0(”)¢
T'a D

Next, using the previous characterization of the elements of the multivalued operator G —wl
in terms of the its Yosida approximation for the particular cases G = 0l and G = H, the
variational formulation can be equivalently written in the form

/ Kvp (n+1) v¢+ / (n+1)¢+w1/ p(n+1)¢
D (St Ty

),
_ e(n) - _/ ﬁ(n+1)¢ . a(n+1)¢’ 6-9
with
a(n+1) _ (a[ ) ( (n+1) +)\ OénJrl) (6—10)
and
/B(n-l—l) _ H;};(p(n—‘rl) + /\2671—1-1). (6—11)

Following [49], we propose to solve (6-9), (6-10) and (6-11) numerically using a fixed point
iteration as described in the next paragraphs.

Given o™t 3("+1) and 6™ we solve equation (6-9) for the pressure and denote the solution
by p (n+1)
equations

E(a(”“), B 9M). So, schematically, we have the following system of coupled

o™+ — (91, )i (L(amHD, g+D gy 4\ o7+ (6-12)
Bty — He (L(a(”+1),ﬂ("+1),9(n)) + )\QB"H) ) (6-13)
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Using the results in [49] it can be seen that, given (™| this system can be solved by a fixed
point iteration. To start the fixed point iteration we use previous values of a(™ and ™.
The value of 8" can be updated using (6-7).

For the spatial discretization of the linear problems arising at each step of the fixed point
iteration, we consider Finite Elements Methods. For this purpose, let 7" be a triangular
partition of the domain D such that it resolves the variation of the permeability coefficient .
Consider V' the finite element space of piece-wise linear (or bi-linear) finite elements defined
on the mesh 7". At each step of previous iteration, the fully discretized problem can be
written in terms of the solution of the following linear system:

1 1
EMQ(”) — ﬁMW“) — Mp,a™*Y, (6-14)

Y2 M + w1MF4> pUtY =

<A+ 5t

In the linear system (6-14), we introduced the following matrices,

A= [aij} with aij = / 5v¢iv¢j7

D

M = [mw] with mg; = / ¢i¢j,
D
and

Ty

Note that at each step n of the algorithm we recursively solve the linear system (6-14)
and update the terms ot and "' in the second member by using (6-12) and (6-13),
respectively. In practice, in the numerical examples in a forthcoming section, we consider
Al = Ay = 1 and w; = wy = 0.5, so that we fullfil the condition \;w; = 0.5, as in [49].
Note that this condition allows to prove the convergence of the fixed point iteration in [10]
for a variational inequality problem. Also, for an elastohydrodynamic problem in magnetic
storage devices the convergence is theoretically proved under the same condition in [5]. We
also mention that the number of fixed point iterations is chosen to be a constant number
independently of the time step iteration.

The idea is to solve (6-14) using the GMsFEM methodology exactly as in Chapter 4. This
is under current research.
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