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ABSTRACT

This thesis is divided in three main parts. In the first part we provide a theoretical method to
determine the existence of the limit of a quotient of polynomial functions of three variables. An
algorithm to compute such limits in the case where the polynomials have rational coefficients, or
more generally, coefficients in a real finite extension of the rational numbers is also described.

In the second part, for any finite abelian group G, we present an exact formula to count the G-
graded twisted algebras satisfying certain symmetry condition.

Finally, in the third part we describe an algorithm to compute the F-rational locus of an affine
algebra over a field of prime characteristic p > 0 by computing first its global test ideal. As a

consequence we deduce the Openness of the F-rational locus, a result originally proved in [27].



Part I

LIMITS OF QUOTIENTS OF RATIONAL POLYNOMIAL
FUNCTIONS OF THREE VARIABLES



1. INTRODUCTION

Algorithms for computing limits of functions in one variable are studied in [15]. Similar algorithms
have been developed in [13], [14]. On the other hand, computational methods dealing with classical
objects like power series and algebraic curves have been developed by several authors during the last
two decades [6], [11]. In [5] a symbolic computation algorithm for computing local parametrization
of analytic branches and real analytic branches of a curve in n-dimensional space is proposed.
Necessary and sufficient conditions for the existence of limits of the form lim g, ) (0.5) f (7, y)/9(z, y)
are given in [1], under the hypothesis that f and g are real analytic functions near the point (a,b),
and g has an isolated zero at (a,b). The authors give a criterion which could be implemented in a
computer algebra system in the case where f and g are polynomials with rational coefficients, or
more generally, with coefficients in a real finite extension of the rationals.

We generalize the methods developed in [1]. A theoretical method for determining the exis-
tence of limits of the form lim, y )~ (ab,c) f(2,¥,2)/9(2,y, 2), where f and g are polynomials with
rational coefficients, or more generally, with coefficients in a real extension field of Q, defined as
in [1], page 203 is developed. The problem is solved by reducing to the case of functions of two
variables. We use Lagrange multipliers, as it appears in Proposition 1, pag 199 of [1], but for the
case of functions defined on a hypersurface. The final reduction to the two dimensional case is
achieved by using the fact that any algebraic curve is birational to a plane curve, and therefore
locally isomorphic. For this, we need a constructive version of this theorem.

A high level description of an algorithm for determining the existence of the limit as well as its
computation is provided. The main result is summarized in Theorem 2. Proofs are provided in a

constructive manner making it possible to implement the method in an algorithmic way.



2. PRELIMINARIES

2.1 Dimension of algebraic sets and the singular locus

Given an ideal I C R[zy,...,x,], V(I) will be denote the complex affine variety cut by I, in other

words, it is the set of complex zeros of polynomials of I.

However, in this thesis when we talk about the dimension of V(I), we are actually taking about

the dimension of V(I) as an algebraic set, that is to say,

dim(V (1)) = dim(R[xy, ..., 2z,] /).

When P C Rxy,...,2,] is a prime ideal, it is well known that the dimension of the integer domain
Rlz1,...,2,]/P coincides with the transcendence degree of the field extension R C R(x, y, z), where
R(z,y, z) denotes the fraction field of R[z,y, z]/P. The transcendence degree of a field extension
K C L is denoted by trdegy L, and it is defined as the cardinal of the maximal algebraically
independent subset S C L such that K(S) C L is an algebraic field extension.

Therefore, the dimension of V' (P) defined as above is such that

dim(V(P)) = trdeggR(z, y, 2).

Now we focus in a particular case that will be very important in the development of the first part
of this thesis.

Suppose that X C C? is an affine variety cut by a prime ideal P C R[z,y,2] and such that
dim(V (P)) = 2, that is to say, dim(R[z,y, z]/P) = 2.

This implies that P C Rz, y, 2] is a prime ideal of height 1 and hence, P = (h) where h(z,y,z) €
Rz, y, 2] is a real irreducible polynomial. Therefore X = V(h).

Definition 1. With the about notation, we define the singular locus of X = V(h) as the complex
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affine variety cut by the ideal Is = (h, dh/dz,Oh/0y, Oh/0z) C Rlz,y, z]. The singular locus of X
is denoted by SingX.

Remark 1. The dimension of SingX is smaller than the dimension of X.

Proof. Notice that Oh/0xz ¢ (h), since the degree in the variable a of Oh/0x is less than the degree in
the variable z of h. Therefore, (h) C Is what implies that dim(R[z, y, z]/Is) < dim(R[z,y, z]/(h)).
Hence, dim(SingX) < dim(X). O

2.2 Discriminant variety

The existence of lim(,y .y~ (ab,c) f(%,¥,2)/9(2,y,2) is obviously independent of the particular
choice of local coordinates. Hence, by a translation, there is no loss of generality in assuming
that (a,b,c) is the origin. Our objective is to compute
f(x7yﬂz) (2.1)
(2,y,2)—(0,0,0) g(z, Yy, 2)

where f(z,y,z) and g(z,y,2) are rational polynomial functions, and ¢ has an isolated zero at
(0,0,0). If g(z,y, 2) = f(z,y,2)/9(x,y, 2), we define the discriminant variety X (q) associated to g
as the variety cut by the 2 x 2 minors of the matrix

A= " Y ° . (2.2)

0q/0x 0q/0y ODq/0z
Notice that the 2 x 2 minors of A has the form x;0q/0x; — x;0q/0x; which are not polynomial
functions, however, as ¢ = f/g then
zi(g0f/0x; — fOg/0x;)  x;(90f/Ox; — fOg/0x;)
g2 g9?

and therefore if we define f,, ., = x;(90f/0x; — fOg/0x;) — x;(90f/0x; — fOg/0x;) then X (q)

means the affine variety cut by the polynomial ideal

x;0q/0x; — x;0q/0x; =

J = (fa;,yy fm,zv fy,Z)

The following proposition states that in order to determine the existence of the limit (2.1), it

suffices to analyze the behaviour of the function ¢(z,y, z) along the discriminant variety X (q).

Proposition 1. The limit lim(, , .y0q(z,y, 2) evists and equals L € R, if and only if for every
€ > 0 there is 6 > 0 such that for every (x,y,z) € X(q) with 0 < |(x,y,2)| < & the inequality
lg(z,y,2) — L| < € holds.
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Proof. The method of Lagrange multipliers applied to the function ¢(z,y, z) with the constraint
22 +y%+ 22 = r? where r > 0, guarantees that if C,.(0) = {(z,y,2) € R® : 22+ 4%+ 22 = 72} then
the extreme values of ¢(z,y, z) on C,(0) are achieved among those points p = (a,b,c) € C,(0) for
which (0q/0x(p), 0q/0y(p), 0q/0z(p)) = A(a,b, c), and therefore among points of X (q).

Suppose that given e > 0 there is 6 > 0 such that for every (z,y,z) € X(q) N D} the inequality
lg(z,y,2) — L| < € holds, where D} = {(z,y,2) eR® : 0< \/m < ¢}. Let (z,y,2) € Di
and 7 = /22 + y2 + 22. If t(r), s(r) € C,(0) are the maximum and minimum values of ¢(z,y, 2)
subject to C,.(0) respectively, then

q(s(r)) — L < q(z,y,2) — L < q(¢(r)) — L.

As t(r),s(r) € X(¢) N Cr(0) C X(q) N Dj, then —e < ¢(s(r)) — L and ¢(t(r)) — L < € and therefore
lg(z,y,2) — L| <e

The reciprocal is clear. O

2.3 Algebraic plane curves

In this section we present some results that allow us to prove that every irreducible algebraic curve
is birationally equivalent to an irreducible plane curve, a result that plays a very important role in
this chapter since it is the main argument in the reduction to the case of bivariate functions.

In this section by an irreducible algebraic curve we mean a complex affine variety X C C™ cut
by a prime ideal P C R[zy,...,2,] and such that dim(X) = 1, where remain that dim(X) =
dim(R[z1,...,z,]/P).

Proposition 2 (Existence of primitive elements). Let K be a field of characteristic zero, L a

finite algebraic extension of K. Then thereis z € L such that L = K(z).

Proof. As L is a finite extension of K then L = K(z1,...,z,) for some xz1,...,2, € L.

We argue by induction on n.

The case n =1 is trivial. Now we discuss the case n = 2.

Suppose that L = K(x,y) where z,y € L\K. As z and y are algebraic over K, there are monic
polynomials F(t), G(t) € K[t] such that F(x) =0 and G(y) =0. We factor F(t) and G(t) in
some extension L' D K, say F(t) = Hle(t —x;) and G(t) = Hj:l(t —y;) with z;,y; €
L'. Suppose that x =21 € L' and y=y, € L. As z,ye L’ then L C L.

As K is an infinite field there is some A € K such that xz; + Ay; # x; + Ay, for all @ # ¢

and j # [. Note that it is possible to choose such A since it is enough to take A # ﬁ for
J
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all t=#1¢ and j #I.

We claim that L = K(z), where z =z + \y.

In fact, consider H(t) = F(z — AXt) € K(z)[t]. Note that H(y) = 0 since H(y) = F(z) =
0 and H(y;) # 0 for j # 1since H(y;) = F(z—Ay;) and z—Ay; = o+ Ay — Ay; #
xz; forall ¢ #1 since x+ Ay # x; + Ay; for all 4,5 # 1. Therefore the maximum common
divisor (H(t),G(t)) =t —y € K(2)[t], thus y € K(z) and hence L = K(z). Now suppose
that L = K(x1,...,2,) = K(x1,...,2,-1)(z,). By the induction hypothesis K(z1,...,z,-1) =
K(M\z1 + -+ M—12p-1) for some \; € K and by the argument used for the case of two
variables we have that L = K(AMz1+- -+ \o1Zp—1)(zn) = k(Mz1 4+ -+ Apo12n—1 + Apxy,) for
some A, € K. O

Remark 2. From the proof of the above proposition, we can deduce that given K a field of charac-
teristic zero and L = K(y, z) a finite algebraic extension, it is always possible to find A € K such

that L = K (y + Az). Furthermore, the set {\ € K : K(y + \2) # K(y, 2)} is finite.

Corollary 1. Let X C C™ be an irreducible algebraic curve and let R(z,y,z) be the quotient
field of the integer domain R[X,Y,Z]/P. Then for any u € R(z,y,z) \ R which is not
algebraic over R, R(x,y,z) is algebraic over R(u) and there is an element v € R(z,y,z) such

that R(z,y,z) = R(u,v).

Proof. As X is an irreducible algebraic curve then dim(X) = trdeggR(z,y,2) = 1, therefore
there is w € R(x,y,z) such that R(z,y, z) is algebraic over R(w). Take u € R(x,y, z) \ R such that
u is not algebraic over R. Since u is algebraic over R(w) there is a polynomial F(t) € R(w)[t] such
that F'(u) = 0. Cleaning denominators we have a polynomial F(s,t) € R[s,t] such that F(w,u) =
0. As wu is not algebraic over R the variable s has to appear in F(s,t), hence w is algebraic
over R(u). Now as R(z,y,z) is algebraic over R(w) then R(z,y,z) is algebraic over R(w,u).
(R(w) C R(w,u) C R(x,y,z)), thus we have R(x,y,z) algebraic over R(w,u) and R(w,u) =
R(u)(w) algebraic over R(w), which implies R(z,y,z) algebraic over R(u).

On the other hand, as R is a field of characteristic zero then R(w) has also characteristic zero.
Now, as R(z,y,z) is algebraic over R(u) and finitely generated over R(u), by Proposition (2)
there is v € R(z,y,2) such that R(z,y,2) = R(u,v). O

The following theorem states that every irreducible algebraic curve is birationally equivalent to
an irreducible plane curve. It is a well known fact. Notwithstanding, we include a constructive

proof, since we shall need it in the next section.
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Theorem 1. Let X be an irreducible algebraic curve X in C3 passing through the origin. Then,
there exists an irreducible algebraic plane curve Y C C? crossing the origin, and a morphism of

varieties p: X — Y such that:

1. The map p is a birrational isomorphism that can be explicitly constructed.

2. There are open neighborhoods of the origin, in the Zariski topology, Xo C X and Yy C Y such

that the restriction plx, : Xo — Yy is an isomorphism sending O € Xy into O € Y.

Proof. Suppose that X = V(P) where P C R[X,Y, Z] is a prime ideal. Since X is an irreducible
algebraic curve, then by definition dim(X) = dim(R[X,Y, Z]/P) = 1. Denote by R(z,y, z) to the
fraction field of R[X,Y, Z]/P. Recall that dim(X) = trdeggR(z, y, 2).

It is clear for dimensional reasons that some of the variables x, y, z has to be transcendental over R.
Suppose without loss of generality that z is transcendental over R. By Corollary 1, R(z) C R(z,y, 2)
is an algebraic extension and by Proposition 2, we can always find u = y + Az, for some A € R(z),
such that R(z,y, z) = R(z, u). Moreover, since this is true for almost all A, this element can be taken
to be any real constant, except for finitely many choices. Define ¢ : R[S, T] — Rz, u] C R(z,y, 2)
as the R-algebra homomorphism that sends S — x and T — wu. Clearly ¢ is surjective and therefore,
if J = ker(y), there is an isomorphism of R-algebras ¢ : R[S, T]/J = R[z,u], and consequently
J € R[S, T] is a prime ideal. Denote Y = V(J). The last isomorphism induces a field isomorphism
R(Y) = R(z,u) = R(z,y,2), and therefore dim(Y) = dim(X) = 1. Hence ¥ = V(J) is an
irreducible algebraic plane curve which is birationally equivalent to X.

We also denote by ¢ its extension to the fraction field R(Y) = R(s,t) :
v :R(s,t) = R(z,y,2),

which sends s — = and ¢t — u = y + A\z. This morphism induces a morphism of varieties 4 : X — Y
defined as p(a, b, c) = (z(a, b, c),u(a,b,c)) = (a,b+ Ac).

On the other hand, since y, z € R(z, u) then we can write y = f1(z,u)/g1(z,u) and z = fo(x,u)/g2(x, u),
for some polynomials f1, fa2, 91,92 € R[X,U].

We claim that we can express y as y = fi(z,u)/g1(x), with g1(z) # 0, for suitable choices of
f1(X,U) € RIX,U], and ¢1(X) € R[X], and such that ¢g;(0) # 0, where u = y + Az. In fact, since

x is transcendental over R, by Corollary 1, the extension R(z) C R(z)(u) is algebraic. Therefore,

since y € R(x,u) we can write y as:
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where r is smaller than the degree of the field extension [R(z)(u) : R(z)]. Taking b(z) = bg(x) - - - b ()

we can rewrite the last equation as
b(z)y = co(x) +cr(@)u+ -+ ()0, (2:3)

for certain ¢;(z). Let us write b(z) = 2!V (z) and ¢;(z) = zlici(z), with I,1; > 0, and with ¥'(0) # 0,
ci(0) #0.If I > m =min{l; : i = 0,...,7}, we could divide both sides of 2.3 by z™, and then, by
letting z = 0 we would obtain a nonzero polynomial equation for v over R, a contradiction. Thus,

1<l foralli=0,...,r, and we could divide both sides of 2.3 by ! to obtain:
b (@)y = dolw) + dy () + -+ + dy (),

where d;(z) = 2t ~!c/(x). Since ¥'(0) # 0, we may take
fi(z,u) =do(z) + di(2)u+ - - + dp()u”

and ¢ (z) = V' (z).
A similar argument shows that z = fa(x, u)/g2(z) with g2(0) # 0.
Summarizing, we have
f2 (IE, U)

~ filz,u) B
) and z = @) where g1(0) # 0, g2(0) # 0.

Y

These expressions induce a morphism 7 : Yy C Y — X, defined as 7(d,e) = (d, f;f‘é;), f;(?[’i;’)),

where Yy C Y is the Zariski open set

D(g192) = {(d,e) € R? : g1(d) # 0 and ga(d) # 0}.

Notice that (0,0) € Yy. Denote 7(Yy) by Xo. The last morphism induces an R-algebra homomor-

phism ¢ : R(X) — Oy (Yo) given by ¢(z) = s, ¢(y) = fi(s,1)/91(s), and ¢(2) = fa(s,t)/g2(s).
Clearly, ) )

_ filw,u) o :fgx,u _

=T v Py 24
Therefore, ¢ o9 = Idg(x), and thus ¢ o ¥|x, : Ox|x, — Oyly, is the identity. On the other
hand, v o p(s) = ¥(x) = s and ¥ o p(t) = ¥(u). By (2.4) we have g o ¥(u) = u and p(t) = u

which implies that ¢ = (u), since ¢ is injective. Hence, ¥ o ¢(t) = t and we conclude that

pop(x) =w, woi(y)

Yo @ly, : Oyly, = Oxlx, is the identity. Therefore, 1 : Ox|x, — Oyly, is the inverse of the
morphism ¢ : Oyly, — Ox|x,, and thus the homomorphism p : Y5 — X, induced by ¢ is the

inverse of the restriction of u : Xg — Yj.
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Finally, it is clear that the morphism u : Xg — Y sends the real part of X into the real part of
Yy, and since p~! : Yy — X is determined by the polynomials fi, f2, g1 and go, which are all real

polynomials, then p~! also sends the real part of Yy into the real part of Xj. O

2.4  Groebner bases

In this section we present some basic notions about Groebner bases and also some important results
above Elimination theory that we will need in order to develop an algorithm to compute limits of
quotients of polynomial functions of three varibles.
Let R denotes the polynomial ring in n-variables with coefficients in a field K, R = K[x1, ..., x,],
and denote the set of monomials of R by M, where recall that a monomial of R is a term of the
ar,.as

a
form x{'x5* - - xln.

Definition 2. A monomial order in R is a total order on M satisfying that given monomials m; > m,

nmy > nme > me for every monomial n # 1.

One important property of monomial orders is that every monomial order is Artinian, in other
words, every subset of M has a least element.

For a fixed monomial order > in R, we define the initial term of an element p € R, as the
greatest term of p relative to >, and we denote it by in(p). In other words, if p € R then in(p) =
ar{tzy? - xfn o € K, a term of p with the property that z7'x5? - - - 2% > m for every monomial
m of p.

Given an ideal I C R we define in(I) as the ideal generated by the set {in(p) : p € I}.

Definition 3. Let I C R be an ideal and fix a monomial order in R. We say that a set of elements

of I {f1,...,fr}is a Groebner basis for I if in(I) = (in(f1),...,in(fx)).
We list some interesting facts about Groebner bases.

Remark 3. 1. The word basis in the name Groebner basis come from the fact that the set of

monomials not in the ideal in(/) forms a basis for the K-vector space R/I.

2. There always exists a Grobner basis for an ideal I C R. As R is a Noetherian ring then
I is finitely generated, say, I = (f1,...,fx). Consider the ideal J = (in(f1),...,in(fx)). If
J =1in(I) then {f1,..., fx} is a Groebner basis for I. Otherwise, we can find ¢g; € in(I) such
that g1 ¢ J. As g1 € in(I) then in(g;) = in(p1) for some p; € I, and we can consider now the
set {f1,..., fx,p1} and J = (in(f1),...,in(fx),in(p1)). We repeat this process until obtaining
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p1,...ps € I such that in(I) = (in(f1),...,in(fx),in(p1),...,in(ps)). Notice that s is finite

since R is Noetherian.

3. If {f1,..., fr} is a Groebner basis for I then I = (f1,..., fr). Suppose that there is p € T
such that p ¢ (f1,...,fx). We can take the element p with in(p) minimal. As in(J) =
(in(f1),...,in(fx)) and in(p) € in(J) then in(f;)}in(p) for some 1 < j < k, hence in(p) =
min(f;) for some monomial m. Notice that the polynomial p — mf; ¢ (fi,...,fr) and

p —mf; € I. However, in(p — mf;) < in(p) which is a contradiction.

4. There is a criterion that allows to compute algorithmically a Groebner basis for an ideal

I C R. This criterion is known as the Buchberger’s criterion (See [3], page 332).

5. Let I,J be ideals of R such that I C J. If in(I) = in(J) then I = J.

An example of a monomial order is the pure lexicography order which is defined in the fol-

lowing way. Fix an order between the variables, for example ;1 > x92 > --- > z,, and define
2§ ag? - xtn > aab? o gbe if for the first j with aj # b; we have that a; > b;. This is the main

monomial order that we will use in this section.

Now we present an important result that will be needed later.

Consider the inclusion homomorphism K[z1,...,2,] < K[z1,...Zn, Y1, .., Ys] and consider an
ideal I C K[z1,...Zn,Y1,--.,Ys].- Given a Groebner basis for I we want to compute a Groebner

basis for I N K[z, ...,x,]|. For this we have to introduce the notion of an elimination order

Definition 4. A monomial order in K[zy,...Zpn,y1,...,Ys] is called an elimination order if the
following condition holds: f € Klx1,...%n,y1,...,ys] with in(f) € Klzy,...,z,] implies f €
Klzy,..., 2]

Lemma 1. Let I C K[z1,...Zn,Y1,--.,Ys) be an ideal and let B={f1,..., fr} be a Groebner basis
for I with respect to an elimination order. Assume that f1,..., f: with t < k are all elements of B

such that f1,..., ft € K[z1,...,x,]. Then {f1,..., ft} is a Groebner basis for I N K[x1,...,z,].

See [3], page 380 for a proof.

Remark 4. Suppose that we have a ring homomorphism ¢ : Klxy,...,2,] = Kly1,...,ys]/J
defined as ¢(z;) = f;. Consider F; € Klyi,...,ys] such that F; = f; in K[y1,...,ys]/J and
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define the ideal I = JT + (Fy — 21,...,F, —x,) C T, where T = K[z1,...,Zn,y1,...,Ys]. Then
kerp = INKlxy,...,2,] (See [3], page 358). Therefore the above lemma implies that ker ¢ can be

computed algorithmically.



3. REDUCTION TO THE CASE OF BIVARIATE FUNCTIONS

In order to compute lim(, , .y (0,0,0) ¢(2,y, 2), where q(z,y, 2) = f(z,y,2)/9(z,y, ), we introduced
the discriminant variety X (q) C C? associated to ¢, as the variety cut by the 2 x 2 minors of the

matrix A (2.2). As a variety, X(¢) may be decomposed into its irreducible components:

We are only interested in those components that contain the origin O = (0,0,0). Suppose these are

X1, Xa, ..., Xi. We consider three possible cases:

1. dim X; = 0: in this case, if X; = V(P;) then R[X,Y, Z]/P; is a field and therefore X; = {O}.

Hence, X; does not contribute to any trajectory in R? that approach O.
2. dim X; = 1: in this case X; is an irreducible algebraic curve.
3. dim X; = 2: in this case X; is an hypersurface, i.e., X; = V(F;), where P, is a principal ideal.

We only have to study cases 2 and 3.

Let us first deal with case 2. Suppose that we have g defined on an irreducible affine variety
X = V(P) of dimension 1, i.e., X is an irreducible space curve. By Theorem 1 the irreducible
algebraic curve X is birationally equivalent to a plane curve Y, and furthermore, there exist a
neighborhood X of the origin in X and a neighborhood Y} of the origin in Y, and a homeomorphism

I send real tuples in real tuples.

u: Xog — Yy sending the origin to the origin and such that g and g~
Thus, the existence of the limit of ¢ as (z,y,z) — O along the space curve X is equivalent to the

existence of the limit of g o =1 (u,v) as (u,v) — (0,0) along the plane curve Y. Moreover,

lim q(z,y,2) = lim qop H(u,v).
(z,y,2) = O (u,v) = 0
(x,y,2) € X (u,v) €Y

Therefore, the problem of computing the last limit can be solved using the methods developed in

).
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Given X; an irreducible component of X (q) going through the origin O and of dimension 1, we
denote by Y; to the corresponding irreducible plane curve which is birationally equivalent to X;
and by px, : X; = Y; to the corresponding local isomorphism (as in Theorem 1).

We have then proved the following;:

Proposition 3. Let X; be an irreducible component of X (q) of dimension 1. Then the existence
as well as the value of the limit of q(x,y,z) as (z,y,z) = O along X; is determined by the limit of
qo u}j (z,y) as (z,y) — (0,0) along the irreducible plane curve Y;.

Now let us consider case 3. We want to see that this case may be reduced to case 2. Suppose
that we have a rational function ¢(z,y, z) defined on an irreducible hypersurface X = V(h) where
h is a real polynomial function of three variables and ¢ has an isolated zero at 0. Let S = Sing(X)
be the singular locus of X. By Remark 1, & must be a variety of dimension strictly less than two.
Hence, if S contains the origin, the limit of ¢ as (z,y,2) — O along S can be computed as in case
2.

Now, we restrict our analysis to the nonsingular locus of X, that we will denote by A= X \ S.
Without loss of generality we may assume that A approaches the origin, otherwise there is nothing
to analyze.

Define a family of real ellipsoids E, = {(z,y,2) € R® : Ax?> + By? +C2? —r2 =0}, A,B,C > 0,
r # 0, where we denote p,(z,y,2) = Ar? + By? + Cz? — r%.

Definition 5. Let X = V(h) C C? and E, = {(z,y,2) € R® : Az? + By? + C2%2 —r?2 =0}, r #0
as above. The critical set C,(¢) will be the set of all real points in E, N X where ¢(z,y, z) attains

its maxima and minima. The union U,~C,(q) of all critical sets will be denote by Critx(q).

Since each E,. N X is a compact set, and by hypothesis O is an isolated zero of ¢, then Critx(q)
is a well defined subset of X.

We have an analogous of Proposition 1.

Proposition 4. The limit lim, , .y,0 q(x,y, z) along X exists and equals L if and only if for every
€ > 0 there is § > 0 such that for every 0 < r < § the inequality |q(x,y,z) — L| < € holds for all
(z,y,2) € Cr(g) N X.

Proof. Each point in the critical set must lie in some E,., since p = (a, b, c) is obviously contained

in E,, with » = v/Aa2? + Bb2 + Cc2. The rest of the proof is elementary, and follows identical lines

as in Proposition 1. O
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Our objective is to determine Critx (¢). We may decompose this set as Crity(q) = Critx (¢) NN
and Critx(q) N'S. Since Critx(¢) NS C S and the limit along S can be determined as in case 2,
then we focus on Critar(q).

First, we want to determine the nonsingular part of Critar(¢) by using Lagrange multipliers, as in

[1]. For this we define X = V(J) C X, the zero set of the ideal J generated by h and the determinant

Opr/0x  Op./0y Op,/0z
d(z,y,2) =| 0h/O0x Oh/Oy Oh/Oz
0q/0x  0q/0y  Oq/0z

As the points of X already satisfy Vq(z,y,2) = A(z,y, z), (where V¢ denotes the gradient of ¢),
and since Vp,(z,y,z) = (24xz,2By, 2C%), the affine variety X is then cut by the ideal generated by
h and by the following determinant

Ax By Cz
D(z,y,z)=| = y z
Oh/0x Oh/Oy Oh/Oz

That is, X = V(D, h). This variety is precisely the set of regular points of X that are critical points
of q.

Proposition 5. (Notations as above) Let us assume O € N. Then it is possible to choose (in a
generic way) suitable positive constants A, B and C such that the height of the ideal J = (D, h) in

the polynomial ring Rlx,y, 2] is grater than one, and consequently dim X < 2.

Proof. It suffices to show that for a suitable choice of positive constants A, B, C' there is at least
one point p # O in N such that D(p) # 0.

First, let us see that there is at least one point p € N different from the origin such that the
gradient of h does not point in the direction of p, i.e, such that Vh(p) # Ap, for all A € R. Indeed,
suppose on the contrary that for every p € N there exists A(p) # 0 such that Vh(p) = A(p)p.
Since each p is a regular point of X, Vh(p) # 0. Hence, after making an appropriated change
of coordinates that fixes O (a rotation, and then a homothety) we may assume without loss of
generality that 0h/02(0,0,1) # 0, and that p = (0,0,1). Hence, by the implicit function theorem
there would exist Uy C R2, a neighborhood of (0,0), and a smooth function u(z,y) in Uy such
that %(0,0) = 1, and h(z,y,u(z,y)) = 0, for all (z,y) € Up. Since Vh(p) = A(p)p, we must have
0h/0x(0,0,1) = Oh/0y(0,0,1) = 0, and consequently du/dz(0,0) = 0 = Ju/dy(0,0).
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Let W, be the graph W, = {(z,y, u(z,y)) : (z,y) € Up}. For any t € W), the normal vector at

t is given by
(*urv — Uy, 1)

\JuZ 4 uZ + 1
Henceforth, if u(t) = A(t)/||Vh(t)|| we have that VA(t) = u(t)||VA(H)||t, and consequently n(t) can

be written as

n(t) =

_ (zyu(zy)
n(t) = Vo2 +y?+ w2 (z,y)

From this, we deduce:

1 _ u(z,y)

B 2 2 2 ’
Ju2 a2+ 1 Va2 +y? +ud(z,y)

— Uy, B T
B 2 2 2 ’
,/u§+u§+l \/95 +y? +u?(z,y)

and
—u, y

\/u%—kug—i-l \/x2—|—y2+u2(x,y)-

This implies u, = —z/u(z,y), and v, = —y/u(z,y). Hence, u(z,y) = m, since
u(0,0) = 1. We conclude that W, would be a neighborhood of p in N which is part of a sphere
centered at the origin. But on the other hand, a theorem of Whitney asserts that A/ can only
have finitely many connected components (see [4]). This would then imply that N could not pass
through the origin, a contradiction.

Therefore, we may assume there exists a point p # O in N such that Vh(p) # Ap, for all X # 0.
After applying a rotation, if necessary, we may also assume that a, b, ¢ are all nonzero.

With this preliminaries, it is clear how to choose positive constants A, B and C such that the

determinant
Aa Bb Ce

a b c
Oh/0x(a,b,c) Oh/Oy(a,b,c) Oh/Oz(a,b,c)
does not vanish: The vectors Vh(p) and p = (a, b, ¢) generate a plane H, since they are not parallel.
Therefore, it suffices to choose any point («, 8, v) outside H and such that A = «/a, B = 8/b, and
C = ¢/~ are positive. O

As before, for the limit lim(, ,, .) 0 q(x, ¥y, 2) to exist along X it is necessary that it exists along

any real curve that crosses O. In particular, they should exist along any component of X, and they
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all must be equal. By the previous proposition dim(X) < 2, hence, this last problem reduces to the
cases 1 and 2.

Let 3 be the affine variety defined by the ideal generated by h and by the minors 2 x 2 of the matrix

Ax By Cz
Oh/O0x Oh/Oy Oh/Oz

The set 3N E,.NN defines the locus of those real points where E, and N do not intersect transversely.
Outside this set, F,. N A is a 1-dimensional manifold (See [42], page 30) that we shall denote by X.
Clearly, the vanishing of these two by two minors forces the vanishing of the determinant D(z,y, z).
Henceforth, 3 C X, and consequently dim(3) < 2, by Proposition 5.

Again, for the existence of the limit lim(, , .y_,0 q(%,y, 2) it is required, in particular, its existence
along any component of 3 that crosses O, and the problem reduces again to the cases 1 and 2. This
take care of the subset of Critar(g) inside 3.

As for those points in Critar(q) that lie outside 3, we notice that they are contained in the 1-
dimensional manifold ¥, then by Lagrange multipliers, they are part of X, since this variety is
precisely those regular points where ¢ attains an extreme value. Thus, the points in Critys(g) that
lie outside 3 must be contained in X, and thus the problem reduces again to the cases 1 and 2.

We summarize the discussion above in the following proposition:

Proposition 6. Let X be an irreducible component of dimension 2 of the discriminant variety X (q)
passes through the origin O. Consider S, X, and 3 defined as above. Then, the limit of q(x,y, z)
as (z,y,z) = O along X exists, and equals L, if and only if, the limit of q(x,y, z) as (z,y,z) = O

exists and equals L along each one of the components of the curves S, X, and 3.
We are ready to state our main result.

Theorem 2. Let q(z,y,2) = f(z,y,2)/9(x,y, z), where f and g are rational polynomial functions.
Let X(q) be the discriminant variety associated to q, and let us denote by {X1,..., X} the ir-
reducible components of dimension one of X(q) that cross the origin, and by {Xy+1,...,Xn} the
irreducible components of dimension two of X (q) that pass through the origin. Then, the limit of q
as (x,y,z) — O ezists, and equals L, if and only if the limit of q(x,y,2) as (z,y,2z) = O along X;

exists, and equals L, for alli=1,2,...,n. Moreover:

1. For the components X;, i = 1,2,...,k, the limit of q(x,y,2) as (z,y,z) — (0,0,0) along X;

18 determined as in Proposition 3.
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2. For the components X;, j = k+1,...,n, the limit of q(x,y,2) as (z,y,2z) — (0,0,0) along

X; is determined as in Proposition 6.



4. A HIGH LEVEL ALGORITHM

In this chapter, using some ideas from Groebner bases, we develop an algorithm to compute the

limit of a quotient of rational polynomial functions of three variables.

Using the ideas showed in the preliminaries in the section of Groebnes bases, we will show
that given X = V(P) C C3 an irreducible space curve, if R(z,y,2) denotes the fraction field
of R[X,Y, Z]/P and if z is transcendental over R, we can check algorithmically if given A € R,
R(z,u) = R(z,y, z) where u = y + Az. Furthermore, we will see that if the last equality holds, it
is algorithmically possible to compute the irreducible plane curve Y which is birrationally equiv-
alent to X and also to compute the local isomorphism ¢ : X — Y, induced by the equality
R(z,u) = R(z,y, 2).

Suppose that we have X = V(P) C C? an irreducible algebraic curve, and denote the fraction
field of R[X,Y, Z]/P by R(z,y,2). By Proposition 2 and Corollary 1, we know that if x is tran-
scendental over R there exists A € R(z) such that R(z,y, z) = R(x,u) where u = y + Az. Also, by
Theorem 1, if we consider ¢ : R[X,U] — R[X,Y, Z]/P defined by ¢(X) = z, ¢(U) = y + Az, then
ker ¢ defines the irreducible plane curve Y that is birrationally equivalent to X. Now, as we saw
in the preliminaries in the section of Groebner bases, kerp = (PT 4+ (U — (Y + A\Z))) NR[X, U]
where T' = R[X, U, Y, Z] is algorithmically computable. On the other hand, the ring homomorphism
R[X, U]/ ker ¢ — R[X,Y, Z]/P induces a morphism of varieties 4 : X — Y. As we saw in the proof
of Theorem 1, since y, z € R(x,u) then y = f1(z,u)/g1(z) and z = fo(z,u)/g2(x) for some f1, f2, 91
and go with real coefficients. Also in that proof, we saw that the local isomorphism p: X — Y is

determined by those polynomials.

Remark 5. We can always assume that x,y and z are transcendental over R, since otherwise the

algebraic curve is actually a plane curve.

Remark 6. Let X = V(P) C R? be an irreducible algebraic curve and denotes the fraction field
of R[X,Y,Z]/P by R(x,y,z). Let T = R[X,U,Y,Z] and consider the lexicography order with
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Z>Y >U>X. Let I ={hy,...,h} be a Groebner basis for the ideal I = PT + (U — (Y + \Z))
where A € R. Then there exist 4,5 € {1,2,...,t} such that h; € R[X,U,Y] and h; € R[X,U, Z]

involve the variable Y and Z respectively.

Proof. Notice that if h; € R[X, U] for all j =1,2,...,t, then in(h;) = a;U% X% and as U — (Y +
AZ) € I then U% XY divides Z for some j = 1,2,...,t which is a contradiction. Hence, some h;
involves the variable Z or Y. Assume that hy,...,h; € R[X,U] and that hgi1,...,h: ¢ R[X,U].
Thus in(h;) = aU% X% with a; # 0 for i = 1,2,...,k and in(h;) = a; Z% Y% U% X% with a; # 0
orb; #0 for j =k+1,...,t. As y and z are algebraic over R(z) there are non-null polynomials
p(X,Y) e PNR[X,Y] C INR[X,Y] and ¢(X,Z) € PNR[X,Z] C I NR[X, Z], thus in(p) =
aY?X® € (in(hy),...,in(hy)) and in(q) = BZ°X? € (in(h1),...,in(h;)) where a,c # 0. Therefore
in(h;)|Y*X® and in(h;)|Z°X? for some 4,5 = 1,2,...,t. Notice that in(h;) divides neither Y2X°
nor Z¢X% for j =1,2,...,k, therefore Z% Y% U X%|Y?X" for some j = k+1,...,t which implies
that a; = 0 and thus b; # 0 and in(h;) = ;Y% U% X% with b; # 0, hence h; € R[X,Y,U] and
h; involves the variable Y. In the same way, Zoiybige: xdi |ZCXd for some i = k+1,...,t which
implies that b; = 0 and thus a; # 0 and in(h;) = @; Z%U% X% with a; # 0, hence h; € R[X,U, Z]

and h; involves the variable Z. O

The following lemma shows that given A € R, it is possible to verify algorithmically if the
equality R(x,y + A\z) = R(z,y, z) holds.

Lemma 2. Let X = V(P) C C? be an irreducible algebraic curve and denotes the fraction field
of RIX,Y,Z]/P by R(z,y,z). Let T = R[X,U,Y,Z] and consider the lexicography order with
Z>Y >U>X. Let B={hy,...,ht} be a Groebner basis for the ideal I = PT + (U — (Y + A\Z))
where A € R. Then R(z,u) = R(x,y, z) where u = y+ Az if and only if there are i,j € {1,2,...,t}
such that h; € R[X,U,Y], h; € R[X,U, Z] have degree 1 in the variable Y and Z when they are
viewed as polynomials in the variable Y and Z respectively. Furthermore, if R(z,u) = R(x,y, 2),
then the values fi(x,u), fa(z,u),g1(x), g2(x) described in Theorem 1 are given precisely by the
elements h;, hj € B satisfying that h; € R(X,U,Y| and hj € R[X,U, Z]| have degree 1 in the variable
Y and Z respectively.

Proof. Suppose that R(xz,u) = R(x,y,z) where u = y + A\z. We saw in the proof of Theorem
1, that y = f(x,u)/g(z) for some f(X,U) € R[X,U], g(X) € R[X], where g(z,u) # 0, and
g(0) # 0. Thus g(x)y— f(z,u) = 0 in R(x, u), then g(x)y — f(x,y+Az) = 0in R(x,y, z). Therefore
g X)Y —f(X,)Y+AZ)e PC I Thus, g(X)Y —f(X,Y+XZ-U)+U)eTandasY+AZ-U €I
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then we get that g(X)Y — f/(X,U) € I. If p = g(X)Y — f'(X,U) then since p € I, in(h;) divides
in(p) for some j =1,2,...,t. Suppose that in(p) = X°Y, then the initial term of h; need to have
the form in(h;) = X°Y. Hence, the other monomials of &; involving the variable Y have the form
X*Y. Thus, h; = r(X)Y +¢(X,U), and clearly (X) ¢ I since  is not algebraic over R.

The reciprocal is clear. O

4.1 Description of the Algorithm

Let ¢(X,Y,Z) = f(X,Y,Z)/9(X,Y,Z) where f and g are rational polynomial functions of three
variables. Consider X (¢) the discriminant variety associated to ¢ described in (2.2). We decompose
X(q) into its irreducible components and we choose only the irreducible components { X7, ..., X, }
going through the origin.

For the irreducible components of dimension 1 the algorithm do the following:

Suppose dimX = 1 where X = V(P). Denote the fraction field of R[X,Y, Z]/P by R(z,y, 2).
For random values A € R, the algorithm verifies using the method described in Lemma 2, if
R(z,u) = R(x,y,z), where u = y + Az. Notice that by Remark 2 discussed in the preliminaries,
there are only finitely many values A € R such that R(z,u) # R(z,y,2). If R(z,u) = R(x, y, 2),
the algorithm compute the kernel of the map ¢ : R[X, U] — R[X,Y, Z]/P given by ¢(X) = z and
©(U) = u = y+Az. As we saw before, this kernel is precisely the ideal (PT+(U—(Y+AZ)))NR[X, U]
where T = R[X,U,Y, Z], which is computable using Groebner bases. The plane curve which is
birrationally equivalent to X is the variety Y cut by the ideal ker .

Finally, the algorithm find the local isomorphism g : X — Y induced by the equality R(x,u) =
R(z,y,z). Again by Lemma 2 this morphism is computable. The existence of the limit

li X, Y. Z
(X,Y,Z;IE(O,QO)Q( Y, 2)

along the irreducible space curve X is determined by the existence of the limit
li “I(x,u
xS0 oH KU)
along the irreducible plane curve Y and when the limits exist they are equal. The last limit is
computed using the algorithm developed in [1].
For the irreducible components of dimension 2 the algorithm do the following:

Suppose that dimX = 2. Then X is an affine variety cut by a principal ideal P = (h). For random
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positive values A, B and C' the algorithm compute the height of the ideal J = (h, D) where

Az By Cz
D = x Yy z
Oh/Ox Oh/Oy Oh/Oz

As we saw in the reduction to plane curves, there always exist positive constants A, B and C' such
that ht(J) > 2. Since dim(X) < 1, X = V(J), then we compute the limit of ¢(z,y, ) as (z,y,2z) — O
along X using the above description for algebraic curves.

Since § = SingX, the affine variety defined by the ideal (h, %, %7 %) has dimension smaller
than the dimension of X, then S is also an algebraic curve, and again we can compute the limit
of ¢q(x,y, 2) as (z,y,z) — O along S using the description of the algorithm for algebraic curves.
(Recall that it is possible to have X = S)

Now, the affine variety 3 defined by the ideal generated by the minors 2 x 2 of the matrix

Ax By C=z
oh oh oh

o 9y Oz
and the polynomial h, has also dimension less than 2. Hence, the limit of ¢(z,y, ) as (z,y,2) = O
along 3 is computed using the description of the algorithm for algebraic curves.
Finally, if the limit of ¢(z,y,2) as (x,y,z) — O along each irreducible component of X(gq) of
dimension one and two containing the origin exists and equals L, then we say that the limit of

q(z,y, z) as (z,y,2z) = O is L. Otherwise, we say that this limit does not exists.



5. EXAMPLE

In this chapter we present an example of how the algorithm computes limits of quotients of rational

polynomial functions of three varibales.

Suppose that we want to compute the following limit

. YX-ZY +7ZX
1m .
(X,Y,2)—(0,00) XZ2+Y2+4 72

Ifg(X,Y,Z2) =YX - 2ZY +XZ/X?+Y?+ Z?2, then in maple using the command PrimeDecom-
position(X(q)) we get the irreducible components of X (q):

V(Y -X+2)), V(X?+Y?+2%)), V(X+Y,Z-2X)), V((X+Y,Z+X)) and V((X+Y, Z?+2X?)).

Using in Maple the command HilbertDimension(Q) we see that for example the irreducible
component V(X +Y, Z+ X) has dimension 1. Let us see that for A = 1, R(z,u) = R(x, y, z) where
u =y + z. Here R(z,y, 2z) denotes the fraction field of the coordinate ring of V(X +Y,Z + X).
Consider the ideal I = (X +Y,Z + X)T + (U — (Y + Z)) where T = R[X,Y, Z,U]. In Maple the
command EliminationIdeal(I,{U,X}) produces the ideal J = (2X + U). On the other hand,
the command Basis(I,plex(Z,Y,U)) gives us a Groebner basis for I respect to the lexicography
monomial order with Z > Y > U. In this particular case we obtain the following basis {2X +
U, Y+ X,Z+ X}. From this basis we can deduce that y = —x and z = —z as elements of R(x, u).
Therefore R(z,u) = R(z,y, z) and the ideal J = (2X +U) defines the irreducible plane curve which
is birrationally equivalent to V(X +Y, Z+X). Also, y = —z and z = —z determine the isomorphism
p i V(E2X +U) = V(X +Y,Z+ X). Therefore, the limit of ¢(X,Y, Z) as (X,Y,Z) — (0,0,0)
along V(X +Y, Z+ X) is equivalent to the limit of go p(X,U) as (X,U) — (0,0) along V(2X 4+ U).
The last limit can be computed using the algorithm developed in [1], however in this case it is easy
to see that the value of this limit is —1 since g o u=*(X,U) = ¢(X, —X, —X) = —1. Therefore, the
limit of ¢(X,Y, Z) as (X,Y,Z) — (0,0,0) along V(X +Y,Z + X) is —1.
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Now, for the irreducible component of dimension 2, V(Y — X + 2), if h(X,Y,Z) =Y — X 4+ Z then
with the positive constants A =1, B =2 and C = 1, using the command HilbertDimension(P)
X 2y Z

with P = (h,D), where D =| X Y Z |, we obtain that the variety cut by the ideal P =
(h, D) has dimension 1. In this case V(P) = V(-XY —YZY — X + Z). Using again the
command PrimeDecomposition(P) we obtain the irreducible components of the variety V(P),
V(P)=V(Y,-X+Z)UV(2X —Y,Y + 2Z) where each of these components has dimension 1.
Therefore we can apply the algorithm for irreducible algebraic curves, and it is not difficult to see
following the same procedure as for the variety V(Y + X, Z + X) that the limit of ¢(X,Y,Z) as
(X,Y,Z) — (0,0,0) along the variety V(Y,-X + Z) is 1/2.

Hence, we conclude that
YX-2ZY+7ZX

lim
(X,Y,2)—(0,0,0) X2+Y?2 4 72

does not exist.



6. COMPUTATIONS OVER REAL EXTENSIONS OF Q

In this section we show how to extend the methods thus developed to compute the limit of quotients
of polynomials, when their coefficients lie in a real extension of the rationals. This is a standard
procedure that is independent of the number of variables involved, and it was already discussed in
great detail in [1]. Hence, we will just limit ourselves to recall how this could be achieved. We refer
the reader to [1] for a thorough discussion.

Let Q C E be any finite field extension of the rationals. E will be called a real extension if there
is an embedding of fields A : E — R. Let g(z) be an irreducible polynomial in E[z]. The class of z in
the quotient F'[z]/(g(z)) will be called a symbolic root of g. Symbolic roots will be denoted by lower
case letters, so that, for instance, F(b) will denote the extension field E(b) ~ E[z]/(g(2)). If E'is a
real extension, we speak of b as a real symbolic root over E if any given embedding A : E — R can
be extended to an embedding X' : E(b) — R.

Let A : E — R be an embedding of a finite field extension of the rationals, and let b be a symbolic
root over E. Since any extension of the rationals is principal, there exists b’ such that E(b) = Q(V'),
an element that can be computed as a linear combination with rational coefficients of a finite set
of generators of E(b). From this, its minimal polynomial over Q can also be effectively determined.
Sturm’s Theorem [7] can then be used to effectively determine if the minimal polynomial of b over
the rationals has a real root, and consequently to determine if b is a real symbolic root over E.

Suppose now that ¢(X,Y, Z) = f(X,Y,2)/g(X,Y, Z) is a quotient of polynomial functions with
coefficients that lie in possibly different real extensions of Q. Without lost of generality, we may
assume that they are all contained in a larger real extension F. We want to compute the limit of
q(X,Y,2),as (X,Y,Z) — (0,0,0). For this, we notice that the discriminant variety X (q) associated
to ¢ is defined by an ideal also generated by polynomials with coefficients that turn out to be in E.
Thus, when we decompose X (¢) into its irreducible components, the varieties obtained also have
all their coefficients in E. Once the problem has been reduced to the case of two variables, the

necessary computations are all carried out within E, as shown in [1].



Part 11

CLASSIFICATION OF G-GRADED TWISTED ALGEBRAS



7. INTRODUCTION

G-graded twisted algebras were introduced in [17], and independently in [19], as distinguished
mathematical structures which arise naturally in theoretical physics [20], [21], [22], [23], [24] and
[18]. A G-graded twisted algebra W is an algebra over a commutative ring R with a G-grading, i.e.,
W = ®geaWy, with W, Wy, C Wyp. Each W, is assumed to be a free R-module of rank one, and
we demand that W is free of zero monomial divisors, i.e., wy - wp # 0 for every non-zero elements
we € Wy, wy € Wy, We also demand that W has an identity element 1 € W,, where W, denotes
the graded component corresponding to the identity element e € G.

We deal with the classification problem for non-associative G-graded twisted algebras that satisfy
a particular type of symmetry condition. In Theorem 10 we provide an exact formula to count (up
to graded isomorphisms) all symmetric algebras that are graded over an abelian group. This

generalizes the main result obtained in [26] for cyclic groups.



8. PRELIMINARIES

8.1 Group Cohomology

We start recalling the standard definition of the group cohomology.

Let G be agroup and A a G-module.

Consider the left exact functor from the category G —mod of G-modules to the category Ab of
abelian groups, ¢ : G —mod — Ab definedas A ={a € A : g-a=aforall g€ G} and given
a morphism of G-modules f: A — B, f&: A% — B% is the morphism of abelian groups defined
as £S(a) = f(a).

We write H*(G,A) for right derived functors R*(_“) and call them the cohomology groups
of G with coefficients in A.

It is not difficult to see that if we consider Z as a trivial G-module then we have that A% =
Homgg)(Z, A) and therefore H*(G,A) = Exty;(Z, A).

We will show a particular projective resolution of Z[G]-modules for Z as a trivial G-module and
with this resolution we will compute Exty;(Z,A) and hence the cohomology groups of G with

coefficients in  A.

8.1.1 A particular free resolution for 7

Define F,, as the free abelian group generated by the elements (go,g1,...,9,) € G™"! and

consider the boundary Z-homomorphisms 9, : F,, — F,_1 defined as

n

an(go7 s 7g’7l) = Z(_l)l(g(h s 7gi—17§\7l7gi+1a s 7g'fb)
=0

An straightforward computation shows that 0,,_1 09, = 0, thus we have the following complex of
free Z-modules

On, On—1 o1
anl Fn72 T Fl

Fy 0 (8.1)

Note that Fy = Z[G]. If we consider the augmentation of the complex (8.1), that is to say,
define & : Fy = Z|G] — Z as the Z-homomorphism that sends every g € G to 1 € Z and
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consider the following new complex

Z 0 (8.2)

We claim that (8.2) is a resolution of free Z-modules for Z.

Indeed, if F, denotes the complex (8.2), let us see that the morphisms of complexes id : Fy —
F, and 0: Fy, — F, are homotopic.

Define h_y1:Z — Fy as h_1(l1)=e€ G and for n=0,1,2,... define

by : Fpp = Fog1 as hy(90,---,9n) = (€,G0, -y Gn)-

On O, )
b Py s By By i P s By 5= 20
e e e v
0,id 0,id 0,id 0,id 0,id 0,id

e n+1ﬁ>Fn*8n>anl Py o Fo——17 0

It is an easy exercise to verify that id —0=14id = 0,41 0hy +hp_100, for n=0,1,2,... where
Oy =E.
ker(8,,) ker(9,,)

Therefore the induced maps in the homologies are the same, i.e., id: Mo and

. ker(8,) ker(0,,)
Cm(0n1) 7 mm(@ns1)

im(On+1)

ker(9y,) -0

are the same maps and hence -
im(On41)

Thus we have that the complex (8.2) is actually a resolution of free Z-modules for Z.

On the other hand, note that each F, is a G-module with the action ¢ - (go,...,9n) =
(990,---,99,) and Z is a G-module with the trivial action.

Let us see that ecach F,, is a free Z[G]-module.

We have an action of G over G"*1. Note that every (go,g1,---,9n) = go-(€,95 91, --- 9o "gn), and

(e,91,---59n) Zg-(e,g1,...,q,) forall g#e.

Therefore the orbits given by this action are O g, .. 4,) With g; € G for i =1,2,...,n and
thus
= | Qg
(g1,--,9n)EG™
Hence

Fo=2[G" Y =Z[ ||  Ogro))® P ZOeg..gn):
(917“"97L)6Gn (91;4-'7gn)€Gn

but O(e“ql,m’g") = G/G(e,gl,...,gn) where G(e,gl,...,gn) = {g cG: g~(e,gl, e 7gn) = (e,gl, . ,gn)} =
{e}. Thus Oy, .....q,) = G.
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We conclude that

1%

F, Z[G).

(91,---,9n)EG™

Also note that the set {(e,g1,...,9n) : (91,---,9n) € G"} is a basis for F,, as a Z[G]-module
since each (e, g1,...,9n) generates its own orbit O g, . 4,.) and they are linear independent.
Finally what we have is that the resolution of free Z-modules for Z given in (8.2) is actually a

resolution of free Z[G]-modules for Z viewed as a G-module with the trivial action.

8.1.2 The bar resolution for 7

We saw above that {(e,g1,...,9n) : (g1,-..,9n) € G"} is a basis for F, as a Z[G]-module.
Now we change this basis for another basis that we call the bar basis for F,.

Define [g1|g2] - |gn] := (€, 91,9192, ..,9192 "~ gn).

We claim that the set {[g1]g2| --|lgn] : (91,---,9n) € G™} 1is also a basis for F,. In
fact, this set is clearly linear independent and note that there is a bijection between the old ba-
sis {(e,g1,---,9n) : (91,--.,9,) € G"} and the set {[g1]lg92] - "lg.] : (91,.-.,9n) € G"},
since (€,91,92,---+9n) = (6,95, 9195, -, 9195~ gn) = [9195] - -+ |g,] where g = g;}g; for i=
1,2,...,n.

Therefore {[g1]g2]---1gn] : (91,.--,9n) € G"} is a basis for F, asa Z[G]-module and we say it
is the bar basis for F,.

Now, if we compute the boundary homomorphisms 0, : F,, — F,,_1 given in (8.2) in the bar

basis, we get the following equation:

On(lg1lg2l - |9n]) = Onle, 91,9192, -, 9192 gn) = (91,9192, - - -, 9192~ Gn) +
1

(=1 (e, g1,---2 0192 §im1, G102 "~ Gi» G192 ** Git1s-- -+ G192 * Gn)
1

n

+

%

+(=1)"(e, 91,9192, - - -, 9192 " Gn—1)
n—1

=gilgz| -+ lgn] + D (=1)[g1] -+ 1gi-1lgigisrlgival - |gn] +
1=1

+ (=1)"[g1]- - |gn-1]-

Thus we have that 9, : F,, — F,,_1 in the bar basis is given by

n—1
O]+ lgn]) = galgal - lgn] + > _(=1)'[g1] - lgi-11gigis1|giral -+~ lgn] + (=1)"[g1]-*Ign-1].
=1

(8.3)
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The resolution given in (8.2)

S,L an— 1 81

Fy Fn_» Fy Fo

0

in the bar basis is what we call the bar resolution for Z.

(Note that {[e] = (e)} is the bar basis for Fp).

8.1.3 Another way to compute the cohomology of groups

From now on, we consider F,, with the bar basis.

(8.4)

For n =0,1,2,... define C"(G,A) = {p : G" — A} the set of functions from G" to A.

(G% ={e}).

C™(G,A) is an abelian group since A is an abelian group and also C™(G, A) has a structure

of G-module where (gp)(z) = gp(z) for g€ G and ¢ € C*(G, A).
Let us see that C"(G, A) is isomorphic to Homgg)(F,, A) as G-modules.

Indeed, define
p: C"G,A) — Homgg(Fy,, A)

¢ = p(e)
where u(@)([g1] - |gn]) = ©(91,-- -, 9n)-
It is a Z[G]-homomorphism with inverse
pt Homgg(Fo, A) — C™(G,A)
¥ =)
where p= (1) (g1, - - 9n) = V([g1] - |gn])-

Therefore we have the following commutative diagram:

Ot
Homz[c] (Fn, A) *+> Homz[g] (Fn+1, A)

C"(G, A) C (G, A)

where 97 ,,(¢)) =1 00p41, p is an isomorphism and 9" = po 8, op~t.

If we compute explicitly the morphism 9" we have:

O"(@)(g1s-- s Gn1) = podh iy o (©) (g1, gny1) = po Oy 0 0([g1]

=10 @(Ont1([g1] - |gn+1]))

- |gntal)
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and by (8.3)

In(lgrl -~ Ignl) = g1lgal - |gn] + Z - 1gim1lgigitlgivel - lgn] + (=1)"[g1] - - [gn-1]-

hence

9" (@) (g1, gnt1) = 0 9(Ont1([g1] -+~ [gn+1]))

= po@(On(lgr] - lgnt1]) = g1lg2l - - lgn+1] + z": gic1lgigivalgivel -+ lgna] + (1" gl |ga)
i=1

n

= u(g1¢([g2] -+ - |gnt1]) + Z(—l)iw([gll e gicalgigivalgival - lgnsa]) + (D)™ o([g1] - - gn]))

=919(92, -+, gnt1) + Z P(G1 -5 9im1, GiGit1s Givas - gn1) + (=1)" (g1, .., gn).
(8.5)
As H"(G,A) is isomorphic to Exty(Z,A) then we can compute H"(G,A) taking a
resolution of projective Z[G]-modules for Z, applying the functor Homgzg(—_, A) and taking
homology.

Using the bar resolution for Z we have

051 o, 0541
v Homz[(;] (anh A) . Homz[g] (Fn, A) *ﬁ—> Homz[(;] (Fn+1, A) —_—
T (G A) — - O (G A) — T (G, )

where the squares commutes.
Thus {C*(G, A),0°} is a complex with

n

9"(@)(91, - -+ gnt+1) = g10(g2, - - - 7gn+1)+2(*1)i¢(91, i1, 941 ity - O ) H(=D) " (g1, gn)
i=1

and

n - n . ker(0™)
8.2 G-graded twisted algebras

Definition 6. Let G denote a group. A G-graded twisted algebra W is an algebra over a commutative
ring R with a G-grading, i.e., W = ®4eaWy, with W, W}, C W, Each W, is assumed to be a free
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R-module of rank one, and we demand that W is free of zero monomial divisors, i.e., wq - wy # 0
for every non-zero elements w, € W, wy, € W;,. We also demand that W has an identity element

1 € W,, where W, denotes the graded component corresponding to the identity element e € G.

As each graded component W, is a vector space of dimension one, each choice of a non zero
element w, € Wy, for each g € G, produces a graded basis B = {w, : g € G} for W. For each
such basis there is a structure constant associated to it, Cz : G x G — A, defined by the identity:
wq - wp = Cg(a,b)wgy. Here A C K* must be a subgroup of the multiplicative group of all nonzero
elements of K, since W has no zero divisor monomials. From now on we will omit the subscript B
if a particular basis is clear in the context.

Given a structure constant C' : G x G — A, we define two important functions ¢ : G x G — A
andr:G X G x G — A as:

g(a,b) = C(a,b)C(b,a)~"

(8.6)
r(a,b,c) = C(b,c)C(ab,c) " C(a,bc)C(a,b)~ .

The associativity of elements of W can be described in terms of the function r : G x G x G — A
as follows: wq - (wp - we) = 1(a, b, ¢)(wy - wp) - we. When G is an abelian group, the commutativity

of elements of W is given in terms of the function ¢ : G X G — A as wg, - wp = q(a, b)wp - w,.

Definition 7. A morphism between two G-graded twisted K-algebras W = @geeW,; and V =
@gecVy is an unitarian homomorphism of K-algebras ¢ : W — V. If the homomorphism preserves

the grading, i.e., o(Wy) C V;, we say the morphism is graded.

The following theorem relates the associative G-graded twisted algebras with elements of the
second group of cohomology H?(G, A). This is fundamental in the classification of all associative

G-graded twisted algebras.

Theorem 3. Let V = @yeaVy and W = @gecWy be two G-graded twisted K -algebras. Let us fix
bases By and By for V and W, respectively, and let C1,Cy : G x G — K* be the respective structure
constants. Then V is graded-isomorphic to W if and only if the function 010;1 belongs to the
kernel of 9% : C*(G, K*) — C*(G, K*) and the equivalence class [C1Cy "] is trivial in H*(G, K*),

where K* is viewed as a G-module with the trivial action.

Proof. Suppose that V and W are graded-isomorphic as K-algebras, this means that there is a
grading preserving isomorphism 1 : V' — W. This isomorphism induces a function ¢ : G — K*
defined as ¢(g) € K* is the unique element satisfying ¢(vy) = ¢(g)w,. As 9 is a homomor-
phism then 1 (vy)Y(vs) = (v, - vp) which implies @(a)p(b)w, - wy, = C1(a, b)(ab)w,y, and thus
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©(a)p(b)Ca(a,b) = Cy(a,b)p(ab). Therefore, C;(a,b)Ca(a,b)~t = p(a)p(ab)~Lp(b). Now, notice
that 9'()(a,b) = ¢(a)p(ab) = p(b), hence C1Cy* € C?(G, K*) is such that C,Cy* = 8'(¢), thus
C1Cy ' € im(9') which implies that C;Cy ' € ker 8%, and [C1C5 Y] = 1 in H?(G, K*).

Reciprocally, if 92(C1C5y ) = 1 and [C1C5 '] = 1in H?(G, K*), then C,Cy* € im(9') and therefore
there exists ¢ € C*(G, K*) such that 0'(¢) = C1C5 ", then C;(a,b)Ca(a,b)~ = p(a)p(ab)~ o (b).
This last equation implies that the homomorphism of K-vector spaces ¥ : V' — W defined as
P(vg) = p(g9)wy is a homomorphism of K-algebras. As ¢(g) # 0 for every g € G it follows that ¢
is injective, and as V and W are K-vector spaces of the same dimension we conclude that v is an

isomorphism. O

Remark 7. f W = @4ccWy is a G-graded twisted K-algebra with a fixed basis B = {w, : g € G}
and structure constant C' : G x G — A, the function r : G x G x G — A defined in (8.6) is precisely
0%(0).

As a consequence of the last theorem we have the following corollaries:

Corollary 2. Let W = @4ecW, be a G-graded twisted K -algebra, and let B and B’ be bases for
W, with associated structure constants C and C' respectively. Then the corresponding associative
functions r and r' defined as in (8.6), are the same. In other words, the associative function of W

does not depend on any chosen basis.

Proof. Consider the identity homomorphism ¢ : W — W which is clearly graded. By Theorem
3, C'C~1 € kerd? and [C'C~1] = 1 in H?(G,K*). Hence, 0?(C’C~!) = 1 which implies that
9?(C) = 8%(C"). Thus, r =1'. O

Corollary 3. Let V = ®g4eqVy and W = @yeaWy two associative G-graded twisted K -algebras,
and let B and B' be bases for V. and W, respectively, and let C; and Co the respective associated
structure constants. Then V is graded-isomorphic to W if and only if [C1] = [Cs] in H*(G,K*),

where K* is viewed as a G-module with the trivial action.

Proof. As V and W are associative algebras, then the associative functions r and ' for V and
W, are 1. Therefore, 9*(C;) = 1 and 9%(Cy) = 1, i.e., C1,Cy € kerd?. Hence, [C;C5'] = 1 in
H?(G,K*) is equivalent to [C;] = [C] in H?(G, K*), and the result follows from Theorem 3. [



9. CLASSIFICATION OF (1,2)-SYMMETRIC G-GRADED TWISTED
C-ALGEBRAS.

In [26], it was proved that for G 2 Z,, a cyclic group, the number of non-(graded) isomorphic (1, 2)-
symmetric G-graded twisted C-algebras with structure constants taking values in a finite subgroup
A C C* is given by |R,|I¢172 = |R,,|"~2, where R,, denotes the set of n-th roots of unity in A. In
this chapter, we provide a generalization of the arguments used in [26] that will allow us to state
an equivalent result for the case of any finite abelian group. For the sake of clarity we first focus
on groups that are the product of only two cyclic groups. At the end of this chapter we deal with

finite abelian groups in general.

Definition 8. Let W be a G-graded twisted K-algebra. We say that W is (1,2)-symmetric if
r(a,b,c) = r(b,a,c) for every a,b,c € G.

9.1 Classification of (1,2)-symmetric Z,, X Z,- graded twisted C-algebras.

Suppose G is presented as a product Z,, X Z,, and consider W = Gaa,be(; Wap a (1,2)-symmetric
G-graded twisted C-algebra, with a fixed basis {z,p : x4 € Wep} and structure constant
C:GxG—> AcC C*, A a subgroup of C*. When G = Z, is a cyclic group with generator
g € G, a basis for W was called standard in [26] if it had the form {1, wgl), wéz), . 7w!(;"_l)} where

wéi) = wyg - wéi_l) and wy - wén_l) =1 [26]. We generalize this construction as follows. We may
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think of the graduation of W as an array of the following form:

Wo.0 Wo Wo.,2 e Wo,n-1
Wio Wia Wi e Win—1
Wim—1,0 Wim—1.1 Win—1,2 oo Win—1,n—1

As in the cyclic case, we choose standard bases for the first row and first column. These two bases

will be denoted by {1, wo 1, wo2, ..., Won-1} and {1, w19, w2y0,. .., Wn—1,0}, respectively. Now for
the i-th row define w; ; = wo 1-w; j—1 for j = 1,...,n—1. We notice that wo 1-w;n—1 € Wj . Hence,
Wo,1 - Win—1 = O - Wj o, for some a; € A. Wecall B={w;; : 1=0,...,m—1, 5=0,...,n—1} a

standard basis for W.
Define T; ; : W — W to be the linear transformation given by T; j(z) = w;; - . For Tp., its

rational form consists of m-blocks where each one looks like

0 0 O 0 oy
100 -+ 0 O
01 0 0o o0 |,
1000 -~ 1 0 |
where ag = 1, a1, ..., am—1 are elements in A such that Tp 1 (w; ,—1) = @; - w; 0. Let us denote by
{€ij};j=0,...n—1 the n-th roots of a;, for i = 0,...,m — 1. we claim that e; ; is an eigenvalue of Tj 4

with eigenvector
n—1

2 =D i Wik (9.1)

k=0
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In fact,
n—1
Toa(zig) = > € ¥ Toa(wix)
k=0
n—2
- —(n—1
= Z eifwz',kﬂ + em(" )aiww

- (9.2)

n—1
_ —k+1
—E € Wik T € ;Wi
k=1
n—1

= Cij E :ei,j Wik = €i,5%i,5-
k=0

From now on, the elements of the group G will be denoted by products of the form a"b°, with

0<r<m-1,0<s<n-—1. Also we will write w, - w; ; = C(a"b*,a'b?) - wy4; s1;-

We claim that T 5 o T; j(x) = q(a"b®,a'b?) - T; j o T, s(z) for every x € W. It is enough to prove it

for the basis elements. Indeed,

Ty s 0 T; j(wg) = wr - (Wi - wg) = r(a"b*,a'd, g)(wys - wi ;) - wg

r(a™b,a’t, g)q(a"b®, a'b?) (w; j - wrs) - wy

- o (9.3)
= r(arbs’ a't’ ) g)Q(arbsv a'lbj)r(a'lb] ) arbsv g)_lwi,j : (wT,s . wg)
= q(a"b®, a't )T, 5 0 Ty, (wy),
since r(a”b*, a't’, g) = r(a'b?,a"b%, g).
In particular,
Toa(Trs(zi5) = qb,a"0*) T s(Toa(zi5)) = q(b,a™b*)Trs(ei52i,5)
= q(b,a"b%)e; ;Tr s(2i5)-
Hence, T) 5(z; ;) is an eigenvector of Tp 1 associated to the eigenvalue ¢(b,a"b’)e; ;. Since
n—1 n—1
Ts(%i ) = wps - Z ei_jwi,k = Z erC’(arbs,albk))w[wﬂ’[ﬂk}, (9.4)
k=0 k=0
where [ ] denotes the equivalence class in Z,, or Z,,, we deduce that
Tr,s(zi,j) = 77?,@ * Zr4i),l (95)
for some [ =0,1,...,n—1 and some 77};’,{; € K*. Also, since g(b, a"b%)e; ; is an eigenvalue associated
to Ty s(%,;) we see that
q(b,a"b%)e; j = epryi- (9.6)
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By definition e’ ; = o;. Therefore,

\J

q(b,a"b%)" o = gy (9.7)

It follows from the definition of a standard basis that C(b,a"d®) = 1, if s # n — 1, and that
C(b,a"d" 1) = a,.. Therefore, from equation (9.7) we obtain a,, = C(a"b*,b)™", r = 1,2,...,m,
when s #n — 1, and a?~t = C(a"b""1,b)", r = 1,2,...,m. Hence, as q(b,a"b?) = C(a"b*,b)7L,
when s # n — 1, by replacing ¢(b,a”b®) in equation (9.7), we get a,.; = a4y, From this we see
that o; = af. Finally, notice that a; = C(a,b)~"". Since o = 1, then C(a,b)™" = 1.

We summarize below what we have obtained so far:

%

Qg = Qn,
a; = C(a,b)™™,
C(a"b*,b)™ = o, = (C(a,b)™")", for s #n—1,
C(a"b" 1, b)" = a1 = (C(a, b)), (9.8)

c®,b)" =1, (cyclic case)
C(a",a)™ =1, (cyclic case)
C(a,b)™" = 1.

On the other hand, by equation (9.6) it follows that

N L)y = st : ,+1 Wik = Z nil - q(b,a"b*) " € Wi -

Equations (9.4) and (9.5) imply the following identity:

n—1

Z 6;;.“0((17"()8,@%76) Wip44), [s+k] ans q(b,ab) ek B Wiy e
k=0

But the last equation is equivalent to the following two equations:

n—1

Z e ,j(k S)C(arbs’aibk w[r+¢] p = Z 777«5 . b arbs) k W]
k=s
and
s—1 s—1
261 (n+k— s)c Tbs zbn-‘rk S)w[r+z] L= ans . b aTbS) k W] ke for s 75 0.
k=0 k=0

Therefore, the equations

e_(]C s) -C(a"b®,a'b ) = 77:{]3 ~q(b,a"b*) " ei_j fork=s,s+1,....,n—1, (9.9)

¥}
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and

e (R C(a™b®,a'p" =) = 7772;’,]; -q(b,a"b*) 7 - e;}“ for k=0,1,...,s—1, fors#0 (9.10)

4]
hold.

From (9.9) if we let k = s, we deduce that nd = C(a"b*,a’) - q(b, a"b%)* - e; ;- Replacing the last
equation in (9.9) and in (9.10) we get that:

C(a"b®,a'b') = C(a"b*,a’) - C(b,a"b*) ™" - C(a"b*,b)}, if 0<1I<n—s, (9.11)
and
C(a"b*,a'b') = C(a"b%,a’) - C(b,a"b*)" - C(a"b*,0) "™ -y, if n—s5<1<n—1; s#0. (9.12)

Now we take in account the symmetry condition of : r(a,b,c) = r(b,a,c) for every a,b,c € G.

For any three general elements a”b®, a’b*, a/b! € G the symmetry condition looks like:

C(a'b*, /b C(a"b®, a1 C(a"b, a'bF) 7L = C(a™b*, /) C(a'b, a" b5 C (a'b*, a"b%) L.
(9.13)
Taking ¥ = 0 and [ = 0 in the above equation, and using the equation (9.11) and the fact that
C(at,a’) = C(a’,a)’ (cyclic case, see [26]) we obtain: C(a"b%,a**7) = C(a"b*,a’)C(a"b%,a’). Then,
recursively, we get C(a"b%,a’) = C(a"b*,a)’, and therefore C(a"b*,a)™ = 1. Also, notice that since
C(a"b%,b)™™ = o, when s # n—1 and C(a"b" 1, b)™" = al™", we can rewrite equations (9.11) and

(9.12) in the following manner:
C(a"b®,a'b') = C(a"b®,a)'C(a"b®,b)!, for 0 <1 <n—s—1,
C(a"b*,a'b")
C(a"b" 1, a'b') = C(a"b%,a)'C(a"b%,b) oty

C(a"b*,a)'C(a"b*,b) apay, for n—s<Il<n—1 and s#n— 1,

We conclude that for a (1, 2)-symmetric Z,, X Z,-graded twisted C-algebra the structure constant



9. Classification of (1, 2)-symmetric G-graded twisted C-algebras. 44

C : G x G — A referred to a standard basis B must satisfy the following equations:
C(a™b®,a'b') = C(a"b*,a)'C(a"b®,b)!, for 0 <1 <n—s—1,
C(a"b*,a'b') = C(a"b%,a)'C(a"b*,b) oy, for n—s<1<n—1 and s#n—1, s#0,
C(a"b" 1, a") = C(a"d" 1, a)'C(a"b" 1, b)alay if 1<1<n—1,
C(a"b*,a)™ =1,

Ca"bv’,b)™" =a, = (C(a,b)™")", for s #n—1,
Ca™d" "1, 0)" = a7t = (C(a,b) "),
Cb*,b)" =1, (cyclic case)
C(a",a)™ =1, (cyclic case)

C(a,b)™ =
(9.14)
Now we prove that two (1,2)-symmetric G-graded twisted algebras W; and Wy are graded-

isomorphic if and only if their structure constants referred to standard bases are the same.

Theorem 4. Let Wy and Wa be (1,2)-symmetric G-graded twisted C-algebras with standard bases
By and By, respectively, and associated structure constants C1,Cy : G x G — A. Then, Wy is

graded-isomorphic to Ws if and only if C1 = Cs.

Proof. Suppose that W; is graded-isomorphic to Ws. By Corollary 3, r; = ro and [Cy] =
[Ca] in H2(G,A). If [C1] =[Cq], then there exists p: G — A such that C; = 9(p)Cs. That is:
C1(a"b®,a’b®) = p(ad)p(a" b TF) "L p(a"b*)Co(a"b®, a'b"). (9.15)
Since the structure constants Cp,Cy are referred to standard bases, the following equalities hold

for j=1,2:
C;(1,a'b?
Cj(a,a’
Cj(b,a’b”
C;(b,a'b™ !

) = Cj(a'*,1) =1, for all i, k.

) = 1, for i=0,1,...,m— 1.

) = 1, for t=0,1,....m—-1, k=0,1,...,n—2.
) = )

These identities together with equation (9.15) yield: p(a’) = p(a)? for all i=0,1,2,...,n—1.In

9
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particular, p(1) =1 and p(a)™ =1, and
p(a't®) = p(a)'p(b)* for k#n.
Moreover, p(b') = p(b)* for i =0,1,...,n, since

L = Ci(b,0") = p(b")p(0" )~ p(b)Ca (b, b")
= p®")p("™ )" p(b).

Therefore, p(b)™ = p(b™) = 1. All this can be summarize by saying that p: G — A is a group
homomorphism. It immediately follows 0'(p) =1 what implies that C; = Cs.

The reciprocal is clear. O

Finally, we want to see that if C': GXG — A is a function satisfying the identities stated in (9.14)
then the vector space C™ x C™, endowed with the structure of a G-graded twisted algebra defined
by the functions C' (referred to the canonical basis of C™ x C") is a (1, 2)-symmetric G-graded
twisted C-algebra.

Theorem 5. Let G = Zy, X Zy, and let A C C* be a finite subgroup. Suppose that we choose values
in A for C(a"b%,a) and C(a"b*,b) satisfying the identities in (9.14). Then W = C™ x C™ with
the multiplication given by C (referred to the canonical basis of C™ x C™) is a (1,2)-symmetric

G-graded twisted C- algebra.

Proof. For 0 <r,i<m—1 and 0<s,l<n—1 define

1 if 0<li<n—-s-—1
flrys,i,0) = o0 if n—s<Il<n-1, ands#n—1
a}flozi if s=n—-1,1<I<n-1

Therefore, by equation (9.14) we have
C(a"b®,a’b) = C(a"b®,a)'C(a"b%,b)! f(r,5,1,1).
We know that r(a"b®,a’b*, a/bl) = r(a’b®,a"b®, a’b') if and only if
C @'V, B O ("%, aHHNC(ab, aibF) Y = C (0", ) C(a'bF, " Hb ) O (b, ab*) !
and therefore if and only if

Fl k3,0 F(rysyi+ g, [k + 1) f(r, 5,4, k) 71C(a™b®, b)EHI=(R+D —

_ , (9.16)
= f(r, 8,5, 0 (i, k,r+ 4, [s + 1)) f(i, k,r, 8) 71O (a'bF, byl HI=(sFD)
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where [ ] denotes the class module n.

In order to check the above equation, we have to consider several cases:

1)

k+l+s<n and [s+]+k<n:

In this case we can rewrite (9.16) as:

Fliyk, 3,0 f(r,s,,k) 7O (@ b®, b)FHI=CFD = f(r s 5 1) f(4, k, 7, 8) 71 C(a'b", b) 5 HI=(5FD),

i

ii)

(9.17)

k#n—1 and s#n—1:
Notice that in this case we have f(r,s,i,k) = f(i,k,r,s), hence (9.17) is equivalent to

Fiyk, 3, 0)C(@ b b)EHI=RFD = £ s 5 1)C(a'bF, b)HI= (54D, (9.18)

Now, suppose k+1>n. If s+1<n thenas [s+!]+k<n and [s+!]=s+1, we
have s+ 14+ k < n and therefore k+1 < n—s < n. But also note that s #
0 since s =0 implies [s+I]+k =1+k < n, which is a contradiction. Hence, k+1 >
n implies s+ 1> n.
In the same way, s+ 1> n implies k41 > n.
Thus, we only have to check the cases k+1>n, s+1>n and k+Il<n, s+ <n.
In these two cases, the equation (9.18) is equivalent to ;o = ayaja; and 1 =
1 respectively.

k=n-—1:
If s+1>n then s#0 and [ #0; andas [k++s=[1—-1+s=1-1+s<
n then s+1<n+1. Hence s+[1=n.
As we saw above, s+1>n implies k+1>n. Also,as s#0 then k+s=n—1+s>
n. Thus, the equation (9.17) is equivalent to

1-1 -1, -1 _ s=1_—1_1-n 0 _
o ooy Qe = Qoo Q; s aq; =1
when s # n—1 and equivalent to
-1, k=1,-1 1-n _ 1-1_ s-1_ —1 1-n 0_ 0
o oo o o = o ol Aoy &S o, =q

when s=n—1, since s=n—1 implies [ =1.
If s+l<mn then as [s+!]+k<n wehave s+1+n—1<n and therefore s+1 <

1. Hence s=0 and | =0. Hence equation (9.17) is equivalent to:

1=1.
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iii) s=n-1

This case is symmetric with the last case.

2) [k+I+s<n and [s+I]+k>n:
Notice that in this case, the cases k+1l<n, s+Il<n, k+1>n, s+1>n and
s+1>n, k+1<n are not possible.
Therefore we only have to check the case k+1>n, s+1<n.
Notice that as k+1>n then [ >1, andas s+ <n then s#n—1.

i) k#n-1
In this case f(r,s,i,k) = f(i,k,r,s) and therefore the equation (9.16) is equivalent to

ooy = ooy & 1=1

i) k=n-1:
If s#0 then k+s=mn—1+s>n. Therefore equation (9.16) is equivalent to:

1—1 -1 -1 _ 1-[s+]] s—1 _—1
a; oo o oy =y Qryjol

S1=1.
If s=0, then equation (9.16) is equivalent to:
a}_lajar = Ol}_lOér-{-_j < 1=1.

3) [k+l+4+s>n and [s++k<n:

This case is symmetric with the last case.

4) [k+1l+s>n and [s+1]+k>n:
Notice that the cases k+1>n, s+1l<n and k+1<n, s+1>n are not possible, since
if for example k+1>n and s+1<n, thenas [k+1]+s>n wehave k+1+s >
2n, but s+4+1 <n impliess k+1l+s <n+k < 2n —1, which is a contradiction; and
if k+1l<n and s+1>n, thenas [s+1]+k>n wehave k+1+s>2n, but k+1<

n implies k+1+s<n+s<2n—1, which is a contradiction.

i) k#n—-1 and s#n—1:
As f(r,s,i, k) = f(i,k,7,s), equation (9.16) is equivalent to

Fisk, 3,0 fry 5,005, [kH])C(ab®, ) FHI=CFD = £ s 5 1) f (3, b, r4g, [s+1])C (a’bF, b)ls+ = (s+D)
(9.19)
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ii)

If k+1>n, s+1>n, then equation (9.19) is equivalent to
QO QL QUi O = QOO Qg0 & 1= 1.
If k+1<n, s+1<n then equation (9.19) is equivalent to

ApQliyj = QiQlpyj & 1=1.

k=n-—1:
If k+1>n, s+1>n:
If s=n-—1:

In this case the equation (9.16) is equivalent to

1-1

_ 11— _ 1—[s+1 1 -1 1—
a! Oéja}« [k+1] k 1 .1-n 1-1 [s+1] s—1 -1 _1-n 1=1.

—1 _ E
Qiy O "y O =, oo OOy~ Oy ~

If s#n—1:

In this case the equation (9.16) is equivalent to

1.1 -1 -1 1—[s+1] s=1_—-1_ 1-n —
QOGO QG O = QOGO Qo o Q; & 1=1.

If k+l<n thenas k=n—1 we have [ =0, and therefore s+1 =5 <n.
If s#mn—1, equation (9.16) is equivalent to

s—1 _—1

-1 -1 _ _1-—s _
Qo Q= Capia a0 & 1=1

If s=n—1, then we have that equation (9.16) is equivalent to

1—k k=1 -1 _ 1-s s—1_-1
Qp QO Q= 0y QrgyQy Qo

& 1=1.

We conclude that W = C™ x C™ with the multiplication given by C' (referred to the canonical basis
of C™ x C™) is a (1, 2)-symmetric G-graded twisted C- algebra. O

We are ready to state the main theorem of this section.

Theorem 6. The number of (graded) isomorphism classes of (1,2)-symmetric Zy, X Z,-graded

twisted C-algebras with structure constants taking values in a finite subgroup A C C* is given by:

[ R |72 | R ™ | Ri]

where Ry, denotes the set of k-th roots of unity: {w € A : wF=1}.
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Proof. From the discussion above, a (1,2)-symmetric Z,, X Z,-graded twisted C-algebra is deter-
mined, up to graded isomorphisms, by the structure constant that is defined with respect to a stan-
dard basis. In turn, this function is completely determined by all possible choices of C(a"b%,a) and
C(a™b*,b), satisfying the identities in (9.14). As C(a™b%,a)™ =1 forall 0<r<m—-1, 0<s <
n—1, and
1=0C(1,a) = C(a,a) = C(b,a),

then we see that there are |R,,|™" ™3 possible choices for C(a"b%,a). Similarly, as C(b%,b)" =
1 for 0<s<n—1, and C(1,b) =1 = C(b,b), then C(b%,b) may be chosen in |R,|"~? possible
ways. Since C(a,b)™" =1, there are |R,,,| possible values for C(a,b). In the case where s #

n—1 and r #0, the identities in (9.14) tell us that
C(a"b*,0)" = C(a,b)™ = (C(a,b)")".

Therefore, C(a"b*,b) = wC(a,b)”, where w is some fixed n-th root of unity. Thus, there
are |R, |~ D(m=1=1 possible choices for C(a”b®,b), if s #n—1 and r #0.
Finally, again by using (9.14) we obtain: C(a"d"~',b)" = (C(a,b)""™ )" and there-
fore C(a"d"1,b) = wC(a,b)""V where w™ = 1. Hence, if 7 > 1, the value of C(a"d"~',b) can
be chosen in |R,|™ ! possible manners. In conclusion, the number of algebras satisfying the hy-

pothesis of the theorem is given by
|Rm‘mn—S‘Rn|n—2+(n—1)(m—1)—1+m—1 |Rmn| — |Rm|m”_3|Rn|mn_3‘Rmn‘-
O

Remark 8. If m and n are relatively prime, then Z,, X Z,, = Zmyn, and since | Ry | = |Rim||Rnl, the
above number is equal to |R,,,|™" 2 which gives the correct number of non-isomorphic algebras in

the cyclic case, as provided in [26].

Now, we discuss the general case of any finite abelian group, presented as G = Z,, X - -+ X Zp,.

9.2 C(lassification of (1,2)-symmetric G-graded twisted C-algebra, for G any finite

abelian group

First, we start by defining a generalized standard basis for a G-graded twisted algebra W. We
proceed by induction on the number of factors. Suppose G = G XZ,,, , where G1 = Zy, X+ -XZp,,_, -

Fix a;, € Z,, a generator. We define a standard basis for W as a basis of the form {w, ;}, where
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We,j = w,(l]k) (e denotes the identity element of Gy), as it was defined in the cyclic case, and where

1

{wgo = wy : g € G1} is a standard basis for W restricted to Gy, and wy; = wty - wg j—1, for

g # e and j # 0. So for each g € G there is ay € A such that wg? CWgpe—1 = Qg - Wy.

Remark 9. Notice that since B was defined recursively, its restriction to H = Z,,, X - -- X Z,,, with
1 <t <k, is a standard basis for W|g.

Let W be a (1,2)-symmetric G-graded twisted C-algebra, with standard basis B and structure
constant C' : G x G — A. Consider as before T,,, : W — W the linear transformation given by
Ty, () = wq, - . For each g € Gy, let {ey;} denotes the set of ng-th roots of a,. Notice that

ae = 1 and therefore {e. ;} is the set of ng-roots of unity. Define

nk—l

Zgg= Y e Mwg (9.20)
pn=0

Similarly as in (9.2), we can see that z, ; is an eigenvector of Ty, associated to the eigenvalue e ;.
Also, since W is (1, 2)-symmetric, following the same argument described in (9.3) we see that
Tor(Ty,s(29,5)) = alan. 9" - az) - eg,5 - Ty 5(2g,5)-

Therefore T, 4(z4;) is an eigenvector of Ty, associated to the eigenvalue g(ag, g’ - a}) - eq, ;. Here,

Ty s denotes the linear transformation given by Ty s(x) = wy s - x. Since

nkfl

Ty s(29,5) = Z e;’? -Clg' - aj, 9 ay) "Wyl g,[s+u] (9.21)
pn=0

where [ ] denotes residue classes in Z,, , then it holds that

Ty s(24.5) = ng}?s - 2gg1, forsome 0 <1 <my—1. (9.22)
Hence,

Q(almg, : az) “€g,5 = €g'g,l- (923)
This last equation is the generalization of equation (9.6). As in that case, we may derive the
following identities: If ¢ = aj'a%?...a," ', then
ag = C(ar,ar) " - Clag—1, a)” 17"

aq, = Cla;,ag) ™™

i

Clar, g-ap ™) = ay = Clg,ax) "™
g ! (9.24)
C(g - aj,ar) = wy s - Clar,ar)™ -+ Clag—1,a)™", for s#mn,—1, where wyk =1

Clg-af* " ar) = wy - Clar, ap) "D - Claror, ar) ™0 where wi* = 1

g
Clag,ap)™™ = 1.
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Now, equations (9.21), (9.22) and (9.23) imply:
nkfl

K 1.8 Iz _ 9,7
Z €gy Cl9 - al,g-ap) Wyglsry] = Mgl Zggl
pu=0

ng—1

_ 2 : 9.J | TH .
- 779/,5 6g’g,l Wy'g,p
n=0

nkfl

_ 9:J I s\—p W
= E : My's ~qax, 9" - ay) "€ Wy'g,u
n=0

Similarly, as in the case of a product of two cyclic groups, the last equation implies that for every
9.9 € Gy,
C(gl : a’ng ' agc) = C(g/ . aiug) ' C(g/ . aZaak)lv if 0 < < ng —S.
C(g' -aj,g-al)=C(g' -aj,g)-C(q - aj,ar) ™™ -y, if ng—s<I1<np—1; s#0, s#ny— 1.

Clg -ap* Y g-ap) =Cg - ap* ™ g) - Cg - ap* Y ap)' ™ -k - ay.
(9.25)

That proves the following theorem:

Theorem 7. Suppose that G = Zy, X Zp, X -+ X Ly, , and fix generators ai,as, ..., 0%, @i € Lnp,.
Suppose that W is a (1,2)-symmetric G-graded twisted C-algebra. If B is a standard basis for W
with structure constant C : G x G — C*, then:

If 0<l<ng—s:

Clg' - aj,g-a) =C(g - aj.9) Clg - aj, ar)',

If np—s<Ii<mnp—1, s#0, s#ny—1:

C(gl : aZag : af’g) - C(g/ ' ang) : C(g/ ! a’27ak)link c Q.

Fors=mn;—1:

Clg' - ap* " g-al) =Clg - a* ", 9)- Clg' - ap* " ar) =™ -l ™' - oy,

If the element g is written as g = aj*ay?...a," ' then:
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g = C(ahak)_rlnk .. C(ak717 a/k)_"’kflnk

g, = C(ai7 ak)_nka

Clak,g-ap*™") = ay = C(g,ax) .

For s#mny—1, where wyk =

C(g ’ az: ak) = Wg,s * C(al, ak)“ cee C’(ak_l, ak)”ﬂ—l,

C(g- azrl, ar) = wy - Clay, ag) "= o Clag_y, ap) -1 (=)

C(a;, ap)™™ = 1.

As in the case of a product of two factors, the (1,2)-symmetry provides some extra information

about the structure constant C' that we summarize in the following two lemmas.

Lemma 3. Suppose that G = Zp, X Zp, X -+ X Lyp,, and fix generators ay,as,...,ar, a; €
Zy,. Suppose that W is a (1,2)-symmetric G-graded twisted C-algebra. Then if B is a standard
basis for W with structure constant C : G x G — C, then:

C(g1 - a, g293) = C(91 - ai, 92) - Clg1 - ag, g3) - 0(92,93)71 -C(92,9193) - 0(92,91)71

for every g1,92,93 € Zpy X Ly X -+ X Ly, .

. .7 Ty Th—1 ~__r Ti—1
Furthermore, if g =ay"---a;"---a,] and we denote g=ay"---a;,3', then

Clg-aj,al) =Clg-aj, @) - Clai,g-aj) U™V Clas,g-ai*t) - Clas, g - aj 7).
Hence,
Clg-ap.al) =Clg-ap,a;) - C(g,a:)9 ™" if ry=mn; —1,

and if r; #n; —1, then

C(g-aj,al) =Clg-ay,a;) - C(G,a;)™™ or Clg-ap,al) =Clg-ai,a;).
In particular,

C(g-aj,a)" =C(a;,9- c/-"i)"i_1 -C(as,g- a““)_1 - Cla, g - a?ﬁni*l)_l.

? 2

Therefore,
Clg-aj,a)" = (C(G,a;)" ™" if ry=mn; —1,

Clg-aj,a;)" = C(g,a;)" if ri #mny — 1.
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Proof. Remember that 7(gy - aj, g2 - ai, gs-ap) =r(gz2- ai,gl -aj,gs-ajp) is equivalent to:

C(go-al, g3-ay)C(g1-ay, gags-al " )Cg1-ay, go-al) ™' = Clg1-a}, g3-a})C (g}, g193-a3 ") C(ga-af,, g1-aj) .

Now, with 7 =0 = v in the last equation we obtain:
C(g2,95)C(g1 - ai, 9293)C (91 - af,, 92) " = Clg1 - @, 93)C (92, 9195 - ;) C (g2, 91 - )",
and therefore
Clg1 - a}, g293) = Clgr - a3, g2) - Clg1 - a3, g3) - Clga, 93) " - Cg2, 9195 - ai) - Clg2, g1 - az) ™"

By the first equation in (9.25) we have that C(g2,g193-a;) = C(g2,g193)-C(g2,ar)®, and C(ga, g1
aj) = C(g2,91) - C(g2,ax)®, thus we have:

Clg1 - a},9293) = Clg1 - ai, g2) - Clg1 - aj, g3) - Cg2,93) " - Clga2, g193) - Cg2,91) "

This proves the first part of the lemma.
In order to prove the second part, notice that if we take go = a; = g3, for i =1,2,...,k—1, then
we obtain:
Clg-aj,a7) = Clg-aj,a:)? - Clai, g - a;) - Clai, g) 7,
since C(a;,a;) = 1.
Therefore, recursively and using the fact that C(ay, ag ) =1, we get:

C(g : aivaj) = C(g : ai7ai)j : C(ai,g)f(jfl) ) O(az’,g : ai) ' C(aiyg ’ az‘z) o C(ai7g ’ a{‘l)- (9-26)

%

Thus, if g =aj* - -al’---a,*} and §g=a}]'---a;}', then using the first equation in Theorem
7, we have
l _ T ri+l Tk—1
Claj,g-a;) = Claja"---a " ---a,7)

r ri+l Tk—2 Th_
ai’all...ai .'.a’k72).0(a‘i7ak—1) k—1
7

(
(
= Clai,a} a7 al™) - Clai, ai)™ - Clag, aiye)"*2 - Clai, ap_1) ™1
(@i G- ai"*!) - Clai, ain)" - Clag, aiya) 2 - Clag, ap 1)

(

where M = C(a;, a;41) - Cai, aip2)" 2 - Clag, ap—1)™".

Therefore, replacing in (9.26) we get:

Cly-afal) = Clg-afaf  Clasg ) 0™ M- Clay a ™) M- Clay - a7 - M
= C(g-a3,a;) - Clas,g-ai)"U=Y . Clas,g-al™) - Clai,g-ay 1) - M~U-D . ppi—t

— Clg-afyaif - Clang-al') U™V Clas,g-af ™) Clar, g - al 7Y
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Now, if r; = n;—1 then r;+j #n;—1 in Z,, for j =1,2,...,n;—1. Therefore C(ai,Zj-aé) =1 for
every [ =1,2,...,n; —1. But from Theorem 7, C(a;,g - a;-”*l) = C(g,a;)~™, hence,

C(g-ay, aj) =C(g-aj,a;) - C(g,a;)0~ D™, if r; =n; — 1.

i
If r; #n; — 1, two things can occur:

1. Thereis a unique [ € {1,2,...,5—1} suchthat r;+1i=mn;—1 in Z,,:
ritt)y =1 forevery t# 1, and C(a;,§-a’"™) = C(§,a;)"™. Therefore,

A A

In this case C(a;,g-a

Clg-a},al) = C(g-ap, a:) - C(g,a:) ™.
2. ri+l#mn;—1 in Z,, forevery {=0,1,2,...,5 —1:
In this case C’(ai,ﬁ-afi+l):1 for 1=0,1,2,...,7 — 1. Therefore,
C(g-az,aj):C(g-aZ7ai)j.

Finally, with j = n;, it is not difficult to see that:
Clg-aj,a:)™ = (C(g,a;)" ") i vy =mn; — 1,

and
C(g-aj,a)" =C(g,a;)", if ry #n; — 1.

O

Lemma 4. Suppose that G = Zy, X---X 2y, , and fix generators ay,as,...,a,, a; € Ly,. Suppose
that W is a (1,2)-symmetric G-graded twisted C-algebra. Then the constants C(g-aj,g') always can
be expressed in terms of the constants C(g-aj,,a;), 1 <i <k—1 and C(aj,a¢), 1 <j,t <k-1, for

every ¢,9 € Ly X Ly X -+ X Loy, -

1, T2 Tk—1

Proof. Suppose that ¢’ =aj'ay®---a,"7'.

We argue by inductionon n=7ry +ro+ -+ rg_1.

If n=1, then ¢ =a; forsome i=1,2,...,k— 1, and in this case the lemma is trivial.
Suppose that the result is true for n, and let us see that it is true when r1 +---4+7r,_1 =n+ 1.
Indeed, C(g-aj,q’) = C(g-aj,ai*---a,*7"). Now, assume that r; > 1, and r; =0 for j <4, thus
we can write

Clg-a3,g')=Clg-af,ai- (a7 ai" 7).
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By Lemma 3, we have that

1 Thk—1

Clg-ag,ai-(ai"™" -, )) =

C(g-aj,a;)-C(g-aj, afifl e a;;"':f) . C’(ai,a”*1 e azkjf)_l -Claj,g-a’" ... a;;":l) -Clai, )t

7 7

Now, the Theorem 7, allows us to compute:

C’(ai,a'ilaé2 . ~a2’“_‘11) = C(ay, ail . «afi) ~Olag, aipr)t+t - Olag, ap_q) %!

7

and again by Theorem 7,

ti—1 _t; 1 if t; 75 n; — 1

C(az,al* - a; " alh) =
. o C’(ahai)_tl”i --~C(ai,1,ai)_ti*1”7‘ if ti=n;—1

— Tl — PR Te— —_ . .
Hence, C(a;,a* ' - a;"7), Clai,g-ai* '+ a*7"), Clai,g)~" can be written as a combina-

i

tion of terms of the form C(as,a;) with 1 < ¢,j < k—1; and by the inductive hypothesis,

C(g - aj,ai* ' ---a;*7') is a combination of terms of the form C(g-af,a;) with 1 <1 <
k—1, and C(at,a;) with 1 <t,j <k—1, what completes the proof. O

The following theorem summarizes the above discussion:

Theorem 8. Let G be presented as Zp, X Lpy X+ - - X L, , and fiz generators ai, as, . .., ak, @i € Lnp, .
Suppose that W is a (1,2)-symmetric G-graded twisted C-algebra. If B is a standard basis for W
with structure constant C' : G x G — C*, then the values of C(g-a},a;),C(g-aj,ar) and C(as, aj),
withl1 <i,t,j <k—1,9 € Gy =Zn, X+ X Ln,_, completely determine the structure constant C.

Furthermore, the following identities generalize the ones obtained in (9.14):

If 0<I<ng—s, then

Clg-aj,g -a,)=C(g-ai,g) Clg-aj,ar)

If np—s<l<np—1, s#0, s#n,—1, then
Clg-a},g -a;) =Clg-aj,g) - Clg-aj,ar) ™ - ag.

If s=mny, — 1 then
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Clg-ap* ™' g aj) = Clg-ap* ' g') - Clg- ai*Hap) " - ap - agr.
If g is written as g = ai'ab? ...a,"" ' then

ag = C(ar,ar) "™ - Clag—1,ar) 1"k
g, = Clag, ar) ™

C(ag, ap)™™ = 1.

Clar, g~ ap*™") = ag = Clg,ar) ™™

C(g-ap*~ L ar) = wg - C(al,ak)_T'l("k_l) ce C(ak,l,ak)_”‘*(”’“_l), where wy* = 1.
For the case where s# 0 and g # aj, forj=1,2,...k:

C(g-a},ar) =wgs-Clar,ar)™ - - Clag—1,ar)™ ", for s#n,—1, where wpk = 1.

For the case s #0 and g# aj for j=1,2,....,k—1, andi=1,2,...,k —1 we have:

C(g-a},a;) = wgsClar,a;)™ ---Clai—1,a;)" " if r; #n; —1, where wy's =

Clg-a3,a;) =wys - (Clay,a)™ - Claj_1,a;)" 1)~ W=D if i =n; —1, where wyiy = 1.

Before starting our next theorem we notice that as in Theorem 4, two (1,2)-symmetric Z,, X
-+ X Zn, -graded twisted algebras are graded-isomorphic if and only if they have the same structure

constants in their respective standard bases.

Lemma 5. Let G = Zy, X -+ X Zy, and suppose that we have two (1,2)-symmetric G-graded
twisted C-algebras Wy and Wy with fized standard bases and structure constants C1,Cy : G X G —
A, A C C* (finite subgroup. Then, W7 is isomorphic to Wy as graded algebras, if and only if
Cy =Cs.

Proof. Clearly, if C; = Cy then Wj is isomorphic to W5 as graded algebras.

Now let us see that if W7 =2 W5 as graded algebras, then C; = Cs.

We argue by induction on n = k.

If k=1, G=12Z,, isa cyclic group, and the result follows from [26].

Assume that the result holds for n < k.

Now, if W; is isomorphic to W, as graded algebras, then r; = ro and [C; - Cy 1] =
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1] in H?(G,A).
Therefore, there exists p : G — A such that Oy -Cy ' = 9'(p). Remember that 0'p(g-aj, g’ -ak) =

p(g - at)p(gg’ - ai”)’lp(g -ay), where ¢, € G1 =Zy, X -+ X Ly, ,, and a; is a generator
of Z,,. Furthermore, the function p is given by the isomorphism .
Hence

Ci(g-aj,g - ay,) = plg" - ai)plgg - az*) " plg - ai)Caly - af, g - aj,). (9.27)

By the inductive hypothesis, as W1|g, is isomorphic to Wa|g, as graded algebras, then Ci|g,xa, =
Csleyxa,, and hence, p|g, is a group homomorphism, thus
p(9g’) = p(g)p(g").

On the other hand, from the way we define the standard bases, we can deduce the following

properties in terms of the structure constants C; and Cy: for j=1,2
Cj(17g : ai) =1= Cj(Q " g, 1)
Cj(ai,ag) =1, for i=1,2,...,k
Cj(ar,g-aj) =1, for s#n,—1.

Thus, as Cj(ag,g-aj) =1 for s#n—k—1, then using equation (9.27) we have

plg - ay) = plar) - plg-a;~"') for s # g,

and recursively we get:

p(g - ap) = plar)® - p(g), for s+ mny.
Now, using that C;(ag, ai) =1 and equation (9.27) we have

P(ai) = plax)’.

In particular, p(ag)™ = 1.
Hence,

plg-ag) = plar)* - plg), for every s.
Finally, notice that the above implies that p is a group homomorphism, since

plg-ai.g -ak) = plgg - a;™) = p(ar)* - plgg’)

= plar)® - p(g) - plar)’ - p(g)
= plg-ai)-ply' -ay).

As p: G — A is a group homomorphism, then by equation (9.27) we conclude that Cy = Cy. O
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The following theorem generalizes Theorem 5 when G is a product of an arbitrary number of

cyclic groups. Its proof follows the same lines as the proof of Theorem 5 and will be omitted.

Theorem 9. Let G = Zy, X -+ X Zp, and let A C C* be a finite subgroup. Suppose that we
choose values in A for C(g-aj,ax), Cla;,a;) and C(g-aj,a;) satisfying the identities in Theorem
8. Then W = C"™ x ... x C™ with the multiplication given by C (referred to the canonical basis of
C™ x -+ x C™ ) is a (1,2)-symmetric G-graded twisted C- algebra.

Finally, we may state our main theorem:

Theorem 10. The number of non-(graded) isomorphic (1,2)-symmetric G = Ly, X - - - X Ly, -graded
twisted C-algebras with structure constants taking values in a finite subgroup A C C* is given by

the product:
k

H|Rni |G| (k+1) H R,

i=1 1<i<j<k

where Ry, denotes the set {w e A : w™ =1}.

Proof. With the same notation, Gy =Zy, X -+ X Zy,_, and a; is a generator of Z,,.

After all the above discussion, we know that in order to produce this kind of algebras in an standard
basis, we only have to give a table with the values C(g-aj,ax), C(ai,a;) with 1 <i<j <
k and C(g-aj,a;) with 1<4i<k—1, satisfying the equations in Theorem 8.

As C(aj,a;)™™ =1 forevery 1<1i<j <k, wehave

H |Rninj |

1<i<j<k
possible values for these constants.

Now, for every i =1,2,--- ,k—1, as
Clg-ag,ai) = wg,s - My,

where M, s is an expression in terms of C(a;,a;) with 1 <i<j<k—1, and wgis =1, then

we have
IR, ||C1me= (et — | R, |IGI=(41D)

possibilities for these constants, since when s = 0 we have k terms, C(a;,a;) for 1 <1< k—1 that
we do not have to take in account, and also we do not have to count C(ag,a;) =1 and C(1,a;).
Finally, as

Clg-ap,ar) = wg,s - Mg,
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where wy =1 and M, is an expression in terms of C(a;,a;) with 1 <4 <j <k—1, then

we have
‘Rnk|lG1|nr(k+1) — |Rnk|\G|f(k+1)

possibilities for these constants, since we do not have to take in account the constants C(a;,ax) for 1 <
i<k and C(1,a;) =1.
Hence, the number of non- (graded) isomorphic (1, 2)-symmetric G-graded twisted C-algebras with

structure constants taking values in a finite subgroup A C C* is given by

k

H|R”i |G| (k+1) H R, |-

i=1 1<i<j<k




10. CLASSIFICATION OF (2,3)-SYMMETRIC G-GRADED TWISTED
C-ALGEBRAS

Here we discuss the classification of (2, 3)-symmetric G-graded twisted C-algebras, for G any finite

abelian group.

Definition 9. A G-graded twisted K-algebras W is called (2, 3)-symmetric if r(a,b,c) = r(a,c,b)
for every a,b,c € G.

Between the Lie algebras, there are two important kind of algebras called Left Symmetric al-
gebras and Right Symmetric algebras denoted by LSA and RSA. It is well known that there is a
bijective correspondence between these algebras. In the theory of G-graded twisted algebras, the
LSA are related with the (1, 2)-symmetric G-graded twisted algebras and the RSA are related with
the (2, 3)-symmetric G-graded twisted algebras. Following exactly the same arguments developed
in the last chapter, with the only difference that r now satisfies the condition r(a, b, c) = r(a,c,b)

for every a,b,c € G, we deduce the following theorem:

Theorem 11. The number of non-(graded) isomorphic (2,3)-symmetric G = Ly, X -+ X Ly, -graded
twisted C-algebras with structure constants taking values in a finite subgroup A C C* is given by
the product:

k

H|Rm|\G\—(k+1) H |Rpin, |,

i=1 1<i<j<k

where Ry, denotes the set {w e A : w™ =1}.

Therefore for the case of G-graded twisted C-algebras, we also have a bijective correspon-
dence between the (1, 2)-symmetric G-graded twisted C-algebras and the (2, 3)-symmetric G-graded
twisted C-algebras.



11. LEFT SYMMETRIC ALGEBRAS AND THEIR RELATIONSHIP WITH
(1,2)-SYMMETRIC G-GRADED TWISTED ALGEBRAS

Definition 10. Given W an algebra, we define the associator (X,Y,Z) as:
(X,Y,Z) = (XY)Z - X(YZ), for X,Y,ZeW.
Definition 11. We say that an algebra W is a Left Symmetric Algebra (LSA) if
(X,Y,2)=(Y,X,Z2), forevery X,Y,Z € W.

Suppose that G is any abelian group, and consider W a G-graded twisted algebra with
structure constant C' : G x G — A, where C(a,b) € A is such that w,wp, = C(a,b)we. Re-
member that we have two important functions associated to each G-graded twisted algebra, the

functions ¢ and r, where

q(a,b) = C(a,b)C(b,a) ",

and
r(a,b,c) = C(b,c)C(ab,c) " C(a,bc)C(a,b)~".

Also, remind that W is (1,2)-symmetric if
r(a,b,c) =r(b,a,c), forevery a,b,c e W.

Theorem 12. Let W be a (1,2)-symmetric G-graded twisted algebra with structure constant C':
G xG— A, where C(a,b) € A is such that wawy = C(a,b)wyp.
Then, W s a Left Symmetric Algebra if and only if

(g(a,b) — 1)(1 —r(a,b,c)) =0
for every wq,wy, w. € W.

Proof. W Left Symmetric Algebra is equivalent to

(Wa, Wpy We) = (Wh, W, w,), for every wq,wy, w. € W,
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and this is equivalent to
(Wawp)we — Wo (Wpwe) = (Wpwa)We — Wh(WawWe).
The last equation is equivalent to
C(a,b)C(ab,c) — C(a,bc)C(b,c) = C(b,a)C(ba,c) — C(b,ac)C(a,c).
Multiplying both sides by C/(ab,c) tC(a,b)~! we get
1 —7(a,b,c) = C(b,a)C(a,b)"' — C(b,ac)C(a,c)C(ab,c) " C(a,b)™*
=q(a,b)™' — C(a,c)C(ab,c) " C(b,ac)C(b,a) ' q(a,b)~*
=q(a,b)" (1 = r(b,a,c))
and as by hypothesis r(a,b,c) = r(b,a,c), then this is equivalent to
(q(a,b) — 1)(1 = r(a,b,c)) =0.
O

Now, the following theorem asserts that any (1, 2)-symmetric G-graded twisted C-algebra which

is Left Symmetric is associative, when G is any finite cyclic group.

Theorem 13. Let W be a (1,2)-symmetric Z,-graded twisted C-algebra with structure constant
C:ZpXZyn — A, where A C C* is a finite subgroup. Suppose that W is also Left Symmetric.

Then, W is an associative algebra.

Proof. By Theorem 18, (¢(a”,a®) — 1)(1 — r(a",a®,at)) = 0, for every a”,a®,a’ € Z,.

By the classification of (1,2)-symmetric G-graded twisted algebras for cyclic groups, we know that
the structure constant C is totally determined by the values C'(a",a), since C(a”,a®) = C(a",a)*
(See [26]).

We claim that C(a",a) =1 for r =1,2,...,n — 1, what proves that the associative function r = 1,
and therefore W is an associative algebra.

Indeed, suppose that C(a”,a) # 1 for some r € {1,2,...,n — 1}. Therefore,
(¢(a”,a) =1)(1 —r(a",a,a)) = 0.

Thus, as C(a,a”) = 1 then from the last equation we obtain that (C(a”,a)—1)(1-C(a"*1,a)"*C(a",a)) =
0. Hence, C(a"*1,a) = C(a",a) # 1. In this way, if we repeat the same for C(a"*! a) # 1, we
get that C(a"2,a) # 1. Going on until r 4+ i = n, we obtain C(1,a) # 1, which is clearly a

contradiction. Therefore, we conclude that W is an associative algebra. 0
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We will prove that the last theorem can be generalized to any product of two finite cyclic groups.

Theorem 14. Suppose that G = Zy, X Zn, and that W is a (1,2)-symmetric G-graded twisted
C-algebra with structure constant C : G x G — A, where A C C* is a finite subgroup. Suppose that

W is also Left Symmetric. Then, W is an associative algebra.

Proof. Here, we use the properties of the structure constant C' : G x G — A referred to a standard
basis B, described in (9.14). We start proving that «; =1 for i=1,2,...,m.

We can assume that C(a,b) #1 since if C(a,b) =1 then a; = C(a,b)™™ =1 and hence «; =
al =1.

As C(a,b) #1 then C(ab,a) =1, since
(q(a,b) —1)(1 — r(a,b,a)) =0

and thus
(C(a,b) —1)(1 — C(ab,a)"*C(a,ab)C(a, b)) = 0.
But notice that C(a, ab) = C(a, a)C(a,b) = C(a,b), therefore as C(a,b) #1 then C(ab,a) = 1.
On the other hand, if i #n —1 then C(b,ab’) =1, hence as
(q(ba abl) - 1)(1 - T(b7 abi7a)) =0
then
(C(ab’, b))~ = 1)(1 — C(ab’,a)C(ab™, a) 1 C (b, a®b")C (b, ab’) ') = 0

and thus
(C(ab®,b)™* = 1)(1 — C(ab’,a)C(ab™,a)~1) = 0.

Notice that c(ab’,b) = 1 implies a; = 1, since C(ab’,b)™™ = a;. Therefore we can suppose
that C(ab’,b) # 1 and hence

C(ab™* a) = C(ab',a), for every i #n — 1.
As we saw above, C(ab,a) =1 and thus recursively we have that
C(ab',a) =1 for every i.

In particular, C(ab" 1 a) = 1.
Now, we know that
(Q(ba abnil) - 1)(1 - T(bv abnila a)) = 07
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thus
(1 C(ab" 1, 0)™ = 1)(1 — C(b,a®b" 1O (b,ab™ 1)) = 0.

If a; = C(ab” ', b) thenas C(ab” 1,b)" = a}~' we have that af = a}~! and therefore a; = 1.

We can assume that a;C(ab" 1,b) # 1 and thus we conclude that C(b,a?b"1)C(b,ab" 1)1 =

-1 _ 2. -1_
1, and therefore apo; =ajo; =oa; =1.

We have just proved that a; =1 for every ¢ =1,2,...,m and therefore
C(a"b®,a'b) = C(a"b%,a)'C(a"b%, b)*.
Also, it is not difficult to see that
C(a"b,a) =1, for every r.
In fact, if we suppose that Cf(a,b) # 1, then as
(g(a,b) — 1)(1 —r(a,b,a)) =0
we have that
(C(a,b) —1)(1 — C(ab,a)" ') =0,
and thus C(ab,a) = 1.
In this way, using the fact that
(q(ab,a) — 1)(1 — r(ab,a,a)) =0,
we get
(C(a,b)™' = 1)(1 — C(a®b,a)”") =0,

and thus C(a%b,a) = 1.
Recursively we have that C(a"b,a) =1 for every r.

Now, if C(a,b) =1 then as

(q(a™™'b,a) = 1)(1 = r(a™"'b,a,a)) = 0
we have that

(C(a™ 'b,a) — 1)(1 — C(a™ b,a)) =0

and therefore C(a™ 'b,a) = 1.
As
(Q(am72ba a) - 1)(1 - T(am72b7 a, a)) = Oa
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then we get that
C(a™ ?b,a) = 1.

In this way, recursively we get that C(a"b,a) =1 for every r.
Now, we claim that C(a"b%,a) =1 for every r,s.
In order to prove this we have to consider two cases:
If C(a,b)! =1, then as
(q(a,b") — 1)(1 —r(a,b",a)) =0
we have
(Cta)t =1)(1 =C(a) =0
and therefore C(b',a) = 1.
Now, as
(q(a™ ' a) — 1)(1 —r(a™ b, a,a)) =0,
then
(C(a™ ', a) —1)(1 = C(a™ b, a)) =0
and hence C(a™ bt a) = 1.
Now, as
(ala™ 28", a) = (1 ~ r(a"2. a,0) =0,
then
(C(a™2b",a) —1)(1 — C(a™2b,a)) =0
and thus C(a™ 2b',a) = 1.
Recursively we conclude that C(a"b',a) =1 for every r.
If C(a,b)t #1, then as
(a(ab,a) — 1)(1 = r(abt, a,a)) = 0
we have
(Cla,0)™" = 1)(1 - C(a®b',a) ™) = 0,
and therefore C(a?b?,a) = 1.
Now, as
(Q(a’zbta a) - 1)(1 - r(a2bta ava)) = Oa
then
(Cla,b)t = 1)(1 = C(a®b',a)") =0
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and hence C(abt,a) = 1.
Recursively we get that C(a"b',a) =1 for every r.
We conclude that
C(a"b’,a) =1, for every r,s.

Therefore we have
C(a"b*,a'b*) = C(a"b*, b)*.
With these simplifications, if we compute the function r» we obtain:
r(a"b®, a'b”, a?b') = C(a'b*,b)'C(a" T b5 TF b))~ C(a" b, b)!.

Therefore, if we are trying to prove that the algebra is associative, then we have to check that

r(a"b®,a’b*, a?b') = 1, hence it is enough to prove that
C(a" " % b) = C(a"b*,b)C(a'b",b). (11.1)

First of all, let us see that C(a"b®,b) = C(a",b).
Indeed, if C(a”,b) # 1, then as (¢(a”,b) — 1)(1 — r(a”,b,b)) = 0 we get

(C(a",0) = 1)(1 = C(a"b,0)~' C(a”, b)) = 0,

and thus C(a"b,b) = C(a”,b).
Now, as C'(a"b,b) # 1 and (g(a"b,b) —1)(1—r(a"b,b,b)) = 0, then C(a"b?,b) = C(a"b,b) = C(a",b).

In this way, recursively we obtain that
C(a"b%,b) = C(a",b) when C(a",b) # 1.
If C(a”,b) =1 then C(a"b®,b) = 1, since if C(a"b%,b) # 1 for some s, the fact that
(g(a"b%,b) — 1)(1 —r(a"d%,b,b)) =0

implies that C(a”"b**t1,b) = C(a"b%,b) and therefore, C(a"b**1,b) # 1. But going on in this way,
for s =n — 1 we obtain that C(a”,b) # 1, which is a contradiction.
Therefore, if C'(a”,b) =1 then C(a"b®,b) = 1. Hence, C(a"b%,b) = C(a",b).
We conclude that in general,
C(a"b%,b) = C(a",b), forall s=1,2,...,n

Thus, the equation (13.1) is equivalent to

C(a™,b) = C(a", b)C(a', b). (11.2)
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Notice that C(a,b) = 1 implies C(a",b) = 1 for all r, since if we assume that C(a",b) # 1 for some r,
then as (q(a”, ab)—1)(1—7r(a", ab,b)) = 0, we obtain that (C(a",b)—1)(1-C(a"t1,b)"1C(a",b)) = 0,
and therefore C(a"t1,b) = C(a",b) # 1. In this way we get that C(a™1,b) # 1, and hence
C(a,b) # 1, which is a contradiction.

Therefore when C(a,b) = 1, equation (11.2) holds trivially.

Now, suppose that C(a,b) # 1. Let us see that C(a”,b) = C(a,b)". In fact, as C(a,b) # 1, then
(q(ab,a) — 1)(1 — r(ab,a,b)) = 0 implies C(a,b)C(a?,b)"1C(a,b) = 1, thus C(a?,b) = C(a,b)>.

As (q(a®b,a) —1)(1—r(a®b,a,b)) = 0, then C(a,b)C(a,b)"*C(a?,b) = 1, and therefore, C(a3,b) =
C(a,b)3.

Recursively, we obtain that C'(a",b) = C(a,b)", and thus the equation (11.2) holds.

This proves that r(a”b®,a’b, a/b!) = 1 for all a"b*,a’b*,a’b € G, and hence, the algebra W is

associative. O

Finally, we propose a conjecture above the general case of any finite abelian group G = Z,,, x

Xan

Conjecture. Suppose that G = Zp, X+ -+ X Ly, is any finite abelian group and that W is a (1,2)-
symmetric G-graded twisted C-algebra with structure constant C': G x G — A, where A C C* is a
finite subgroup. Suppose that W is also Left Symmetric. Then, W is an associative algebra.



Part III

COMPUTATION OF THE F-RATIONAL LOCUS



12. INTRODUCTION

In this part we describe an algorithm to compute the F-rational locus of an affine algebra over a
field of prime characteristic p > 0 by first computing its global test ideal. As a consequence we
deduce the Openness of the F-rational locus, a result originally proved in [27].

Let A denote the polynomial ring in n variables over a field of prime characteristic p, and let m
be any maximal ideal of A. Let us denote by R = A\m the completion of A,,, the localization of A
at the maximal ideal m.

If we start with any ideal I C A, we will present a constructive procedure to explicitly calculate
the parameter test ideal of the ring T' = R/IR. We will regard T as an R[f]-module, where
0 : T — T is the natural Frobenius map on 7" that sends t € T to its p-th power. In Section 13.2,
we will see how to extend this action to an action on H? (7)), the top local cohomology module of
T. As will see in Theorem 19, to compute the tight closure of a parameter ideal J = (z1,...,zq)
of T' amounts to compute O;I%(T)’ the tight closure of the zero submodule 0 in HY (T). But this
submodule can be characterized as the largest R[f]-submodule N of H that is annihilated by c?.

We show how to calculate globally the Matlis dual of Nj = Ol*{:ln (T)
appropriated matrices Esx 1, Usx s, @, with entries in A, so that if Q denotes the submodule defined by
the image of Q in A%, then  is the smallest submodule of A* satisfying that (c?A°* +im(Esx;)) C Q

Theorem 25, by computing

and Uy sQ C QIP1, where QP! = im(Q!). From this we obtain a way of computing the F-rational
locus of A/I, where A = K[x1,...,x,] is the polynomial ring over a field K of prime characteristic

p>0,and I C A a prime ideal.



13. PRELIMINARIES

In this part of this thesis, we will use some basic notions of Commutative Algebra and Homological
Algebra, classic notions like localization, completion, derived functors, Koszul cohomology, the

injective hull, and so on. The reader may consult [3].

13.1 Local Cohomology

In this section, we present briefly some basic notions related with the Local Cohomology Theory,
as well as some important results that will be needed in the next sections. The reader may consult
[32], for more details.

13.1.1 The injective hull of the residue field of a local ring

Definition 12. Let R be a ring. A homomorphism of R-modules 7: M — N is called an essential

extension if it is injetive and the following equivalent conditions hold:
(1) Every nonzero submodule of N has nonzero intersection with 7(M).
(2) Every nonzero element of N has a nonzero multiple in 7(M).
(3) If ¢ : N — @ is a homomorphism and v o 7 is injective then % is injective.
The following proposition summarizes the main properties of essential extensions.
Proposition 7. Let M, N, and Q be R-modules.
(1) If M C N C Q then M C Q is essential if and only if M C N and N C Q are both essential.

(2) If M C N and {N;}; is a family of submodules of N each containing M such that N = J, N;,
then M C N is essential if and only if M C N; is essential for every i.

(8) The identity map on M is an essential extension.

(4) If M C N then there is a mazimal submodule N' of N such that M C N’ is essential
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The last item in the above Proposition is an immediate consequence of the Zorn’s Lemma, and

allows to introduce the notion of a maximal essential extension.

Given M an R-module, there exists an injective R-module E such that M C E. We consider a
maximal submodule Er(M) C E such that M C Er(M) is essential. The extension M C Er(M)
is absolutely essential, in the sense that there are no essential extensions of Er(M). The definition
of Er(M) seems to depend on the injective module E, however, it is not difficult to see that if
M C E’ for some injective module E’, then Er(M) = E (M), in other words, Er(M) is unique

up to isomorphisms. This motivates the following definition:

Definition 13. Let M be an R-module, we define the injective hull of M, denoted by Er(M) as a

maximal essential extension of M

Now, suppose that (R, m) is a local ring, we denote Er by an injective hull of the residue field
R/m, i.e., Er = Er(R/m).

13.1.2 Local Cohomology

Suppose that R is a Noetherian ring, I C R an ideal, and M an R-module. The decreasing
sequence of idelas --- C I*¥*t c I*¥ ¢ I*=! C --. induces a family of homomorphisms {R/I* —
R/I*1};. Given any R-module N, we have a family of homomorphisms {Hompg(R/I*~! N) —
Homp(R/I*, N)}i. Recall that the module Extls(A, B) can be computed taking any projective

resolution of A

P, P, - P, A 0

removing A, applying the functor Hompg(__, B) and taking the i-th homology.
Therefore, if

Pn Pn—l PO R/ItHO

and

= Qu = Qu —  ——= Qo —= R/ ——0

are projective resolutions, then the homomorphism 6;,; : R/I'*™' — R/I' induces a map in
the homology Exts(R/It, M) — Extz(R/I*t', M). Hence, we have a family of homomorphisms
{Ext'a(R/I', M) — Extio(R/I"Y, M)},
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Definition 14. Let R be a Noetherian ring and let M be an arbitrary module. For I C R an ideal,
we define the i-th local cohomology module of M with support in I as the direct limit

HY (M) = lim Ext', (R/I*, M).
—

In the following theorem we exhibit some important properties of HY(M).
Theorem 15. Let R be a Noetherian ring.

(1) If I, J are ideals of R with the same radical, then Hy(M) = H; (M) canonically for all i and
for all R-module M.

(2) Let I C R an ideal and let M be any R-module. Then every element of H.(M) is killed by a
power of I.

(8) Let R — S be a homomorphism of Noetherian rings, let I C R be an ideal and let M be an
S-module. Then Hy(M) = H,g(M) as S-modules.

(4) Let S be a flat Noetherian R-algebra, and let I be an ideal of R and M an R-module. Then
S@r Hy(M) = H/(S®r M) = Hig(S®@r M).

\Y%

Let (R, m) be a local ring. The Matlis dual is a contravariant functor denoted by (__)V and

defined as
Mv = HOIHR(M, ER),

where recall that Eg is an injective hull of the residue field R/m.

The proof of the following two theorems may be consulted in [34], pages 12, 16.
Theorem 16 (Matlis duality). Let (R, m) be a Noetherian complete local ring.

(1) Any Artinian R-module M is isomorphic to a submodule of EY, for some integer s. (For this

R does not have to be complete)

(2) If M is a module with ACC then MV has DCC, while if M has DCC then M has ACC.
Moreover, if M has either ACC or DCC then the obvious map M — M"Y is an isomorphism.

Theorem 17 (local duality for Gorenstein rings). Let (R, m,k, E) be a Gorenstein local ring

of dimension n. Let M be a finitely generated R-module. Then

H'"'(M) = Exty(M, R)Y

m

for 0 <i<n.
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As a consequence of this last theorem, it follows that for every finitely generated R-module M,

H:n(M ) has DCC, i.e., every descending chain of submodules stabilizes.

Remark 10. Let (R,m) be a Noetherian local ring of dimension d, and let z1,...,z4 be a system
of parameters. It is well known (See [35] , page 100), that the top local cohomology module with

support in m, H? (R) can be seen as the following direct limit

HY (R) = lim R/(xf, ... 2g),
t
where the map R/(z},...,zt) — R/(z{™, ... 2 t1) is given by multiplication by z1zs - - - 24.

13.2 The Frobenius Functor

Let R be a commutative ring of prime characteristic p > 0. The map 6 : R — R that sends r into
rP is a homomorphism of rings, called the Frobenius homomorphism. This homomorphism endows
R of structure of R-module by restriction of scalars: - s = 0(r)s = rPs. The ring R endowed with
the last multiplication will be denoted by S. Notice that S = R, but S is viewed as a R-module

with the multiplication given by the Frobenius homomorphism 6.

Definition 15. Let M be an R-module. We define Fr(M) = S ®g M, where r’s@m = s®@r - m.
Clearly Fr(M) is an S-module with the multiplication s’ - (s ® m) = s's @ m.

In general, for any natural number e, we define (M) = S ®g M, where P @m=s®r-m,
and S is the ring R but with the R-module structure given by r - s = r?"s.

If we remember that S = R, then M is obviously an S-module with its original structure, and
therefore 73 () defines a covariant right exact functor from the category of S-modules to itself.
The functor Ff(-) : ¢9MMod — sMod is called the Frobenius or Peskine-Szpiro functor. We will

omit the subscript R when R is clear from the context.

Remark 11. (1) Fg(R"™) = R™, since F5(R™) is by definition S® g R™ which is clearly isomorphic
to R".

(2) If I C R is a ideal then Fi(R/I) = R/IP) where I'P°] denotes the ideal generated by the
p°-th powers of the elements of I. This is clear since F5(R/I) = S ®@g R/I = S/IS, and as
the action of R on S is given by r-s = r?"s then S/IS = R/IP"].
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Proposition 8. Let M be the cokernel of a matriz A, that is to say, M = R™/im(A) where
R™ —2 5 R" . Then, Fo(R™/im(A)) = S™/im(AP]), where APl denotes the matriz obtained
from A by raising all entries of A to the p®-th power.

A

Proof. We have an exact sequence R™ R" M 0 . Applying the Frobenius functor
Fg(-) we obtain a sequence S™ £, gn — Fi(M)——0. Let us compute the map ¢.
Consider e; = (0,...1,...0) € S™ the vector with 1 in the i-th position and zero elsewhere. Notice
that o(e;) =1-Ae; = (1-ayi,..., 1 ap,) = (af:, .. .,af;)7 where (ai;,...,a:,) is the i-th column

of A. This proves that the homomorphism ¢ is given by the matrix AP‘l. Therefore we have the

following commutative diagram

gm AT gn Feo(M) ——0

Lol

§m L s 8" — > 8" /im(AP]) ——=0

hence, F&(R"/im(A)) = S”/im(A[pe])_ 0

Remark 12. A well known theorem of Kunz (See [36], page 247) guarantees that the Frobenius
functor F§(-) is an exact functor when R is a regular ring. Moreover, it can be readily seen that

F5(-) also commutes with direct sums and direct limits.
Now we define what is known as a Frobenius map.

Definition 16. Let M be an R-module. A morphism of abelian groups ¢ : M — M such that

¢(rm) = rP¢(m), is called a Frobenius map on M.

The first example of a Frobenius map that comes to mind is the map 6 defined above, 0 : R — R,
O(r) = rP. This map provides an obvious Frobenius map on R™ defined as 6(ry,...,7m,) =

(r, ... rP).

The following proposition allows us to move back and forth from Frobenius maps to ordinary

R-linear maps.

Proposition 9. Let R be a commutative ring of characteristic p > 0. Let M be any R-module, and
let ¢ : M — M be a Frobenius map on M. Then, there is an S-linear map 5: Fr(M) — M given
by quS(s ®m) = s¢(m). Reciprocally, for any S-linear map §: FrR(M) — M, the map ¢ : M — M
defined by ¢(m) = B(1®@m) is a Frobenius map on M. Any Frobenius map ¢ arises in this way for

an appropriate 3.
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Proof. Suppose that ¢ : M — M is a Frobenius map on M. Let us see that 5 is S-linear. Indeed, if
we see M as a R-module with the multiplication r-m = rPm, then the map 8 : Sx M — M given as
B(s,m) = s¢(m) is R-bilinear, since 5(r-s,m) = B(srP,m) = srP¢p(m) = sp(rm), and r - B(s,m) =
rPB(s,m) = srPp(m) = s¢(rm). In the same way, B(s,rm) = s¢(rm) = srPp(m) = r - B(s, m).
Therefore this R-bilinear map induces the morphism qg : S®rM — M, and this morphism is clearly
S-linear.

On the other hand, suppose that we have 8 : S® g M — M an S-homomorphism. Define ¢ : M — M
as ¢(m) = B(1 ® m). Notice that ¢(rm) = S(1 @ rm) = B(rP @ m) = B(rP(1 @ m)) = rP¢(m).

Therefore, ¢ is a Frobenius map on M. O

Remark 13. (1) If M = R/I, where I C R is an ideal, then the natural Frobenius map 6 : R — R
induces a Frobenius map on R/I, 6 : R/I — R/I given by 6(T) = 7P. By the last proposition,
this Frobenius map on R/I induces the R-linear map 6 : F(R/I) — R/I defined by (s ®T) =
stP. As F(R/I) = R/IP! by the isomorphism given by s ® 7 ~ 7Ps, then the morphism 0 is
just the R-homomorphism induced by the inclusion of ideals ') c I.

(2) In the same way, if M = R"/im(A) then 6 induces a Frobenius map on R"/im(A4). An
again, the map 6 : R"/im(AP)) — R"/im(A) is the natural map induced by the inclusion of
submodules im(AP!) € im(A).

(3) Let R be any commutative ring of characteristic prime p > 0, I C R an ideal, and let M
be any R/I-module. Given ¢ : M — M a Frobenius map on M, as M is a R-module
with the multiplication given by r - m = Tm, then ¢ is also a Frobenius map on M Vi~ewed
as a R-module. As we saw in Proposition 9, ¢ induces an S-linear map S ®r M %M
defined as g(s ® m) = s¢(m). Reciprocally, given any S-linear map 8 : S ®r M — M,
¢ : M — M defined by ¢(m) = (1 ® m) is a Frobenius map on the R/I-module M, since
o(rm) = B @ rm) = B(rP(1 @ m)) = A1 @ m) = TP(m).

(4) Let (T,n) be any complete local ring of dimension d of prime characteristic p > 0. Let
Z1,...,xq be a fixed system of parameters for 7. By Remark 10, the d-th local cohomology

with support on 7 can be calculated as the direct limit H‘,i](T) = lim, T/(z%, ..., 2}) where
the maps are given by multiplication by @ = @1 ---z4. If u = [a + (2},...,2%)] denotes the
class in the direct limit of the coset a + (z%,...,z%), the map O(u) = [a? + (2}, ... 25")] is

well defined, and clearly satisfies the condition 6(ru) = rP6(u). Hence, it is a Frobenius map

on HZ(T) that we will call the natural Frobenius map on Hi(T).
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Since T is a complete local ring, by the Cohen Structure Theorem (See [3], page 190), we may
write T = R/I, where (R, m) is the ring of power series with coefficients on a field of charac-
teristic p > 0, for some ideal I C R. By (3), the Frobenius map 6 on HZ(T) can be obtained
from the R-linear map S ®g Hf,(T) i Hz(T). On the other hand, the local cohomology can
also be computed as Hz(T) = H¢ . (R/I). Since R is regular the morphism R — S is flat (See
[36], page 247), and consequently S @pr H‘f](T) = Hf;[p](S @r T) = HE  (R/IP)). Tt can be
readily seen that 0 is the map induced by the R/I-homomorphism HY, .(R/IP)) — HY .(R/T)
obtained by applying the covariant functor anT(,) to the canonical morphism R/I"! — R/T
defined by the inclusion of ideals I'"! C I.

(5) In general, by applying the covariant functor H’ () to the morphism R/I"! — R/I one
obtains an R/I-map S ®g H(T) = H! (S @r T) = H},,p(R/IP) — H}, +(R/T).
The Frobenius map induced by this homomorphism will be called the natural Frobenius map

on H;(T) We will also denote it by 6.

The next proposition is Lemma 4.1 of [37]. It shows that over a complete local ring the functors

Fr(-) and dualization with Er the injective hull of the residue field of R commute. More precisely:

Proposition 10. Let (R, m) be a complete local ring of prime characteristic. Let Er be an injective
hull of the residue field of R. Let us denote by V dualization with Eg, i.e., V = Homg(_, Eg). If

M is an artinian R-module, then there is a canonical isomorphism Fr(M") = Fr(M)Y.

Proof. (See Lemma 4.1 of [37]). O

13.3  R[t]-Structures

Let M be an R-module where R is a ring of prime characteristic p > 0, let ¢ : M — M be a
Frobenius map on M, and let us denote by R[t] the (noncommutative) polynomial ring where the
identity t - a = aPt holds for every a € R. It is clear that any Frobenius map on M induces an
R[t]-module structure in M, since the action of the variable t on M, given by ¢ - u = ¢(u), is well
defined: t- (ru) = ¢(ru) = r?¢(u) = (t-r)-u. The subring R[¢] of Homy (M, M) generated by ¢ to-
gether with the homomorphisms given by multiplication by elements of R is clearly a homomorphic
copy of R[t], since ¢r = rP¢p. Hence, the R[t]-structure of M descends to a natural R[¢]-module
structure for M.

As we saw in Remark 13 (4), the top cohomology Hg(T) of a complete local ring (T,7n) can be

given a natural R[t]-structure via the natural Frobenius map 6. If T is a regular local ring, this top
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cohomology module coincides with the injective hull of the residue field Er(T/n) (See [32], page

40). Hence, Ex(T/n) becomes an R[t]-module, and so does any direct sum of copies of it, 5"

If (R,m) is a complete regular local ring of prime characteristic p > 0, then R must be a power
series ring R = k[[z1,...,z,]] over a field of prime characteristic p > 0. In this case, the injective
hull of its residue field Er can be identified with the R-module of all “negative” power series, that
is, elements of the form u =}  cox(" --- x5, where o; < 0, with the structure of R-module given
by:

0 if a;+B; >0 for some 1

g TP ot B otherwise

It is not difficult to see that the natural Frobenius map on Ep is obtained raising any negative
power series to the power p, ie., 6 : Egp — Eg where 0(3, caz(* ---x0m) = Y caai™ - 2o,
and clearly this Frobenius map induces a Frobenius map on E%’”.

Also, it follows that any other Frobenius map on EE", ¢ : EE" — EE", has the form ¢ = uf), where

u 1s an r X r matrix with coefficients in R.

Remark 14. Let (T,n) be a complete local ring of prime characteristic p > 0, and of dimension d.
By the Cohen Structure Theorem, we know that 7' = R/I for some ideal I C R, and where R is the
power series ring k[[z1, ..., z,]] with k a field of prime characteristic p > 0. Counsider 6 the natural
Frobenius map on Hﬁ(T), defined in Remark 13 (4). Then, any other Frobenius map on Hz(T),
o HZ(T) — Hg(T) has the form ¢ = uf, where u is a matrix with coefficients in R.

Proof. As Hf] (T') is an artinian T-module, then by Theorem 16, Hz(T) — E7. for some r. On the
other hand, it is not difficult to see that By = Anng, I C Egr. Hence, HfI(T) — B C By Let ¢
be any Frobenius morphism on H‘f](T). As we saw before, this Frobenius map is induced from an
S-linear map S ®g HZ(T ) 4 Hi(T), where S is the ring R with the R-module structure given by
the Frobenius action. Since R is regular, then S ®p HZ(T) — S ®pg EY} is also an injection, and
since B, is an injective R-module, there exists an S-linear map {Z; such that the following diagram

commutes:

S ®r HY(T)— S @r Ej

|s i

HY(T)—«= EY,

Thus, the Frobenius map ¢ : Ef, — E%, induced by the S-linear map 1;, restricted to HZ(T )
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coincides with ¢. But as we saw above, ) = u#, for some r x r matrix. Hence, ¢ = U9|Hd(T), where
n

9|H§(T) is precisely the natural Frobenius map on H;i](T) O

13.4 Tight Closure and Parameter Ideals

In this section we present some definitions and some results related with the Tight Closure Theory,

that we will use later.

13.4.1 Tight Closure

Definition 17. Let R be a Noetherian ring of prime characteristic p > 0. Given I C R an ideal, the
tight closure of I denoted by I*, is the ideal defined by the rule: x € I'* if there is ¢ € R such that
¢ does not belong to any minimal prime ideal, satisfying that ¢ - 2P~ € I'?] for all sufficiently large

integers e.

Notice that in the above definition, the element ¢ depend on I and =z € I*. However, as R is a
Noetherian ring then I* is finitely generated, and therefore the element ¢ can be taken depending
only on the ideal I.

Before to start taking about the properties of Tight Closure, we present the following proposition,
which asserts that we can reduce the study of Tight Closure Theory to Noetherian domains of prime

characteristic.

Proposition 11. Let R be a Noetherian ring of prime characteristic p > 0, and assume that
Py, ..., Py are the minimal prime ideals of R. Let I C R be an ideal, then r € I* if and only if
r+ [P;] € I*(R/F;) for every i = 1,2,...,k, where r + [P;] denotes the equivalence class of v in
R/P;.

Proof. Suppose that r + [P;] € I*(R/P;) for every i = 1,2, ..., k. Then, for each i there is ¢; ¢ P;
such that ¢;r?" € Il + P, for e >> 0. By the prime avoidance theorem, we can find d; ¢ P
such that d; € P; for each j # i. Therefore, cidir?” € 1Pl 4 Nil(R). Taking n with the property
Nil(R)" = 0, we see that (c;d;)"rP"" € I'P""l. Notice that if we call s; = (c;d;)", then s; ¢ P; and
s; € P; for each j # i. Hence, the element ¢ = s; + - -- + 55, does not belong to any minimal prime
P;, and er?™” e 1" Thus, r € I*.

The reciprocal is clear. O

Some basic properties of Tight Closure are presented below:
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Remark 15. Let R be a Noetherian ring of prime characteristic p > 0, and let I, J be ideals of R.
(1) I* C R is an ideal.
(2) I cI
3) (I")" =1
(4) If I C J, then I* C J*.
(5) When R is regular, I* = I.
(6) If R C S is a module-finite extension, IS N R C I*.
(7)) InJ)*CcI*nJ~
8) (I+J) = {I*+J*)*.
9) (IJ)" = I"J7)"

It is well known that for Cohen-Macaulay rings, the colon capturing property holds, in other

words, if R is a Cohen-Macaulay ring and 1, ..., x4 is a system of parameters, then
((z1,. .o @i) s @iga) C (21, ., 24)
foralli=1,2,...,d—1. There is a version of the colon capturing property of tight closure which is

a kind of generalization of the colon capturing property, in the sense that it holds for more general

rings, rings that do not have to be Cohen-Macaulay.

Proposition 12. Let (R,m) be an equidimensional complete local ring. If x1,...,24,Tq41 are
parameters in R, then ((z1,...,24)* : a11) C (T1,...,2q)*.
Proof. See [38] for a proof. O

The last Proposition is more general, it is true for excellent rings, however in this chapter we
focus on complete local rings. Every complete local ring is an excellent ring.
Now, the Frobenius functor FF,(-) defined above, allows to extend the Tight Closure notion to

modules.

Let R be a Noetherian ring of prime characteristic p > 0, and let M be an R-module. For N C M
an R-submodule, we define the R-module N][\Ze], as the image of the map F°¢(N) — F¢(M). The
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tight closure Ny; of N in M, is defined as the elements = € M for which there is ¢ € R not in any

minimal prime ideal, such that
ca?’ e NI[\ZE} C Fp(M)

for all sufficiently large e, where 7" denotes the image of & under the natural map M — Fe(M)
that sends z — 1 ® z, in other words, 27" = 1® z € F¢ (M). Therefore, with the above notation

we see that (rz)P” =P xP" forr € R, x € M.

Here are some properties of the tight closure for modules.

Remark 16. Let R be a Noetherian ring of prime characteristic p > 0.
(1) If N C M are R-modules, then N3, is an R-module.
(2) If N C M are R-modules, then N C N}, and (N3;)4; = N3
(2) If N C M C Q are R-modules, then N§, C M and Ny, C N§.
(3) If I C Ris an ideal and N C M are R-modules, then I* Ny, C (IN)3,.

The following proposition allows to reduce problems related with the tight closure for modules

to the study of the tight closure of the zero submodule.

Proposition 13. Let R be a Noetherian ring of prime characteristic and let N C M be R-modules.
Then, the image of Ni;/N in M/N coincides with the tight closure of the zero submodule in M /N,
in other words, Nj; /N = O}, in M/N.

Proof. As F¢(.) is a covariant right exact functor, then the sequence
Fé¢(N) ——= F¢(M) —— F¢(M/N) ——=0
is exact. By definition N J[\I/}c] is the image of the first morphism, therefore
F(M/N) = Fe(M)/NE. (13.1)

Consider T € O}“WN, then there is ¢ € R not in any minimal prime ideal, such that ¢z?" € OE@E/]N =
O, for e sufficiently large, and by equation (13.1), this implies ca?” € NI[\I/}E] for e >> 0. Thus,
x € Nj;, and therefore T € Nj;/N.

Reciprocally, if T € M/N with € Nj;, then, there is ¢ € R not in any minimal prime ideal such
that ca?” € NI[SE] for e >> 0. Therefore, cz?* = 0 in fe(M)/NJ[\’/;e] = F¢(M/N) for e >> 0. Hence,
T € O}y/n- O
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13.4.2 Test elements

In the definition of Tight Closure, we saw that the element ¢ may depend on the ideal I and = € I*.
However, for some special rings, it is possible to find an element ¢ that works for any ideal I and

any element x € I*. This kind of elements will be called test elements.

Definition 18. Let R be a Noetherian ring of prime characteristic p > 0. We say that ¢ € R not
in any minimal prime ideal is a test element, if for every finitely generated module M and every

submodule N, x € Ny, implies cxP’ e N][\’/’[e] for all e > 0.

The set of test elements together with 0 form an ideal called the test ideal.

For reduced complete local rings, the following theorem assures the existence of test elements.

Theorem 18. Let R be a reduced complete local ring of prime characteristic p > 0. Then, there

always exist test elements.

See [28], Theorem 6.1

Let (T, 1) be areduced equidimensional complete local ring of dimension d of prime characteristic
p > 0. By the Cohen Structure Theorem, 7" is isomorphic to R/I where R is the power series ring
over a field of prime characteristic p > 0.

We want to prove, that with the above notation, given J = (x1,...,x4) a system of parameters
of T, for any element v € T, w € J* implies v = [u+ (x1,...,24)] € O;I%(T), the tight closure of the
zero submodule of Hﬁ(T), and if v = [u+ (z5,...,25)] € OI*{‘;(T)’ then u € J*.

We need the following lemma:

Lemma 6. With the above hypothesis,

T t —t -
((fo?uxg) 'xln'md)c(x(]z_ 7"'amg )7
for allt < q.
Proof. By induction on t. For t = 1, suppose that a € ((«{,...,23)* 1 @1---x4), then vy - zq €
(zf,...,2%)*. Hence, if ¢ € T is a test element, then capex’l)6~-~xsc € (x‘fpﬁ,...wgpc), for all

. e . . . . . e . -
e > 0. Thus, co? o -2 =riz{’ + - +rez? and then 2f) (ca? 2l ---af_ | — ’I“dl‘glq » ) €

e e e (=3 e (=3 e
(.., 2dP ) < (2 . 2 ) As P, 20 2l is also a system of parameters, then
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by Proposition 12, ca? 2t - ~x§i1 — rdxgqul)pe e (=™,... ,xglfl)*. Then, ca?’zt" --~m§il €
(z?° ... ,J:gpel)* + (x((iq_l)pﬁ) c (2%, ... ,xg’fl,xgq_l)pﬁ)* for every e > 0.

Therefore, ca? z?" - - ':cge_l € ((zf,...,2% 29 HP1)* and by multiplying by ¢ we obtain that
c2a1’eac’17c ---xsﬁ_l € c((9,... mi_pmg*l)[pe])* C (af,... 7963_1796371)@5]’ for every e > 0. Hence,
axy-xgq € (2.2 adThE

Arguing in the same way as about but now with the element z4_1, we get that axy---x4_2 €

(2%,... ,xg_Q,xgj,xqfl)*. Going on in this way, finally we obtain that a € (%', ... 2% 1)*,

what proves the first step of the induction.

Now, assume the result holds for ¢, and let us see that it also holds for ¢t + 1. Indeed, consider

a € ((of,...,2%)* 22l thus aaftt 2t € (2f,...,29)%. Therefore, azy - xq €
((zf,...,2%)* : 2} ... 2%), and hence, by the induction hypothesis, azy ---zq4 € (z{*,... 247"
This implies that o € ((z7 ", ..., 23 ) 12y - 2q) C (m'f*(tﬂ), . ,ng(tﬂ))*. O

Theorem 19. Let (T,n) be a reduced equidimensional complete local ring of prime characteristic
p >0, and let x1,...,xq be a system of parameters of T. If J = (x1,...,x4), then u € J* implies

that v = [u+ (z1,...,24)] € Oary, and if v = [u+ (2f,...,23)] € Olya(py, then u e J*.
n n

Proof. Suppose that v = [u + (zf,...,25)] € O;I,“’(T)' Then, by definition, there is A € T not
in any minimal prime, such that A0°(v) = 0 in H%(T), for e >> 0. In other words, A\[u?" +

(@52, .., 2] = [0], for e >> 0. Therefore, Az} ---zhu?” € (2P, ... &P t), for some

t > 0. This implies that \u?” € ((a:‘;pe“,...,mzpe“) cal---2h), and by Lemma 6, \u?" €

(m‘;pe, . ,xzpe)* C ((x1,...,2q9)P1)*. By multiplying by ¢, we obtain that cAu?” € c((xy,...,zq)P)* C

(z1,...,24)P°] for e >> 0, what proves that u € J*.
Reciprocally, if u € J*, then cu?” € JP* for all e > 0. Thus, clearly c[u?” + (x’fe, . ,xge)] =0 for
all e > 0. Hence,v:[u+(x1,...,xd)]EO;Iz(T). O

In the proof of the above theorem, the weak test element ), actually can be taken as A = c.
Therefore, this implies that the test element ¢ € T satisfies that ¢26°(v) = 0 in HZ(T), for e >> 0,

for all v € OI*{d(T)’ where 6 : H;’ll(T) — Hg(T) is the natural Frobenius map defined in Remark 13
n

(4). Hence, Of 4 () 18 the largest R[6]-submodule of Hﬁl,(T), annihilated by ¢2. This module will be
n

denoted by Nj.
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13.5 Minimal Submodules I.(V)

Definition 19. Let R = K[x1,...,2,] where K is a field of prime characteristic p > 0. Given an
ideal J C R, define the ideal I,(J) as the unique smallest ideal I such that J c 1P,

Let us see how to construct the ideal I.(J).
We consider first the case KP = K.
Assuming the existence of the ideal I.(_), notice that for J, K C Rideals, I.(J+K) = I.(J)+ 1. (K).
Therefore, it is enough to prove the existence of I.(g) for g € R, that is to say, for principal ideals.

For g € R, we can write g in a unique form as
_ ¢ a1 o _
g= g Pt a= (o, 0n).

We claim that 1.(9) = (o) {a=(a1,....an) : 0<a1,...an<pc}-
Indeed, if (g) C L], suppose that L = (hy,...,h,,), then g = Z;n:1 sjhé’e. But each s; can be

written in a unique way as

hence,

m

g=> > satatnt = N O sjahy) et ad,

j=1 0<ai,...,an<p® 0<ai,...,an<p® j=1
Therefore, 7o = Z;nzl Sjahj. Thus, (ra)fa=(as,....an) : 0<ar,..an<pe} C L. This proves that I.(g) =
<7"a>{a:(oc1,-.-,ocn) i 0<a,..., 00, <p©} -
For the case K? # K, we take a basis B for K as a KP -vector space. It is not difficult to see that
any element g € R can be written in a unique way as

g= Z Z)‘a ﬁrp bl - xpyt, Aap €K, Tap € R.
0<an,...,an<p° BEB

It follows that I.(g) = (Aa.8Ta,8)-
We have just shown the existence of the ideals I.(J), when R is the polynomial ring R = K[z1,...,2Z,].
These ideals can be defined in more general rings (See [39]).
For instance, when R regular and free as RP‘-module, we have the following characterization for
the ideals I.(-).

By a Theorem of Kunz (See [40]), for R a Noetherian ring of prime characteristic p > 0, R

regular is equivalent to R reduced and flat as RP-module.
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Proposition 14. Let R be a reqular ring which is free as RP" -module, and let eq, . .., e, be a basis

of R over RP". Let J C R be an ideal, and suppose that J = (a1,...,ax). If
w3
j=1

with Tij € R, fori =1,2,...,k, then Ie<J) = <ri,j>i§k, j<n-

Proof. Denote I = (r; j)i<k, j<n. Clearly J = (a1,...,ax) C <T§;>i§k’ j<n, thus J C 1P,
Suppose that J c LIP°], for some ideal L ¢ R. If L = (I,...,l,), then

s

_E : I

a; = ti,jlj
Jj=1

for i = 1,2,...,k. Now, consider the dual basis e}, ..., e} for Hompee (R, RP). As e}(ej) = &;;,
then ef (a;) = Tf;n. On the other hand, ej,(a;) = 375, l?ee:n(ti’j) € LPl. Hence, rﬁgm =

21 lﬁee:"(tm)' If i = j_y b} ex then e, (t;;) = bY,, therefore we conclude that Tf,em ="
for some b € L. Since R is reduced we see that r;,,, € L. This proves that I C L and thus
I=(rij)i<k, j<n = Lc(J). -

The next theorem, extends the definition of I.(-) to completions and localizations of regular

rings R.
Theorem 20. Let R be a regular ring. Then, given J C R an ideal:
(1) If S is any multiplicative system in R, then I.(S71J) = S71I.(J).
(2) If R is local and R is its completion, then I.(JR) = I.(J)R.
In other words, the operation I.(_) commutes with localization and completion.

Proof. (1): Notice that by definition J C I.(J)P"], thus S~*J ¢ S~ (J)P] = (S—11,(J))P°].
Therefore, I.(S™1J) € S71.(J).
On the other hand, the ideal I.(S7!.J) = S~ for some I C R ideal. Now, by definition
S—1J c (8Pl = §=1(1P]). As we saw in Remark 12, when R is a regular ring, F¢
is exact, therefore, as (I : s) = I, for every s € S, then (IP°] : sP°) = TPl for every
s € 8. Thus, (IP"] : s) = IP"] for every s € S. Hence, the containment S~'.J ¢ S~1(IlP])
implies J C IP"). As I.(J) is the smallest ideal with this property, then I.(J) C I. Thus,
STHI.(J)) c ST =1.(S7J).
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(2): As R is regular then R is flat as RP"-module. Since R is local we have that R is free over
RP°. Now, if e, ..., e, is a basis of R over RP", notice that e, ..., e, is also a basis of R over
(R)?". The result follows from Proposition 14.

O

Remark 17. Let R be a Noetherian ring of prime characteristic p > 0. Assume R is regular and
F-finite. Here F-finite means that R is finitely generated as RP -module. Given J C R, in order
to compute I.(J), since R is free as R’(’;—module, then using Proposition 14 we can compute the

ideal I.(JRg), and by the last theorem we have the ideal I.(J).

Now, the following theorem allows to extend the notion I.(_) to submodules of free R-modules.

For more details see [41].

Definition 20. Let R be a Noetherian ring of prime characteristic p > 0. Let M C R™ be an
R-submodule. We define MP*] as the R-submodule generated by {z?" : 2 € M}

Notice that in the above definition the notation z?° makes sense, since for elements x =

(riy...,rn) € R™ we define o (r{’57,_.7r§)_

The following theorem generalize the operation I.(-) to submodules of free R-modules.

Theorem 21. Let R be a ring for which the operation I.(-) is well defined (for example R regular
and F-finite). Let M C R™ be an R-submodule. Then, there is an R-submodule L C R™ minimal
with the property M C LP°l. This module will be denoted by I.(M).

Proof. Consider the projection homomorphisms 7; : R® — R, for i = 1,2,...,n. For each i =
1,...,n define J; = {r € R : r = m(x) for some x € M}. Clearly J; C R is an ideal and
M=Jy x X Jy. L=1,(J) % xI.(J), then L C R" is an R-submodule and M C LIP],
since J; C I(J)P) fori =1,2,...,n.

Notice that L = I(J;) x - -- X I,(J,,) is the minimal submodule such that M c LIP], since if M C
TIP°] for some R-submodule T C R", then with the same notation as above, writing T' = Ty x- - - X T},
the containment M = J; x---x J,, C TPl = Tl[pe] X e X T,Epe] implies J; C Ti[pe] foralli=1,...,n.
Hence, I.(J;) C T; for every ¢ = 1,...,n, and therefore L = I.(J1) x --- x I.(J,) C T. O

We have the analogous of Proposition 14 to submodules, we omit the proof since it follows

exactly the same lines:

Proposition 15. Let R be a reqular ring which is free over RP*. Suppose that e, ..., en is a basis

of R over RP".
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(1) For any R-submodules W1,..., W), C R", I,(Wy +---+Wy) = L.(W1) + - + I.(Wg).
(2) Forv=(vy,...,u,) € R", if
vi=) rles
j=1
1s the unique expression for v;, then

Ie(RU) = <T1,j>§n:1 X X <7‘n,j>}n:1

As we saw for the case of ideals, for R-submodules of R™, the operation I.(-) commutes with

localization and completion. We omit the proof since it follows the same lines of Theorem 20.
Theorem 22. Let R be reqular and F-finite and let M C R™ be an R-submodule.

(1) Let S C R be a multiplicative system. Then I.(S™1(M)) = S~1(I.(M)).
(2) If R is local and R denotes its completion, then Ie(]/\/l\) = Ie/(\]W)

‘We finalize this section with a theorem that will be needed later.

Theorem 23. Let R be reqular and F-finite. Let U be a n X n matriz with entries in R and let
M C R™ be an R-submodule. There is a unique R-submodule W C R™ minimal with the property
that M C W and UW C WIPL. The R-submodule W will be denoted by M*U.

Proof. Consider Wy = M and for i > 0, W; = I,(UW;_1) + W;_1. Clearly Wy = M C W; C
Wy C--- C W, C---. As R is Noetherian the last chain of submodules stabilizes at some IV, i.e.,
Wy = Wy, for all 5 > 0. Denote Wy by W. As Wy = Wy, then W = L(UW) + W. It is
clear that M C W, and UW C WPl since UW ¢ I,(UW)IPl and as WP! = 1, (UW)lP! - WP then
L(UW)PL c WPl and therefore UW < WP,

Finally, let us see that W defined above is the minimal R-submodule such that M C W and
UW c W In fact, suppose that T C R" is an R-submodule such that M C T and UT c TPl
Notice that I; (UT) C T, therefore we can see from the way we constructed W that W; C T for
alli >0, since Wo=MCT, Wiy =L({UM)+ M C IL(UT)+T C T, and hence, if we suppose
that Wy C T then Wiy = L(UWy) + Wy, C L(UT)+T C T. Thus, as W = Wy for some N, we
conclude that W C T 0



14. COMPUTATION OF THE F-RATIONAL LOCUS

We start fixing the notation. In this chapter A will be denoted the polynomial ring Klz1,...,z,]
where K is a field of prime characteristic p > 0, I C A a fixed ideal, R will denote the completion

of the localization at a maximal ideal m of A, and T = R/IR.

With our notation, as R = Z; where A = K[x1,...,2,] is the polynomial ring, then (R, m) is

a regular local ring of dimension n, and therefore it is Gorenstein. Hence by Theorem 17,
H? (R/IR) = Ext}, *(R/IR, R)",

where d = dim(R/IR) = dim(T).

Now, as we saw in Remark 13, the natural Frobenius map 6 : A/I — A/I induces the A-linear
homomorphism 6 : A/IP) — A/I given by the canonical map defined by the inclusion I} c I.
Let P* 28 A/I — 0 be any free resolution of A/I. As F,4 is an exact functor since A is regular,
Fa(P®) BE] Fa(A/I) = 0 is a free resolution of Fa(A/I) = A/IPl. Thus, we have the following

commutative diagram

Bo

AJT 0 (14.1)

I

Blv] Blv] B
s Fa(P?) —2= FA(PY) —— F4(P%) ——= A/IlPl — 0

where the map of complexes fs comes from a lifting of the map 0.

If PE = AP then Fa(P*) = A%, and the matrix D} that represents 6 : A% — AP in the
standard basis, can be computed explicitly.

On the other hand, we can compute Extzfd(A/I,A) using the complex P®* — 0 obtained by
removing A/I from the free resolution P* Be A/I — 0, applying the functor Hom4(-, A) and
taking the (n — d)-th homology. In the same way, we compute Ext’™%(Fa(A/I), Fa(A)), using the
complex F4(P*®) — 0 obtained removing F4(A/I) from the free resolution F4(P*) B—[’I;] Fa(A/I) —
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0, applying the functor Homu4(-, A) and taking the (n — d)-th homology. Therefore, from the

commutative diagram (14.1) we have the following morphism of complexes:

< Homu(P" % Ay~ Homu(P" %! A) = .. (14.2)

s e

< HomA(}'A(P”_d),A) -~ HomA(fA(P"_d_1)7A) <~

where gj‘hd is given in the standard basis by the transpose of the matrix D] _,;, which we will
denote by D,,_4. This morphism §Z—d : Homa (P91, A) — Hom (Fa(P"~ %), A) induces a map

between the homologies
Dy_q: Ext" YA/, A) — Ext" " (Fa(A/I), Fa(A)). (14.3)

We notice that since A is regular, then Ext”y~%(Fa(A/I), Fa(A)) can be canonically identified with
Fa(Ext4(A/I, A)).
Now, from the free resolution P*® By A/I — 0, we can compute a presentation of Ext’y “(A/I, A),

Esxi
—_—

Al A% — = Ext" Y (A/I,A) —=0. (14.4)

As F4 is an exact functor, then applying this functor to the presentation (14.4) we obtain a
presentation for Fa(Ext 4(A/I, A)):

[p]

Al A5 > Fa(BxtT4(A/IA)) —0.

In this way, we obtain a commutative diagram

AL S g Ext™4(A/I, A) —— >0 (14.5)

szll Usxs \LDnd
E[P]

sX1

A5 A5 Fa(Ext®Y(A/I, A)) —0

where the matrices Cjx; and Ugxs comes from a lifting of the map D,,_4.

As R is a flat A-module (R = A,,) then R ® Ext”%(A/I, A) = Ext" %(R/IR,R). Also, as
Fa(Ext4(A/I,A)) = Ext’,4(A/IP]] A), then again as R is flat as A-module we have that R ®4
Ext’ YA/, A) = Ext}y “(R/IPIR, R) = Fr(Ext}y “(R/IR, R)).

Hence, applying the functor R ® 4 - to (14.5) we obtain the following commutative diagram:

R SL s Ext’ (R/I, R) — 0 (14.6)

szzi
gl

sx1

R —% R® —— Fr(Exty *(R/I,R)) —0

Usxs iDn—d
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Note that if we have an A-linear map A gix>l A? given by the matrix Es;x; in the standard bases of
Al and A®, then when we apply R®4 __ we get an R-homomorphism R® 4 Al Id@—gfw R®4 A®, but
identifying R ® 4 AF with RF, the last R-homomorphism corresponds to R! SS—X>Z R®.

Now, applying the Matlis dual (_)¥ = Hompg(__, ER), where Er denotes the injective hull of the

residue field R/mR, to the diagram (14.6) we obtain the following commutative diagram:

t
gsxl

EL E3, Ext® “(R/IR,R)Y <——0 (14.7)

C;XZT TU;XS D;—dT
(8[1’] )t

sX1

Bl <"— B}, ~—— Fr(Ext} “(R/I,R))Y <0,

Esx . . .
Notice that if the R-linear map R X' RS s given by the matrix £;x; in the standard bases of R!

and R®, then after applying (_)¥ = Hompg(__, Er) we obtain the R-linear map Homg(R*, ER) A
Homp(R!, ER), where A\(¢) = ¢ o Ex;. Now, Homp(R*, ER) = E}’%, where the isomorphism
is given by ¢ — (¢(e1),...,p(ex)), and with this last identification, the R-homomorphism A :
Homp(R*, Er) — Homg(R', Eg) correspond to the R-homomorphism E% 2> E%, where X is given
and E!

sxl

by the matrix &£*

ol denotes the transpose of the matrix £sy;. This is not difficult to see,

since X(cp(el), cooles)) = (@(Esxi - e1), .-, 0(Esxi - er)), and if Egxi = [a4 5]i=1,...,s, j=1,..1, then
Esxiver = (a1 ks - -, as%). Thus, (p(Esxiver),-..,p(Esxier)) = (ar1p(e1)+ - Fas19(es), ..., a1,19(e1)+
-+ as0(es)). Therefore, A(@(e1), ..., ples)) = EL ;- (pler), ..., o(es)).

On the other hand, by Proposition 10, Fr(Exty %(R/IR, R))" can be canonically identified with
fR(Extgfd(R/IR, R)Y). Hence, by Proposition 9, Df,_,, the transpose of D,,_,4, defines a Frobe-
nius map on Ext}, *(R/IR, R)".

Since local duality is an isomorphism of functors, i.e., the two functors H% (_) and Ext’*(__, R)

\%

are isomorphic, then the following diagram commutes:

~

H¢ (R/IR) Ext% *(R/IR,R)"

] .

Fr(H;,(R/IR)) —> Fr(Exty *(R/IR, R)")

where the arrow on the left is the natural Frobenius map on H% (R/IR), as defined in Remark

13 (4). Now, as R is a regular local ring, then Fr(H% (R/IR)) = S @ H. (R/IR) = H% (S ®r

m

R/IR) = H% (R/IPIR). In the same way, Fr(Ext *(R/IR,R)Y) = S @ Ext}y *(R/IR, R)Y =
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Ext? %S ®r R/IR, R)Y = Ext% *(R/IPR, R)V. Therefore,

~

HY (R/IR) Ext? “(R/IR,R)" (14.8)

] o

HY (R/IPIR) — == Ext?, “(R/IPIR, R)Y

is commutative. We have proved the following theorem:

Theorem 24. (With notation as above) The natural Frobenius map on He (R/IR) is isomorphic
to the Frobenius map induced by D!, on Exty *(R/IR,R)V.

Consider N; = 054 (R/IR)" Recall that when R/IR is reduced and equidimensional, N; is the
smallest R[f]-submodule of H% (R/IR) that is annihilated by ¢2. Applying ()¥ to the inclusion

N; < H% (R/IR) we obtain a surjection
HY (R/IR)Y — N} — 0.

As HY (R/IR) = Ext’> “(R/IR, R)Y, then by the Matlis duality (Theorem 16), H% (R/IR)Y =
Ext" %(R/IR, R). Therefore we have a surjection

Ext% *(R/IR,R) = Ny — 0,

where A denotes the image of N in Ext, *(R/IR, R)". Clearly, since 2Ny = 0 then >} =0,
and from (14.8), we see that N} is the largest R[D! _]-submodule of Ext}; *(R/IR, R)" that is
annihilated by ¢2.

Looking at the diagram (14.6), we observe that Ext’s%(R/IR, R) = R® /im(&,x;), and

Fr(Ext, *(R/IR, R)) = Rs/im(c‘)s[px]l). Thus, R*/im(Esx;) % N} — 0, and therefore we have the

following presentation for N/} :

R® RNy ——0

ker (¢ o )

for some s x w matrix Q. Hence, N = R*/im(Q). Therefore, we have the following commutative
diagram:

R XL ps 7o R® /im(Esx1) v NY 0 (14.9)

Clxli Usxs and ld
gl ~

R L R — "o R fim(EP) — L Fr(NY) ——0

sxl
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where d = (D! _|n;,)Y, and N} = R*/im(Q), Fr(NY) = R® /im(QP)).

Clearly, im(Q) C im(&sx;), and as 2Ny = 0 then ¢?R* C im(Q). Hence, ¢2R* 4+ im(Esx;) C Q.
Now, since d is induced by Uy, on the cokernels, we see that Uim(Q) C im(Q"!). Summarizing,
if Q@ =im(Q), then

AR +im(Es) € Q, UQC QP and NY = R%/Q. (14.10)

We want to find the way to compute the module 2, what allows us to compute R®/Q which is
precisely (O;Im(R/IR))v'

Denote M = c?R* +im(&sx;). Since R is a regular local ring, then R is free as RP —module, and by
Theorem 23, there is a unique R-submodule M*Y minimal with the property that M c M*Y
and UM*Y c (M*Y)lPl. Note that ¢?R*/M*Y = 0 since c?R® C M*Y, which implies that
A(R*/M*Y)Y = 0. On the other hand, since im(Esx;) C M*Y, then we have a surjection
R /im(Esx;) — R*/M*Y — 0. Notice that the condition UM*Y < (M*Y)P!| makes it possible
to define a map A : R®/M*Y — R*/(M*V)[P! such that the diagram

gcxl, s .
R > R — "= R®/im(Esx1) R /M*Y ——=0

szli Usxs an—d lA
glrl ~

RN 7L R T RO fim(€R)) — Y R/ (M) 0

sxl

commutes, in other words, D,,_4 induces the map A. Therefore, applying the Matils dual (_)¥ we

obtain the following commutative diagram

0 (e /M*Y)Y (R*/im(Esx1))”

TAV D;dT

0 —— (R*/(M*V)P))V —— (R* /im(EF] )V

where AV = D! _[(gs /=0y Hence, (R*/M*Y)Y is a R[D},_;]-submodule of (R*/im(Esx1))"
that is annihilated by c2.

Now, by the minimality of M*V, M*YV C €. Thus we have a surjective map R*/M*Y — R*/Q — 0,
and therefore an injection 0 — (R*/Q)Y — (R*/M*Y)V. But (R*/Q)Y = N is the largest R[D! -
submodule annihilated by ¢?, which implies that (R*/Q)Y = (R®/M*Y)V. We have just proved that

computing the R-submodule M*Y | we are also computing N = (Ofa (R/IR))V.

Finally, by the persistence of tight closure under localization and completion (See [33], pages 41,48),
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in order to compute the test element ¢ € R/IR, it is enough to compute a test element ¢ € A/I.
Therefore, we can assume that ¢ € A/I.

Now, consider the A-submodule W = ¢2A° +im(Esx;) C A® (recall that the matrix £,x; has co-
efficients in A). In order to compute the R-module M*Y | we need first to compute the R-module
I; (M), where remind that M = ¢?R* + im(Esx;) C R*. By Theorem 22, since M = W R, we have
that I;(M) = I;(W)R. Therefore, it is enough to compute I; (W), where W = c2A* +im(E,x;). As
we saw in the proof of Theorem 23, we constructed the A-submodule W*U definining the submod-
ules W; = I;(UW;_1)+W,_; and taking W*Y = Wy, where N is an integer such that Wy,; = Wy
for all i > 0. Hence, it follows that M*Y = W*UR.

Now we state our main theorem.

Theorem 25. Let A= Klx1,...,xy] be the polynomial ring in n-variables over a field K of prime
characteristic p > 0, and let I C A be an ideal such that A/I is reduced and equidimensional. Let
0:A/I — A/I be the natural Frobenius map on A/I, and let 6 : A/IP) — A/T be the corresponding
A-linear map induced by 0, defined by the inclusion of ideals IP! C I. Let Dy_g : Emtffl_d(A/I, A) —
E:ctz_d(A/I[”],A) be the map constructed in (14.3), and let Usxs, Cix; and Esx; be matrices as in
(14.5). Then, for any maximal ideal m C A, if R denotes the completion R = 71;, the Matlis

dual over R of the tight closure of zero O} (R/IR) m H%(R/IR) can be computed globally as the
cokernel W*U  i.e., (O% W= R/WHUR, where W = A% + im(Esxi)-

Hi (R/IR)

Proof. The result follows immediately from the discussion above. O

Definition 21. A Noetherian ring R of prime characteristic p > 0 is said to be F-rational if the
ideals generated by parameters are tightly closed. By parameters in R we mean a sequence of
elements x1, ...,z in R such that for each prime ideal P C R containing them, their images in Rp

form part of a system of parameters.

Now, in the following theorem we present two important properties of F-rational rings. (See

[28], Theorem 4.2, and [29])

Theorem 26. (1) A local ring which is a homomorphic image of a C-M ring is F-rational iff it

18 equidimensional and the ideal generated by one system of parameters is tightly closed.

(2) If R is an excellent local ring (for example R a local complete ring) and J is an ideal generated

by parameters of R then J*S™'R = (JSTIR)* for any multiplicative system S of R.

As a consequence of Theorem 25, and Theorem 26, we have the following Corollary:
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Corollary 4. Let A = K|z1,...,x,] be the polynomial ring in n-variables over a field K of prime
characteristic p > 0, and let I C A be an ideal such that A/T is reduced and equidimensional. Then
the F-rational locus of A/I is open. Moreover, this locus can be defined as the complement of the

support of A5 /W*V in the Zariski Topology, where W = A + im(Esx1)-

Proof. Denote N = A*/W*Y and J = Ann4(N). The support of N is determined by V(.J) = {J C
P : P C Aprime ideal}. Let P be a prime ideal of A that does not contain J, i.e., P € V(J)¢, and
let us show that (A/I)p is an F-rational ring. Since A/I is a finitely generated algebra over a field,
P is the intersection of the maximal ideals that contains it. Thus we may choose a maximal ideal
m in A that contains P and such that J is not contained in m. Therefore, (A*/W*Y),, = 0 which
implies that R*/W*Y R = 0, where R is the completion of A,, with respect to the maximal ideal m,
and by Theorem 25, O;‘{;,L”(R/IR) = 0. Hence, R/IR is F-rational, and this implies that A,,/IA,, is
F-rational (See [33], page 48), thus (A/I),, is F-rational, and therefore (A4/I)p is F-rational, since
being F-rational descends to localization (See [33], page 41). Reciprocally, assume that (4/I)p =
Ap/IAp is F-rational. If R denotes the completion of Ap with respect to the maximal ideal PAp,
then R/IR is also F-rational (See [33], page 48). Therefore, OE%R(R/IR) =0, where d = dim(R/IR).
Hence, by Theorem 25, R*/W*UR® = 0. Notice that R*/W*UR* 2 (As/W*U)p @ 4 AP and AP is
faithfully flat as A-module, then (A%/W*Y)p = 0. Thus, P ¢ V(J).

This proves that the F-rational locus of A/I is V(J)¢, which is open in the Zariski topology. [

14.1 An algorithm for the computation of the F-rational locus

Let A = Zy[z1,...,2,] be the polynomial ring over the field Z,, and let Q C A be a prime ideal.
Suppose that A/Q has dimension d.
In this section, we show how to compute algorithmically the F-rational locus of A/Q.

We divide the procedure in several steps:

(1) We compute a free resolution of A-modules for A/Q:

BT Bk—l B1 B()
e Py Py ——= P> Ry

A/Q 0
where P; = Ab.

(2) Since A is a regular ring, then F4(__) is an exact functor, and therefore by applying the
functor F4(__) to the last resolution, we obtain a free resolution of A-modules for A/Q!:

B[P B, B BY! (]
PP, P, Py A/QIP — 0
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(3) Remember that the Frobenius map 0 : A/QP! — A/Q is the A-linear map induced by the

inclusion of ideals Q! € Q. In this step we construct a lifting of the map 0:

B> B, By

p? p! PO A/Q 0 (14.11)

AN
Blrl Bl [p]

p2_2. plt_ "t po Bo A/Q[P] — =0

Notice that we can compute the matrices that represent the morphisms 97 in the canonical
bases of P; = A%. To be more precise, the morphism 50 = id, and hence, the first square on

the right of (14.11) looks like:

A—"> A/Q 0
sz §T
A—"4/QF ——0

If Q= (f1,...,fp), then the second morphism 0; is given in the canonical basis of A® by the

b x b matrix

f—l 0 0 --- 0
o 1t o .. 0
1= ) ) )
0 0 0 --- 5—1
In other words, the square
A By
VlT idT
Bl
AL A
commutes, where By = [fi,..., fy], and ng] =11

Going on in this way, we compute the matrix V; that represent the morphism 51 Hence, we

obtain a commutative diagram

B By

Abz Al A—T"+ A/Q 0 (14.12)

Va T Vi T idT §T
Blpl Blrl

Abz 2o b Lo A 4/Ql —— 0
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(4)

By removing A/Q and A/Q!, and applying the functor Hom(__, A) in the above diagram,
we obtain the following commutative diagram:

Bt
- <—— Hom (AP, A) <2 Hom 4 (Abn-4-1, A) <—— .-

. e
(B _ )

oo <——Homy (A4 A) <~ Hom g (Abr-d¢-1 A) <—r ..

where V! is the transpose of the matrix V,,_q computed in (3), and B!_, is the transpose
of the matrix B,,_4.

The matrix V!_, induces a map in the homologies

Dy_a: Ext?%(A/Q, A) — Ext"4(A/QP) A).

From the free resolution P* 2% A/Q — 0, using Groebner bases (see [3], page 366), we can
compute a presentation of Extffd(A/Q, A),

Esxi
—_—

Al A® — = Ext?"%(A4/Q, A) —=0 . (14.13)

As Fa(--) is an exact functor, then applying this functor to the presentation (14.13) we obtain
a presentation for Ext”%(A/QP!, A):

[p]

A A S ExtT(A/QPLA) ——0 .

In this way, we obtain a commutative diagram

ALE As L End(A/Q, A) — 0 (14.14)

Clxli Usxs and
glpl

Al A5 > ExtTY(A/QP A) ——0
where the matrices Cj«; and Ugxs comes from a lifting of the map D,,_g4.

In this step we compute the test element c. Since A/Q is a domain that is finitely generated
as a Zp-algebra, and Z, is a perfect field (Z) = Z,), then if Q = (f1,..., fp), any nonzero
element of the ideal J(A/Q) generated by the (n — d) x (n — d) minors of the Jacobian
matrix [0f;/0x;] is a test element of A/Q. Furthermore, this remains after localization and
completion (See [31], page 195).

Therefore, we can take ¢ as any nonzero element of the ideal J7(A/Q) defined above, and this
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(8)

element is a test element of A/Q. If m C A is any maximal ideal, and if we denote R the

completion at m of A,,, then ¢ is also a test element of R/QR.

Consider W = ¢ A% +1im(E,x;) C A*. Let us see how to compute the module W*Ysxs. Using
Groebner bases we find generators g1, ..., g for W. Since I1(W) = Ii(g1) + - - + I1(gx), it
is enough to compute I (h) for any h € A°. Suppose that h = (hy,...,hs) where h; € A, for
1=1,...,s.

Suppose that

h; = Z (ag)alt - zon,

a=(ai,...,an)

using the division algorithm, any monomial of h; can be written as (aq )@, - - - zBrP2)* - z)n

(aavim?l coeafnPrt g where y; < p for j =1,2,...,n, since 25 = Z,. Therefore,
hi= >, rhalteeal
Y=(V15:-Yn)
Yi<p
where 7, ; € A.
As we discuss in section 13.5, this writing is unique, and Iy (k) = (ry 1)y X -+ X (Ty,s).

This shows how to compute the module I;(W) C A®. Finally, in Theorem 23, we saw that
the module W*Ysxs can be constructed taking Wo = W, Wy = L(W) + W, ..., W, =
I;(W;_1)+W;, and we have just seen that the ideals I (W;) can be computed algorithmically.
Therefore, we can compute the modules Wy C W7 C -+ C Wy C ---. Since A® is Noetherian,
there is NV > 0 such that Wy = Wy, for all j > 0. Also notice that if W; = W4, for
some ¢, then W; = W;; for all j > 0. Hence, we can check algorithmically if Wy = W, or
Wiy =Wy or ... Wy = Wxyi. In this way we can find N > 0 such that Wy = Wy, and
Wy = WUsxs,

By Corollary 4, W*Usxs defines the F-rational locus of A4/Q.
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