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1 The system of balance laws

In this paper we study the following system of balance laws

Ut — Uy = €EUgy +g(?}, u, 3)7
Ut — O'(U, s)x = €Uy t+ f(va u) s
S—CvV
St — €1 Sg + - = €Sz, (1.1)
with initial condition
(U(:Ea 0)7 u(m, 0)7 S(IE, 0)) = (UO(m)a UO(x)’ 50(.17)) . (12)

The Cauchy problem (1.1)—(1.2) was considered by Lu and Klingenberg
in [1] without the source terms g(v,u, s) and f(v,u).

The third equation in (1.1) contains a relaxation mechanism with
cv as the equilibrium value for s. Here, 7 is the relaxation time and ¢ is
the viscous parameter. The relaxation and dissipation limit of (v,u,s)
in (1.1) satisfies s = cv, where the pair (v,u) is an entropy solution of
the equilibrium system

ve—uy = g(v,u,cv),
up—o(v, cv)y = f(v,u), (1.3)

when e =0 and 7 — 0.

2 Viscous solution and convergence

In this section we obtain the existence of solutions. We have the following
result concerning viscous solutions and their viscous limits.

Theorem. Part I. If
Ch.

[[voll L2(m)nLoe (r)s W0l L2m)nLoem)s lIS0llL2®)nLoem) < M,

. divo din diSO
| - . - = (0,0,0).
|x\1£>noo (dw” dzt’ dxl> (0,0, 0)
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fori=0,1;
Cs.

’0'5(1), 3)’ < M27

2c2¢?
d > max"‘ 0,62—C+1>,
( (Ms + 1)

—
(o

V

where 7(v) = o (v, cv).

Cs.
CS) vo(x)

/ / o(r)drde < Ms.

—oo J0
Cy.

= _1)2 (@(v)+cv—cs) _
g(v, u, S) - (U (U)) 14+ (E(’U) Lev— 08)2 g(”? U, 3)7
and f(v,u) = = f(v,u), with §(v,u,5) > 0, f(v,u) >0 €

C1(R3), and these functions are o(|(v, u, s)[?) when |(v,u, s)| — oo,
0 < g(v,u,s),0 < f(v,u) and their partial derivatives go to zero at
nfinity.

Then, for fized € and T, the solutions (v,u,s) of the Cauchy problem
(1.1)-(1.2) belong to C*(Rx[0,T)); that is, they exist in (—0o, 00)x [0, T]
for any given T > 0 and satisfy

oz, )], fuz, )], [s(z, )] < M, 7, T), (2.1)
1W?C, Bl @y, 1, )l wy,
Is*C Ol < M, (2.2)
_ 2
M < ]\47 (23)
2|
L2(RxRT)

1) 2 vl L2y 1(6)"? ttall 2@y,

IN

S
S
N

H(&T)l/QSacHL?(RxRﬂ
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Part II. If

Cs.

o(v, s) =h(v) —cs;

h(v) € C3(R), h(0) =0, b’ > d > 0, where d is a constant;
h" #0, K" € L' N L>®(R);

" e L*®(R), ||W"||;x < M.

Then, there exist a subsequence (v=7 (x,t),u®" (x,t),s>"(x,t)) of solu-
tions of the Cauchy problem (1.1)-(1.2) and there exist L?~bounded func-
tions (v,w,s) such that

(v (x, t), u®T(x, t), 57 (x, 1)) — (U, G, 5),

a.e. (z,t), as (g,7) — (0,0), subject to the condition T(My + 1)? < &
and (U,w) is an entropy solution of the equilibrium system (1.3) with the
initial data (ug,vp).

Proof. A unique smooth local solution for the Cauchy problem
(1.1)—(1.2), for any fixed € and 7 > 0, is obtained with the help of an
equivalent integral operator and the Banach fixed point theorem; see [7]
and [12]. Furthermore, the solution satisfies

s
ozt

d'u
ozt

ozt

+

< M(t1, €, 7) < 400, (2.5)

with i = 0,1, 2, where M (t1, €, 7) is a positive constant that depends only
on t1, € and 7, and t; depends on |vg|fe, |ug|ree and |sp|pe. Moreover

lim

|z| =00

v Ou O's
(ax prel m) =(0,0,0), (26)

for i = 0,1, uniformly in ¢ € [0,¢4].

To obtain the estimates in (2.1) we multiply the first equation in
(1.1) by @(v) + cv — cs, the second equations by w, the third equation
by s —cv and add the results; this is the same procedure used by Lu and
Klingenber in [1]. Then we get
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v u2 82
(/ (J(r)—i-cr)dr—i-—csv—i—)
0 2 2 ),

2

+<cusu( (v )+cv)+618)$

_ _ _ (s—cv)
ccrvsy —u (0(v, s)+s—(o(v, cv) +cv)), + -
v ’LL2 82
= 5(/0 (0(r)+cr)dr+—csv+2)
—e (@(v)+c) v2—ecul —es2+2ecs, 0,
+5(v) g(v, u) + cvg(v, u) —csg(v, u) +u f(v, u). (2.7)

By condition Cy, 7(v) g(v,u) +cv g(v,u) —csg(v,u)+u f(v,u) <0, and
therefore the inequality (2.7) becomes

/ ;(cv—s)Qda:—i—/ dx—i—/ / 2 da dt
T 00 —

—I—/ / 5(cvz—sx)2dzxdt—|—/ / Sicwd:ndt < M.
0 —00 0 —o0 4t

(2.8)

This proves the estimates (2.2), (2.3) and (2.4). Again, as in [1], differ-
entiating the first equation in (1.1) with respect to x, multiplying by v,
and integrating the result on R x [0, 7], we obtain

/_Z (””"%’T))dedt
/- (M) dx dt+/ /

Salvss) s Daturans)
/ / ( (vg)* + gy lals

IN

Os

IN

M(e),
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since ag(g;u’s), ag(gf’s), 69(2,;“’3) € C(R3) and they go to zero at infin-

ity. Then, by (2.4) and the Hélder inequality, we get the above bound.
Therefore,

v = '/ 2vv,dx §/ 2 |v| |vg| dz
—00 —00
< / dem+/ (vx)de
< Mf(e).

Similarly for u and s. We get the estimates in (2.1) and the proof of part
1 in Theorem 2 is complete.

If (1, q) is the entropy—entropy flux pair associated with (1.3) con-
structed in [13], then this pair satisfies the following estimates:
) 1= a20(1), 4 = @200,
(ID) 7 = a=?0(1), n, = a'0(1);
(I1) yu = a~Y20(1), 1w = a'/20(1), Ny = a®20(1);

where a = @’ (v) and O(1) denotes a L™ function. From (1.1) we get

M+ qz = €((Move+Nuta)s + (Muos (v, a(v, s)) (s —cv))s
—& (1how (V2)® + 27w Uz Vg + Nuu (Uz)?)
—(Nuw Vo + Nuu Uz) (05 (v, (v, 5)) (s — cv)
10 9(v, u, 8) + 10 f(0, u)
= L+, (2.9)

with (v, s) between s and cv, and

L = (Mve+nu u:c)x + (nu os (v, a(va 3)) (3 - C'U))ﬂw
Iy = —(Nuw Ve + Nuutiz) (0s (v, a(v, 8)) (s — cv)
—€ (1w (V2)” + 2w g Vg + N (t1)°)
10 9(v, u, )+ 1u f(v, u).
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From the estimates (2.2), (2.3), (2.4) and the previous equality, we get:

1. (057, uS7) 4 ¢(v™7, uS7) is bounded in W, P (R x RT) for some
p > 2 by using estimation (I).

2. Since os(v,s)| < M due to (I) and (2.3), (2.4), then (v, +
Nutz)z + (Muos(v, (v, s))(s — cv)), is compact in HL_OIC(R x R).

3. From (II), (III), (2.3), (2.4), we have that

(771w Vg + Nuu u:ﬁ) US(Uv 0‘(7}7 3)) (8 - CU)
+e (771)1) (Um)Q 4 2 Ny Uz Vg + Nuw (Ua:)2)

is bounded in L} (R x RY).

4. From condition (Cjy) of the Theorem 2 we get |g(v,u, s)| < #

and |f(v,u)] < M. Then we obtain that n,g(v,u, s) + 0. f (v, u) is
in L} (R xRT).

By Murrat’s lemma, see [4], n(v5", us7) + ¢(v=7",us7) € Hy L (R x RT).
We can associate a Young measure family to the solutions (v, u“")
found in the Part I of this theorem (see [10]). Sharer in [13] proved that
the support of this family reduces to one point. Thus, the convergence
of (v, u%") can be obtained. From the estimate in (2.3) we obtain the
convergence s©” — cv. This finishes the proof.
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